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1. Introduction

In this paper we study the following singular perturbation problem with mixed Dirichlet and Neu-
mann boundary conditions in a bounded domain 2 C R" whose boundary 92 is non-smooth:

—2Au+u=uP ingQ,

ou 1
5:0 on N $2, u=0 ondps, (1)
u>0 in$2.

Here p € (1, %) is subcritical, v denotes the outer unit normal at 92 and € > 0 is a small parameter.
Moreover dy$2, dpS2 are two subsets of the boundary of §2 such that the union of their closures

coincides with the whole 962, and their intersection is an (n — 2)-dimensional smooth singularity.
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Problem (1) or some of its variants arise in several physical or biological models. Consider for
instance the study of the population dynamics: suppose that a species lives in a bounded region 2
whose boundary has two parts, dy$2, which is an obstacle that blocks the pass across, and dp 2,
which is a killing zone for the population. Moreover (1) is a model of the heat conduction for small
conductivity, when there is a nonlinear source in the interior of the domain, with combined isother-
mal and isolated regions at the boundary.

Concerning reaction-diffusion systems, this phenomenon is related to the so-called Turing’s in-
stability. More precisely, for single equation with Neumann boundary conditions it is known that
scalar reaction-diffusion equations in a convex domain admit only constant stable steady state so-
lutions; see [6,22]. On the other hand, as noticed in [31], reaction-diffusion systems with different
diffusivities might generate non-homogeneous stable steady states. A well-known example is the
Gierer-Meinhardt system, introduced in [13] to describe some biological experiment. We refer to
[23,27] for more details.

Another motivation comes from the Nonlinear Schrédinger Equation

. 31// hz p—2
i == AV + VY —y P2y,
where h is the Planck constant, V is the potential, and y and m are positive constants. In fact, if we
analyze standing waves and consider the semiclassical limit 7 — 0, we obtain a singularly perturbed
equation; see for example [1-3,10], and references therein.

Let us now describe some results which concern singularly perturbed problems with Neumann or
Dirichlet boundary conditions, and specifically

—2Au+u=uP ing,

ou

— = on 42, (2)
av

u=>0 in £2,

and

—2Au+u=uP ing,
u=0 on 352, (3)
u>0 in 2.

The study of the concentration phenomena at points for smooth domains is very rich and has been
intensively developed in recent years. The search for such condensing solutions is essentially carried
out by two methods. The first approach is variational and uses tools of the critical point theory or
topological methods. A second way is to reduce the problem to a finite-dimensional one by means of
Lyapunov-Schmidt reduction.

The typical concentration behavior of solution Uqg ¢ to (1) is via a scaling of the variables in the

form
Ug.e(X) ~ U(%) (4)

where Q is some point of £2, and U is a solution of the problem

—AU+U=U" inR" (orinRY ={(x1,...,%) € R": x, > 0}), (5)

the domain depending on whether Q lies in the interior of £2 or at the boundary. When p < %

(and indeed only if this inequality is satisfied), problem (5) admits positive radial solutions which
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decay to zero at infinity; see [4,30]. Solutions of (1) with this profile are called spike-layers, since they
are highly concentrated near some point of £2.

Consider first the problem with pure Neumann boundary conditions. Solutions of (2) with a con-
centration at one or more points of the boundary 952 as € — 0 are called boundary spike-layers. They
are peaked near critical points of the mean curvature. In particular, it was shown in [25,26] that
mountain-pass solutions of (2) concentrate at 9£2 near global maxima of the mean curvature. One
can see this fact considering the variational structure of the problem. In fact, solutions of (2) can be
found as critical points of the following Euler-Lagrange functional

1 1
Ien(u) = E/(62|Vu|2+u2)dx— ﬁ/|u|p+] dx, ueH'(£2).
2 2

Plugging into I y a function of the form (4) with Q € 352 one sees that

Ien(Uq.e) = Coe" — C1e"T T H(Q) +o(e™t1), (6)

where Cy, C; are positive constants depending only on n and p, and H is the mean curvature; see
for instance [2], Lemma 9.7. To obtain this expansion one can use the radial symmetry of U and
parametrize 92 as a normal graph near Q. From the above formula one can see that the bigger
is the mean curvature the lower is the energy of this function: roughly speaking, boundary spike-
layers would tend to move along the gradient of H in order to minimize their energy. Moreover one
can say that the energy of spike-layers is of order €", which is proportional to the volume of their
support, heuristically identified with a ball of radius € centered at the peak. There is an extensive
literature regarding the search of more general solutions of (2) concentrating at critical points of H;
see [7,15-18,20,24,32].

Consider now the problem with pure Dirichlet boundary conditions. In this case spike-layers with
minimal energy concentrate at the interior of the domain, at points which maximize the distance
from the boundary; see [19,28]. The intuitive reason for this is that, if Q is in the interior of £2 and
if we want to adapt a function like (4) to the Dirichlet conditions, the adjustment needs an energy
which increases as Q becomes closer and closer to 952. Following the above heuristic argument, we
could say that spike-layers are repelled from the regions where Dirichlet conditions are imposed.

Concerning mixed problem (1), in two recent papers [11,12] it was proved that, under suitable
geometric conditions on the boundary of a smooth domain, there exist solutions which approach the
intersection of the Neumann and the Dirichlet parts as the singular perturbation parameter tends to
zero. In fact, denoting by u¢ o an approximate solution peaked at Q and by d. the distance of Q
from the interface between dy$2 and dp$2, then its energy turns out to be the following

de
Ie(ug.¢) = Coe™ — Cre™TH(Q) + ee~2°€ (o) 4 o(€n+2)’ 7

where I is the functional associated to the mixed problem. Note that the first two terms in (7) are
as in the expansion (6), while the third one represents a sort of potential energy which decreases with
the distance of Q from the interface, consistently with the repulsive effect which was described before
for (3).

In almost all the papers mentioned above the case of 2 smooth was considered. Concerning in-
stead the case of £2 non-smooth, in [8] the author studied the concentration of solutions of the
Neumann problem (2) at suitable points of the boundary of a non-smooth domain. Assuming for sim-
plicity that £2 ¢ R? is a piecewise smooth bounded domain whose boundary 3£2 has a finite number
of smooth edges, one can fix an edge I on the boundary and consider the function o« : I' — R which
associates to every Q € I" the opening angle at Q, «(Q). Then it was proved that this function plays
a similar role as the mean curvature H for a smooth domain. In fact, plugging into I y a function of
the form (4) with Q € I', one obtains the analogous expression to (6) for this kind of domains, with
Co(Q) instead of Cy. Again, one can give a heuristic explanation considering the fact that in this
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case one has to intersect the ball of radius €, which is identified with the support of the solution,
with the domain, obtaining the dependence on the angle «(Q).

We are interested here in finding boundary spike-layers for the mixed problem (1). We call I" the
intersection of the closures of dy£2 and dp$2, and suppose that it is an (n — 2)-dimensional smooth
singularity. Moreover we denote by H the mean curvature of 952 restricted to the closure of dy&2,
that is H: 9y 2 — R.

The main result of this paper is the following:

Theorem 1.1. Let 2 C R", n > 2, be a bounded domain whose boundary 352 has an (n — 2)-dimensional
smooth singularity,and 1 < p < % (1 < p <+4ooifn=2) Suppose that Iy $2, dp §2 are disjoint open sets
of 952 such that the union of the closures is the whole boundary of §2 and such that their intersection I" is
the singularity. Suppose Q € I' is such that «(Q) # 0 and H| is critical and non-degenerate at Q, and that

VH(Q) # 0 points toward dp §2. Then problem (1) admits a family of solutions concentrating at Q as € \ 0.

Remark 1.2.

(a) The non-degeneracy condition in Theorem 1.1 can be replaced by the condition that Q is a strict
local maximum or minimum of H|, or by the fact that there exists an open set V of I" contain-
ing Q such that H(Q) > supyy H or H(Q) < infyy H.

(b) With more precision, as € — 0, the above solution possesses a unique global maximum point
Q¢ € OnS2, and dist(Q¢, I') is of order elog%.

The general strategy for proving Theorem 1.1 relies on a finite-dimensional reduction; see for ex-
ample the book [2]. One finds first a manifold Z of approximate solutions to the given problem,
which in our case are of the form (4), and solve the equation up to a vector parallel to the tangent
plane of this manifold. To do this one can use the spectral properties of the linearization of (5), see
Lemma 4.3. Then, see Theorem 2.2, one generates a new manifold Z close to Z which represents a
natural constraint for the Euler functional of (1), which is

- 1 1
Te(u) = 5/(62|Vu|2+u2)dx— m/lulpﬂ dx, ueHL(),
2 2

where H1D (£2) is the space of functions H!(£2) which have zero trace on 9p$2. By natural constraint
we mean a set for which constrained critical points of I, are true critical points.

Now, we want to have a good control of the functional f€| 7. Improving the accuracy of the func-
tions in the original manifold Z, we make Z closer to Z; in this way the main term in the constrained
functional will be given by I |z, see Propositions 3.12, 3.14, 3.15. To find sufficiently good approximate
solutions we start with those constructed in literature for the Neumann problem (2) (see Section 2.2)
which reveal the role of the mean curvature. The problem is that these functions are non-zero on
dp$2, and even if one use cut-off functions to annihilate them the corresponding error turns out to
be too large. Following the line of [11] and [28], we will use the projection operator in H'(§2), which
associates to every function in this space its closest element in H})(.Q). To study the asymptotic be-
havior of this projection we will use the limit behavior of the solution U to (5):

. n-2
lim e'r'z U(r) =cnp, (8)
r—-+00
where r = |x| and cp,p is a positive constant depending only on the dimension n and p, together with

u' .U
im =—1 =
r—+oo U(r) r—+oo U(r)
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as it was done in some previous works, see for instance [19] and [33]. Moreover, we will work at
a scale d ~ €|loge|, which is the order of the distance of the peak from I', see Remark 1.2(b). At
this scale both dy£2 and 9p£2 look flat; so we can identify them with the hypersurfaces of equations
X, =0 and xqtana + x, = 0, and their intersection with the set {x; = x, = 0}. Note that o = «(Q)
is the angle between x; and x, at a fixed point Q € I'. Then we can replace §2 with a suitable
domain X'p, which in particular for 0 < o < 7 is even with respect to the coordinate x,, see the
beginning of Sections 3.1 and 3.2. Now, studying the projections in this domain, we will find functions
which have zero x,-derivative on {x, =0} \ d Xp, which mimics the Neumann boundary condition on
dnS2. After analyzing carefully the projection in Sections 3.1, 3.2, we will be able to define a family
of suitable approximate solutions to (1) which have sufficient accuracy for our analysis, estimated in
Propositions 3.12, 3.14, 3.15.

We can finally apply the above mentioned perturbation method to reduce the problem to a finite-
dimensional one, and study the functional constrained on Z. We obtain an expansion of the energy
of the approximate solutions, which turns out to be

_de V2tana(Q)
Te(ue.q) = Coe™ — C1e™TH(Q) + ene—zdf(l+o(1)) L € (e e (o)

O(€n+2),

in the case 0 < < %, and

~ ~ ~ d
IE(uE,Q) _ C()En _ C‘1€n+lH(Q) + enefzf(lJro(l)) + O(€n+2),

in the case % < o < 2m. As for (7), we have that the first two terms come from the Neumann
condition, while the others are related to the repulsive effect due to the Dirichlet condition. Let us
notice that, in the first case, in the terms related to the Dirichlet condition appears the opening
angle «, whereas in the second case it does not; this phenomenon comes from the fact that the
distance of the point Q from the Dirichlet part dp£2 depends on « only if 0 <o < Z.

Concerning the regularity of the solution, following the ideas in [14], it is possible to say that it
is influenced by the presence of the angle. In fact, the solution is at least C2 in the interior of the
domain, far from the angle; whereas, near the angle, one can split the solution into a regular part and
a singular one, whose regularity depends on the value of «. For more details about the regularity of
solutions in non-smooth domains we refer the reader to the book [14].

The fact that the solution u is C2 in the interior of the domain allows to say also that it is strictly
positive, by using the strong maximum principle. In fact, we have that u > 0 in the domain. Moreover,
if there exists a point xo in the interior of the domain such that u(xp) = 0, we can consider a ball
centered at xp of small radius such that it is contained in the domain; since in the ball u is C% we
can conclude that u cannot be zero in x.

The plan of the paper is the following. In Section 2 we collect some preliminary material: we recall
the abstract variational perturbative scheme and some known results concerning the Neumann prob-
lem (2). In Section 3 we construct a model domain to deal with the interface, analyze the asymptotics
of projections in H! and then construct approximate solution to (1). Finally in Section 4 we expand
the functional on the natural constraint, prove the existence of critical points and deduce Theorem 1.1.

Notation

Generic fixed constant will be denoted by C, and will be allowed to vary within a single line or
formula. The symbols O(t) (respectively o(t)) will denote quantities for which % stays bounded
(respectively % tends to zero) as the argument t goes to zero or to infinity. We will often use the
notation d(1 + o(1)), where o(1) stands for a quantity which tends to zero as d — +o0.
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2. Preliminaries

We want to find solutions to (1) with a specific asymptotic profile, so it is convenient to make the
change of variables x — €x, and study (1) in the dilated domain

1
2¢ = —52.
€

Then the problem becomes

—Au+u=uP in$,
ou
%=o on dy $2e, u=0 ondpS, (10)

u>0 in$2,

where 9y $2¢ and dp £2¢ stand for the dilations of dy$2 and dp$2 respectively. Moreover we denote by
I'c the intersection of the closures of dy$2¢ and dp £2.
Solutions of (10) can be found as critical points of the Euler-Lagrange functional

1 1
1€(u):§/(|w|2+u2)dx—m/|u|l’+ldx, ueHh(82e).
Q¢ ¢

Here H})(Qe) denotes the space of functions in H!(£2¢) with zero trace on 9p£2e.

In the next subsection we introduce the abstract perturbation method which takes advantage of
the variational structure of the problem, and allows us to reduce it to a finite-dimensional one. We
refer the reader mainly to [2,21] and the bibliography therein for the abstract method. In our case we
will use some small modifications of the arguments in the latter references which can be found in
Section 2.1 of [11].

2.1. Perturbation in critical point theory

In this subsection we recall some results about the existence of critical points for a class of
functionals which are perturbative in nature. Given a Hilbert space H, which might depend on the
perturbation parameter €, we consider manifolds embedded smoothly in H, for which

(i) there exists a smooth finite-dimensional manifold Z C H and C,r > 0 such that for any z € Z,,
the set Z¢ N By(z) can be parametrized by a map on B%{d whose C3 norm is bounded by C.

Moreover we are interested in functionals I : H— R of class C%? which satisfy the following prop-
erties:

(i) there exists a continuous function f : (0, €g) — R with lime_.q f(€) =0 such that I (2)|| < f(€)
for every z € Z; moreover ||I7(2)[q]ll < f(€)llq|| for every z € Z. and every q € T, Zc;

(iii) there exist C,y € (0, 1], ro > 0 such that ||I|[cy < C in the subset {u: dist(u, Z¢) <ro};

(iv) letting P, : H— (T,Z¢)L, for every z € Z., be the projection onto the orthogonal complement
of T;Z, there exists C > 0, independent of z and €, such that P,I/(z), restricted to (TZe)L, is
invertible from (T,Z¢)' into itself, and the inverse operator satisfies ||(PZI’€’(Z))*1 I <C.

We set W = (T;Z¢)+, and look for critical points of I in the form u =z +w with z€ Z, and w € W.
If P,:H— W is as in (iv), the equation I, (z 4+ w) =0 is equivalent to the following system

[ P (z+w)=0 (the auxiliary equation), (11)

(Id — P))I.(z+ w) =0 (the bifurcation equation).
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Proposition 2.1. (See Proposition 2.1 in [11].) Let (i)-(iv) hold true. Then there exists €y > 0 with the fol-
lowing property: for all |€| < € and for all z € Z, the auxiliary equation in (11) has a unique solution
W = we(z) € W, which is of class C! with respect to z € Z. and such that |we(2)|] < C1 f(€) as |€] — 0,
uniformly with respect to z € Z.. Moreover the derivative of w with respect to z, w satisfies the bound
[we (@)l < CCy1f(e).

We shall now solve the bifurcation equation in (11). In order to do this, let us define the reduced
functional I¢ : Z¢ — R by setting I¢ (2) = [ (z + W¢(2)).

Theorem 2.2. (See Proposition 2.3 in [11].) Suppose we are in the situation of Proposition 2.1, and let us
assume that I¢ has, for |€| sufficiently small, a stationary point z¢. Then ue = z¢ + W(z¢) is a critical point
of I¢. Furthermore, there exist ¢, 7 > 0 such that if u is a critical point of I with dist(u, Z ;) <, where
Zoz={z € Zc: dist(z,Z¢) > C}, then u has to be of the form z¢ 4+ w(z¢) for some z. € Ze.

2.2. Approximate solutions for (1) with Neumann conditions

In this subsection we introduce some convenient coordinates which stretch the boundary and we
recall some results from [2] and [11] concerning approximate solutions to the Neumann problem.

First of all it can be shown that near a generic point Q € I" the boundary of £2 can be described
by a coordinate system y = (y1,..., yn) such that

(a) dn£2 coincides with {y, =0},
(b) dp$2 coincides with {yqtana + y, =0}, where o = «(Q) is the opening angle of I" at Q,
(c) the corresponding metric coefficients are given by gj; = 6;; + O (¢).

For further details we refer the reader to [8].

Remark 2.3.

(i) We stress that, in the new coordinates y, the origin parametrizes the point Q, and those functions
decaying as |y| — +oo will concentrate near Q.

(i) It is also useful to understand how the metric coefficients g;; vary with Q. Notice that condi-
tion (c) says that the deviation from the Kronecker symbols is of order €, and we are working in
a domain scaled of %; hence a variation of order 1 of Q corresponds to a variation of order € in
the original domain. Therefore, a variation of order 1 in Q vyields a difference of order €? in Zij»
and precisely

0gij 20,12
30 =0(e’|yl?),

with a similar estimate for the derivatives of the inverse coefficients gi/. For more details see the
end of Section 9.2 in [2].

Suppose that this coordinate system y is defined in By, (Q), with 1o > 0 sufficiently small. Now,
in this set of coordinates we choose a cut-off function y,, with the following properties

Xpo () =1 in Buo (Q),

Xig () =0 inR"\ Bio (Q),
IV ol + [V X1uo| <€ inBug (Q)\ Bug (Q),



S. Dipierro / J. Differential Equations 254 (2013) 30-66 37

and we define the approximate solution ¢ g as

e, (V) = Xuo(€V)(Uq (¥) + €wq (¥)). (12)

where Uq (y) =U(y — Q) and wq is a suitable function obtained in Section 2.2 of [11] by a small
modifications of Lemma 9.3 in [2], satisfying the following estimate

(wo )] +[Vwao W]+ [VPwe ()] < Co(1+1y1%)e ™, (13)
where Cp and K are constants depending on £2, H, n and p.
The next result collects estimates obtained following the same arguments of Lemmas 9.4, 9.7

and 9.8 in [2].

Proposition 2.4. There exist C, K > 0 such that for € small the following estimates hold

dleq| .\ {Cez<1+|y|’<>ey| for |yl < 42
Vg C€7C17 for’i—é’g|y|<%;
|~ Agiic.q +iic.q — i o |(¥) < {C€2(1 +1y1¥9e W for |y < 42,
| C e for B2 <1yl < 52
Ien(ic.q) = Co— CreHEQ) + 0(€):  ~m e n(iic.0) = —C1e2H'(€Q) +0(€?).

9Q

where

o0
~ 1 1 ~ 2
Coz(i—m>/up+ldy, Clz(/r”der>/yn|y’| do.
0

R sn
An immediate consequence of this proposition is that
|1.(ie.q)| < Ce* forall Q € dn<2e such thatdist(Q, I¢) > % (14)

where C > 0 is some fixed constant and g is as before.
3. Approximate solutions to (10)

To construct good approximate solutions to (10), we will start from a family of known functions
which constitute good approximate solutions to (10) when we impose pure Neumann boundary con-
ditions. Nevertheless, we need an expansion which takes into account the parameter d = =£, the
distance of the peak point to the interface in the scaled domain (see the notation in the formula (7)),
and to this end some relevant modifications are necessary. Therefore, we will modify these functions
in a convenient way. Following the line of [11] and [28], we will use the projection operator onto
H},(.QE), which associates to every element in H!(£2¢) its closest point in H})(.QE). Explicitly, this is
constructed subtracting to any given u € H!(£2¢) the solution to

—Av+v=0 in$2,
v=u on dp §2¢,
ov
P

(15)
0 on oy $2¢.
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This solution can be found variationally by looking at the following minimum problem

inf (/(|Vv|2+v2)dx}.

v=u on dp §2¢
€

Instead of studying (15) directly, it is convenient to modify the domain in order that the region of the
boundary near I'c becomes flat. We fix Q € I'c and consider the opening angle of I'c at Q, ¢ =« (Q).
Since the construction of this new domain is different for 0 <o <7 and 7 < a < 2w, we will study
separately the two cases in the following two subsections.

31 Case0<a <

For technical reasons we construct a domain X in the following way: we consider two hypersur-
faces defined by the equations xjtan« + x; = 0 and x;tano — x; = 0, which obviously intersect at
{x1 = %, = 0}. Then we close the domain between the two hypersurfaces with x; <0 if 0 <o < %

and with x; > 0 if % < o < with a smooth surface, in such a way that the scaled domain

Yp=DX, (16)

defined for a large number D, contains a sufficiently large cube. In ¥p we denote by I'p the sin-
gularity, which lies on {x; = x, = 0}. The following figure represents a section of the domain in the
plane x1, x,.

The advantage of dealing with this set is that if we solve a Dirichlet problem in Xp with data even
in xp, then for suitable boundary conditions the solution in the upper part Xp N {x, > 0} will be
qualitatively similar to that of (15).

Our next goal is to consider the following problem

{—A(ZJ—H,ZJ:O in Xg4p, (17)

@=U(-—dQg) ondXZyp,

where Qo =(—1,0,...,0). By a scaling of variables, this problem is equivalent to

1
——A =0 inXp,

¢=U(d(-— Qo) onayXp.



S. Dipierro / J. Differential Equations 254 (2013) 30-66 39

3.1.1. Asymptotic analysis of (18)

First of all we need to know if (18) is solvable. It follows from Lemma 3.1 in [11]; in fact, making
a modification of some arguments in [14], they construct barrier functions for the operators A and
—A + 1 at all boundary points of the set X (for other motivations and examples of barriers see for
instance [9]). This guarantees, via the classical Perron method, the existence of a solution for the
problem (18).

If we consider the function ¢ = —% log ¢, then ¢ satisfies

1A¢—W¢F+1=o in Xp,
d

1 (19)
¢=—EkgauM~—Q@» ondXp.

Using the limit behavior of the function U given by (8), it is easy to show the following:

Lemma 3.1. For any fixed constant D > 0 we have that
1
-3 log(U(d(- — Qo)) — | — Qol uniformly on d Zp (20)

asd — +oo.

Since Lemma 3.1 states that the boundary datum is everywhere close to the function |x — Qpg], it
is useful to consider the following auxiliary problem

1
EA¢—¢VMZ+1:0 in Xp,
¢ =|x—Qol ondXp.

(21)

Lemma 3.2. Let D > 1 be a fixed constant. Then, when d — oo, problem (21) has a unique solution ¢¢, which
is everywhere positive, and which more precisely satisfies the estimates

tano

Vtan?a +1

<¢%(x) <C inXp, (22)

ifo<a <%, and

1<¢?(x)<C inXZp, (23)
if Z <a <7, where C depends only on D and X.

Proof. Applying the transformation inverse to the one at the beginning of this subsection and using
the existence of barrier functions for the operator —A + 1, as shown in [11, Lemma 3.1], we get
existence. Uniqueness and positivity of ¢ follows from the maximum principle.

To prove the estimates (22) and (23), we can reason as in [11, Lemma 3.4], or in [28, Lemma 4.2].

In the case 0 < o < Z, we have that ¢ (x) = —B1% _ in Xp is a subsolution to (21), since
2 ’ — B ’
4/ tan‘ a+1
1 — tano . H g . _
dist(Qg, 0Xp) = 7\/2—1 whereas, in the case 7 < o <, we have that dist(Qo,dXp) =1,
tan‘ o+

and then the subsolution is given by ¢9 (x) = 1. Moreover, in both the two cases, the function
</>i (x) = C + x1 is a supersolution for C sufficiently large. Then our claim follows. O
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We next show some pointwise bounds on ¢¢, which in particular imply a control on the gradient
within some region in the boundary of X'p. We obtain gradient bounds only near smooth parts of the
boundary, away from the singularity I'p.

Lemma 3.3. Let D > 1 be as in Lemma 3.2. Then, there exists a constant C > 0 such that for any o > 0
sufficiently small there exist § > 0 and d, > 0 so large that

67(x) — 9% (20| <CIx—2zx|.  2x€dZp, dist(zx, DID) >0, |x— 2| <38,d > do.

In the above formula zy denotes the point in d X'p closest to x.

Proof. Let us first consider the case 0 <« < Z.. Let us fix 0 > 0 small and consider, for every 0 <
8 <& = o tanc, the points x € X¥p of the form z + §v(z), where z € 3Xp and v(z) is the inner unit
normal at z. Note that there is no problem in the representation of x if dist(z, DI'p) > o; whereas if
dist(z, DI'p) < o, we follow the inner normal direction given by v(z) and stop at x, = 0 if we reach
this hyperplane at a distance from the boundary smaller than §. Let us call As this set of points
x € Xp at distance § from the boundary. Note that the As’s are all disjoint as § varies in [0, 5]. Now

in As we can define the functions
$1(%) = |21(X) — Qo| + M8 (%),
$2(%) = |22(x) — Qo| + M82(%),

where z1(x), z2(x) are the points in dXp closest to x with the n-th coordinate respectively positive
and negative; §1(x), d2(x) give the distance of x from z1(x), z2(x). If we set

¢ (x) = min{¢1 (x), $2(x) },

we choose the constant M so large that (M %) > ¢%(x) when x € {z+ 8v(2): z€ dXp}. The existence
of such constant M is guaranteed by Lemma 3.2.

Next we consider a smooth function p € C§°(R"), such that supp p C B1(0), and fRn pXx)dx=1.
Moreover we define the function

A(x) = —%52@) +28(x), forxe{z+8v(2): z€dXp, § €[0,5]}.

Then we construct a mollifiers

_ 1 v
Pro(¥) = " <A(x) ) (24)

in such a way that the support of each p, () depends on the point x, and, in particular, it shrinks to
a point when we are close to the boundary.

Finally we regularize d;i using the convolution with the mollifiers defined in (24). Then we obtain
the following smooth function

6000 = (81 % priy) (0 = / 34— )00 () dy.
Rﬂ
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It is easy to see that, fori=1,...,n—1,
a1 1
— <o0(1)— =M, 25
o - (1) c (25)
Iy 1
— <o(1l)— =M. 26
IO (26)

Moreover, using (25) and (26), we have that

3/0/\(x)

0¢5 _ ¢+

ox; (y) — (X) dy

—— &=y dy + / ¢4 (x— y) =2

Px(x)

<o(1)——M+f¢+< _ o, >—( )dy. (27)

Now we need an estimate for the last term in (27), let us call it A. If we add and subtract éi(x) in
the integral, we obtain

0 ,Ox (x)

3P
f¢+< ) ZPM ’(y)—(x)dy+/[¢+<x—y> $1 0] (y)—(x)dy

Rn RN

(x) f $x—y) — ¢l w] 22 -

»)dy;

in the last step we have used the fact that ¢ +(x) and (x) do not depend on y, and the fact that

9Prx
Jgn p*”(y)dy = fRn Pro(¥)dy =0, since o, ,ok(x)(y)dy =1, for every A > 0. Now, from (24),
a 51mple computation yields

3,0A<x> n-1 n—2 y
TP (yy = —np~ (X)p<x()> A (X)yV/O(MX))

Then, using the fact that - ‘”‘ (x) —Cx;, for some positive constant C, and making the change of
variable y = A(x)z, we have

A=CA 1 (x)x; /[(ﬁi (x—1(02) — L] - [p(@) + 2V p(2)] dz. (28)
Rn
Since d?i is a Lipschitz function, from (28) we get that
A< Cx; / |z| - [p(2) + 2V p(2)] dz
Rﬂ
and then A <o(1). It follows that, for M sufficiently large, the norm of Vd)i can be arbitrarily big on

its domain. By (22), if M is large then ¢% is everywhere bigger than ¢¢ on Xp N {dist(-, dZp) = 3},
S0 ¢i is a supersolution of (21) in Xp N {dist(-, 9 Xp) < §}.
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On the other hand, we claim that the function ¢¢ (x) = |x — Q| is a subsolution of (21) in Xp N
{dist(-, dXp) < 8}. In fact, if we consider the set X \ Bs4)(Qo), where §(d) is a small positive number
depending on d, we can see by easy computation that here ¢¢ satisfies

1 d d2 n_l
-A¢Z — Vo2 |"+1= ——.
a2¢= Ve dix— Qol

Moreover, since ¢ is positive, we can choose §(d) sufficiently small so that ¢ < ¢?. Hence we obtain

that ¢ < ¢ in the closure of Xp N {dist(-, dZp) < 5}.
Finally, the conclusion follows from the fact that ¢¢ and ¢¢ coincide on the set

{xeoXp: distx,DIp) >0}

and that we have uniform bounds on the gradient here, independently on d.
In the case % < «a <, we can repeat essentially the same construction of the proof of Lemma 3.5
in [11] and obtain the same conclusion. O

Using the same arguments as in Lemma 3.6 in [11] we are able to extend the gradient estimate
which follows from the previous lemma to a subset of the interior of the domain.

Lemma 3.4. Let D > 1 be as in Lemma 3.2. Then, there exists a constant C > 0 such that for any o > 0
sufficiently small there exists d, > 0 so large that

|Ved(x)| <C in{xe Zp: dist(x,DIp) >0}, d >dy. (29)
The next proposition is about the asymptotic behavior of the solutions of (21).

Lemma 3.5. Let ¢4 be the solution of (21), then we have that
¢?(0) —> ¢(x) = _inf (x—2z|+]z— Qol). asd— oo, (30)
zedXp

uniformly on the compact sets of X p.

Proof. We will show (30) in two steps:

(1) we prove that the function on the right-hand side of (30) is the supremum of all the elements of
F={veW"™(Zp): v(x) < |x— Qolon 3 Zp, |[Vv|<Tae.in Zp};

(2) we prove that for any sequence dy — oo, there is a subsequence di, — oo such that qbd“t - ¢

uniformly on the compact sets of Xp as dy, — oo. Then it follows that ¢? — ¢ uniformly on the
compact sets of X¥p as d — oo.

We first prove (1). To begin we show that ¢ € F. If x;,x; € ¥p and z; € 9 Xp realizes the infimum
for x5, we have

|p(x1) — d(x2)| < |Ix1 — 22| + |22 — Qol — |x2 — 22| — 22 — Qol| < Ix1 — X2
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Then, taking x1, x, close, we get ¢ € WH>°(Xp) and |V¢| <1 ae. in Xp. Moreover, it is easy to see
that ¢(x) = |x — Qo] if x € 3Xp. We next show that ¢ is the maximum element of F. We construct
a § neighborhood Eg of ¥p in this way: consider Qg = (—1,0,...,0) and, for every z € 9 Xp, the
line from Qg to z. If § > 0 is small enough, each point x in Zg \ Xp is uniquely determined by the
equation x =z + 5r(z), where z € 8Xp is the intersection point of the line from Qg to x with 9 Xp,
r(z) is the unit outer vector on the line, and 0 < § < COS‘SW; here 6(z) is the angle between r(z) and
the unit outer normal at z, v(z), in the plane generated by r(z) and v(z). Note that for the point
on the boundary z € {z; = z; = 0} we can consider v(z) just taking the normal to the hypersurface
defined by the equation X1 tan« + x; = 0 or to the one defined by the equation x; tano — x, =0, and
it is well defined since the angle 6(z) is the same for those points. In addition, the map x — (z, ) is
continuous in X \ Zp.

Now, we can extend every v € Fto a v € W1~°°(zg), taking v=7v in Xp and v(x) = v(z) for
Xe Z‘g \ Xp. Moreover, if we consider the function

1 in Xp,

Kx) = s s
1+Cs inXp\ Xp,

for some large constant C > 0 independent of 8, we get |V¥| < K a.e. in Z‘g. Now, we regularize v
using the convolution with mollifiers, that is considering, for A > 0 small enough, v, :=V % p,, with
P.(x) =A1""p(x/1), p € CC(RM), supp p C B1(0), fen p(x)dx =1. Then we have

[V < |VV| % p; < K*,o,\ 1+Cx

on Xp and v, — v in C(Xp) as A — 0. Let now X,y € Xp and consider the function &(t) =tx +
(1 —1t)y, for t €[0, 1]; then we can estimate

V2.0 = va(»)] < /|va sa))\‘ ‘ f|1+cm X = ylde < (1+Ch) - [x—yl.

Letting A — 0, we obtain |v(x) — v(¥)| < |x — y|. Hence v(x) < v(¥) + |x — y|, and v(x) < |y — Qo| +
|x—y| for all y € 3Xp. So v < .

We next prove (2). By gradient estimate and the Ascoli-Arzeld theorem we know that the ¢9's
admit limit (;3 in the whole closure of X'p. Moreover it is easy to see that 173 belong to the set F; hence
q§ < (5 We need then to prove only (E <q§ Let v € F. Similarly to (1), we extend v to v in Eg and
regularize v to v, in such a way that we have ||v — v, |1 (x,) < CA and |VV] < K. Hence as before
we get |[Vv,| <1+ CA on Xp and v, — v in C(Xp) as A — 0. By simple computation we obtain that
v, satisfies

1 1
JAv:— Vv, > +1+Ch+ A1 >0 in Xp,

A <X —Qol +CA ondXp,

where A; > 0. If we define
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by comparison we deduce that

dy/1+CA+ ] Ax

<¢ + Ch. (31)

Choosing d = d;q in (31) such that

diy =dj, |1+ Cht —-

d;q
we see that
i <hyCa
JI+Ch

as d;q — oo. Then, letting A — 0, we obtain v < q3; in particular, ¢ < J) Hence ¢ = é O

Next we analyze the asymptotic behavior of the solutions of (19). From now on in this subsection
we study separately the two cases 0 <o < Z and & <o <. Let us consider the first case.

Proposition 3.6. Suppose that 0 < o < % Let D be a large fixed constant and & the solution of (19). Then
we have

o4(x) — min{d; (x),d2(x)}, asd— oo,

uniformly on the compact sets of X p N B% (0), where

tan2a —1\° 2 2tana \°
dix)i=,{x1— —— ) + ¥ +(xn—————] . 32
1) \/<1 tan2a+1> < (" tan2a+1> (32)

da(x) := (x tanzo{_1>2+}x”|2—|r Yo+ e )2 (33)
2= ' anZa +1 "Ttan2a+1/)

Remark 3.7. Note that d; and d, are the distance functions, respectively, from the point Q; =

(§2223+},0 .0, azntzag‘il), which is the symmetrical point to Qg with respect to the hypersurface
: _ ; tana—1 _ _2tana
defined by the equation x;tana + x, = 0, and from the point Q2 = (tan2a+1’0 ., 0, tan2a+1)‘

which is the symmetrical point to Qo with respect to the hypersurface defined by the equation
Xx1tana — x, = 0. So the function ¢(x) is even with respect to the coordinate x, and a.e. differen-
tiable. The problem is that it does not have zero x,-derivative on {x, = 0}.

Proof. If ¢¢ is a solution of (21), it is easy to see that ¢¢ + sup,cyz, |1x — Qol + 3 log(U(d(x — Qo))
is a supersolution of (19) and ¢¢ — SUPxeyxp I1X — Qol + %log(U(d(X — Qo)))| is a subsolution. Then
@9 must lie in between these two functions. Hence, by Lemma 3.1, it is sufficient to prove the analo-

gous statement for ¢?. The proof of the latter fact is a consequence of Lemma 3.5 and the following
Lemma 3.8. O
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Lemma 3.8. Suppose that 0 < o < % If $(x) is as in (30), then
¢() =min{di(x).d2(x)}. x€Bp(0),

where di and d, are as in (32) and (33).

Proof. Consider a point x = (X1, ..., Xp) with x, > 0. By construction of Xp, the point z € 9 Xp which
realizes the infimum will necessarily belong to the set {{x;tana + x, = 0} N {x; < 0}}. This implies
that

P(x) = inf (Ix =zl + 1z — Qol)-

ze{{x1 tana+x,=0}N{x1 <0}}

Now we can reason as follows: given x, the level sets of the function z — |x — z| 4+ |z — Qp| are the
axially symmetric ellipsoids with focal points x and Qg. The smaller is the ellipsoid, the smaller is the
value of this function; so we are reduced to find the smallest ellipsoid which intersects {{x; tana +
Xn = 0} N {x1 < 0}}. We note that if we fix x1, x, and vary only x”, the corresponding infimum z has

the same z1, z; and different z”; so we can determine zy, z, in the simplest case x” = (0, ..., 0), and
obviously z’/ = (0, ..., 0). Then we are reduced to consider the minimum problem
min (\/(xl —21)2 4 (xp + tanazy)? + \/(zl +1)2 + tan? 22 )
(z1,zn) €{{x1 tana+x,=0}N{x1 <0}}

Deriving with respect to the variable z; we obtain that at a minimum point

—(X1 — 71) + tana(x, + tanazy) (z1+ 1) +tanaz; o
V(&1 —21)2 + (%, + tanazy)? \/(21 +1)2 + tan? oez2 ’
which implies
—2tanax; + (tan® o — 1)x,
21— 1+( )Xn 7 (34)
(tan? o 4+ 1)(tanoxy + X, — tana)
2tan® axq — tana(tan? o — 1)x,
Zn = . (35)
(tan? o 4+ 1)(tanaxq + X, — tano)
Now assume that x” # (0,...,0) and xq, x, are as before. By the previous observation we know

that the coordinates zi, z, of the corresponding infimum are given by (34) and (35). So we have to
determine only z”. To do this let us consider the minimum problem

min <\/(x1 —z1)2 4 |x" — z”‘z + (xp + tanwzy)? + \/(21 +1)2+ ]z”‘z + tan? az%). (36)

7' cRn—2
Again by differentiation we obtain that a minimum point must satisfy

4 /! 7

4

+
\/(Xl — 22+ X = Z'2 + (% + tanzy)2 \/(21 +1)2 + |22 + tan? OIZ%

—X z

:0’
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which gives

\/(zl +1)2 + tan? az3
7 =X’ ) (37)

Vi — 202 + (4 + tanazi2 + /(2 + 12 + tanaz

If we plug (34), (35) and (37) into (36), we obtain that ¢(x) =d;(x). Reasoning in the same way for
points with x; < 0, we have ¢(x) =d,(x). Then we get the conclusion. O

Remark 3.9. Note that ¢ is a viscosity solution of the Hamilton—Jacobi equation |V¢|> =1 in Xp. In
fact, what we have to show is that

(i) IpI* <1, for every x € ¥p and every p € D¥$(x),
(i) |p|*> > 1, for every x € Xp and every p € D~ (%),

where Dt¢(x) and D~ (x) are respectively the superdifferential and the subdifferential of ¢ at x.
Now we can use the description of Dt ¢(x) and D~ ¢(x) given in Theorem 3.4.4 in [5]: let 2 C R"
be open and S C R™ be compact; let F = F(s,x) be continuous in S x §2 together with its partial
derivative DyF, and let us define u(x) = mingscs F(s, X); given x € 2, let us set

M(x) ={s € S: u(x)="F(s, %}, Y (x) = {DxF(s,%): se M(x)}.

Then, for any x € £2,

Dtu(x) = co(Y(®)), (38)
and

D_u(x)_{{p} ifY(x) =p, (39)
e ify®is not a singleton.

Now we can take £2 = ¥p, S ={Q1, Q2} and ¢(x) = minjc(1,2{di(X)}; so

M) ={Qi: 0 =diw},  Y® = [Dxdi(®: Qi € M)}

Then, using (38) and (39), it is easy to see that, if we take x € Xp with x; > 0, then DT¢(x) =
D~¢(x) = {Dxdq(x)}; in the same way, if x, <0, then DT¢(x) = D~¢(x) = {Dxdz(x)}. So in these
two cases properties (i), (ii) are trivially verified. In the case x, = 0, we have that ¢(x) = d;(x) =
dy(x); then M(x) ={Q1, Q2} and Y (x) = {Dyxdq(x), Dxd>(x)}. Hence, using again (38), (39), we obtain

DTé(x) = co{%, ’;;(%)2} = % and D~ ¢(x) = @. Then we have only to prove property (i),

since (ii) is again trivially verified. To show (i) it is sufficient to observe that every p € D" ¢(x) is of

the form p = %‘(}g where Q belongs to the line joining Q; to Q3, and that |x — Q| < #(x).

Let us consider now the case Z <« <. We have the analogous of Proposition 3.6.

Proposition 3.10. Suppose that % < a <. Let D be a large fixed constant and ®¢ the solution of (19). Then
we have

?l(x) > d(x), asd— oo, (40)
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uniformly on the compact sets of X p N B% (0), where

_ 2 2
min{d; (x), d2(x)}, if tana < x-fdod

- Xn ’

D(x) =
_/ 2_;,_121
\/(1+ X2 +x3)2 + X2, if tang > VT

Xn

(41)

Proof. We can reason as in the proof of Proposition 3.6, obtaining that it is sufficient to show the
convergence in (40) for the function ¢%. To prove the latter assertion we have to use Lemma 3.5,
together with the fact that in the case £ <o < the function ¢ defined in (30) is equal to that
one defined in (41). We can obtain this expression by mixing the arguments used in the proof of
Lemma 3.8 and those used in Lemma 3.9 in [11]. O

32. Caserm <o <21

In this case we construct the domain X in the following way: we consider the set {x, =0} N
{x1 <0} and the hypersurface defined by the equation x; tan« + x; = 0 with x; < 0. Then we close
the domain with a smooth surface; the following figure represents a section of the domain in the
plane x1, x,.

5 X

We define the scaled domain Xp as in (16) and denote by I'p the singularity, which lies on {x; =
Xxn, = 0}. As in the previous case, the solution of a Dirichlet problem in Xp will be qualitatively similar
to that of (15).

We have to study the asymptotic behavior of the solution of the problem

1 .
—gA¢te=0 inXp,
¢=U(d(-— Qo)) onaXp.

To do this we consider the function ¢ = —% log ¢, which satisfies

LA —1vgP +1=0 in Tp,
a0 (42)
$=—7 log(U(d(- — Qo))) ondXp.
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Since the asymptotic analysis is very similar to that one made in Section 3.1.1 for 0 < o < 7 we will
not repeat the computations. What we obtain is the following result:

Proposition 3.11. Suppose that w < o < 2. Let D be a large fixed constant and ®¢ the solution of (42).

Then we have
®%(x) — dist(x, Qo) =/ (1 + 12 + [¥|*, asd — oo,

uniformly on the compact sets of Xp N B p (0).
4

3.3. Definition of the approximate solutions

In order to apply the theory in Section 2.1, in this subsection we construct a manifold of approx-
imate solutions to (10). Since the limit function of the solutions of (19) is not the same for different
angles «, as we have seen in Sections 3.1 and 3.2, we will distinguish the cases. We will give the
precise construction only for 0 < o < %: in fact in this case the computations are quite different from
the flat case & = 7. In the other cases the estimates for the approximate solutions are the same (for
% < a <) or very similar (for 7 <« < 2m) to that ones obtained in [11], Section 3.2, and then we
will omit the proofs.

331 CaseO<a < %
Since the function u ¢ defined in Section 2.2 is an approximate solution of (10) with pure Neu-
mann boundary conditions, we need to modify it in the following way. If ¢ the solution of (19), the

function

Eq(y) = e 4@+ (43)

solves the problem

{ —AE4+ E3=0 ind(Xp— Qyp), (44)
Eqa=U() ond(0Xp — Qo).
We can obtain a solution to (44) looking at the minimum problem
inf { / (|Vv|2+v2)dy}. (45)
v=U ond(dXp—Qp)

d(Xp—Qo)

_From (45) we can derive norm estimate on Zy. In fact, we can take a cut-off function xi :
d(Xp — Qo) — R such that

)

. 1
x1(y) =1 for dist(y,d(d Xp — Qo)) < 3
x1(y)=0  foryed(Zp— Qo). dist(y.d(®Xp — Qo)) >1,
[Vxi(y)| <4 forally,

and then consider the function ¥(y) = x1(y)U(y). It is easy to see that ||V 14z, g, <€ W,
so by (45) we find that

1Zall i desp— oy < 1V @zp—aqy < € 2D (46)
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We can also obtain pointwise estimates on Zjy. In fact, from Proposition 3.6 we obtain that, as
d — +o0,

) dtan2a — 1)\ 2 2dtana 2
&, = exp| —min —d—-—— " - 0@
W) p[ {\/(yl tan? o + 1 ) 1y +<y":Ftan2a+1>

(47)

for y e d(V — Qg), where V is any set compactly contained in Xp. Finally, we have pointwise es-
timates for the gradient of Z,. Indeed, using the uniform convergence in (20) and reasoning as in
the proof of Lemmas 3.3 and 3.4, we obtain that (29) holds true also for &4. Then we can apply the
arguments in [19] (see in particular Proposition 1.4, Lemma 1.5 and Lemma B.1) to conclude that
V&4 — V¢ uniformly as d — +oo in any set compactly contained in Xp on which V¢ is defined.
This convergence implies that, as d — +o0,

VE4(y) = —exp| —min d d(tan’ o — 1) 2_’_} ,,|2+ 2dtana \2
udy - p yl tanza_"_] y yn:Ftanzo[+1

2@ (Vq‘s (% + Qo) +o<1)), (48)

for y ed(V — Qp), where V is as before. o
Now, we want to obtain similar bounds and estimates for ";f and its gradient. Using the definition
of Z4(y) = <p(% + Qo) and the fact that also ¢ depends on d, we have that

05a _99(y _Y. Y
8d(y)_8d<d+Q°> 5 V¢(d+ao). (49)

Since ¢ is the solution of (18), we can differentiate (18) obtaining

1 0d¢ d¢ 2

@278 T ad T B
0
5500 =VU(d(x— Qo) (x— Qo) ondLp.

2
Ap = —E(p in Xp,
(50)

Because of the asymptotic behavior of U at infinity, there exists a positive constant Cp such that for
d large we have

1
GU(d(X - Qo)) <-VU(d(x— Qo)) -(x—Qo) < CDU(d(X - Qo))~ (51)
Hence, from (18), (51), the fact that ¢ > 0 and the maximum principle we obtain that ¢ := —g—‘g) >
& in T'p. Moreover, as for (19) we can check that the function T := —1log s satisfies
1
AT VTP 41— £ =0 in ¥,
o (52)

1
Tx) = -3 log(—VU(d(x — Qo)) - (x— Qo)) ondXp.

Since % stays bounded, % tends to zero as d — +o00. Moreover, using again the asymptotic behavior
of U at infinity, we can say that the boundary datum in (52) converges in every smooth sense (where
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9Xp is regular) to |x — Qg| as d — +oo. As a consequence, the previous analysis adapts to Y'¢ and
allows to conclude that still

4> ¢ and VY¢— Vg (53)

uniformly as d — 400 in any set compactly contained in Xp on which V¢ is defined.
From (50), reasoning as for (46), we have that

P .
e
9 H1(d(Ep—Qo))
On the other hand, from (44) one finds that the function w := dlz ~V<p(% + Qo) = % -V Ey(y) satisfies

2
—-Aw +w = _EEd ind(Xp — Qo).

To control the boundary value of @ we divide ad(Xp — Qg) into its intersection with {y, =0} and
its complement. In the first region we have simply that w = % - VU(y). In the second instead the

estimates in (47) and (48) hold true, which shows that the L2 norm of the trace of & on dd(Zp — Qg)
d[ 2tano

+ 1(1+0(1)) . .
VianZ a-+1 . This fact and the latter formula imply that

is of order e—4(1+o() 4 o

—d[1+ 242 |(140(1))
1 1y —qu < €M e T imtan T (55)
Then, from (54) and (55), we conclude that
(= _ 2tana
H o < e 4 oM T, 3 1HoM) (56)
I g1 aczp-aon

Now, using the fact that ¢ < C D|%—‘§| and (53), together with the Harnack inequality (which implies
[Vp| < Cde in d(V — Qp)) one also finds

BEd( )= —ex min 2dtan?a 2+’ //‘2+ sdtana \2
ad y) = p Y1 tan2a+] y yn:Ftanza+1

0@ . (1 +o<|§—|>> (57)

and

95y . 2dtan o \2 2 2dtana \?
V— < exp| —min ) 4yt + 9@ (58
‘ ad (y)‘ p[ {\/<y1 tan2a+1) v (ynq:tan%t—i-]) (58)

for d(V — Qg) and d — +o0.
After these preliminaries, we are now in position to introduce our approximate solutions. Let us
define two smooth non-negative cut-off functions xp : R" — R, xo: R — R satisfying respectively
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=1 for | |<dD
Xp\y) = Y\167

dD
xp(y)=0  for|y| > 5 (59)

32
\Y <=— onR"
IVxpl D

and
Xo() =1 fory <0,
Xo(y)=0 fory>1, (60)
Xo is non-increasing on R.
Now, using the new coordinates y in Section 2.2, we define
Ue.q (V) = Xuo €N[(Ug (1) — Ea(1)) X () + €wq (1) X0 (y1 — d)]. (61)

Following the line of [11] we prove that the u¢ o’s are good approximate solutions to (10) for suitable
conditions of Q.

Proposition 3.12. Let j1o be the constant appearing in Section 2.2. Then there exists another constant Cg,,
independent of €, such that, for Co <d < % and for Dd < E’é—‘; the functions ue q satisfy

1 /Dtana(tana+1) 2tana
A st T Jaga 1A+

1L (ue )| < C(€2 + 0o 4 .

—2ane ) q40(1))

—d(2
4o MR aro) | o712t Fta ), (62)

for a fixed C > 0 and for € sufficiently small.

Proof. Using the coordinates y, we can split ue g (¥) = te, g (¥) + Ue,q (¥), Where i o is defined
in (12) and

e, g (V) = Xuo €V [ (X0 () = U (1) — XM Ea(¥) + €(xo(y1 —d) — N)wo ()].  (63)

Then, if we test the gradient of I¢ at u¢ o on any function v € H})(.Qg), we obtain

I’e(ue,Q)[v]:/-(Vgue,Qng+uE,Qv)dy—/ugquy
Q¢ Q¢

=/(Vgﬂéyqvgv+ﬂe,Qv)dy—/ﬁf’quy
Q¢ Qe

+/(Vgﬁe,Qvgv+ﬁe,QV)dy_/(ﬁg,Q —ugo)vdy
2 £

=1_(ile,)[V] + A1 + A2, (64)
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where

A= /(Vgﬂe,Qng +1le,qVv)dy; Ay = /(ﬂgQ —uE,Q)vdy.
Q¢ ¢

By Proposition 2.4 and in particular by (14) we have that I/ (ii¢ g )[v] is of order at most €%. Hence
we only need to estimate A1 and A; in the last line of (64).
To estimate A; we divide further tlc o =tl¢ .1 + Ue,q,2 + Ue,q,3, Where

le.0.100) = Xpo €N (XD (¥) — 1)U (¥); Ue,.2(0) = Xuo (€M) XD (V) Ed(¥);
lle.0.3(Y) = Xpo(€Y)€(Xo(y1 —d) — 1) wq ().

Then we write A1 = A1,1 + A1,2 + Aq,3, with

Al,i=/(Vgﬁe,Q,ngv—l—ﬁe,Q,iV)dy, i=1,2,3.
¢

Since xp(y) is identically equal to 1 for |y| < % and since xo(y1 —d) —1=0 for y; <d, from (8)
and (13) we get

_db _
A1 <e 15(1+0(1))||V”H})(95); |A13] < Ce(l + |d|K)e d”V”H})(QE)- (65)

To control A1, we write that
Aip= /(Vgﬁe,q,zvgv +1le,g2v)dy = /(guaiﬁe,q,zajv + lle,g,2v)dy
¢ $2¢

=/(VﬁeszVv—i—ﬁE,Q,zv)dy—i—/(gij —8ij)3i1.vleyQ,23dey.
¢ ¢

From the condition (c) in Section 2.2 we have that |g — 8| < Ce|y|; then

1
2
Al,z—/(vm,q,szﬁe,q,zv)dy‘<Ce(/|y|2|vae,q,z|2dy> 1Vl (20
Q¢ ¢

Since the support of il g 2 is contained in the set {]y| < %D}, we obtain from the last formula and
(46) that

~ ~ —d(1 1
‘ALZ - /(Vue,Q,zvV + ue,Q,zv)dy‘ < CedDe~ 10 >>||v||HB(QE).
$2¢

Now, since &y satisfies (44), we have
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f(Vﬂe,Q,ZVV + e g,2v)dy
¢

= f(V(Ed(Y)(X;LO(E}’)XD(y) —1))Vv+ E4() (Xpo (€M) xp(¥) — 1)v) dy. (66)
2

Since also Dd < Cl F2, the function x,,(€y)xp(y) —1 is identically zero in the set {|y| < d1_1.67} if Cp
is sufficiently large. Then, using (47), (48) and the Hdélder inequality, we find that (also for D large)

‘ /(V(Ed(Y)(XMO(GY)XD(Y) = 1))VV + Ea(¥) (Xuo (€¥) X (¥) — 1)v) dy

dD , d Dtana(tana+1) 2dtana
—[T5+3/ 1+o0(1
< e [16 2 tan2 a+1 tan2 o ]( M) ” | (67)

Viing 2o

The last three formulas imply

_rdD , d Dtanoc(tanotJrl) 2dtana
|A12] < C(edDe—d(l+o(1)) +e (f6+2y tan? a+1 a2 ](1+O(1))

)”V”HB(QE)-

From (65) and the latter formula it follows that

_rdD_ d /Dtana(tana+1) 2dtana
|A1] < C(edDed01+0) 1o 162V untair ot D gy gy ed)

: ||V||H}J(_Q£)~ (68)

It remains to estimate Aj. First of all, let us recall that the following inequality holds:

— 1w o 1-
p |< Clue ql? 1|ue,Q| for tie @ € (0, 5lie, @),

_ . . ) (69)
Clie.o|P ie.q| +Clite,q|P otherwise,

for a fixed constant C depending only on p. Moreover, using (8) and (13), we can say that there exists
a small constant ck , such that

_ 7 e W 1
Ue,q (V) = F—— for |y| <
1+yl' 2

€CK.n ’

We divide next §2¢ into the two regions

o [d 1
31={|J/|<mm{§,ec—“”; By = 2\ By.

For y € By we have that x,,(ey) =1, xp(¥) =1, xo(y1 —d) =1, and hence ¢ o (¥) = —Z4(¥).
7@ V2dtana +o(d

By (47) we have also that fiic o ()| = |Za(y)| <e * Yawari " < Lii o for y e By. This fact,

(69) and the Holder inequality yield

B 1 7(2717 J2dtana +o(d)
/.|u€ Q u |V|dy /|uE,Q|p7 [te,ql - [vldy < Ce Vian a+1 ”V“Hz)(ﬂe)’
By
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_ 1+o0(M)
On the other hand, in By we have that |ﬂ£’Q| < C(e~5+9@ L o”«Kn ) and that ltie.q| < e~d+0@;
therefore (69) and the Holder inequality imply again

/Iueq—u ol - Ividy <c[(e”

—1+0(1)
Do) 4 o Pk Yo dtold) 4 o-pdto@],

|v||H1D(_Q€)'

The last two formulas provide

_dp _ _adtana +o(d)

|A2|<C[e 2 VanZat

—1+o0(1)
—pd+o(d) @V 0@y | L~ ) p—d+o(d)
+e + (e” +e K )e 1V 20)-

(70)
Finally, we obtain the conclusion from (14), (64), (68) and (70). O

We have next another estimate for the functional I, which allows to say that the condition (ii) in
Section 2.1 holds true for I and the manifold of the u¢ q’s.

Proposition 3.13. Let j1o be the constant appearing in Section 2.2. Then there exists another constant Cg,,
independent of €, such that, for Co < d < % and for Dd < élé—"ﬂ the functions u¢ q satisfy

—d[l\/m+ 2tana ](1+D(]))
”1//(u€ o)lql ” < C 6 +Ee—d(l+0(1)) +e 2 tanZ a+1 an arl

d(p+1) —d(B+ =28 (1.40(1))
e~ Gt 4 0" anzart )liqll. (71)

for some fixed C > 0 and for € sufficiently small. In the above formula q represents a vector in H}J (£2¢) which
is tangent to the manifold of the u¢ o 's (when Q varies).

Proof. Since the arguments are quite similar to those in the proof of Proposition 3.12, we will be
rather quick. Using the fact that det(g”) =1 and the first line in (64), for any given test function
v € H),(2¢) we can write that

I (ue.@)vl= 2/ g8iuc qdjv +ue qv)dy — /uf’dey.

IJ]R” ]R"

We want to differentiate next with respect to the parameter Q, taking first a variation gt of the
point Q for which d stays fixed, namely we take the tangential derivative to the level set of the
distance d to the interface. Let us notice that in the above formula the dependence on Q is in the
metric coefficients gV and in the function wq appearing in the expression of u¢ o (see 61). Therefore
we obtain

I (ue.q)[v] = 1(ueq>[ Pe.0 v]

BQ aQr
g ij 8
—Z/ —— dille, QTa]de+Z/< ”B, GQB uG’Qv)dy
0Qr
3 EQ
_p/ ’a oy (72)

KL
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From Remark 2.3(ii) we have that 28~ is of order € 2|y|. Moreover, computing the expression of dasz

aQ
we obtain d;'fz’f =€ X0 €M) Xo(y1 — d)W =0(e2(1 + |y|%)e~!), see Section 2.2 in [11]. Reasoning

as in the proof of Proposition 3.12 we then have

~——Ic(ue,@)IV]

a
H T < C52||v||H2)(_Q€) for every v € H},(£2¢). (73)

On the other hand, when we take a variation g4 of Q along the gradient of d, similarly to (72) we
get

I (e 0)[v] = I" (e, Q>[ Ue.q v]

3Q 3Q
gl auGQ 8u€,Q
_Z a,u6 Qd8]vdy+z 9; v 8Q v)dy
ij Rn d
- p-1dleq g 74
p/ue,q 50, 'Y (74)
R}

Concerning the derivatives of gif with respect to Q4 we can argue exactly as for Qr, to find

9
Z/ 987 e 0udivdy| < CE Vil o).
L] Rn

Now, computing the derivative of uc o with respect to Qg is more complicated than the previous
case, because a;'af off function xp(y) is
defined as )ZD(%) for some fixed xp, we obtain

e d&g 1 (Y Ixo(y1 —d)
Q__ L x(Ba—U)y-Vip( =) +e LA
20, Xuo XD 7 +d2xuo( d Q)Y XD<d>+ XuoW 90,
+ €Xuo Xo(¥1 — d) (75)

Q

It is easy to see that the last two terms in the right-hand side give a contribution to (74) of order at
most eed(1+o(1) Vily1 0 and € ed(1+°(1))||v|\,_,1 (0.) Tespectively. Concernmg the second one, we can

use the fact that the support of Vxp is contained in the set {|y| > 16 D1 together with (47), (48) to
see that the contribution of this term is at most of order

7(47D+g Dtana(tana+1)+ 2dtana )(1+0(])) _dD
(E 672V " tanZat /aan2 o fe 16 (1+0(1)))”V”H1 @)
D

We can then focus on the first term in the right-hand side of (75), and consider the quantity

95, 9Eq 35y
_Z /( lfal(XMoXD od >3JV+XM0XD od )dy+p/ QlX/vLoXDWde. (76)

K]
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Now, using condition (c) in Section 2.2 and (56), if we substitute the coefficients g with the Kro-

. d+o(1 T (1+o(1)
necker symbols we find a difference of order e(e—4(1+o() 4 ¢ *anta ). Next, since &4
satisfiles —AZy + Z4 = 0, when we differentiate with respect to d we get the same equation for "é;f',

so reasoning as for (66), (67), together with (57), (58), we find

&y BICH
Vv XuoXDW 'VV+XMOXDWV dy
RY

Dtana(tana+1)+ 2dtana (]Jro(l))

7(@4}4
g Ce 16 12 tanZ a+1 /tan2 o . ”v”H] (20)-
D

It remains to estimate the last term in (76). Using (56), (57) and the exponential decay of u¢ o and
reasoning with argument similar to those for (70), we find that it is of order

— P72+ «/_tana d(p-1)
el (e T Tt 4 e 4 0(e2)) [Vl -

All the above comments yield that

7d[l Dtanot(tanot+1)+ 2tano ](]+O(1))

I (ue Q)[V] (62 + €efd(1+o(])) +e 2 tan? or+1 JVan2 a+1

o

[tana )(]+O(1))

— 42 (140(1)) Gt e
+e 2 +e ¢ VI 20 (77)

From (73) and (77) we finally obtain the desired conclusion. O

332 Case T <a<m

In this subsection we introduce the manifold of approximate solutions in the case % <a<m.
Since the construction is substantially the same as in the previous subsection, we will be rather
sketchy.

Let us consider the solution of (19), ®¢, and the function &, defined in (43). Reasoning as at the

beginning of Section 3.3.1, we derive norm estimate for Zj:

— —d(14+0(1
1Eali1 @czp—qpy <€

Moreover, from Proposition 3.10 we also obtain pointwise estimates for Z; and its gradient.
Now, using the cut-off functions (59), (60), we define, in the new coordinates y introduced in
Section 2.2, the functions

e, (V) = Xuo (€N [(Ua 1) — EaN) XD (¥) + €Wq () xo(y1 — d)].

Following the line of Section 3.3.1 we prove that the u¢ g’s are good approximate solutions to (10)
for suitable conditions of Q. Since the computations in the following proposition are the same as in
Propositions 3.12 and 3.13 in [11] we will omit the proof.

Proposition 3.14. Let (o be the constant appearing in Section 2.2. Then there exists another constant Cg,

independent of €, such that, for Co <d < ec and for Dd < eC , the functions u¢ q satisfy

1. (ue,)| < C(e? + ee 400 4 e~ ro) 4 p=3 d(1-+o(M)y, (78)
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and
_ _d@p+D _3
H Ig(ue,Q)[Q] H < C(Ez +ee d(14+0(1)) te 5 (1+0(1)) +e 2d(1+0(1)))”q”’ (79)

for some fixed C > 0 and for € sufficiently small. In (79) q represents a vector in H}, (£2¢) which is tangent to
the manifold of the ue o s (When Q varies).

333. Casew < <21

In this subsection we introduce the manifold of approximate solutions in the case m < o < 27.
Also in this case we will be very quick, since the construction is the same as in the previous subsec-
tions.

Let us consider the solution of (19), ®¢, and the function =, defined in (43). Reasoning as at the
beginning of Section 3.3.1, we derive norm estimate for Zy:

- —d(14o(1
12l 1 @esp—ag) < e T

Moreover, from Proposition 3.11 we also obtain pointwise estimates for &; and its gradient.
Now, using the cut-off functions (59), (60), we define, in the new coordinates y introduced in
Section 2.2, the functions

Ue.q (V) = Xuo(€N[(Uo () — Ea(1)) xp(¥) + €wq (M) xo(y1 —d)].

Following the line of Section 3.3.1 we obtain that the u¢ g’s are good approximate solutions to (10)
for suitable conditions of Q. Since the computations in the following proposition are very similar to
those in Propositions 3.12 and 3.13 in [11] we will omit the proof.

Proposition 3.15. Let (1o be the constant appearing in Section 2.2. Then there exists another constant Cg,,

independent of €, such that, for C; <d < % and for Dd < e’é—‘; the functions ue q satisfy

11 (e )| gC(ezjLee_daJrom)Jre—d—“’;”<1+o<1>> +e—%“+"<”>), (80)

and
" 2 —d(14+0(1)) | ,—42D 140(1)) |, ,—2(14+0(1)
|17 (ue.0)Mql] < C(e? +ee +e 2 +e 2 )liqll. (81)

for some fixed C > 0 and for € sufficiently small. In (81) q represents a vector in H}J(Qe) which is tangent to
the manifold of the u¢ o s (When Q varies).

4. Proof of Theorem 1.1

To prove our main theorem we need to derive an expansion in terms of Q and € of the energy of
approximate solutions. Then we can apply the abstract theory in Section 2.1 to obtain the existence
result.

In the case % <o <7 the energy expansions for the approximate solutions ue g are the same as
in the case o = 7, see Propositions 4.1 and 4.2 in [11]. Then also the definition of the critical manifold
and the study of the reduced functional are the same. Therefore for the proof of Theorem 1.1 in the
case % < o <7 we refer the reader to Section 4 in [11].

In the case m < « < 27, even if the approximate solutions are different from the previous case, the
energy expansions turn out to be the same. Then also in this case we omit the proof of Theorem 1.1
and refer the reader to Section 4 in [11].
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Inthecase 0 < < 5 the energy expansions are quite different, so we will give the proof in the
details.
From now on we will assume 0 <« < %

4.1. Energy expansions for the approximate solutions u¢ g

Here we expand I¢(u¢,q) in terms of Q and €, where uc q is the function defined in (61).
Proposition 4.1. For ¢ — 0 and d =d(Q) — +o0, the following expansion holds

_d—-dy2tana dftana )(lJrO(]))
+

- - (
Ie(ue.q) =Co— C1eH(€Q) + e~ 210 oo ™ Vian?a o(€?), (82)

where Co and C are the constants in Proposition 2.4.

Proof. As in the proof of Proposition 3.12, let us write u¢ g (¥) = ile, g (¥) + e, g (¥), see (12) and (63).
Then, using the coordinates y introduced in Section 2.2, we find that

_ _ . - . 1 . .
le(ue,Q)ZIE(UE,Q)"'/(Vg”é,QVg”e,Q + e qlle,@)dy + 5/<|Vgu€,Q|2+”g,Q)dy
¢ ¢

1
+ —— [ (lie.o [P = |ue.q [P dy. 83
P+ 1 (| Q] lue,q )y (83)
e

Using condition (c) in Section 2.2 we have that

’/(Vgae’QVgﬂe’Q +ﬁg’Qﬁg’Q)dy — /(vﬁe,QVﬁg’Q + ag,Qﬁqu)dy‘
¢ ]R"Jr

<Cef|y|-|Vﬁe,Q|-|Vﬁe,Q|dy; (84)
1

‘/(Ivgﬁe,qlz +iig o) dy — /(IVﬁe,QIZ +ﬂ§,Q)dy‘ < cff |- |Vile,q Pdy.  (85)
2 R'jr n

Concerning (84), we can divide the domain of integration into B4 (0) and its complement and use (8),
2
(13), (46), (47), (48) to find

ftanot
_ . 3 )(1+o(1))
Ce/ 191 Vil q| - | Vile g |dy < Ce(e=240+0M) o™ Vi

K]

)-

For (85), the same estimates yield

«[tana
. (28 (140(1)
CG/ Y| - |Vile g [P dy < Ce(e 20+ 1 ¢ Viana

RY

)-
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The last two formulas, (83), (84), (85) imply

_ _ . . 1 . .
Ie(ueg) =Ie(lic.g) + \/‘(VUQQVUG’Q +Ue,qlle,g)dy + 2 /(Wu&mz +u§,Q)dy
R R

1 _
+ —— [ (lue.IP*! = ue,q P!) dy

p+1
Qe
3 —d— V2dtana
+O(€(efjd(1+0(1))+e ~/tan2a+1)). (86)

Using the same notation as in the proof of Proposition 3.12, we write e ¢ = tle 0.1+ Ue. 0.2 + Ue.Q 3.
Formulas (8) and (13) imply

= - - _dp
‘ f(Vue,QVue,Q,1 +ue,Que,Q,1)dy‘ < Ce 16 (o),
RY
‘ /(Vﬂe,QVﬂe,Q,3 + ﬂe,Qﬂe,Q,g)dy‘ < Cee~2d0+o(M),
RY
from which we deduce that
/(Vﬂe,QVﬁe,Q +ile, qlie,g)dy = /(Vﬂe’Qvae’Q’Z +ile.glle.g.2)dy
R? RM
+ +

dD
+o(e~ B+ | go2d(1+o(1))

Similar estimates also yield
v v v v _db _ _
/(IVue,Q > 412 o) dy = /(IVUe,Q,zI2 +12 o) dy +o(e” 5740+ | gom2d(1o(1)),
R R
From a straightforward computation one finds that for any function v
Vile,q 2VV + 12 v =VEq- V(Xuo(€)XDV) + EqXuo(€) XDV
+ V(X0 (€) XD)(EaVV — VV E).

Applying this relation for v =il o and v = ll¢ q 2 respectively, and using (8), (13), (46), (47) and (48)
we find that

/(Vﬂe,QVfte,Q,z +ile qlle,0,2)dy
R

= /(V(XMO(E')XDEG,Q)VEd+Xuo(€')XDae,QEd)dy

KL
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_ V2dtana
(@+-Y2Lme ) (1-4o(1))

3
+o(e Y + e~ 2d0+o)

Dtana(tana+1) 2dtana )(140(1))

—(4D 4 d /Dtanc(tanatl) ; 2dtane
+e T6 7 2 tan2 or+1 Vtan? a+1

);
f (IVile,q 2P +12 g o) dy = / (IV (tuo € x0 Ea) [* + (Xuo (€)X Ea)°) dy.
R R

Using now the fact that, by our construction, the function x,,(€-)XpUe,0 = Xuo(€-) XD (lie,q + Ue,)
vanishes on d(d Xp — Qp), from (44) we obtain

/(V(xuo (€)xple,q)VEd + Xuo(€) XDlle, o Eq) dy

el

1
5 [ (V0020 + (tuate 10 52)) dy
K]

2
®

1 } )
== /(V(X,ug(f‘)XDue,Q)VEd+Xuo(6’)XDU€,QEd)dY-

From (86) and the last eight formulas we find

= 1 = - T 1 = p+1 p+1
Ie(ue,Q):Ie(ue,Q)‘f‘i (Vue,q Ve, @ "l‘ue,Que,Q)dY‘i‘m (|Ue,Q| — lue,ql )dy
R”Jr ¢

_d_ ~2dtang_ . Jldtna
d m“”“”+€(67%d(1+o(1))+e d m(uo(l))

))-

+ O(e—‘{%(woa» Te

From (8), (13), (14) and (46) we have that

/(Vﬂe,QVﬁe,Q +ﬁe,Qﬁe,Q)dy=I;(ﬂe,Q)[ﬁe,Q]""/|ﬁe,Q|pﬂe,Q dy
R ¢
< Ce2e~d0+o() +/|ﬂ€,Q|pﬁ€,Q dy,
¢

and then

_ 1 _ . 1 _
le(ue @) =Ie(lte @) + 5 / ltie,q [Plle,q dy + m (|ue,Q|p-H - |us,Q|p+])dy

¢ ¢

_J_ ~2dtana
4 o(ef%(lﬂ)(l)) te d oyt (14+0(1))

.
1 (e300t 4 ol Ve (o)

+0(e2ed(1+o))

)

(87)

Using a Taylor expansion we can write that
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p p—1y
lie o P! = Jue.o P! = —(p+ Dlte.q |Plie.q | +0(lTe o |P702 o) forile g € (0, 3le o),
0(ile,q P tie,q | + Ite,q [PT1) otherwise.
(88)

As for the estimate of A, in (70), we divide the domain into the two regions B1, By, and deduce that

1 _
—— [ (lie.q 1P = Jue,q |PH) dy

p+1
@
R, D - BB (10(1) | 485D (140(1)) |, ,—d(+o(1) ;= T
_ |UE,Q|pUe,Qdy+0(e tan2 +e 2 +e e eK,n).
@

Therefore using (87) the energy becomes

_ 1 (. . —d-2UE (1401)) g
Ie(uqu) — ]e(ue,Q) _ E / |u€,Q|Pu€’Q dy +0(e VtanZ a+ +e 2 (1+0(1)))
$2¢
—d— [d|tana\ (1+0(1))

+o(e(exp2HeM) 4o Vintart ) + €2e=d01+o(1))

From (47), the expression of il o and the estimates in the same spirit as above one finds that
«/_dtana 1 1
f liie.o |pﬁe.Q dy = _(e—zd(H—o(l)) + e unat+i (140( )))’

2

and hence from Proposition 2.4 we finally find

_V2dtane
- - —d— (140(1))
Ie(ue,q) = Co— C1eH(€Q) + O (€?) + e~ 201HoM) 4 o tan? a+1
2dtana_
to(e” " Vantar TN | o= 12 (4001
_V2dtana

+6(6_%“+°“”+e R (Hom))—I—eze‘d(]”m)). (89)

The conclusion follows from the Schwartz inequality. O

We give also a related result about the computation of the derivative of the energy with respect

to Q. Again, we will be rather sketchy in the proof since the arguments are quite similar to the
previous ones.

Proposition 4.2. For € — 0 and d =d(Q) — +oo, the following expansions hold

3 s
Ie(ue,q) = —C1€2 VT H(€Q) + 0(€?); (90)
0Qr
0 - (—d—-4y2tana dftanot 1+0(1
9Q le(e.q) = —C1e2VaH(eQ) —e * Vatari ) 4 o(e2), (91)
d

where Co and C; are the constants in Proposition 2.4.
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Proof. After some elementary calculations, recalling the definition of ¢ o in (12), we can write

_ ou _ou
Ig(ue,q)[ QQ} 8Qle(ueQ)Jr/(vgue,QVg BZQ tilcg 83Q>dy
2

€

_p Ol due g due,q
_/qu 30 dy+/‘<Vgu6 o Vs 30 +1e.q 30 dy
¢ ¢
_p p \9UeQ dy. 92
+ (ué,Q _ue,Q) 3Q ( )
Qe

where 1l¢ g = Ue, 9 — Ule,g Was defined in (63). The first term on the right-hand side is estimated
in Proposition 2.4. The next two, integrating by parts and using Proposition 2.4, can be estimated in
terms of a quantity like

6Q‘dy.

Cezf(1+|y| ) G

€

From the same arguments as in the proof of Proposition 3.13 one deduces that the latter integral

. 2214001y, 0 TRHEE (1to(1) . . :
is of order €-(e + tan? o+ ). To control the first integral in the last line of (92)

we can reason as for the estimate of A1 in the proof of Proposition 3.12 to see that this is of
order e‘d“‘“’(”)(e + e~d+o()y agaQ 43, (2, From the proof of Proposition 3.13 one can deduce

that || a
73d(1+o(1))'

RERES < C (€2 4e~d+0M)y and hence the integral under interest is controlled by o(e2)+

Finally, the last term in (92) can be estimated using a Taylor expansion as for the term A; in the
proof of Proposition 3.12, and up to higher order is given by

p/Ué‘l(y)ﬁe,QVUQ(y)'qdy,
R,

where q stands either for the variation of Q in the coordinates y. If q preserves d, the latter integral
gives a negligible contribution, and we find (90). If instead q is directed toward the gradient of d the
above estimates (and in particular (47)) allow to deduce (91). O

4.2. Finite-dimensional reduction and study of the constrained functional

We apply now the abstract setting described in Section 2.1. In fact, the following two lemmas hold.

Lemma 4.3. If C; is as in the previous section and if we choose

1
ZGZ{UG,Q: CQ <d< a},

then the properties (i), (iii) and (iv) in Section 2.1 hold true, with y = min{1, p — 1}.
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Proof. It is immediate to prove that (i) and (iii) hold; in particular, the value of y comes from the
standard properties of Nemitski operators. Property (iv) can be ea511y deduced from the fact that the
kernel of the linearization of (5) in the half space is spanned by 2 dx1 aﬁul as proved in [29], and
from some localization arguments which can be found in Sections 4. 2 9.2and 9.3 of [2]. O

Lemma 4.4. For any small positive constant §, if we take

Ze=1u (2 —08)|loge| <d !
= M — < < —,
€ «.Q & eCqp

then also property (ii) in Section 2.1 holds true, with

min{3—5, B+l (2—5),(2—s)(} /Dtanafane+D |  2tane 2-8)(E+ V2tana
Fey = M5 B a0 o) (PRI ey o gy

Proof. This lemma simply follows from Propositions 3.12 and 3.13. O

As a corollary of the above two lemmas we can apply Proposition 2.1 and Theorem 2.2, so we
expand next the reduced functional and its gradient on the natural constraint Z..

Proposition 4.5. With the choice of Z in Lemma 4.4, if w, is given by Proposition 2.1, then we have

e (ue @) :=Ie (Ue,Q + We(”e,Q))
+

= Co—C1€H(eQ) +e~2d0+0) 4 o et o(€?); (93)
9 B
—Ic(ue,g) = —C1€2VrH(€Q) + 0(€?); (94)
0Qr
d ~d(1+ 28 140(1)) 2
TP — 1 (ueg)=—C1€2V4H(€Q) + e Vi +0(€?), (95)

as € — 0, where 50 and 61 are as in Proposition 4.1 and where Qt, Qg are as in the proof of Proposi-
tion 3.13.

Proof. By Propositions 2.1 and 3.12 we have that

”We(ue Q)” G ”I (ue, Q)H
< C(€2 4 ee~dC+o)

—d 1 Dtana(tana+1)+ 2tana 1+0(1
e (3 Prpege 229 (1+o(1)

_d(P 4 2tana_yq 1
d(h+ 28 ) (1-+o(1) N

e~ (o))
From the regularity of I and Proposition 4.1 we then have

Ie(ue,q + Welue,@)) =Ie (e ) + I (e, @) [We (ue.q)] +o(Hwe(ue o)

ftanot
. ) (1+0(1))
= Co— CreH(eQ) +e 2o 4 o™ iy +

o(€?)
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(278)( Dtana(tana+1) 4tana
+o(e87% 4 ePTNED) 4 ¢ ot JanZatl

2\2tana
L M”W)),

This immediately gives (93), since p > 1 and § is small.

The remaining two estimates are also rather immediate for p > 2: in fact in this case property (iii)
in Section 2.1 holds true for y =1, so we also have [|dq w¢|| < Cf(€) by the last statement in Propo-
sition 2.1. This, together with the Lipschitzianity of I implies that

d
Ele(UG,Q) = I;(ue,Q + We)[0g Ue,@ + 0o Wel

0

8Q —lc(ue,Q) +I//(ue Q)[We, dgue ol
+ I (ue,@)we, dgwel + [[well” T (D ue.q | + g we l)
d

= —Ic(uc.q) +0o(f(€)?)

9Q
_ /Dtano(tana+1) 4tano
Ie(ue, @) + 0( o + e(P+DH2=9) + 6(2 o wlart T tan2a+1)

d
=30
L0+ Zf2ana)

VianZa+1 ) (96)

since y = 1. The last two estimates then follow from Proposition 4.2.
For the case 1 < p < 2, we reason as in the proof of Proposition 4.5 in [11] to obtain the estimates.
This concludes the proof. O

4.3. Proof of Theorem 1.1

We use degree theory and the previous expansions. First of all, since Q is non-degenerate for H|,
we can find a small neighborhood V of Q in I" such that VH|r # 0 on 9V and such that in some
set of coordinates

deg(VH|r,V,0) #0.
Then, if § is as in Lemma 4.4, we choose 0 < 8 < % and consider the set

Y={(d.Q): de(2—Blloge|, 2+ B)lloge|), €Q € V}.

Since VH|;(Q) corresponds to VrH(eQ) in the scaled domain 2., by using (94) and our choice
of V we know that, as € — 0

- 1
Vo le(ue g) = —C1€VrH(€Q) +0(€?) #0 on —aV. (97)
On the other hand, by (95) we also have

[tana
2—-B)(1+ === )
Vo le(te.g) = —¢ " amtai’ | ford= (2 - p)llogel, (98)
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and

Voule(ue, o) = —C1€°V4H(€Q) +0(€?), ford = (2 + B)lloge|. (99)

Since we are assuming that the gradient of H points toward dp$2 near the interface I, V4H(€Q) is
negative and therefore the two d-derivatives in the last two formulas have opposite signs. It follows
from the product formula for the degree and (97)-(99) that

deg(Vl¢,Y,0) = —deg(VH|r,V,0) #0,

which proves the existence of a critical point for I in Y. Since we can choose V and g arbitrarily
small, the solution has the asymptotic behavior required by the theorem, and more precisely by Re-
mark 1.2(b): the uniqueness of the global maximum follows fro the asymptotics of the solution and
standard elliptic regularity estimates.

Remark 4.6. To prove also the assertion in Remark 1.2(a), using (93) in the case of local maximum
it is easy to construct an open set of Z, where the maximum of I, at the interior is strictly larger
than the maximum at the boundary. On the other hand, when we have a local minimum, one can
construct a mountain-pass path connecting the two points parametrized by (%Q, (2 —B)|loge|) and

(% Q, (2+B)|logel). Using a suitably truncated pseudo-gradient flow, one can prove that the evolution
of the path remains inside %V x (2 — B)|logel, (2 + B)|loge]), and still find a critical point of I.
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