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Abstract

For two given graphs G| and G, the Ramsey number R(G1, G») is the smallest integer n such that for any graph G of order n,
either G contains G| or the complement of G contains G,. Let Cy;, denote a cycle of length m and K, a complete graph of order
n. It was conjectured that R(Cy,, Ky) =(m — 1)(n — 1) + 1 form >n >3 and (m, n) # (3, 3). We show that R(C¢, K7) =31 and
R(C7, K7) = 37, and the latter result confirms the conjecture in the case whenm =n =7.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

All graphs considered in this paper are finite simple graphs without loops. For two given graphs G| and G2, the
Ramsey numberR(G1, G;) is the smallest integer n such that for any graph G of order n, either G contains G| or G
contains G, where G is the complement of G. The neighborhood N (v) of a vertex v is the set of vertices adjacent to
vin G and N[v] = N (v) U {v}. The minimum degree of G is denoted by 6(G). Let Vi, Vo C V(G). We use E(V, V3)
to denote the set of the edges between Vi and V». The independence number of a graph G is denoted by a(G). For
U C V(G), we write a(U) for a(G[U]), where G[U] is the subgraph induced by U in G. A cycle and a path of order n
are denoted by C,, and P,, respectively. A clique or complete graph of order n is denoted by K,,. We use m K ,, to denote
the union of m vertex disjoint K,,’s. For two vertex disjoint graphs G and H, G + H denote the graph with its vertex set
V(G)UV(H) and edge set E(G)U E(H) U {uv|u € V(G) and v € V(H)}. Awheel of ordern + 1isW, = K1 + C,
and W, is a graph obtained from W, by deleting a spoke from W,,. A fan F,, = K| + nK> is a graph of order 2n + 1
and a book B, = K> + K, is a graph of order n + 2. For notations not defined here, we follow [2].

For the Ramsey number R(C,,, K,,), it has been determined for the cases n<6; m =3 and 7<n<9; m =4 and
n=7,8;m =5 and n = 7; and some other cases such as n>4m + 2, and so on. For details, see the dynamic survey
[8]. In 1978, Erdos et al. [4] posed the following.

Conjecture 1 (Erdos et al. [4]). R(Cyy, Kp) =(m —1)(n — 1) + 1 form >n >3 and (m, n) # (3, 3).
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The conjecture was confirmed for n =3 in early works on Ramsey theory [5,9]. Yang et al. [11] proved the conjecture
for n = 4.

Theorem 1 (Yang et al. [11]). R(Cy,, K4) =3m — 2 for m >4.
Bollobis et al. [1] showed that the conjecture is true for n = 5.
Theorem 2 (Bollobds et al. [1]). R(Cy,, K5) =4m — 3 for m >5.

Recently, Schiermeyer [10] confirmed the conjecture for n = 6.
Theorem 3 (Schiermeyer [10]). R(Cy,, Kg) = 5Sm — 4 for m > 6.

Until now, the conjecture is still open. Researchers are interested in determining all the values of the Ramsey number
R(C,,, K7). In this paper our main purpose is to determine the values of R(C,,, K7) when m = 6, 7, which is our first
step towards calculating the values of R(C,,, K7) for all m. The main results of this paper are as follows.

Theorem 4. R(Cg, K7) = 31.
Theorem 5. R(C7, K7) =37.
Obviously, Theorem 5 confirms Conjecture 1 for the case whenm =n =7.
2. Some lemmas
In order to prove Theorems 4 and 5, we need the following lemmas.
Lemma 1 (Graver and Yackel [6] and Kalbfleisch [7]). R(K3, K7) = 23.
Lemma 2 (Dirac [3]). Let G be a graph of order n. If 5(G) 2n/2, then G is hamiltonian.
The following lemma can be deduced from the known Ramsey numbers, see [8].
Lemma 3. R(B», K7) <34.
Lemma 4. Let G be a graph of order 6n — 5 (n>6) with «(G) <6. If G contains no Cy, then 6(G)>n — 1.
Proof. If there is some vertex v such that d(v) <n — 2, then G’ = G — N[v] is a graph of order at least 5n — 4. By
Theorem 2, a(G’) > 6. Thus, an independent set of order at least 6 in G’ together with v form an independent set of
order at least 7 in G, which contradicts «(G) <6. [
Lemma 5. Let G be a graph of order 6n — 5 (n > 6) with a(G) <6. If G contains no Cy, then G contains no Wy, _».
Proof. Suppose to the contrary that G contains a W,,_» = {wg} + C, where C = w - - - w,_» is acycle of length n — 2.

SetU=V(G)—V(W,_2). By Lemma4, 6(G) >n — 1. Thus, we have Ny (w;) # @ for0<i <n—2.Letv; € Ny(w;)
and V; = Ny[v;], where 0<i <n — 2. Since G contains no C,,, we have

NV)NV(Wy—2) ={w;} for 0<i<n —2, (D
VinV;=0 for0<i<j<n—2, )
and

EWVo,V))=0 for 1<i<n—2. 3)
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By (1), we have dw, ,(v;) = 1, which implies |V;|>n — 1 for 0<i <n — 2 since 6(G) >n — 1. By (2), we have
nn—1)<|V(W,_2) U (Uj?;oz) | <6n — 5, which implies # <6, and hence 7 = 6. In this case, |G| = 31. Thus, by (2),

we have 5 < |V;| <6 for 0<i <4. If there is some V; such that |V;| =6, then V(G) =V (W4)U (U?:OVi)- By (1) and (3),

we have N (V) € VoU{wg}. If |Vy| =6, then since 6(G) > 5, we have §(G[Vp]) > 4. By Lemma 2, G[Vy] contains a Cg,
a contradiction. If | Vy| =5, then G[Vp U {wg}] = K¢ since 6(G) >5, a contradiction again. If | V;| =5 for 0 <i <4, then
V(G)—(V (W)U (U?:o Vi)) contains exactly one vertex, say y. By (1) and (3), we have N (Vy) € VpU{wy, y}. Noting
that 0(G) > 5, we have dy, (wo) >3 or dy, (y) >3, which implies that either G’ = G[Vp U {wp}] or G" =G[VoU{y}
is a graph of order 6 with a minimum degree of at least 3. By Lemma 2, either G’ or G” contains a Cg, again a
contradiction. [J

3. Proof of theorems

Proof of Theorem 4. Let G be a graph of order 31. Suppose to the contrary that neither G contains a C¢ nor G contains
a K7. By Lemma 4, we have 6(G) >5.
Before starting to prove Theorem 4, we first show the following claims.

Claim 1.1. G contains no K4.

Proof. Suppose to the contrary that G contains a K4 with vertex set {v{, v2, v3, v4} and U = V(G) — {v1, v2, v3, v4}.
Set Ny (v;) =U; for 1 <i <4. Since 6(G) =5, we have |U;| >2 for 1 <i <4.Letu; € U; and V; = Ny (u;) for 1 <i <4.

If U; NU; =0 for 1 <i < j <4, thensince 6(G) =5, we have | V;| >4 for 1 <i <4. By Lemma 5, G[V;] contains no
C4, which implies «(V;) > 2. On the other hand, since G contains no Cg, we have V; N V; =@ and E(V;, V;) =0 for
1<i < j<4. Thus, we have « (U?:l Vi> > 8, a contradiction.

If there are some U; and U; with i # j such that U; N U; # ¥, we assume without of loss of generality that
UsNUyg # 0. Let Uy = Uz N Uy and Ul./ =U; — Uy fori =3,4. By Lemma 5, Uy N (U U Uy) = @. Thus, noting that
G contains no Cg, we have U; NUj =¥ fori = 1,2 and all j # i. This implies that |V;| >4 for i =1, 2. By Lemma
5, we have a(V;) >2 fori = 1, 2. If |Up| > 2, we assume without loss of generality that usz, us € Uyp. In this case, we

have E ({U3}, U?:]Vi) =0, ViNnV;=0@and E(V;, V;) =0 for 1<i < j <4 for otherwise G contains a C¢. Thus,
we have a({v3} U (U?:l\/i)> >7, a contradiction. If |Up| = 1, we assume Uy = {ug}. Since |U;| >2 for 1 <i <4, we
may assume u; € U,.’ fori =3, 4. Let Vo = {uo, us, us}. Since G contains no Cg, we see that Vj is an independent set,
VinV;=0and E(V;, V;) =¥ for 0<i < j <2, which implies that o (U?:ovz) >7, again a contradiction. [

Claim 1.2. G contains no K| + Pj.

Proof. Suppose G contains K| + Py,say,P = v1vv3v4 is a path and V(P) € N(vg). Set U = V(G) — {v;]0<i <4}
and U; = Ny (v;) for 1<i<4. By Lemma 5,vjv4 # E(G). By Claim 1.1,vjv3, vovs # E(G). Thus,noting that
0(G)=5,we have |U;| =3 for i = 1,4 and |U;|>2 for i = 2,3. Since G contains no Cg,we have U; N U; =0
and E(U;,Uj) = for 1<i < j<4. By Claim 1.1,a(U;) 22 for i = 1,4. If a(Uz)>2 or a(U3) >2,then we have

o (U?:l U,-) >17,a contradiction. Ifu(Us) = «(U3) = 1, then by Claim 1.1, we have G[U>] = G[U3] = K>. In this case,

we have E ({vo}, U?ZIU,-) = ¢ for otherwise G contains a Cg. This implies that a({vo} U (U?:1Ui)> >7, again a
contradiction. [J

Claim 1.3. G contains no Bs.

Proof. Assume that G contains a B3, say, vivy € E(G) and v3, v4, v5 € N(v1) NN (v2).SetU =V (G) — {v; |1 <i <5}
and U; =Ny (v;) for 3<i <5.ByClaim 1.1, viv; # E(G) for3<i < j <5.Thus, noting that 5(G) >5, we have |U; | >3
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for 3<i <35. Since G contains no Cs, we have U; NUj =W and E(U;, U;) =@ for 3<i < j<5.By Claim 1.1, we have
o(U;) =2 for 3<i <5. By Claim 1.2, we have E ({Ul}, UI-S:3U[> = (). Thus we obtain that o({v;} U (U?:3Ui)> =17,
a contradiction.

Claim 1.4. G contains no W, .

Proof. Suppose that G contains a W, ", say, W, = {v5} + C — {v1vs}, where C =vjvav3vgisacycle. Set U =V (G) —
{vi|[1<i<5}and U; =Ny (v;) for 1 <i <5. Since G contains no C¢, we have U N (U?zzUi) ={.ByClaims 1.2and 1.3,
we see that Uz, Uy, Us are pairwise disjoint and U;, U3, Us are pairwise disjoint. Thus, we have UsN (U1 UU3UUs5) =0
and Ui 0 (Uy < j <5 ana jiUj) =0 fori =3,5. Letu; € Uj for i =3,4,5. Set V3 = Ny (u3) — {us), Vs = Ny (us)
and Vs = Ny (us) — {u3}. Since 6(G) =5, by the arguments above, we have |V;| >3 for i = 3,4, 5. By Claim 1.1,
a(V;) =2 for 3<i <5. Note that G contains no Cg, we see that E ({vl}, Uf=3Vl-> =0, VinV;=0and E(V;,V;) =0

for 3<i < j <5. This implies that a({vy} U (Uf:3Vi)) >7, a contradiction. [
Claim 1.5. G contains no Bj.

Proof. Suppose G contains a By, say vivav3vy is a cycle with diagonal vyvs. Set U = V(G) — {vy, v2, v3, v4} and
Nyj)=U;for 1<i<4.ByClaim 1.2, U NU,=U, NU3s=UsNUs=Us NU; =0.By Claim 1.3, U N Us = 0.
By Claim 1.4, Uy N U3 =%. Thus, we have U; NU; =@ for 1 <i < j<4. Letu; € U; fori =2,4, Vo= Ny (u2) — {u4}
and V4 = Ny (u4) — {ur}. Noting that 6(G) >5, we have |U;| >3 fori =1, 3 and |V;| >3 fori =2, 4. Since G contains
no Cg, it is easy to check that Uy, V», U3, V4 are pairwise disjoint and there is no edge between any two of them. By
Claim 1.1, we have a(U;) >2 fori = 1,3 and a(V;) >2 for i = 2, 4. Thus, we obtain that «(U; U V, UU3 U V4) >8, a
contradiction. []

Claim 1.6. G contains no F».

Proof. Suppose that G contains an F3, say, vovi vz and vgv3vg are two triangles with vg in common. Let U = V(G) —
{vil0<i <4} and U; = Ny (v;) for 0<i <4. By Claim 1.2, we have E ({vy, v}, {v3, v4}) =0, which implies that |U;| >3
for 1 <i <4 since 6(G) >5. By Claim 1.1, «(U;) 22 for 1 <i <4.By Claim 1.5, Uy NU, =UsNUs=Wand UgyNU; =0
for 1 <i <4. Since G contains no C¢, we see that (U1 UU)N(UsUUy) =@ and E(U;UU,, UsUUy)=@. IfE(Uy, Us)
or E(Us, Us) contains a 2K, then G contains a Cg, a contradiction. Thus, noting that a:(U;) >2 for 1 <i <4, we have

a(Uyp U Up) >3 and a(U3 U Uyg) >3, and hence o (U?:le) >6. By Claim 1.5, we get that o({vo} U (U?ZlUl)) >17,
again a contradiction. [l

We now begin to prove Theorem 4.

By Lemma 1, G contains a triangle vivyv3. Let U =V (G) —{v1, vz, v3} and U; = Ny (v;) for 1 <i < 3. Since 6(G) > 5,
we have |U;| >3 for 1 <i <3. By Claim 1.5, U; N U; =@ for 1 <i < j <3. By Claim 1.6, U; is an independent set for
I<i<3 I EWU;, Uj) =0 for1<i < j<3, then oc(U?Zl U;) 29, a contradiction. Hence, we may assume without loss
of generality that v4 € U, vs € Uz and vqvs5 € E(G). Let X = {v;|1<i <5}, Y = V(G) — X and ¥; = Ny (v;) for
1<i<5. By Claim 1.5, we have vjvs4, v1vs, V205, v3v4 # E(G), which implies that|Y;| >3 fori =1, 4, 5. By Claim
1.1, (Y;) 22 for i =4, 5. By Claim 1.6, a(Y1) > 3. Since G contains no Cs, it is easy to obtain that ¥; N Y; = ¢ and
E(Y;,Yj)=0fori, je{l,4,5 andi # j. Thus, we have (Y1 U Y4 U Y5) >7, again a contradiction.

Up to now, we have shown that R(Ce, K7) <31. On the other hand, since 6K contains no Cg and its complement
contains no K7, we have R(Cg, K7) >31, and hence R(Cg, K7) =31. [

Proof of Theorem 5. Let G be a graph of order 37. Suppose to the contrary that neither G contains a C7 nor G contains
a K7. By Lemma 4, we have 6(G) >6.
In order to prove Theorem 5, we need the following claims.
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Claim 2.1. G contains no Ky + Ps.

Proof. Suppose that G contains K1 + Ps, say, P =v;---vs and V(P) € N(vo). Let U = V(G) — {v;]0<i <5} and
Ny (vi) = U; for 0<i <5. Because of 6(G) =6, we have U; # ¢ for 0<i <5.

IfUyNUs # @, then we let vg € Up N U4, X = {v;]0<i<6}and ¥ = V(G) — X. Set ¥; = Ny(v;), z; € Y; and
Z; = Ny (z;) for 0<i <6. Since G contains no C7, it is easy to check that ¥; N Y; =@ fori =1,5,6 and j # i, and
E(Y;,Yj)=Wfori, j €{l1,5,6}andi # j, which implies that |Z;|>5 fori =1, 5, 6. For the same reason, we have
E({vo}, Z1UZsUZg)=0,Z;NZ;=0and E(Z;, Z;) =W fori, j € {1,5,6}andi # j. By Lemma 5, a(Z;) > 2 for
i =1,5,6. Thus, we have a({vg} U Z1 U Z5 U Zg) =7, a contradiction. Hence, we have Uy N Uy = §.

Noting that Uy NUs = and G contains no C7, itis easy to check that U; N\U; =@ and E(U;, Uj) =@ for 1 <i < j <5.
Letu; € U; and V; = Ny (u;) fori =1, 5, then we have |V;| > 5. By Lemma 5, «(V;) >2 fori = 1, 5. Since G contains

no C7,wehave ViNVs =0, E(Vy, V5) =0, V; N (U?:zUz) =@ and E (Vi, U?:zUi> =@ fori =1, 5. This implies
that a(V; U Vs U (U?ZZU,)) >7, a contradiction. [J

Claim 2.2. G contains no Ws .

Proof. Suppose that G contains a Wy, say, C =v; - - - vs and W5 = {vo} + C — {vov1}. Let U = V(G) — {v;|0<i <5}
and U; = Ny (v;) for 0<i <5. Since (G) >6, we have U; # (). Noting that G contains no C7, we have U; N Uj=9
and E(U;,Uj) =0 for2<i<j<4,and Ui NUj =@ and E(U;,U;) =W fori =0, 1 and all j # i. Take u; € U;
and set V; = Ny (u;) for i =0, 1, then since 6(G) >6, we have |V;| =5 fori =0, 1. By Lemma 5, «(V;) >2. Since G
contains no C7, we have Vo N Vi =@ and E(Vy, V1) =0. For the same reason, we have V; NU; =@ and E(V;, U;) =0

fori =0, 1 and j =2, 3, 4. Thus, by the arguments above, we have a(Vy U V| U (U?:z U,~>) >7, a contradiction. [
Claim 2.3. G contains no Wy.

Proof. Suppose that G contains a Wy, say C =v; ---vgisacycleand V(C) € N(vg). Let U =V (G) — {v;|0<i <4}
and set U; = Ny (v;) for 0<i <4. Obviously, U; # (. By Claim 2.1, Uy N U; = @ for 1<i<4. By Claim 2.2,
UNUy=U,NU3s=U3sNUs=UsN U =0. Since G contains no C7, we have E(U;, U;) =0 for 0<i < j <4. If
Uy NU3 # B, then U N Us = O for otherwise there is a C7 in G. By symmetry, we may assume U; N Uz = . Let
u; € Ujand V; = Ny (u;) fori =0, 1, 3. By the arguments above, we have |V;|>5 fori =0, 1, 3. Since G contains
no C7, we see that E({va}, Vo U V1 U V3) =@, Vp, V| and V3 are pairwise disjoint and there is no edge between
any two of them. By Lemma 5, we have «(V;)>2 for i = 0, 1, 3, which implies that a({v2} U Vo U V1 U V3)>7, a
contradiction. [

Claim 2.4. G contains no K4.

Proof. Suppose that G contains a K4, say S = {v1, v2, v3, v4} is a clique. Set U = V(G) — S and U; = Ny (v;) for
1<i <4. Since 6(G) =6, we have |U;| > 3.

If there are U; and U; with i # j such that U; N U; # @, we assume without loss of generality that vs € U3 N Us.
Let X=SU{vs}, Y =V(G) — X and ¥; = Ny (v;) for 1 <i<5.By Claim 2.1, we have (Y3UY4) N (Y1 UY,UYs)=0.
By Claim 2.2, Y5 N (Y1 U Y2) = @. Since G contains no C7, we have E(Y;,Y;) =@ fori, j € {2,3,5}andi # j. Let
z; € Yj and Z; = Ny(z;) fori =2, 3, 5, then by the arguments above, we have |Z;| >4 for i =2, 3, 5. By Claim 2.3,
o(Z;) >2. Noting that G contains no C7, we see that E({v1}, Zo UZ3UZs)=0,Z; N Zj =@ and E(Z;, Z;) =¥ for
i, j€{2,3,5}andi # j, which implies that o:({v} U Z, U Z3 U Z5) > 7, a contradiction. Hence, we have U; NU; =
for 1<i < j<4.

Take u; € U; for 1<i<4.Set T = {uy, uz, u3,us}, U =U — T and Ny (u;) = V; for 1<i <4. If A(G[T]) >2,
then G contains a C7, and hence we may assume A(G[T]) <1. Thus, noting that U; N U; = @ for 1 <i < j <4, we
have |V;| >4 for 1<i<4. By Claim 2.3, a(V;) >2. Since G contains no C7, it is easy to see that V; N'V; = and

E(V;, V;) =@ for 1 <i < j <4, which implies that « (U?:1 W) > 8, a contradiction. [

Claim 2.5. G contains no Ki + Py.
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Proof. Suppose that G contains K| + P4, say P = vivov3vg is a path and V(P) C N(vp). Set § = {v;]0<i <4},
U=V(G)— Sand U; = Ny (v;) for 0<i <4.

We first show that Uy N Uy = Uz N Usg = . By symmetry, we need only to show Uz N Us = . If not, we let
vs € U3 NUs. Set X = S U {ws}, Y =V(G) — X and Y; = Ny (v;) for 0<i <5. Since G contains no C7, we have
YinY;=0@fori #1,Y,NY;=@fori #0,2and Y4NY; =0 fori # 3, 4. For the same reason, we have E(Y;, Y;) =0
fori, j € {1,2,4}andi # j.Letz; € Y; and Z; = Ny(z;) fori =1, 2, 4. By the arguments above, we have |Z||>5
and | Z;| >4 for i =2, 4. Noting that G contains no C7, we see that Z1, Z, and Z4 are pairwise disjoint and there is no
edge between any of them. By Claims 2.1, 2.3 and 2.4, we have «(Z1) >3 and «(Z;) >2 for i = 2, 4, which implies
that a(Z; U Z, U Zy4) >7, a contradiction. Hence, we have Uy N Uy = Uz N Uy = 0.

Next, we show that Uy N Uz = Uy N Us = ¥. By symmetry, we need only to show Uy N Us = @. If not, we let
vs € UpNUy. Set X =S U {vs}, Y =V(G) — X and Y; = Ny (v;) for 0<i <5. Since G contains no C7, we have
YinYj=@fori=1,5andall j #i.Letz; € ¥; and Z; = Ny(z;) fori =1, 5, then by the arguments above, we have
|Zi| =5 fori =1,5. By Claims 2.1, 2.3 and 2.4, we have «(Z;) >3 fori = 1,5.If Zy N Z5 # W or E(Zy, Zs) # { or
E({vo}, Z1 U Zs) # @, then G contains a C7, a contradiction. Thus, we have a({vg} U Z1 U Zs) >7, a contradiction.
Hence, we haveU| N U3z = Ur N U4 = 0.

By the arguments above, we have (U; U Ug) N (Uz U Uz) = @. By Claim 2.1, Up N (U; U Us) = @. By Claim 2.2,
Uy NUy=0.Thus, wehave Uy NU; =@ fori =1,4andall j #i.Letu; € U; and V; = Ny(u;) fori =1, 4, then
we have |V;| =5 for i = 1, 4. By Claims 2.1, 2.3 and 2.4, we have o(V;) >3 for i = 1, 4. Since G contains no C7, it is
easy to see that E({vo}, Vi U Vu) =0, Vi N Vy =0 and E(Vy, V4) = . Thus, we have a({vg} U V] U V4) >7, again a
contradiction. [J

Claim 2.6. G contains no Bs.

Proof. Assume that G contains a B3, say, vivy € E(G) and v3, v4, vs € N(v1) NN (v2).SetU =V (G) —{v; |1 <i <5}
and U; = Ny (v;) fori =3,4,5.

We first show that U; NU; =W for 3<i < j <5.1f not, we assume vg € UsNUs. Set X ={v;[1<i <6}, Y =V(G)—-X
and ¥; =Ny (v;) for 1 <i <6. Since G contains no C7, we see that YsNY; =@ fori # S5and Y;NY ;=@ fori=3, 4 and all
J #3,4.ByClaim2.4,v;v; ¢ E(G) for 3<i < j <5, which implies |Y;| >3 since 6(G) > 6. Thus, we can take z; € Y;
for 3<i <5 such that z3 # z4. Note that G contains no C7, z;z; ¢ E(G) for 3<i < j <5.Set Z; = Ny (z;) for 3<i <5.
By the arguments above, we have |Z5| > 5 and |Z;| >4 for i =3, 4. By Claims 2.1, 2.3 and 2.4, we have ¢(Z5) >3 and
a(Z;) =2 fori =3, 4. Because G contains no C7, we have Z; N Z; =W and E(Z;, Z;) =¥ for 3<i < j <5. Thus we
get oc(U?:3Zi) >17, a contradiction. Hence, we have U; N U; = for 3<i < j <5.

By Claim 2.4, v;v; ¢ E(G) for 3<i < j<5. Since G contains no C7, we have E(U;, U;) = for 3<i < j<5.
Thus, noting that 6(G) >6, we have |U;| >4 for 3<i<5. By Claim 2.3, o(U;) >2 for 3<i<5. By Claim 2.5,
E({v1}, U?=3Ui) = . Thus, noting that U; N U; = @ for 3<i < j <5, we have a({vi} U (UZ-S=3Ui))>7, again a
contradiction. [

Claim 2.7. G contains no W, .

Proof. Suppose G contains a W, ", say, W,” ={vs} + C — {vivs}, where C =vjvv3v4 is a cycle. Set § = {v; |1 <i <5},
U=V(G)— Sand U; = Ny (v;) for 1 <i <5.

We first show that Uy N (U3 U Us) = (. By symmetry, we need only to show that U; N Us = @. If not, we let
ve € U NUs.Set X =S U {wg}, Y =V(G) — X and Y; = Ny (v;) for 1<i<6. Since G contains no C7, we have
E(Y4,Ye)=0PandY; NY; =@ fori =4,6andall j #i.Letz; € ¥; and Z; = Ny(z;) fori =4, 6. By the arguments
above, we have |Z;| >5. By Claims 2.1, 2.3 and 2.4, we have «(Z;) >3 for i =4, 6. Because G contains no C7, we
have Z4NZg =0, E(Za, Z¢) =¥ and E ({v1}, Za U Ze) =@, which implies that a({vi} U Z4 U Zg) > 7, a contradiction.
Hence, we haveU; N (U3 U Us) = 0.

Next, we show that U; N (Uy U Ug) = . By symmetry, we need only to show that U; N Uy = @. If not, we let
vg € Uy NUy. Set X =S U {wvg}, Y =V(G) — X and Y¥; = Ny(v;) for 1 <i<6. Since G contains no C7, we have
E(Y3, Ys)=0Wand YeNY; =@ fori # 6. By Claim 2.5, Y3 N (Y2UY4) =0. By Claim 2.6, Y3NYs =0. If Y3N Y| # 0,
then G contains a C7, a contradiction. Thus, we have Y3 NY; =@ fori # 3. Let z; € Y; and Z; = Ny(z;) fori =3, 6,
then |Z;| > 5. By Claims 2.1, 2.3 and 2.4, we have a(Z;) >3 for i = 3, 6. Note that since G contains no C7, we have
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Z3NZe=W, E(Z3, Z¢) =W and E({v4}, Z3 U Zg) = @. Thus, we have a({v4} U Z3 U Zg) >7, a contradiction. Hence,
we have Uy N (Up U Uy) = 0.

By the arguments above, we have U; N U; = @ for i # 1. By Claim 2.5, U3 N (U, U Us) = . By Claim 2.6,
UsNUs=0. Thus we have Us N U; =W fori # 3. Letu; € U; and V; = Ny (u;) fori =1, 3. Then | V;| >5. By Claims
2.1,2.3 and 2.4, we have a(V;) >3 fori = 1, 3. Note that G contains no C7, we have V; N V3 =@, E(V, V3) =¥ and
E({v4}, V1 U V3) = . This implies that a({v4} U V] U V3) >7, a contradiction. [J

We now begin to prove Theorem 5.

By Lemma 3, G contains a B,. Let vjvv3vs be a cycle with diagonal vovs. Set U = V(G) — {vy, v2, v3, v4} and
U; = Ny (v;) for 1 <i <4.

We first show that E(U;, Uz) = . Otherwise, we let vs € Uy, vg € U3z and vsvg € E(G). Let X = {v;|1 <i <6},
Y =V(G)— X and ¥; = Ny (v;) for 1 <i <6. Since G contains no C7, itis easy to see that Y; N Y; =@ fori =2, 4 and
j #i,and Ys N (Y1 UYg) =@. Thus, letz; € Y; and Z; = Ny(z;) fori =2, 5, we have | Z3| >5 and | Z5| > 4. By Claims
2.1,2.3 and 2.4, we have «(Z>) >3 and 2(Z5) >2. Noting that G contains no C7, we see that E ({vy, v3}, Zo U Zs) =0,
ZoNZs=Wand E(Z,, Zs) =1. By Claim 2.4, vjv3 ¢ E(G). Thus, we have a({vy, v3} U Z, U Zs) >7, a contradiction.
Hence, we have E(U;, U3) = 0.

Next, we show that E(U; U Uz, Us U Us) = (. By symmetry, we need only to show that E(Uz, Us) = . If not, we
let v5 € U3, vg € Ug and v5vg € E(G). Let X = {v;|1<i<6}, Y =V(G) — X and Y; = Ny (v;) for 1 <i <6. Since
G contains no C7, wehave Y1 NY; =W fori # 1,Y3N (Yo UYs5) =@ and Yo N (Yo U Y4 U Ys5) = @. By Claim 2.5,
Y3NYy=0.Letz; € Y; and Z; = Ny(z;) fori = 1,3, 6. Since v3vg ¢ E(G) by Claim 2.5 and 6(G) > 6, we have
|Yi| =2 fori =3, 6. Thus, we may assume z3 # z¢. By the arguments above, we have |Z;| >5 and |Z;| >4 fori =3, 6.
By Claims 2.1, 2.3 and 2.4, we have o(Z1) >3 and «(Z;) >2 for i = 3, 6. Noting that G contains no C7, we see that
Z1, Z3, Zg are pairwise disjoint and there is no edge between any two of them. This implies that o(Z1 U Z3 U Zg) >7,
and hence we have E(U; U Uz, Up U Uy) = 0.

By Claims 2.5-2.7, we have U; N U; = for 1 <i < j <4. Since 0(G) =6, we have |U;| >3 for 1 <i <3. By Claim

2.4, we have a(U;) >2 for 1 <i <3. By Claims 2.5 and 2.6, E ({U4}, UL, U,-) — ¢). Thus, noting that E(Uy, Us) = @

and E(U,, Uy U U3) =, we have o ({v4} U Ul-3=1 Ui) >17, a contradiction.

By the arguments above, we have R(C7, K7) <37. On the other hand, since 6 K¢ contains no C7 and its complement
contains no K7, we have R(Cy, K7) >37, and hence R(C7, K7) =37. O
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