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Visser's inequality laol + lan| < bol.

In this paper, we slightly improve the above inequality and discuss several sharpness

aspects, including all cases of equality.
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1. Introduction and statement of the results
Let P, be the linear space of polynomials p(z) = 22:0 ax(p)z¢ with complex coefficients of degree at most n endowed

with the norm

Iplp = |rzr|1§)1(|p(z)|’ D={z|l|z| <1}.

The inequality

lao(p)| + |an(p)| < IPID, P € P, (1)

was obtained by Visser [7] in 1945 and it is well known that equality holds in (1) only for binomials of the type
p(z) = A+ BZ". It was later proved by Van der Corput and Visser [6] that

lao(p)| + |ak(p)| < Iplp. P € Pa. g<k<n. (2)

We refer the reader to the book of Rahman and Schmeisser [4] for a survey of extensions of (1) and (2). We mention
however that (here [] means the integer part of })

T

[%]T)‘ak(p)’<|l7|]])7 pePn, 1<k, (3)

1
|lao(p)| + 3 sec(

has been obtained in [2] where it is also shown that equality holds in (3) only when the polynomial p is constant when
1 <k < 5. More recently [1] all cases of equality in (3) with 5 <k <n or equivalently all cases of equality in (2) with
% <k <n were also obtained (and they are surprisingly numerous!).
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Let P¢ be the subset of P, consisting of the polynomials of exact degree n. Let also p € P§ and q € Py with d <n.
Rahman [5] proved that under the assumption
p@| <la@|, lz21<1,
there holds
lao(p)| + |an(p)| < |ao(@)]. (4)

This clearly is a striking extension of (1). We remark that (4) can be further extended in the following way: let 0 <k <n-—1
and

|p(@)| <|q@]. |zl <1, where pe Py and q € Pyp_k_1. (5)

Then for any real 6, the polynomial f(z) := p(z) — e'q(z) does not vanish in D). An application of Grace’s theorem
[4, pp. 107-116] to f and g(2) := 1+ 1/(})2"* yields

n—k—1

> (aj(p)—e"eaj(q))zj+an7k(p)/<;:)zn"‘#0, lz| <1,

j=0

and therefore
lao(p) — e ao(q)| > Ianfk(p)}/(D, 0 real,
ie.,

\ao(p)lﬂan_k(p)\/(":) <lao(@|, 0<k<n—1. (6)

Before stating our main results, we introduce the following definition: a pair of polynomials (P, Q) will be called an
extremal pair if and only if, given a set of nodes {Zj}?=1 c oD and W(z2) = ]‘[’}z] (1 —2zjz) we have

3]
1-2zjz

Q(Z)Zao(Q)W(Z)Z and P(2) =£(Q(2) —tap(Q)W(2))
j=1

where 0 <t <1, £ € 9D, ap(Q) is a non-zero complex number and each ¢; is non-negative with Z?:] £j =1. We clearly
have P € Pf, Q € Py—1 and simple computations show that

|P@)|<|Q@|, lzI<1 and |ag(P)|+ |an(P)| = |a0(Q)|.
We shall prove

Theorem 1.1. Let k = 0 and p, q be polynomials as in (5). Then

lao(p)| + |an(p)| = |ao(@)|
if and only if the pair (p, q) is an extremal pair.

Theorem 1.2. Let 0 < k <n — 1 and p, q be polynomials as in (5). Then the inequality (6) is always strict.
2. Proof of Theorem 1.1

Let p € P; and q € Py—1 such that |p(2)| < |q(2)| in D and |ag(p)| + |an(p)| = lao(q)|. Our proof of (6) shows there exists
a real number # such that p — e?q has all of its zeros on the unit circle, i.e.,

p(2) —e’q(z) = (ao(p) — a0 (@)W (2)

with W (2) :=[]}_; (1 — zj2) and {z;}j_, C aD. It then follows that |ao(p) — e?ag(q)| = |ag(p)| + lao(q)| and by the triangle
inequality
a(p) _
“elfap(q)

t<1

We therefore have

p(z) —e%q(2) = eap(q)(t — YW (2)
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and we may in the sequel assume without of any loss of generality that e = ag(q) = 1. It also follows that 0 <t <1 and
la — 1 —HW ()| <|q@)]|, zeD,
or equivalently

inf Re( 12 ) > 1=t > 0. (7)

lzl<1

Let us now assume that the zeros of % are {ZJV}N 1 with TN <n. We claim that any such zero is simple; for if for
example Z;, is not simple we have

q(2)
W(z2) Z 1- z] z)k +6@

with M > 1, |LM| >0 and G a function holomorphic in a neighbourhood of z;,. This however, together with the fact that no
polynomial of degree M > 1 can have a bounded below real part in the half-plane Re(z) > % contradicts (7). We therefore
have

N
@ ¢
=Y T 1l >0,

and indeed each ¢, is strictly positive; by letting z in D tend radially to z;, in the identity

Ly 1 1
Re =Re(¢,)Re —Im(¢,)Im
1-2zj,z 1-2zjz 1-2zj,z

we obtain that Re(¢,) > 0. Further, by letting z in D tend to z;, on a horocycle in D tangent to zj,, we find out that
Im(¢,) =0 and the pair (p, q) is extremal.

3. Proof of Theorem 1.2

We first shall give another short proof of (6) in the case where 1 <k <n—1. Let p, q be polynomials for which (5) holds.
The polynomial

r(2) ~=z"p(l/z) el "q(l/z)

= Zan J(P)Z]—EIQ Z Qan— j(Q)ZJ

j=n—d

(here d equals the degree <n —k — 1 of the polynomial q) has all of its zeros in the closed unit disc and according to the
theorem of Gauss-Lucas [4, p. 71] the derivative

10 @) = ap k(K2 + -+ (a0(p) — ew""(”)k!@ZH

also has this property. It follows readily that (6) is valid. Moreover if the equality
n
Ja0(p)| + [an—(p)| / (k) =lao(@)] 8)

holds, the polynomial r® must have all of its zeros on 9D and ag(p) = te?ag(q) where 6 is real and 0 <t < 1. Because the
polynomial r is also known to have its zeros on 9D, it follows again from the theorem of Gauss-Lucas that

r(z) = p(2) — e’ q(z) = ePag(q)(t — D(1- ei“’z)n
with ¢ real and we may now assume that el =el? =ay(q) =1, ie.,
p@=4q@—-1-1-2)"

and as before we obtain

inf Re( 9@) ) > 1=t > 0. (9)

|z]<1 (1—2)"

On the other hand the rational function (1"122))” has a pole of order at least 2 at z=1 and admits an expansion as a finite
sum

(2)
(1q_z)n _Z(l— > with Z|e,|>0

j=2

As in the proof of Theorem 1.1 we obtain that infj; -4 Re((l =0 ) = —oo, thus contradicting (9). The conclusion follows.
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4. On the sharpness of Theorem 1.2

Let 1 <k <n— 1. We recall that the inequality (6) under the assumption (5) is always strict. Given the fact that the
proof of (6) was rather short and simple, this raises questions concerning the sharpness of (6).

We first remark that the hypothesis ¢ € P,,__1 in (5) is necessary; let us choose a positive but small enough number ¢
such that Re(ﬁ) > 1 if zeD. Let also

g2 =1-=c2)"* and p@:=0-c2)"*—t(1—c2)"

where 0 <t < 1. It is readily checked that p € Py, e P;_, and |p(2)| < |q(2)| if |z| < 1. However
1—t "
k

lim |ao(p)| + !an_k(p)!/(;:) =1+4"*> Jao(g] =1,

lao(p)| + |an—k(p)|/<’,:> =1—t4c"k

and

i.e., the inequality (6) may not be valid when the degree of q is greater than n — k — 1.
Next we claim that under the assumption (5) there cannot exist an absolute constant ¢ = c(k) > 1, dependent on k but
independent of n such that

lao(»)| + clan | / (Z) <Jao(@- (10)

We only discuss the case k=2 and consider an extremal pair (p,q) with p € P§, q € Pp—3 and

n e n
q(z>=<2 y >W<z), P@)=4@ ~tW(2) with W) =[] -42).

o 18 j=1
Computations show that for 0 < v <n

anv(W):(_l)n_u<nsj) Z éjléjz ~~-§j,,,

j=1 1Sji<ja<-<jusn
n
anv<q)=(—1>”<1_[sj> S Wy )EE,
j=1 /7 1<ji<ja<-<ju<n

while ag(q) = ag(W) = 1. The constraint q € P,_3 means that

DotiEii= Y W +y)EE, =0

1<iisn 1<ji<izsn

and this amounts to
n n
Z@jéjZZEIE]zZO. (11)
j=1 j=1

We choose a set of distinct points {ei };?:4 C 0D closed under conjugation and such that
0<|fjl<e and cos(20;)) >0, j=4,...,n—3,

where ¢ > 0 is given in advance. Clearly the origin of the complex plane belongs to the convex hull of {—1} U {e%i }'}:4 and
there exists a convex combination

n
Li(-1)+) Lie® =0
j=4

where we may assume that all coefficients L; are positive, their sum equals unity and Lj, = L;, if e’ =e™"%: Clearly for
any a > 0 we have

Lq a . a . . Li .
-1 — () + ——(—i —J el =,
1—|—2a( )+1+2a()+1+2a( )+;l+2a
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We set

Lq a

n
a L; 012
G@):= —1)? i)? —i)? —L (el
@ 1+2(1( ) +1+20() +1+2a( ) +;1+2a( )

2a Ly R
= -1 1 —_ (%)
1+2a( )+l+2a()+]§l+2a( )

167

Then G(0) =Lq + 2?24 Ljcos(20j) > 0 and G(oo) = —1 < 0; we may therefore choose a > 0 such that G(a) =0. We set

L4 a Lj
= , =l3=——, 0= ,
14 2a 1+ 2a 1+ 2a
f1=-1, &=i, &=-i, §=e% 4<j<n.

44 4<j<n

Clearly the parameters {e]‘}’}:l and {§j}’}:1 satisfy (11) and the extremal pair defined above satisfies p € P¢, q € P,—3 and

if (10) is valid

n
jao(p)| +c|an72(p)\/<2) = (-0 +ic

Z Ei1&h

1<ji<jasn

where

n
Yo = i1t Yo elfinel
j=4

1<ji<ja<n 4<ji<ja<n
By choosing € = % we see that this last expression equals
n
<2) —n+0(), n— oo,

and therefore our claim follows since
(5)—n+0(1)

()

. n .
lim |ao(p)| +c|an_2(p)|/( ) = lim (1—t) +tc
n—o0 2 n—o00
=1—t+tc
> 1.

Let us finally remark that in the construction above

nlijc}o|ao(17)| + |an72(1?)|/<g) =1
This shows that in general no inequality of the type

lao()] + [ar—p)| / (Z) < difao(@)|
shall hold under the hypothesis (5) for a constant dy < 1 independent of n.
5. An application of Laguerre’s theorem

We shall obtain a Bernstein type inequality for pairs of polynomial (p, q) which satisfy

lp(@| <|q@]|. lzI<1and p,qeP;.
For such polynomials
p(2) —eq(z2) £0, zeD, 6 real,
and the classical Laguerre’s theorem [4, p. 98] yields at once

Inp(2) + (& —2)p'(@)| < [ng@) + € —2)p'(@)], €], 121 < 1.

(12)

(13)

It is also a consequence of Laguerre’s theorem (see [3] for a recent proof and discussion of all cases of equality) that for

any P € P,
|P'(2)| + |zP"(2) —nP(®)| <n|P|p, |z| < 1.

(14)
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Let then p, q satisfy (12). It follows from (13) and (14) that |£], |z| <1,

|p'@| — |np(2) — 2p"(@)| < |np(2) + € — 2)p' (D)
<[ng@ + ¢ - 29 @)
and
I @| < |np(2) — 20" (D)| + |nq(2) + € — 2)q' ()]
<nlplp — [P’ @]+ |nq(@) + € — 2¢' @)|. (15)
Because £ in (15) is arbitrary, we obtain

@) < g|P|]DJ+ lIng(z) —zq"(2)| — Iq (Z)II’ 2= 1. (16)

2
By the hypothesis (12) the polynomial g does not vanish in D and

n
1@ =a0(@ [[(1 -2z with /<1, j=1.....n.
j=1

, n
—ZiZ
Re zq (Z) :ZRE J gE, |Z|<1,
q(2) ‘= \1-zz) "2

l9'@| _|2d'@ | _ |22
lq(2)| q(2) q(2)
It now follows from (14) and (16) that

Then

and

—n|, |z|=1.

Pl < L @ m§n||qan
< ZIplp + 51l |4/ @|
1.e.,
P'@|+1q@| <5 (plo+lalo). 1<, (17)

The cases of equality in (17) are most likely numerous and we only mention

e p(2)=&7" and q(z) =1 with || = 1: this is the standard Bernstein inequality!
e p(z2)=0 and q € P¢ has all of its zeros on 3D: it is well known that in that case |q’|p = glqm.
e The extremal pairs (p, q) where p(z) =z* + 7", q(z) =1+ 2" %, 1 <k <n—1 also transform (17) into an inequality.

We shall end this paper by a further application of Laguerre’s theorem to our ideas. Let 1 <k <n—1 and p, q polynomials
which satisfy (5). Then

(S ¢E-2 ,

p@+—=—p'@|< q(2)+(S )q/(Z) £,zeD,

and we may now apply (6) to
f-z , T j £ -
P@:=p@+—p @)= Z((l - E)%(P) + U+ D (p)>zf
j=0

and

Q@) :=q9@)+— é q ().

Note that the hypotheses (5) imply that P € P;_, for all £ € D (except for a finite numbers of those!) and Q € Py_k—1 =

P—1)—k—1)—1. We obtain
n
an— k(p)/( >+ —0n— k+l/<k_1) <

for all &, z with |£], |z] < 1. This may be the best explanation concerning the fact that the inequality (6) is always strict
when 1<k<n—-1.

ao(p) + 5a1 »|+

ao(q) + %CH (@)
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