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Joint Detection, Estimation and System Identification*
D. G. Lainiotis

Department of Electrical Engineering and Electronics Research Center,
The University of Texas at Austin, Austin, Texas 78712

Recent results of Middleton and Esposito (1968) and Lainiotis (1969) on
single-shot joing detection-estimation for discrete data are extended to the
smgle-shot continuous data case and generalized to joint Bayesian detection-
estimation-system identification. Moreover, previous results were generalized
to the case of causal estimator. Specifically, it is shown that the above problem
constitutes a class of nonlinear mse estimation problems, with the attendant
difficulties in realizing the optimal nonlinear estimators. However, by utilizing
the adaptive approach, closed form integral expressions are given. These are
given in terms of the generalized likelihood ratio A(#), which is a sufficient
statistic for Bayes-optimal compound detection. The latter in turn is specified
by a continuum (for continuous ) f-conditional likelihood ratious A(z/6)
each of which is the LR for testing for the model specified by the parameter
value 8. The latter LR’s are, moreover, given in terms of optimal mse causal
estimators. In essence then, it has been shown that system identification is
equivalent to multihypothesis testing, with a continuum or finite sequence of
hypotheses, respectively, for continuous or finite discrete range of 6.

I. INTRODUCTION

The problem considered here is the single-shot, compound detection-
estimation problem specified by the following equations

2(t) = s(f) + o(t)
= By(®) + (1), (1)

where {2(¢)} is the m-vector observable random process, o(t) is the white
gaussian, zero-mean observation noise random process with covariance
matrix R(t), and B is the so-called indicator variable which takes values 1 or 0

* This work was supported by the Air Force Office of Scientific Research under
Grant AFOSR 69-1764 and Joint Services Electronics Program Grant AFOSR
69-1792.
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76 LAINIOTIS

depending on whether H (signal present) or H,, (signal absent) is true, with
a priori probability p; , p, , respectively (Z; ps=1)

Moreover, the signal random process { y(¢)} is assumed to be “adequately”
modeled by the state-variable model

H(0) = Mx(t), 1 ) (22)
and
% — F(x(t), t; 0) + g(x(t), t; 0) u(?t), (2b)

where {x(t)} is the n-vector signal “state” random process, and {u(f)} is a
zero-mean g¢-vector white gaussian process, independent of {o(f)}, whose
covariance matrix is the identity matrix. The functionals A(-), f(-), and g(*)
are time-varying nonlinear functionals of the state vector x(t), and of 6.
The s-vector parameter  is time-invariant and, if known, specifies the above
model completely. However, in the compound problem considered, 6 is
unknown and following the Bayesian approach, it is considered a random
variable with known or assumed a priori density p(f).

The initial state-vector x(£,) is independent of {o(¢)} and {u(z)} for t = i,
and has a known 6-conditional gaussian a priori density, denoted by
p(x(2o)/to , 0) with means £(2,/t, , 6) and covariance matrix P(ty/t, , 6).

Given the continuous record v, = {z(r); 7 € (¢, , ) for the current baud,
for which a decision is to be made, the Bayes-risk minimizing decision rule
as well as the minimum mean-square estimates of the signal random process
s(¢), and the unknown parameter 6 are to be derived.

Middleton and Esposito (1968) considered the single-shot joint detection-
estimation problem for discrete data. Specifically, for both the strong- and
weak-coupling case and for quandratic-cost function (mse) estimation of s(2),
they obtained the following fundamental relationship

S(tor) = T2 S, £ = 1) ©

where §(¢/t) = E[s()/v,], §(¢/vn, B = 1) = E[s(t)/v,, B = 1] and 4, is the
generalized likelihood ratio Middleton and Esposito (1968) defined as

p [ p(alB = 1,6) p(6) 6 _h (4)
PonlE = 0) S N

where v, = {3(t,), 2(fa)y-» R(tn); L€ (fy, 1)}, and p(v,/B = 1,0) is the
f-parameter conditional density of v, under H,, and p(v,/B = 0) is the

4,

fi
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probability density of v, under H, . Note 8 is connected to the signal only. No
other restrictions were imposed on the model.

Lainiotis (1969), moreover, recently established the fundamental fact that
detection is indeed mean-square estimation of the indicator variable 8 for
the model of Eq. (1). Specifically, he established that the Bayes-optimal
decision procedure is to decide H, or H, depending on whether B\ = ¢4
respectively, where ¢, depends on the a priori costs for each decision, and

B(v,) = E[B/v,]. Moreover, Lainiotis (1969) showed that

Bvn) = p(B = 1[vs)

_ A”_
14,

)

Note that Eq. (5) above is a special case, Esposito (1969), of Middleton
and Esposito’s formuls, since A(v,/8 = 1) is obviously one.

In this paper, the above results of Middleton and Esposito (1968) and
Lainiotis (1969) are extended to the continuous data case and generalized
to joint detection-estimation-system identification, as well as to the case of
causal mse estimators.

II. OpTiMAL JOINT DETECTION, ESTIMATION
AND SYSTEM IDENTIFICATION

The problem stated in the introduction constitutes joint detection (i.e., 8),
signal estimation (i.e., s(¢)), and system identification (i.e., §). It may be shown
to be simply a nonlinear mean-square estimation problem. To see this,
augment the state-vector #(2) with 6 and B, so that the augmented state-vector
x,(t) = [#7(f) * 67 * B]". Then the model defining equations become

Ball) _ f(wlt), 1) -+ guloe®), 1) (2, (62)
2(t) = ho(x,(2), t) + (1), (6b)

where

Ja(xa(8), 1) = [f7(x(#), £, 0) 1 0: OF,  gao(%a(5), 1) = [g7(x(2), £, 6) : 0 : O]
and
ho(x4(2), 1) = Bh(x(t), £; 6).
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It is apparent from their definitions that f,(*), g.(*), and k,(*) are, in general,
nonlinear functionals of x,(z).

In view of the discussion in the introduction, it is readily seen
that the optimal mean-square estimate (mse) of x,(f) given v, denoted
#o(2/t) = [£7(¢[t) 1 O7(¢) : BE))7, contains all the quantities for the solution
of the joint minimum Bayes-risk detection and mse estimation and system
identification problem. Thus, the above problem is equivalent to mse
nonlinear estimation, with the attendant difficulties in realizing nonlinear
estimators, Jazwinski (1970).

In this paper, by utilizing the adaptive approach, closed form formulas are
obtained. The desired adaptive realization is obtained by considering both 6
and § as an augmented parameter vector « = [67 : 8]7. The adaptive
realization is given in the following:

THEOREM 1. (Partition Theorem).

8y — A0 20 0

T T p [ A 2@ 8 (7)
o P JARO) p(O)dO
$(t/t) = 5 '+ p [ 41]6) p(6) 46 (1), (7b)
o B p [ 64(2/6) p(6) db
0(t) = 0to) p(B = 0J1) + 7 TAG0) p(6) 48 (7c)
where
B(t) = E[B/t]
=pB =1/t1) =1—p(B = 0ft),
§(tfr) = E[s@)/1],
$(¢/t) = E[s(t)ft, B = 1],
8ty = E[9)1],
and where
_ 1)
PO = 5 T oy s P (74)

O(to) = E[8]t,] = the a priori mean,
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and

A(t/6) = exp 3 | i hT(o/o, ) R-Y(o) 2(0) do
— [ Wh(ofos D), o (7¢)

where hy(s/o, 0) = E[h(x(c), o} 0)/o, 0, B = 1].

Proof. 'The proof is given in the appendix.

The following remarks on the above results are pertinent:

It is seen from Eq. (7a) that the statistic sufficient for Bayes-optimal
detection is A(t) = p [ A(t/6) p(6) dO. A(2) is the continuous data generalized
likelihood ratio for compound detection. In terms of A(z), Eq. (7a) is the same
as the one obtained by Lainiotis (1969) for discrete data.

Moreover, we note that the generalized likelihood ratio is specified by a
continuum of #-conditional likelihood ratios (LR) A(2/6), each of which is the
LR for the detection problem

H, : 2(t) = h(x(t), t; 0) + (1),
Hy : 2(t) = o(t),

for 6 a specified admissible value (admissible in the sense of p(6)). In other
words, A(¢/8) is the LR for testing whether the signal generated by the model
specified by parameter value 6 is present. This leads us to the conclusion that,
essentially, system identification is equivalent to multihypothesis testing
with a continuum of hypotheses (for continuous 6) corresponding to each
possible model indexed by 6.

In addition, we note from Eq. (7¢) that A(¢/0) is in the canonical estimator-
correlator form of Kailath (1969), which is particularly well-suited to
interpretation and approximation. However, it must be pointed out that the
generalized likelihood ratio for continuous data A(f) is applicable to Bayes-
optimal compound detection and as such is more general than Kailath’s (1969)
LR, the latter being applicable to classical hypothesis testing without consid-
eration of prior probabilities.

Equation (7b) above is the continuous data version of Middleton and
Esposito’s [1969] result. We note that it has similar form and interpretation
as their result, with, however, a very significant difference. Namely, Middleton
and Esposito’s [1969] results were valid, essentially, for noncausal estimators
since in the discrete approach used in their paper the waveform is estimated
as a whole given all the data. In contrast the results given herein, generalize
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Middleton and Esposito’s (1969) results not only to the continuous case but
also to the case of causal estimators.
Using Eq. (7a), §(¢/t) may be given the interesting form

§(t/t) = B() (1)), (@)

Similarly, for 4(z), we have

p J 04(1/6) p(6) dB

45 JAGIE) @) &0 )

0(t) = B(eo)L — B +

Equations (§-9) establish once more the fact that optimal estimation of s(¢)
and 6 requires nonlinear processing of the data. This is true even in the case
of linear models, namely, when f(*), g(*), and A(-) are linear functionals of
the state-vector x(z).

In the following corollary, expressions for the mse estimates of 4(-) and s(£)
as well as the corresponding conditional error-covariance matrices are given.

CoroLLARY 1.

§(t/t) = ) hntfr), (10a)
Pyaft) = P(t) Po,(]1), (10b)
where
I(tjt) = Elh(x(t), 1, 0)/t, § = 1],
Py(eft) = E{[s(t) — S@/0)][s(t) — (/)7 /23,
and
P, (t)t) = E{[h(x(t), t, 0) — Iy(t]t)][(x(2), 1, 0) — m(t/D)]"/t, B = 13,
hy(t/t) = fih(t/ta 0) p(0]t) 40, (10¢)
where hy(t[t, 0) was defined previously and p,(0]t) is given by
P0I) = 2018 = 1) = e 0 (1)

where p(0) is the a priori density of 0; p and A(t[0) were defined previously.

1 This important difference was pointed out to the author by the reviewer.
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The conditional error-covariance matrix Py ([t} is given by

Pu(tft) = f{Phl(t/t: 6) + [hu(tt, 6) — Iy(t/t)][u(t]1, 6) — Pu(2/1)]"} £(6]1) O,

(12)
where Py ([t, 6) and hy(tt, 8) are given (Jazwinski, 1970), as the solution of
coupled partial differential equations, whose solution is possible only for special
cases, e.g., for linear models.

Proof. 'The proof is given in the appendix.

At this point we note that the realization of the nonlinear estimator and
the associated computational requirements depend essentially on the range
of admissible values for 8, viz., whether the range of § is discrete {finite) or
continuous. In most applications, the range is continuous resulting in
excessive computational requirements. One approach for alleviating the
problem is to quantize the f-space. Moreover, such quantization is reasonable
in view of the fact that quantization occurs naturally in any physical realization
of a system. In any case, either because @ is discrete or because of quantization
of a continuous range, p(8) ~ 3 p(8;) 8(6 — 0;). For such p(6) all inte-
grations with respect to ¢ in Theorem I and Corollary 1 become sums of
N terms, each term corresponding to a particular value of 4, 6; ,7 = 1, 2,..., N.

It was shown earlier that system identification constitutes in essence a
hypothesis testing problem with a continuum of hypotheses. Parameter space
quantization, however, has reduced the problem to one with a finite set of
hypotheses. In this context, system identification constitutes a sequence
of hypotheses testing problems each corresponding to testing for the model
indexed by parameter value §;, ¢ = 1, 2,..., N.

Applying It6’s, Jazwinski (1970), differentiation rule to Eqgs. (7a, 7d, 11),
we obtain stochastic differential equations for the temporal evolution of §(£),
p(0/t) and p,(0/t). These are given in the following corollary:

COROLLARY 2.
dp(t) = P()[1 — B AT (¢/t) RH)[d=(t) — B(t) hu(2ft) di]
with initial condition B(t,) = p, , and
dpy(8/1) = p(6/0)[Au(t]t, ) — Py(t]1)] R-Y(2)[d=(2) — B(2) hu(t]t) dt]
with initial condition p,(0/ty) = p(0)
dp(0]t) = B py(8]t) BT (22, 8) — p(6]2) hyT(2]2)] R-H®)[d(2) — B(t) Au(t/t) dt]
with initial condition p(8]t;) = p(0).

643/19/1-6
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Proof. The proof consists of straightforward application of Ito’s differ-
entiation rule to Eqs. (7a, 7d, 11), and as such it is omitted.

Again it must be emphasized that algorithms for the evaluation of 4,(z/t, 6)
are needed. Such algorithms are possible for special cases only, such as the
case of linear models. This case is treated in the following section.

We note that both integral expressions as well as stochastic differential
equations for B(t), p,(8/t) and p(8ft) were given above. However, in the
opinion of this author, the integral expressions are far more valuable from a
practical standpoint, namely implementation, as well as from an interpretation
point of view. These opinions are based on the fact that the stochastic
differential equations are nonlinear and coupled, and their solution is, in
general, not easily forthcoming. Moreover, approximate solutions of these
equations are ad hoc and the effect of the approximations made can not easily
be assessed. In contrast, note that the effects of approximations made in
evaluating the integral expressions, such as the (finer) quantization of the
§-range, can be easily assessed and improved upon if desired.

II1. SeeciaL Case: LiNear MODELS

In this section, the case of linear dynamic models is considered. That is,
the signal random process is given by

y(t) = H(z, 0) x(2), (13a)
and
—‘%(%) = F(t‘, 0) x(t) + G(¢, 6) u(t), (13b)

where {y(£)}, {u(?)} and {x(1)} were defined previously. The results for this

case are summarized in the following corollary:

COROLLARY 3.

8(t/ty = @) D (t/t), (14a)
Pi]t) = B(t) U {H(z, 0) Py(t/t, 0) H™(z, 6) + [H(2, 0) £:(2/t, 6) — 9:(¢/1)]
- [H(z, 0) £,(2]8, 0) — $.(/0)]7} p1(0/1) 49], (14b)
where

Su(tl) = [ H(t, 0) &i(ejt, ) py0]1) db
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and P(t) and p,(8]t) are given by the stochastic differential equations:

dp(r) = B — B 97 (t/1) RHOd=() — B(e) Su(tfe) dr]  (14c)
with initial condition B(t,) = py , and
dp,(0]t) = pL(6/O[H (2, ) £,(t/t, 0) — $1(t/)] R ()] d=(t) — Fu(2/t) dt}, (14d)
with initial condition py(8/t;) = p(6).

dp(9jt) = B p«(0/1) H(t, 6) ,(1/t, 0)
— p(6]t) $:(t1)] RD)[d=(t) — B(y) 52(t/t) di]  (L4e)

with initial condition p(O]t,) = p(b).

Integral expressions for A(¢) and p,(8/t) are given by Eqs. (7a) and (11),
where now /(t/0) takes the form

A(t/0) = exp 3}: #7(o/o, 8) H™(o, ) R"Y(0) 2(c) do
— % fi H H(O', 9) 9@1(0/0‘, 6)[‘;_1(0) do' . (15)

The signal and model conditional estimate #,(t/t, §) and the corresponding
error-covariance matrix Py(¢/¢, 0} are now given by the well-known Kalman—
Bucy, Jazwinski (1970) equations:

d4,(t/t, 6) = F(t, 0) &(z/z, 0)
+ Py(t, 0) HT(1)) R0 da(t) — H(1, 0) %,(2ft, 0)] (162)

with initial condition £,(¢/2, 8) = £(¢,/t,), and
LA, — Fe,6) Py, 0) + Pyl )70, 6) + G, 6) GT(s )
— Py(t/t, 0) H™(2, 0) R™'(2) H(z, 0) Py(t]t, 6) (16b)
with initial condition Py(#y/ty) = P(ty/t,)-

Proof. The proof is based on simple application of Theorem I and
Corollary 1 to the linecar model given in Egs. (13), and as such it is omitted.
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IV. SuBopTiMAL NONLINEAR ESTIMATION ALGORITHM

It was shown in Section 11, that the problem of joint detection-estimation-
system identification constitutes a nonlinear estimation problem. But, as was
pointed out earlier, the optimal nonlinear filter is specified, in general, by
an infinite set of coupled stochastic partial differential equations. Such
specification is not useful since it is in general unrealizable. This problem
was partially alleviated by using an adaptive approach with quantization of
the unknown parameter space. In this section an approximate nonlinear
estimation algorithm is used that does not require parameter space quanti-
zation. This is based on the so-called relinearized Kalman-Bucy filter
(Light, 1970).

It is widely known that the simplest method of suboptimal nonlinear
filtering is that of Kalman—Bucy filtering about a nominal trajectory. Licht
(1970) demonstrates that if the optimal estimate instead of fixed a priori
trajectory is chosen as the nominal trajectory, the resulting approximate
relinearized filter is much more effective than the usual linearized filter about
constant nominal trajectory.

The relinearized Kalman-Bucy filter for the model defined by 6(a) and 6(b)
is given by the following set of differential equations:

ds, (1)

B 1 (a,(01), 1) + PjD) VRIS, ) RAOIE) — haldalti), 1),
a (172)
BEUD _ gy, s, 1) Pl + PO VTG, ) + 8ot B
- gaT(E(t1), 1) — P(1E) VR T(Eult]0), ) R0) Thld(th), 0 PO,
(17b)
where

x‘u(t/t) = E[xa(t)/t])
P(t[t) = E[[x,(t) — £,/0)][x(2) — £,(/1)]"],

with initial conditions

£a(tofto) = E[x4(2)];
P(tyfty) = El[xa(t) — £alto/to)][%a(te) — Zolto/t0)]"],

where Vi, (x,(2]2), t) and Vf,(x,(¢/t), t) are Jacobian matrices of &,(x,(¢/2), t)
and f,(x,(2/t), t), respectively.
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In order to illustrate the implementation of the relinearized filter, the
linear model in Section III is considered. The results are given in the

following corollary:

COROLLARY 4.

ds(t/t) FF(t, 0(2)) 4(2/t) ) HT(2, O(z)
[ dH(t)] = 0 ] dt + P(t]t) [B(t) 22(t/t) VHT(3, H(t))]
dp(r) 0 £7(t/t) HT(t, 6(2))
- R(8)[d=(t) — B(t) H(z, 6(2)) £(t/t) dt], (182)
F(t,0)) F(t, 0)) 4¢2/t) O
P(it) = 0 0 0} P(yt) dt
0 0 0

F1(t, 6(2)) 00
+ P(t)t) [aef(t/t) VET(t, 6(2)) 0 0] dt
0

0 0
G(z, 8(2)) G1(t, 6¢t)) 0 ©
+[ 0 0 o] dt

0 00

B(e) HT(z, 0(2))
— P(tft) [B(t) &1(t/t) VH(2, B(t))]
£T(¢/t) HT(2, 6(2))

B() HT(, (1))
- R(¥) [B(t) &7(¢/t) VH(z, 0(1))] P(t/t) dt (18b)

&7(e/1) HT(2, 0(2))

with initial conditions
&(to/te) = Elx(te)], ) =p1, 0(t)) = E[6] and P(ty/ty) = P(t,),
and where P(t[t) is the ervor covariance matrix of the estimate, i.e.,
(1) — (/e rx(t) — @/t T

0 — 6() ” o — 6() } /t;
g—pw 1. p—p

Proof. 'The proof consists of application of the relinearized equations to
the linear model of Section III, after augmenting the state vector as in (6a)
and (6b), and will therefore be omitted.

P(tjty = E
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In the following, two special cases of the corollary are given solely for
illustrative purpose.

Case 1. Estimation|System identification. Let § = 1, 0, a scalar param-
eter and the model equations have the following form:

[aag)] _ [Hxét)] + [(1)] wt),  2(t) = x(t) - o(t).

Then the relinearized Kalman—Bucy filter equations for the optimal estimates,
#(t/t) and B(z) and estimation error covariance matrix are given by the
following

[‘lﬁéiﬁ?] = [é(t) SO0 s + P[] RO — aqen) an

P(t)t) — [9%)] ﬁ(g/t)] P(t) dt + P(1}2) [xi((tt)/i) 8] dt
I o

+y o) @ — PG [R_l O] P(ft) dt.
00 0 0

As one can easily see upon examining the above equations, the highest
conditional moments of x(¢) and # that are required to obtain x(¢/t) and 6(z)
are second order moments. Instead, the differential equation for optimal
estimates require that the lower order moments equations contain terms
which are functions of higher order moments, resulting in infinite dimensional

problem.

Case II.  Joint detection-estimation. Let 8 = 1 and B, unknown, and let
this joint detection-estimation problem take the following form:

=T+ Lo 0=+

where 8 = 1, or O.
Then the relinearized Kalman-Bucy differential equations for the optimal
estimates and error covariance matrix are given by the following equations:

[dfézﬁ?] — [0 dr + P [ﬁfi((?/f)] R [da(t) — A1) &) d],
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and

dP(t/t) — [{) 8] P(t)t) dt - P(t}) [‘é 8] dt + [é g] dt

PO | pa] BOI
=2 [ gy g B Loy sgn] P04

The comments given previously in case I apply here also.

V. CoNCLUSIONS

Recent results of Middleton and Esposito (1968) and ILainiotis (1969) on
single-shot joint detection-estimation for discrete data are extended to the
single-shot continuous data case and generalized to joint Bayesian detection-
estimation and system identification, as well as to causal estimators. Speci-
fically, it is shown that the above problem constitutes a class of nonlinear
mse estimation problems, with the attendant difficulties in realizing the
optimal nonlinear estimators. However, by utilizing the adaptive approach,
viz., by considering (4, 8) as an unknown parameter to be learned, closed
form expressions are given. These are given in terms of the generalized
likelihood ratio A(t), which is a sufficient statistic for Bayes-optimal com-
pound detection. The latter, in turn, is specified by a continuum (for
continuous 6) §-conditional likelihood ratios /(#/), each of which is the LR
for testing for the model specified the parameter value 6. In essence, then,
it has been shown that system identification is equivalent to multihypothesis
testing, with a continuum or finite sequence of hypotheses, respectively, for
continuous or finite discrete range of 6.

In addition to the integral expressions for 8(t), §(¢/t), and B(t), stochastic
differential equations have been obtained describing the temporal evolution
of B(2), p.(8/t) and p(8/t). Moreover, for the special case of linear models
stochastic differential equations are obtained for the temporal evolution of
B(®), pi(8]t), %2/, 6), Pi(t/t,0) and p(d)t). Finally, a simple, suboptimal
nonlinear estimation algorithm is given, based on the relinearized Kalman

filter.

APPENDIX

The proofs of Theorem 1 as well as of the associated corollaries are given
below:

Proof of Theorem 1 (Partition Theorem). The proof is based on Bucy’s



88 LAINIOTIS

representation theorem (Jazwinski, 1970), and the smoothing property of
expectations. Specifically, the desired mean-square estimate of 8 and @ are,
as is well known, their conditional means given v,. Thus, the a posteriori
conditional densities p(8/z) and p(f/f) must be obtained. These are easily
obtained from the joint density p(8, 8/t). Using Bayes’s rule, the latter is given
by
p[x(?), 6, Bit]
2O:BD = yisteyi, 0,81 b

Applying Bucy’s representation theorem to Egs. (6), we obtain the a posteriori
density of the augmented state vector x,(f) = [x7(z) : 67 : B]7, viz.,

plaa(D)v] = plx(2), 0, Bjt],

_ EMexp I'¢)[=(2), 6, B] p[»(2), 6, B] (1-2)
Enfexp I'()] ’

where £”¢-] stands for the operation of expectation holding v; constant at
the measured values, and I'(¢) is defined as

I(t) = J: by (#(0), o) Ro) 2(0) do — } f Z | hofx4)0), 0)l[3ms,,, do
(I-3)

If we apply the representation theorem once more to Egs. (I-2) for given
(8, B), we obtain the a posteriori density of the signal state-vector «(¥);
namely, we obtain

P[x(t)/Vt ’ 0’ /3] = p[x(t)/t’ 61 /3]

_ E'fexp T(1)x(2), 6, £] 2Lx(2)/%, £] 14
Elexp I'C2)/0, '

Combining Egs. (I-1, I-2, and I-4) yields

20,81 = B QL 50,

_ B [exp I'(2)/6, £]
{ Erdexp I'(t)(0, B1 p(6, B) df df8

(8, B)- (1-5)
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Note that in view of the independence of 6 and B, we have
28, B) = p(0) p(B), and Eq. (I-5) may be written as

- E'exp I'(2)/6, B]
20 B0 = T fexp Doy, 81 p(6) p(B) do a7 7P
_ E[exp I'(8)/6, B]
B gﬁo | Exfexp I'(2)/6, 8 = 0] p(6) d6 20) p(B),
-+ py | Evfexp I(#)/6, B = 1] p(6) d8 6

where the fact that p(8) = py(8) + p.16(8 — 1), was used in obtaining the
latter equality.

Duncan (1967) established that the denominator of the representation
theorem is a likelihood function and proved that

E*exp T(2)}6, 8] = exp

[ Bt(a(e), o3 B, 6,8) Ro) o) do
— [ 1B, 03O 0, B)ony Ay ()

where ﬁ(x(o), o; 8/v, , 0, B) = E[h(x(0), o; D)/v, , 9, B].
Moreover, we note that for 8 = 0, E”[exp I'(¢)/6, 8 == 0] = 1, while
for B = 1, E"exp I'(t)/0, B = 1], denoted A(t/8), is given by

A(t/6) = exp f: }(x(o/o, 8) R(0) 2(c) do — } f: | (oo, O)2-1,,, do!,
° ° (1-8)
where k,(o/o, 0) = h(x(c), a/v,, 0, B = 1).
In view of the above, Eq. (I-6), takes the following form
A(t/6)
0, Bjt) = , 1-9
K = e T A16) p(@) 40 &)

where p(B) = pod(B) + £:5(8 — 1).
The a posteriori probabilities p(8/¢) and p(8 = 1/t) are obtained in a
straightforward fashion from p(6, B/t). Namely,

p(68) = [ 16, Bt) dB

1 pAas)
[+ p J A(1/6) p(6) 6

(1-10)

(),
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where p = p,/ p, , and

p [ A(1/6) p(6) do
T+ p J A(t/0) p(6) db -

Using Eq. (I-10), we obtain (z) as follows:

B) = p(B = 1/t) =

(I-11)

) = f 0p(0]t) 48
_ Jp(6) 0 + p [ 641}6) p(6) 48
1+ p J A(t/0) p(6) 6
1 p [6A@/6) p(6) db
1+p [AO) p(0)d6 1+ p [A(2]6) p(6) db
e p [ 0A(1/6) p(6) O
= d(z)[1 — B(®)] + T [ A0 p0) 0

(I-12)
= (o)

Moreover, by using the smoothing property of expectations, we have
$(t/t) = E{E[s(t)}vs , B = i]fv}
1
=2 S/ p(B =i1)
=0

= p(B = 1)) §,(t/t)
= B() $1t)2),

where §,(¢/t) = E[s(t)/v;, B =], 7 = 0, 1, and §(¢/t) = 0 since s(t) = By(2).
In view of the latter, §(#/t) = $,(2/t) = A(¢/f). This completes the proof of
Theorem 1.

Proof of Corollary I. From Eq. (I-13) above, we have
(t/t) = Ble) huefo)

Moreover, from the definition of P(t/t) and the smoothing property of
expectations we have

(1-13)

Pt = 3, Pt p =) p(B = i)

= Pytft, g = 1) p(B = 1]t)
= () Po(t[1),

(1-14)
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the latter two equalities resulting because, under hypothesis H, ,
s(f) = h(2), and under hypothesis H, s(f) = 0, and §y(#/t) = 0, as well
as E[s(t) sT(t)/t, B = 0] = 0.

Again using the smoothing property, we have

hy(tft) = E{E[R(t)v., 0,8 = 1]/v,, B = 1}

(1-15)
= [ (e, 0) pu(6]1) a8,

where fy(t/t, 0) = E[h(t)/v;, 6, 8 = 1] and p,(8/t) = p(Ov,, B = 1) is ob-
tained in a straightforward fashion by p,(0/t) = p(6, B = 1/8)/ p(B = 1/¢),
and given by

A(2/9)

PO = T AG70) p(6y b

2(0)-
The conditional error-covariance matrix P, (¢/¢) is obtained as follows:

Py(tft) = E{[h(x(t), 2; 0) — m(t/0][A(x(2), 2; 0) — mu(t/D)]7]t, B = 1}
= E[E{[h(x(t), t; 0) — h(t/t)][A(x(2), t; 0) (I-16)
— h(t/D]7)t, 0,8 = Lijt, g = 1],

where

E{[h(x(2), t; 0) — My(t/t)][A(x(t), t; 6) — hy(2/1)]7]2, 0, B = 13}
= E[h(x(t), 1; 0) h"(x(t), t; 0)/t, 0, B = 1] + hy(t/t) by 7(22)
— ho(tft) b T(2)t, 0) — hu(t)1, 6) B7(2t)
= E{[W(x(2), t; 0) — Iy(t]t, OI[A(x(¥), t; 6) — hy(t/t, 0)]7]2, 6, B = 1}
+ [lu(tft, 0) — by O1Ia(2/2, 0) — My(t/0)]”
= Py (t/t, 0) + [hy(tft, 0) — hy(2/0)][Rs(2]2, 0) — By(2[£)]7. (I-17)

Combining Eqs. (I-16) and (I-17), we obtain Eq. (12). This completes the
proof of Corollary I.
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