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If k is a field and X and Y are indeterminates then the statement “consider
R = R[X, Y] as a polynomial ring in one variable” is ambiguous, for there
are infinitely many possible choices for the ring of coefhcients (e.g., If
A, = k[X - V"] then 4,[Y]=4,[Y] =R but 4, # 4, if m +# n).
On the other hand, if Z denotes the integers then the polynomial ring Z[X]
has a unique subring over which it is a polynomial ring. This investigation
began with our consideration of the first of these examples. In fact, Coleman
had asked: If % is a field, then although A[.X, Y] can be written as a polynomial
ring in many different ways, is it true that all of the possible coefficient rings
are isomorphic? That is, if T is transcendental over 4 and A[T'] = k[X, Y],
is A a polynomial ring over k? We found that this is indeed the case (see our
(2.8)). We next proved the following: If 4 is a one dimensional affine domain over
a field and B is a ring such that A[X] = B[Y]is an equality of polynomial rings,
then either A — B or there is a field k such that each of A and B is a polynomial
ring in one wvariable over k. This is a corollary of (3.3) in the present paper.
Our (7.7) sketches a version of the original proof. In studying this argument,
we found that there were implicit in it techniques for investigating the
following general question: Suppose A and B are commutative rings with
identity and the polynomial rings A[ X, ..., X,] and B[Y ..., Y, ] are isomorphic,
how are A and B related? Are A and B isomorphic? In particular, when does
the given isomorphism take A onto B? This study is mainly centered on the
latter portion of the question. We are concerned almost entirely with domains
It is convenient to use the following terminology which is modeled after that
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introduced in [6]. We say that the ring A4 is invariant provided A satisfies the
following condition: given a ring B and indeterminates X ,..., X,,, ¥, ,..., ¥y,
if A[X] ,..., X,] is isomorphic to B[Y,,..., Y,] then 4 is isomorphic to B.
If for any ring B and any isomorphism ¢ : A[X,,..., X,] = B[Y;,..., Y]],
¢(A) = B, then A is said to be strongly invariant.

This article is divided into seven sections. The first of these is devoted to
general considerations. In it we first observe that in attempting to decide if 4 is
invariant (strongly invariant) it is always sufficient to assume the equality of
polynomial rings A[X, ,..., X,] = B[Y},..., Y,)] and then try to show that 4
is isomorphic to (equal to) B. With this in mind we have adopted the conven-
tion that when we write 4[X] ,..., X,,} and B[Y} ,..., Y] with no qualification,
it is to be assumed that 4 and B are commutative rings with identity and the
X’s and Y’s are indeterminates over 4 and B, respectively. With this con-
vention our (1.1) reads: If A[X,,..., X,] = B[Y;,..,Y,] and AC B.
then 4 = B. One of the ways in which we implement (1.1) is through the
idea of wvertical ideals. An ideal I of A[X] ,..., X,] = R is said to be vertical
relative to A if there is an ideal Z C A such that I = O/R. If A[X, ,..., X,] =
B[Y;,..., Y,] = R then some ideals of R may be vertical relative to both 4
and B. We say that an ideal (7 C A is vertical relative to B if (7 R is vertical
relative to B. We show that if each prime ideal of 4 is vertical relative to B
then 4 C B. Thus 4 = B by (1.1). In many cases 1t is sufficient to have only
a few primes of R which are vertical relative to both 4 and B. In the case of
domains our (1.15) guarantees that if the prime p C R is minimal with
respect to the property that R, is not integrally closed, then it must be vertical
relative to both 4 and B. We use this result in later sections to prove that
a large class of nonnormal one-dimensional domains are strongly invariant
[see (3.2) and (6.6)].

In the domain case, a very useful invariant is R, , the algebraic closure in R
of the subring generated by the units of R. In (1.9) we observe that if A4 is
a domain such that 4 = 4, then 4 is strongly invariant.

In Section 2 we restrict our attention to subrings of affine rings. An
interesting result is (2.3) which says that if 4 is an affine domain over a
field %, then any subfield of A4 is algebraic over k. Thus £, the algebraic
closure of & in 4 is the unique maximal subfield of 4. An immediate corollary
of this is the fact that if G is a finite group of automorphisms which acts on
an affine domain over a field, then the fixed ring A is an affine ring over a
field [see Remark (2.4)].

It is useful to have criteria which guarantee that a ring is a polynomial ring.
One such result is our (2.11): Suppose k is a field and k* is a separable algebraic
extenston of k. If A is a one dimensional normal ring such that

ECACHEX, ... X,
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then A is a polynomial ring over a field. In (2.12) we give an example to show
that the separability assumption cannot be deleted, even in case £* is finite
algebraic over £ An immediate corollary of (2.11) is the fact that if £ is a field
then £[X] is invariant (it is not strongly invariant since k[.X, Y] = A[X][V] =
R{Y1[X]). Another useful result in Section 2 is (2.13):

Let R be an integrally closed domain with quotient field K and let R* be the
integral closure of R in an algebraic field extension K* of K. Let P be a prime
tdeal in R. If each prime ideal P* in R* lying over P is the radical of a principal
ideal in R*, then the P* are finite in number and P is the radical of a principal
ideal in R.

From this we get Corollary (2.14) which implies that if R is an integrally
closed domain and R* is an integral extension of R which is a prefactorial
Krull ring, then R is a prefactorial Krull ring.

Section 3 is mainly devoted to proving (3.3):

Let A be an integral domain of transcendence degree one over a subfield k.
Suppose A[X] ,..., X,] = R = B[Y,,..., Y] and let k' denote the algebraic
closure of kin A. If 4 / B, then A and B are both polynomial rings over the
field k'. Consequently A is invariant and if A is not a polynomial ring, then 1
is strongly invariant.

In the atfine case this theorem has a geometric interpretation which yields
insight into the problem and motivates some of the terminology introduced
in Section 1. Prior to any geometric discussion, however, we should say that
while geometric considerations have influenced our approach and colored
our terminology, all of our theorems and arguments are stated in purely ring
theoretic terms. If A is a one-dimensional affine domain over a field %, then
one can regard A as the coordinate ring of some irreducible affine curve I'.
Since A[X] == A @, k[X], we can view .4[X] as the coordinate ring of
a cylinder over . A visual representation is presented in Fig. 1.

We think of the points P of I" as the maximal ideals p of A, and the irreduc-
ible curves on the cylinder as the height one primes of A[X]. In this context
the vertical line L of Fig. I which meets /" at P, corresponds to the height one
prime p[X] C A[X]. For this reason we refer to primes of A[X] which are
of the form p[{X] for some prime p in A as the vertical primes of A[X].

The irreducible curves = on the cylinder which are not vertical primes arise
from height one primes of A[X] which meet 4 only in the zero ideal.

If B is the coordinate ring of the curve 4 then the existence of an isomor-
phism A[X] — B[Y] corresponds to a reversible mapping ¢ from the cylinder
over I" onto the cylinder over 4 such that the coordinate mappings of ¢ and
¢~1are given by polynomials. (See Fig. 2).

To say that 4 is invariant is to say that the existence of ¢ implies the
existence of a reversible mapping 8 : I"— 4 such that the coordinate mappings
of B and B! are given by polynomials. To say that .4 is strongly invariant is
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to say that the mapping ¢ necessarily takes “vertical lines onto vertical lines”
and that ¢ followed by a “vertical shift and a rotation” will take I" onto 4.

Section 3 closes with an application of (3.4) to classifying certain derivations
of £[X, Y], in case k is a field of characteristic zero.

In Section 4 we attempt to generalize some of Section 3 by considering
integral domains of transcendence degree one over a subring, rather than
over a field. In (4.1) we show that if 4 is a unique factorization domain (UFD)
and if D is a UFD such that (1) 4 C D C A[X,,..., X,] and (2) D is of
transcendence degree one over A, then D is a polynomial ring over 4. We
provide an example then to show that the unique factorization hypothesis
cannot be relaxed, even to the assumption that 4 is a Dedekind domain with
finite class group.

In Section 4 we introduce the notions of D-invariance and strong D-
invariance. If D is a ring and 4 a ring which is a D-algebra, then A4 is said
to be D-invariant provided A4 satisfies the following condition: given a
D-algebra B and indeterminates X ,..., X,,, Y,,..., Y, , if A[X|,..., X, ] 1s
D-isomorphic to B[Y,,...,, Y,] then A4 is D-isomorphic to B. If for any
D-algebra B and any D-isomorphism ¢ : A[X,,..., X,] - B[Y,,..., Y,],
$(4) = B, then A is said to be strongly D-invariant. Our (4.1) referred to
above implies that if D is a UFD then D[Z] is D-invariant.

This notion of D-invariance has a nice local-global property which we
state as (4.6). Let D be an integral domain and let Z be an indeterminate over D.
If for each prime ideal p of D, D, [Z]is D ~invariant, then D[Z] is D-invariant.
We close section 4 by showing that a theorem similar to (4.1) holds for
HCF (highest common factor) rings (domains whose group of divisibility is
a lattice-ordered group), and deriving corollaries similar to those of (4.1).

In Section 5 we study one-dimensional domains which are not strongly
invariant. We show that such rings must be very closely related to polynomial
rings, but we are not able to decide whether a one-dimensional domain which
is not strongly invariant must be a polynomial ring. In (5.1) we find: Let A be
a one-dimensional integrally closed domain, If A[X] ,..., X,] = B[Y,,..., Y,]
and A + B, then there exists an element s in A such that A[1/s] is a prefactorial
Dedekind domain containing a field over which A is of transcendence degree one. In
fact there exist fields k' C k with k algebraic over k' such that k' C A[1/s] CR[T,1/s]
and such that k[T, 1/s] is integral over A[1]s].

In case A is a locally finite intersection of valuation rings we are able to
sharpen this result to conclude that there is a u€ 4 N B such that & =
(AN B)[1/u] is a field and both A[l/u] and B[l/u] are polynomial rings
over k. [This is stated as (5.4)].

From (5.4) we are led to consider domains 4 which contain an element u
such that A[1/u] is a polynomial ring over a field. In (5.7) we establish that if
A is a Krull domain such that for some element ue 4, Afl/u] = k[T],
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a polynomial ring over a field, then 4 is noetherian and of dimension one
or two. In this case we are able to give necessary and sufficient conditions
that 4 be one dimensional (i.e., that 4 be a Dedekind domain). These
conditions are stated in terms of the essential valuations of the element u.

In Section 6 we prove that any one-dimensional noetherian domain which
contains a field of characteristic zero is either strongly invariant or a polynomial
ring over a field.

Section 7 is devoted mainly to articulating some of the questions which we
haven’t been able to answer. In particular, Question (7.1) asks: If 4 and B
are integral domains and A[X, ,..., X,] = B[Y;,..., Y,], does it follow that
the quotient fields of A and B are isomorphic? We observe that this is related
to an unanswered question of Zariski. Our (7.4), (7.5) and (7.6) indicate an
approach to Question (7.1) using techniques of Nagata and Abhyankar which
have been applied to the Zariski problem.

1. DerFiNITIONS, CONVENTIONS, AND SOME GENERAL (BSERVATIONS

A ring A4 is said to be tnvariant provided A satisfies the following condition:
given a ring B and indeterminates X ,..., X,,, Y ,..., Y., if 4[X,,..., X,] is
isomorphic to B[Y,,..., Y,], then A4 is isomorphic to B. If for any ring B
and any isomorphism ¢ : A[ X, ,..., X,,] — B[Y,..., Y,)}, $(4) = B then 4
is said to be strongly invariant. This is an extension to polynomial rings in 7
variables of the terminology introduced by Coleman and Enochs [6] for the
case of polynomial rings in one variable. Here we are concerned only with
the commutative case; thus in the sequel all rings are assumed to be commu-
tative rings with identity. If R is a ring, M is an R module and I7 is some
property we say M has the property IT locally if M, = M & R, has the
property II for every prime p of R. To show that A4 is invariant (strongly
invariant) it clearly suffices to show the following: if B is a subring of
A[X,,..., X,] such that A[X] ..., X,] is a polynomial ring in n variables
over B, then 4 is isomorphic to (equal to) B. In view of this fact, we will for
conceptual simplicity in most of our presentation assume that 4[X] ,..., X, ] =
B[Y,,..., Y,] rather than work through the given isomorphism.

We begin with some elementary observations. When we write A[X] ,..., X,]
and B[Y,,..., ¥,] with no qualification it is to be assumed that 4 and B are
commutative rings with identity and the X’s and Y’s are indeterminates
over A and B, respectively,

(1.1)  If A[Xy,..., X,] = B[Y,,..., Y,] and A C B, then 4 = B.

Proof. We have B[Y,,..., ¥,] = B[X;,..., X,] and the only thing to be
seen is that X ,..., X, are algebraically independent over B. If B is noetherian,
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then this is clear, for the B-homomorphism of B[Y,,..., ¥,] onto itself
defined by mapping Y; to X, can certainly not, in this case, have a nonzero
kernel (iteration of this homomorphism would yield a strictly ascending
chain of ideals of B[Y,..., ¥,]). In the general case if f is a polynomial in
B[Y,,.., Y,] such that f{ X ,..., X,) = 0, then write the A”s as polynomials
in the Y’s, the ¥’s as polynomials in the X’s and adjoin the coefficients of
these polynomials along with the coeflicients of f to the prime subring of B.
This yields a noetherian subring B" of B such that fe B[Y; ..., V,] and
BY,,.,Y,] = B[X,., X,]. By the noetherian case, f(X,,..., X,) =0
implies f is the zero polynomial. Hence X ,..., X, are algebraically indepen-
dent over B and the proof of (1.1) is complete.

(1.2) Suppose A[X;,..., X,] = B[Y,,.., ¥,] and § is a multiplicative
system of 4 M B consisting of regular elements of 4. If 4y is strongly
mvariant, then 4 == B. (Note that if s€ 4 N B is not a zero divisor in 4,
then s is not a zero divisor in 4[.X, ,..., A},] and hence not a zero divisor in B.)

An ideal I of A[X] ..., X,] = R is said to be vertical relative to A if there
exists an ideal (7 of 4 such that (YR = (/[X] ,..., X,] = I. Thus I is vertical
relative to 4 precisely when 7 is the extension of an ideal of A and this, of
course, is equivalent to I = (I N A)R. We note that vertical ideals behave
well under infinite intersections—a property which is not true for extended
ideals in an arbitrary ring extension.

(1.3) IfR = A[X,,..., X, ]Jand {1 } 1s a set of ideals of R which are vertical
relative to 4, then (), 1, is also vertical relative to 4.

Proof. Let (7, = I, N R. Then
NI =N OX, .. X,] = (ﬂ UZ) LX) e Xa] = () (/zu) R.

(1.4) IfIisan ideal of R == A[X],..., X,] which is vertical relative to 4,
then every prime ideal of R minimal with respect to the property of containing
1 (i.e., minimal prime divisor of I) is also vertical relative to 4.

Proof. Since for any prime ideal P of R, (P N A)R is also a prime ideal
of R, we see that P is a minimal prime divisor of [ if and only if PN 4 is
a minimal prime divisor of I N A4.

(1.5) Let 4 be an integral domain with quotient field K and let A* be the
integral closure of A4 in an algebraic field extension L of K. Let R =
AlX,,..., X,,]. Then we have the following:

(i) A*X,,.., X,] = R*is the integral closure of R in L(X] ,..., X,).
(it) If Pis a prime of R and P* is a prime of R* such that P* " R = P,
then P is vertical relative to A4 if and only if P* is vertical relative to 4*.
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Proof. The first assertion follows from the well-known fact that a poly-
nomial ring extension of an integrally closed domain is again integrally
closed. If P is a prime of R vertical relative to A, then PR* is an ideal of R*
vertical relative to A*. By (1.4) each minimal prime divisor of PR* is vertical
relative to 4*. Since R* is integral over R, P* N R = P implies P* is a
minimal prime divisor of PR*. Conversely, if P* is a prime of R* vertical
relative to A*, then P* N R = P must be a minimal prime divisor of
(P* N A)R. Since (P* N A)R is a prime ideal, we have P = (P* N A)R.

(1.6) If A is an integral domain and I is an ideal of A[X] ,..., X,] such
that I N A 54 0 and such that [ is contained in the radical of a principal ideal
(f)of A[X,,..., X,], then fe 4.

Proof. Let a be a nonzero element of I N A. Then f divides some power
of a. Hence f must be of degree zero in each of the X .

As an obvious corollary to (1.6) we note the following:

(1.7) Suppose A[X;,..., X,;] =R = B[Y,,..., Y,]. If R is an integral
domain and b € Bissuchthat bR N A # 0, then b e A.

If R is an integral domain, we will use the notation R, to denote the
subring of R generated by the units of R, and R, to denote the algebraic
closure of R, in R.

(1.8) If4[x,,..,X,] =R = B[Y,,..., Y,]and Ris an integral domain,
then 4, = B,,and 4, = B, C AN B.

(1.9) If 4 is an integral domain, A[X|,..., X,] = B[Y;,..., Y,] and
A =4, then 4 = B. Consequently, if 4 = A4,, then A4 is strongly
Invariant.

Proof. By (1.8), we have 4 C B, so by (1.1), 4 = B.

Recall that the Jacobson radical of a ring R is defined to be the intersection
of all maximal ideals of R.

(1.10) If A is an integral domain with nonzero Jacobson radical, then 4
is strongly invariant.

Proof. Let t be a nonzero element of the Jacobson radical of 4. Then
for any ae 4, ta+ 1 is a unit of 4, so ta - 1€ A4, . Hence tac 4,,, and
acA,. Thus A = A4, and 4 is strongly invariant by (1.9).

(1.11) Suppose that A[X,,..., X,] = R = B[Y,,...,, Y,] and that R
is an integral domain. If there exists a set {4} of elements of 4 such that 4
is algebraic over the subring of 4 generated by the a; and the units of 4 and
such that ¢,R " B 5 0 for each ¢, then 4 = B.

Proof. By (1.7), each such @; € B. Since B is algebraically closed in
B[Y,,..., Y,], we have 4 C B, so by (1.1), 4 = B.
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If A[X,,.., X,] = R = B[Y|,..., Y,], then certain ideals of R may be
vertical relative to both 4 and B. If 7 is an ideal of A4 such that (R is vertical
relative to B, then we will for convenience simply say that (7 is wertical
relative to B.

(1.12) Suppose that A[X,,..., X,] == R = B[Y,..., ¥,] and that R
is an integral domain. Then 4 — B if and only if every prime ideal of A is
vertical relative to B.

Proof. If every prime ideal of 4 is vertical relative to B, thenaR N B + 0
for every nonzero a € 4. Hence by (1.11), 4 = B. The converse is obvious.
Recall that a ring A is called a Hilbert ring if every prime ideal of 4 is an
intersection of maximal ideals. We note the following consequence of (1.12)

and (1.3).

(1.13) If 4 1s an integral domain which is a Hilbert ring and if
AlX, ..., X,] == B[Y,,..,Y,], then A = B if and only if every maximal
ideal of 4 1s vertical relative to B.

If R is an integral domain, the nonnormal locus of R is the set of prime ideals
p of R such that the localization R, is not integrally closed.

(1.14) Let 4 be an integral domain and let R = A4[X,,..., X,]. If O is
a prime ideal of 4, then Q is in the nonnormal locus of A if and only
it O[X,,..., X,)] = Pisin the nonnormal locus of R.

Proof. We have R, = A[X,,..., Xolorx,..x,) = Ao(Xy o X)), and R,
is integrally closed if and only if A, is integrally closed.

(1.15) Let A be an integral domain and let R = A[X] ..., X,]. If P is
a member of the nonnormal locus of R, then P N 4 = Q is a member of the
nonnormal locus of 4. Consequently, any minimal member of the nonnormal
locus of R is vertical relative to 4.

Proof. R, is a localization of Ay[X ,..., A, ]; thus if R, is not integrally
closed, neither 1s A, . Hence Q) is a member of the nonnormal locus of A.
By (1.13), QR is in the nonnormal locus of R. Since QR C P, if P is a minimal
member of the nonnormal locus of R, QR = P, and P is vertical relative to 4.

We have the following corollary to (1.15).

(1.16) If A4 s an integral domain and 4[X, ,..., X,]] = R = B[Y, ,..., Y],
then every minimal member of the nonnormal locus of R is vertical relative

to both 4 and B.

(1.17) Remark. With reference to figure three, in case A4 is a one-
dimensional athne ring, (1.16) guarantees that lines such as /, and [, which
are fibers over singularities are distinguished inasmuch as any biregular map
from the cylinder over the curve I to that over some curve 4 must take lines
such as [} and I, onto corresponding lines over singularities of 4. (See Fig. 2).
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Our (3.2) will use this fact to show that under such circumstances the
coordinate ring 4 is a strongly invariant ring.

O
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If A C R are integral domains, then A is said to be inertly imbedded in R
if every factor in R of an element in A is already in A4 [5]. Thus A4 is inertly
imbedded in R if for any nonzero 7, € R, rt € A implies » and t € 4. In [8],
Evyatar and Zaks use the terminology factorable subring for what Cohn has
called an inert imbedding.

(1.18) If A is an integral domain and A[X,,..., X,] = B[Y;,..., Y,],
then 4 N B is an inert subring of both 4 and B.

(1.19) IfA4[X,,..., X,] = R = B[Y,,..., Y,] and 4 is a unique factoriza-
tion domain (UFD) then B and A N B are also UFD’s.

Proof. 1If Ais a UFD, then so is A[X] ,..., X;] = R. It is easily seen that
an inert subring of a UFD is again a UFD. Since 4 N B is an inert subring
of A and B is an inert subring of R, 4 N B and B are also UFD’s.

In concluding this introductory section, we note the following easy facts.

(1.20) If A[X,,.., X,] = R = B[Y;,..., ¥,]. Then

(i) A is noetherian if and only if B is noetherian,
(ii) A4 is an integrally closed domain if and only if B is an integrally
closed domain,



320 ABHYANKAR, HEINZER, AND EAKIN

(ii) if D is asubring of 4 M B, then 4 is a finitely generated ring extension
of D if and only if B is a finitely generated ring extension of D.

Proof. Statements (i) and (i) are immediate, and (i11) follows from the
fact that 4 and B, regarded as algebras over D, are homomorphic images of R.

2. SoME REMARKS ON SUBRINGS OF AFFINE RINGs

(2.1) If A is a d-dimensional affine domain over a field £ and A contains d
units which are algebraically independent over %, then 4 is strongly invariant.

Proof. In this case 4 = A, so (1.9) implies that A is strongly invariant.

(2.2) CoroLLARY. If A is a one-dimensional affine domain over a field k
and A contains a nontrivial unit (i.e., a unit which is not algebraic over k), then
A is strongly invariant.

(2.3) If 4 is an affine domain over a field £ and F'is a subfield of A, then
the elements of F are algebraic over k. Thus if & is the algebraic closure of &
in 4, then F C k; and % is the unique maximal subfield of ..

Proof. By the normalization theorem [17, p. 45] there exist X ,..., X;e 4
such that X, ,..., X, are algebraically independent over k£ and 4 is an integral
extension of A[A] ,..., X4]. Let I denote the valuation ring of &(X ,..., X))
obtained by giving value —=n to every polynomial in £[X] ,..., X;] having
total degree n. Let V', ,..., I, denote the extensions of | to the quotient field
of 4. Note that ae AN I, n - NV, implies that a is algebraic over £,
for the coefficients of the minimal polynomial for a over k(X ,..., X)) are in
RXy o, Xgd OV == k. If F is a subfield of A4, then FN VN N1, s
a finite intersection of valuation rings with quotient field I and hence is a
domain with quotient field F [17, p. 38]. Thus we must have F C £.

(2.4) Remark. Let A be an affine domain over a field, let G be a finite
group of automorphisms of A, and let 4¢ denote the fixed ring of G acting
on A. If % is the unique maximal subfield of 4 given by (2.3), then G must
restrict to a finite group of automorphisms of k. Let £ denote the fixed field
of G acting on k. Then A is an affine ring over £ and G is a finite group of
k'-automorphisms of 4. By a well-known theorem of Noether, it follows that
A€ 1s also an affine ring over £’ [16, p. 9].

(2.5) Let & be a field and let X7 ,..., X, be indeterminates over k. If A is
a one-dimensional subring of £[.X| ,..., X, ], then there is a .-homomorphism ¢
of k[ X ,..., X,,] onto a polynomial ring in one variable over &, say £[X], such
that ¢ restricted to A4 is an isomorphism. Consequently (within isomorphism)
A is a subring of [ X].
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Proof. Let (Xi,..., X,) denote the ideal of k[X] ,...,, X,] = R generated
by X, ,..., X, . Consider (Xi,..., X,) " 4 = P. Since P is a prime ideal of
A, either P = (0) or P is a maximal ideal. If P = (0), then the residue
mapping of R onto k[X ,..., X,]/(X; ,..., X,) takes A isomorphically into &
and we are done. If P 5 (0) and n > 1, then consider the prime ideals
(X;m — X,) of R, m = 1,2,.... If « is a nonzero element of P, then for
some m, X;™ — X,, does not divide a in R. Thus (X;™ — X,) N 4 is properly
contained in P, so we must have (X, — X,) N 4 = (0). Hence the residue
mapping of R to R/(X,™ — X,) =~ k[X, ,..., X,_;] restricts to an isomorphism
of A. Tteration of this process yields an isomorphism of 4 into A[.X].

(2.6) Let & be a field and let X, ,..., X, be indeterminates over k. If 4
is a one-dimensional ring between k and £[X] ,..., X,,], then 4 is an affine ring
and the integral closure of 4 is a polynomial ring. Thus if 4 is a one-dimen-
sional integrally closed ring between k and kX, ,..., X,], then 4 = kft]
for some t € R[ X, ,..., X,]-

Proof. By (2.5) we may assume that £ C 4 C k[X]. Let f be an element
of A\k. Then &[f] C A C k[X] and %[ X] is a finite [ f}-module. Thus 4 is
a finite k[ f]-module, so 4 is an affine ring over k. By the classical Luroth’s
theorem, the quotient field of 4 is a simple transcendental extension k(Z) of
k [20, p. 198]. Since A(Z) C k(X) and £[X] is integral over A, 4 is contained
in all the valuation rings of k(X) over k except the 1/X-adic valuation ring.
Thus if A4 is integrally closed, then A4 is the intersection of all the valuation
rings of k(Z) over k except the restriction to &(Z) of the 1/X-adic valuation
rings of A(X). Since the 1/X-adic valuation of k(X) is rational (i.e., has
residue field k), its restriction to £(Z) is also rational. Hence the only valuation
ring of k&(Z) over k not containing A is either the 1/Z-adic valuation ring or
else given by a linear polynomial p(Z) in k(Z). If A is integrally closed, then,
in the first case 4 = k[Z] and in the second case 4 = k[1/p(Z)].

(2.7) Remark. The fact that a normal ring A between a field & and the
polynomial ring k[X] has the form 4 = k[¢] is well known (see, for example
[12, p. 256]) and as our argument shows, it is a consequence of the following
fact. If 4 is a normal ring between a field 4 and a simple transcendental field
extension k(Z) of k, and if there is only one valuation of k(Z) over & not
containing A and this valuation is rational, then 4 = k[t] for some ¢ € k[Z].

From (2.6) we get a quick proof that a polynomial ring in one variable
over a field is invariant.

(2.8) CoroLLARY. Let k be a field and let A = k[ X] be a polynomial ring
in one variable over k. If A[X, ,..., X,} = R = B[Y;,..., Y,], then B = k[t]
for some t transcendental over k. Thus A ~ B and A is an invariant ring.
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Proof. We have # C BCE[X, X;,..., X,] = R, and B is noetherian,
for R is noetherian and B is a homomorphic image of R. Thus dim R -
n+ 1 =dmB[Y,,.,Y,]=dmB+n and dimB = 1. Alsc B is
integrally closed, so by (2.6), B == k[t] for some t € R\k.

(2.9) ILet &* be a finite separable algebraic field extension of a field &. If .X
is an indeterminate over &* and A is a normal ring such that 2 C 4 C 2*[.X],
then A4 has the form &'[t], where &' is the algebraic closure of % in 4.

Proof. We may assume that % is algebraically closed in A, i.e. £ = %',
Let § be a primitive element for £* over k. By (2.6), we have k* C A[6] C k*[Z]
where £*(Z) 1s the quotient field of A[#]. The only valuation ring of k*(Z)
over k* which doesn’t contain A is the 1/Z-adic valuation ring. Hence this
valuation ring is the only extension of its contraction V to the quotient field L
of A. Also the 1/Z-adic valuation ring is unramified over V, for the dis-
criminant of 6 is a unit of k& Thus if [£* : k] = #u, then £* over the residue
field of 1" 1s also a field extension of degree n. It follows that J/ has residue
field %. Since L(#) == £*(Z) and the genus of a field does not go down under
separable algebraic field extension [15, p. 621], we see that L/k is of genus zero
with a “rational place” (one with residue field k). Hence L is a simple tran-
scendental extension of & [4, p. 23], and by (2.7), 4 = A[t].

(2.10) Remark. Let k* be a separable algebraic field extension of a field &
and let X be an indeterminate over k*. If 4 is an integrally closed domain
between A[X] and 2*[.X], then A has the form £'[X] for some field £’ between
% and £*. This can be seen, for example, by passing to the normal closure of
k*/k and then using Galois theory to prove that the fields between %, and k*
are in one-to-one correspondence with the fields between 2(.X) and A*(.X).

(2.11) Let £* be a separable algebraic field extension of a field & and let
X, ,..., X, be indeterminates over k*. If 4 is a one-dimensional normal ring
such that £ C 4 C 2*[X, ,..., X, ], then 4 has the form £[¢] where & is the

algebraic closure of & in A.

Proof. We may assume that k is algebraically closed in A, so that & = &'.
By the “cutting down lemma” (2.5), we have 2 C 4 C £*[X]. Since k* is
algebraic over & and A is one-dimensional, we see that X is integral over A.
Let 4* denote the finite integral extension of A generated by X, let L and L*
denote the quotient fields of 4 and A%, and let &, be the algebraic closure of &
in L*. Since A is integrally closed and % is assumed to be algebraically closed
in A, we see that % is algebraically closed in L. Thus &,/k and L/k are linearly
disjoint, so k, must be a finite algebraic extension of k. If 4’ denotes the
integral closure of A in L*, then £,[X] C 4’ C £*[X]so by (2.10), A’ = k[ X].
We now have £ C 4 C &[X] with %, a finite separable algebraic extension
of k. By (2.9), A4 has the form kft].
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(2.12) If one simply deletes the separability assumption, (2.11) is no
longer true. The proof would break down at the point where separability
is invoked to argue that L/k is of genus zero. In [15] Lang and Tate provide

examples to show that genus can decrease under an algebraic extension.
Tr\ F’](‘f frnm l'l < n A?A-l we havn f}\p Fn"nnnr\n Avqmn'n

2101 1ali, 11010 y P AOWINE CRGQILpLC.

Let k be a ﬁeld of characterlstlc p # 0 such that there are elements « and 8
in an extension of k with o, 8% € k and [k((x /8) 'k] = pz Let X be tran-
crendanmesl oo Li . O\ A s VY o~ O\F V1 L
SCEndacnvar OVeEr R~ &, P} dlia  3SCL I\ — K\(X '1—‘ PA A) 1 K\a P)LAJ 1 1CI1
R < k(a, B)[X]. Since R is the intersection of a polynomial ring and
a ﬁeld, R is normal. It is not hard to show that the largest field contained in R
is k, yet no residue class ring of R is equal to k. Thus R cannot be a polynomial
ring.

k‘

Let P be a prime ideal in R. If each prime ideal P* in R* lying over P (i.e. such
that P* N R = P) is the radical of a principal ideal in R*, then the P* are

finite in number and P is the radical of a principal ideal in R.

Proof. Let {P;*|ican index set I} denote the set of primes of R* lying
over P in R, and let g, € R* be such that P;* = 4/a;R*. Let K, = K(a,)
and let R; denote the integral closure of R in K, . Note that P;* is the only
prime of R* lying over P,* N R;. Now in R, there are only a finite number
of prime ideals lying over P in R. Hence we can choose b; € R; such that
b;¢ P;, but b; is in every other prime of R; lying over P. It follows that
b,e P;* for any jel, j + i. The ideal in R* generated by the b;, i€ is not
contained in {J{P;*|7el}. Hence there exists b, ,...,b,€{b;|icl} and
r;€ R¥ such thaty = b, + - 47,0, ¢ J{P;* i€ Tl It then follows that
P *,..., P, * are all the primes of R* lying over P in R. LetL = K(a, ,..., a,),

and let R’ denote the integral closure of R in L. For 2 €L, let N(z) denote
the norm of 2 with respect to the field extension I/ K. Note that if a

the norm of 2 with respect to the field extension LK. Note thatifa = a; -+ a,,
then vaR = ﬂi:I PN R, and PC +/aR. It follows that if « = N(a),
then P = 4/aR. For if b € P, then b™ ¢ aR say b™ = az with z € R’. Hence
N(™) = N(az). If [L : K] = s, then N(b™) = b™* = N(a) N(z) € aR. This
completes the proof of (2.13).

Recall that an integral domain R is said to be prefactorial if every height one
prime ideal of R is the radical of a principal ideal [1, p. 1140]. We note the
following consequence of (2.13).

(2.14) CoroLLARY. Suppose that R is an integrally closed domain with
quotient field K and that L is an algebraic field extension. If the integral closure
of R inL is a prefactorial domain, then R is prefactorial.
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3. IntecraL Domains oF TRANSCENDENCE DEGREE ONE OVER A SUBFIELD

In this section we prove our main result on the invariance of one-dimen-
sional affine domains. We consider, in fact, a slightly more general class of
rings, namely integral domains which contain a field over which they are of
transcendence degree one. Note that such a domain A4 has dimension . I,
for any valuation ring between . and the quotient field of .4 has rank - 1.

(3.1) LemmMa. Let A be an integrally closed domain of transcendence degree
one over a subfield k. If A[X,,.,X,]:-+ R =B[Y,,.,Y,] and A / B,
then A is a prefactorial Dedekind domain.

Proof. Note that £ C B and that B also has transcendence degree one
over k. Since A £ B, it is clear that 4 and B are not fields; so both 4 and B
are one-dimensional domains. By (1.12) there is a maximal ideal M of B such
that MB[Y,,.., Y,]JNn A - (0). Let #* denote the field B/M and let
é:B[Y;,.,Y,]—>k*Z ., Z,] denote the residue class mapping of R
mod MR where Z; denotes the residue class of Y; . Note that £* is algebraic
over k, the Z; are algebraically independent over 2%, and that (within iso-
morphism) we have 2 C 4 C k¥[Z, ,..., Z,]. By the “cutting down lemma”
(2.5), we conclude that £ C A C k*¥[Z]. Since k* is algebraic over k, we sce
that 2*[£] is integral over 1. Let L denote the quotient field of A. Since A is
integrally closed, we have 4 == L N k*[Z]. Thus A is a one-dimensional
Krull ring and hence a Dedekind domain. That 4 is prefactorial follows
from (2.14).

(3.2) TueoreM. Let A be an integral domain of transcendence degree one
over a subfield k. Suppose that A[X,,..., X,] == R = B[Y,,...,Y,]. If A is
not integrally closed, then A = B. Consequently, a nonnormal domain of tran-
scendence one over a field is strongly invariant.}

Proof. Let 4%, B* and R* denote the integral closures of 4, B, and R
in their respective quotient fields. By (1.5), we have 4*[X, ,..., X,] = R* =
B*Y,,., Y,]. If A* = B*, then the elements of B are integral over 4 and
it follows that 4 == B.If 4% - B>, then by (3.1), A* and B* are prefactorial
Dedekind domains. By (1.15), there is a nonzero prime ideal P of 4 such that
P is vertical relative to B. Let P* be a prime of A* such that P* " 4 = P
and let o € A* be such that 4/{a) == P*. Then (1.7) implies that « € B. But
« is a nonzero nonunit of A*, and hence must be transcendental over k.
Thus A* and B* are algebraic over k[«] C 4% N B*, so by (1.9), we must
have 4* = B*. It follows that 4 = B.

1 See Remark (1.17).
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(3.3) THEOREM. Let A be an integral domain of transcendence degree one
over a subfield k. Suppose that A[X,,..., X,] = R = B[Y,,..., Y,], and let
k' denote the algebraic closure of k in A. If A + B, then A and B are both
polynomial rings over the field k'. Consequently, A is invariant, and if A is not
a polynomial ring, then A is strongly invariant.?

Proof. We may assume that £ is algebraically closed in 4 so that £ = &',
If 4 £ B, then (3.2) implies that 4 is integrally closed. Hence by (3.1),
A and B are prefactorial Dedekind domains. If a nonzero prime ideal P of 4
is such that PR N B +# (0) and if « € 4 is such that v/(a) = P, then (1.7)
implies that « € B. As in the proof of (3.2), this implies that 4 and B are
algebraic over A[a] C A N B, and hence that 4 = B. Thus for each nonzero
prime ideal P of 4, we must have PR N B == (0). Let £* denote the field 4/P.
Then k* is algebraic over % and the residue mapping of R to R/PR yields
(within isomorphism) 2 C B C k*[Z, ,..., Z,], where the Z; are algebraically
independent over &*. The “cutting down lemma” (2.5), yields & C B C k*[Z].
If £* is separable over %, then (2.11) implies that B is a polynomial ring over &
and we are done. Hence all that remains is to prove that there is a nonzero
prime ideal P of 4 such that 4/P is separable over k. Let 7* denote the
valuation ring on the quotient field of R obtained by giving value 0 to all
elements of B and giving to a polynomial in B[Y ,..., ¥, ] of (total) degree m
the value —m. Let L denote the quotient field of 4 and let V' = I'* L.
If A + B, then A ¢ B by (1.1), so some element of 4 is a polynomial of
positive degree in B[Y, ,..., Y,]. Thus V is a rank one valuation ring on L
and must be the unique valuation ring of L over % that does not contain 4.
Now the residue field of I is algebraic over & and contained in the residue
field of V*. The residue field of V* is a pure transcendental extension of the
quotient field of B. By assumption, % is algebraically closed in 4 and this
clearly implies that % is algebraically closed in B. Since B is integrally closed,
we see that % is algebraically closed in the quotient field of B and hence in the
residue field of 7*. Thus % is the residue field of V. Let « be a generator for
the maximal ideal of ¥ (i.e., o is a local uniformizing parameter for V).
Consider the value of « in the other valuation rings of L over k. Now from
k C A C k*[Z], we see that every other valuation ring of L over % contains 4.
Let V3 ,..., V,, denote the (necessarily finite number of) valuation rings of L
over k distinct from V" such that « is a nonunit of V;. We have 4 C V, and
if P; denotes the center of V; on A, then A/P; = k; is the residue field of
V; . To complete the proof of (3.3) we show that some %; is separable algebraic
over k. Assume that & has characteristic p > 0. If %; is not separable over &,

2 A generalization of (3.3) to noetherian rings of transcendence degree one over
a field is proved in [7].

481/23/2-8
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then k; contains a subfield %, such that &, is finite algebraic over & and
[£; : k] is divisible by p. Let I be an extension field of %2 generated by «
and by a finite number of elements of I which residually modulo P, generate
the field £, for each i = I,..., m. Let v;'(¢) denote the value of « in the rank
one valuation ring 17, = I, m E. Since V' has residue field k, we see that
V' N E has residue field k and that 3, o/ ()[k; : k] + L = 0 [4, p. 18].
This contradicts the fact that each [k, : ] is divisible by p. Hence some £,
must be separable over £ and the proof of (3.3) is complete.

(3.4) CoroLLARY. [If A is a one-dimensional affine domain over a field then
A is invariant; and A is strongly invariant if A is not a polyvnomial ring.

(3.5) Remark. As a corollary to the fact that £[X7] is an invariant ring we
have a classification of certain derivations of &[X, Y] in case k is a field of
characteristic zero. Consider the derivation of kA(X, Y) given by D,(f) —
OF|0Y. This k-derivation obviously satisfies the following axioms:

(i) D:k[X, Y]->k[X, Y],
(if) There exists fe k[ X, V] such that D(f) = [,
(i) If R ={rek[X,Y]|D(r)==0} then there exists gek[X, Y]
such that R[g] == k[ X, Y].

Let us say that two k-derivations D; and D, are equivalent if there exists
a k-automorphism w of £[X, Y] such that ww='Dyww = D, . It is clear that any
derivation equivalent to D, must satisfy (i)—(iii) above. We now show that in
characteristic zero, derivations satisfying the above axioms are equivalent.

(3.6) If k& is a field of characteristic zero then a necessary and sufficient
condition that a derivation D of £[X, Y] be equivalent to D, is that it satisfy
(1)-(iii) above.

Proof. 'The necessity is obvious without regard to characteristic. For the
sufficiency suppose D is a k-derivation of A[.X, Y] satisfying (i)—(iii) above.
By (ii) there is an f € £[ X, Y] such that D(f) = 1. By (iii) f has a representa-
tion of the form f =3  r,g¢ where D(r) =0. Thus 1 = D(f) =
(X7 irgt 1) D(g). Hence D(g) is a unit in R[X, Y]. We can therefore
assume D(g) == 1. Now we show that g is transcendental over R. If not
there is an expression 0 — 3 7,6 where m is minimal and 7,, = 0. Applying
D we get 3, ir;g"! - 0 which, in view of our characteristic zero assump-
tion contradicts the minimality of m. Thus g is transcendental over R and
Rig]l = A[X, Y]. Since E[X] is invariant, we have R = k[h] for some
hek[X, Y]. This allows us to define a k-homomorphism = of £2[X, Y] by
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h—> Xandg — V. Thenif p(X, V) = Y, 7,(k) g' is any element of [X,Y]
(the 7, are polynomials with coefficients in &) we have

n

w(D(p)) = w (Y, irh) g

=1

=Y irfX) Y
i=1

n

= 0y (3 i) )

= Dy(w(p))-

Thus wD = Dyw or wDyw = D. Hence D is equivalent to Dy .

4. INTEGRAL DomMAINS OF TRANSCENDENCE DEGREE ONE OVER A SUBRING

If A C D are integral domains, then by the transcendence degree of D
over A we of course mean the transcendence degree of the quotient field of D
over the quotient field of A. Recall that when we say a ring has a property
locally, we mean that R, has the property for every prime p of R.

(4.1) TuEOREM. Let A be a unique factorization domain (UFD) and let
Xyseos X, be indeterminates over A. If D is a UFD such that A CD CA[Xj,...,X,]
and such that D has transcendence degree one over A, then D is a polynomial
ring over A.

Proof. Let S denote the multiplicative system of nonzero elements of 4.
We have 4;C Dg C 4 X, ,..., X,]. Since Dg is a UFD, Dy is integrally
closed, so by (2.6), Dy is a polynomial ring over A . Hence we can choose
e D so that Dg = Ag[f]. We may assume that & as a polynomial in
A[X, ,..., X,,] has zero constant term. Moreover, we can choose # to be an
irreducible element of D; for if 6 = d,d, with d, , d, € D, then from D C A[6]
we see that not both d; and d, can be polynomials of positive degree in
A[X, ,..., X,)]. Assuming now that 8 is an irreducible element of D and that §
as a polynomial in A[X,,..., X,] has zero constant term, we show that
D = A[0). If d e D, then from D C A [0] we have d = oy + o0 + *** + a,,0™
with o; € A;. Moreover, o, is the constant term of d as a polynomial in
A[X; ..., X,)], so oy € 4. Hence d € A[0] if and only if d — oy € A[f]. Now 8
divides d — o, in Dy = Ag[f] and 6 is a prime element of D which extends
to a prime element in Dg . Hence 6 divides d — o in D and o | of + -+ +
,,0™1 € D. Repeating the above argument yields o, € D and then a, + o +
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© 4 o802 e D. We conclude by induction that all the «, € 4 and hence
that D = A[0].

The following example illustrates the necessity of the unique factorization
hypothesis of (4.1).

(4.2) ExampLe. Let A be any Dedekind domain which is not a principal
ideal domain and let {7 = (a, ) be a prime ideal of 4 which is not principal.
We choose an element 7 of the quotient field of A4 such that 4 : (7 == (41 -
(L, t). Consider the polynomial ring A[X, Y] and let € = aX + bY. Let
R = A[#, t0]. Note that R is a subring of A[X, Y]. We show that R is an
inert, integrally closed domain of transcendence degree one over .4, and that R
is not a polynomial ring over .

(i) R s an inert subring of A[X, Y]. If P is a prime ideal of { and
S == A\ P, then let Rp denote the localization Ry = Ap[6, t8]. Since either ¢ or
(1/t)y 1s in A, , Rp is a polynomial ring in one variable over A, . Moreover,
for each prime ideal P of A there is an f,, in A[X, Y] such that R,[f,] -
Ap[X, Y]. This follows because if P = (a, b), then either a or b is a unit in A,
and therefore either X or Y serves for f, . In case P = (a, b), then either ta or
th is a unit in Ap and again either .X or Y will serve for f, . Thus R is an
inert subring of 4p[.X, Y]. Now suppose r € Rand v -= ¢d where¢, d € A[X, Y].
Thus each of ¢ and d is in R, for every prime ideal P of A.Since R = (R, =
N {A4pl6, t6] | P is a prime of A}, we conclude that R is an inert subring of
A[X, Y.

(11) R isintegrally closed. Since R == (Y {Rp : P is a prime of 4} and each
Ry is a polynomial ring over A, , R is the intersection of normal rings.

(iit) R 15 not a polynomial ving over A. Suppose there exists T such that
R = A[T]. We may assume that 7" as a polynomial in A[X, Y] has no
constant term. Then 7 must be of the form A§ for some A € K, the quotient
field of 4. But A[A] = A[6, ¢0] implies cquality of the fractional A-ideals
(A) = (1, t); and this implies that (I/A) = (a, b) == €, which contradicts the
fact that (7 is not principal.

As a corollary to (4.1) we prove the invariance of the polynomial ring in
one variable over a certain class of unique factorization domains. Recall that
for an integral domain D, we are using D, to denote the subring of D
generated by the units of D, and D, to denote the algebraic closure of D, in D.

(4.3) CoroLLARY. Let D be a unique factorization domain such that
D =D, and let A4 = D[Z] be a polynomial ring in one variable over D. If
A[Xy ..., X,] = B[Yy,..., Y, |, then A is isomorphic to B. Consequently, the
polynomzial ring D[Z] is invariant.

Proof. Since D is a UFD, D[Z, X, ,.., X,] = B[Y,,..., Y,] is also a
UFD; and B is an inert subring of B[Y,..., Y], so B is also a UFD. The
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assumption that D = D, implies that D C B, and by counting transcendence
degrees, we see that B has transcendence degree one over D. Thus
DCBCD[Z, X, ,.., X,] and (4.1) implies that B is a polynomial ring in

one variable over D.

(4.4) Remark. Corollary 4.3 yields a large class of invariant rings which
are not strongly invariant. For example, if D is any semilocal UFD, then D[Z]
is an invariant ring which is not strongly invariant. This corollary also leads
us to consider the following. Let D be a ring and 4 a ring which is a D-algebra.
4 is said to be D-invariant provided A satisfies the following condition: given
a D-algebra B and indeterminates X ,..., X, , Yy ,..., Y, if A[X,,..., X, ] is
D-isomorphic to B[Y],..., Y,] then A4 is D-isomorphic to B. If for any
D-algebra B and any D-isomorphism ¢ : A[X,,..., X,] — B[Y,,..., Y,],
#(A) = B then A is said to be strongly D-invariant. With this terminology
(4.1) implies:

(4.5) If D is a unique factorization domain then the polynomial ring
D[Z] is D-invariant.

(4.6) THEOREM. Let D be an integral domain and let Z be an indeterminate
over D. If for each prime ideal P of D, Dp[Z] is Dp-invariant, then D[Z] is
D-invariant.

Proof. Let D[Z] = A andsuppose that A[X],..., X,] =R =B[Y,,..., Y,]
with D C B. For a prime ideal P of D, let S = D\P and let B, denote the
localization Bg. By hypothesis, B, is isomorphic to Dp[Z]. Hence B, =
D[ f,] for some element f,, and we may assume that f,, is in B. In particular,
if K is the quotient field of D, we have an f, € B such that K[ f;] is the
localization of B at the multiplicative system of nonzero elements of D. We
may assume that the Y, and the f, regarded as polynomials in D[Z, X] ,..., X, ]
all have constant term zero. Then for each prime ideal P of D, we have
fo = A fo with A, e K.

Let ¢ be the D-module generated by the A, . Then we claim:

(i) B = D[ttf,]
(ii) B is a polynomial ring if and only if (¥ is principal.
(i) % is an invertible fractionary ideal of D.

We obviously have D C D[/f,] C B. Moreover, for every prime P of D,
(D[foD)e = Dplf,] = Bp . Thus, as D-modules D[Clf,] and B are every-
where locally equal and hence are equal. This establishes (i). To see (ii)
suppose B is a polynomial ring. We may assume then B = D[T] where T has
no constant term. Then f; = BT for some Be K and D[T] = D[CBT].
Thus 08 = D and (¥ = DB-1. If (7 is principal then clearly B is a polynomial
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ring. This establishes (ii). To see that (7 is an invertible fractionary ideal we
first observe that if d is any nonzero coefficient of f, (as an element of
D[Z, X, ,..., X,)]) then d0Z C D. Thus Cfo , the ideal of D generated by the
coefficients of f, is contained in (7' -= D : (Z. Moreover, (ZC; = D. For
if not, there is a prime ideal P such that (7C; C P. But this would imply that
fo = Ay fo€ PBp = PDy[f,], a contradiction. Thus (ZC; = D and & is
invertible.

We now show that (7 is principal. Let J be the ideal in R generated by the
monomials of degree two in Z, X ,..., X, . Then

-1-} — D[S, , Yy oy Yol = D[Z, X, 1oy X)

Thus as D-modules this takes the form

D&M=D @ D7D DX, ~ D2,

where M = /f, D DY, ® - @ DY, and by DY we mean a free
D-module of rank j. Thus M o~ (Ify 4 D™ and since f, 5 0, M =~
0 @ D™ o~ DD A simple argument now shows that (7 is principal.
Considering M as (7 @ D™ let {¢,}1} be a free basis for M. Then

£ = (@, dy or diy)  with a el

It follows that det(¢; ,..., £,41) = @ € (Z and in fact aD = (/. For let P be any
prime of D. We claim (aD), = (ZD, . Since (¥ is invertible, (/Dp — a,Dp
for some a, € (1. Thus e, ,..., e, is a free basis for M, where ¢; = (a,, 0,..., 0)
and for 7 > 1, ¢; = (0,..., 1,..., 0) where the 1 is in the i-th place. But
det(e; ,..., €,11) = @, and a,, differs from @ by at most a unit multiple in Dj .
Consequently (aD), == (7 for every prime P and hence (7 is principal. This
concludes the proof of the theorem.

Our Theorem (4.6) provides some more information concerning examples
like (4.2). With reference to (4.2), in trying to construct an example of a non-
invariant domain, one might attempt to find a T € D[X, Y] such that R[T] ==
D[X, Y]. Theorem (4.6) shows that this is impossible, for we have the
immediate corollary:

(4.7) CoroLLARY. If D is a domain which is locally a unique factorization
domain, then D[Z] is D-invariant. In particular, if D is a Dedekind domain,
then D[Z] is D-invariant.

Proof. By (4.1), for each prime P, Dp{Z] is Dp-invariant; so (4.6) applies.
We can prove a more general version of (4.7). An integral domain R is
called an HCF-ring (for highest common factor) if the partially ordered
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group of nonzero principal fractional ideals of R is lattice ordered [5, p. 253].
Thus R is an HCF-ring if and only if for any two principal ideals (a)and (b)
of R, (a) N (b) is also principal. Unique factorization domains are HCF-rings
and other examples are valuation rings or more generally Bezout domains
(i-e., integral domains in which finitely generated ideals are principal), and
polynomial rings over valuation rings or Bezout domains.

The following proposition is similar to (4.1).

(4.8) ProrosiTION. Let A be an HCF-ring and let X, ,..., X,, be indeter-
minates over A. Suppose that D is an integral domain of transcendence degree
one over A and that ACD C A[X, ..., X,]. If D is an inert subring of
A[X, ..., X,], then D is a polynomial ring over 4.

Proof. Let K C L denote the quotient fields of 4 C D. Since D is an inert
subring of the integrally closed domain 4A[X, ,..., X,], D = A[X,..., X,;]NnL
and D is integrally closed. We have K C D[K]C K[X, ,..., X,)], so (2.6)
implies that there exists an element & such that D[K] = K[0]. We may
assume that § € D and that 6 as a polynomial in A[X],...,, X,] has zero
constant term. Since A is an HCF-ring and since D is an inert subring of
AlX, ,..., X,], we may also assume that if 4, ,..., a,, are the coeflicients of 8
as a polynomial in A[X ,..., X,], then the greatest common divisor of
a .., a, in A is 1. We now make use of the fact that any lattice-ordered
group can be lattice embedded in a direct product of totally ordered groups
and that for the HCF-ring A this implies the existence of a set {V,} of
valuation rings such that 4 = (), V, and such that the associated valuation
maps are lattice homomorphisms [22, p. 37]. It follows that (ay,..., &,,)V, = V,
for each «. We extend the valuation ring V, to a valuation ring V' of
K(X; ,..., X,,) by defining the value of a polynomial in K[X,,..., X,] to be
the infimum of the values of its coefficients. The X are units in 7’ and the
residues of the X; modulo the maximal ideal of V,’ are algebraically inde-
pendent over the residue field of V,’. Since # has zero constant term and
since (a; ,..., @) V, = V,, we see that the residue of § modulo the maximal
ideal of V' is transcendental over the residue field of ¥, . It follows that the
V,/-value of any polynomial in K[] is the infimum of the values of its
coefficients. Hence if by+b,0+----+b,0¢ is an element of K[0] N A[ X, ,..., X,],
then all the b, € V. Since 4 =, V,, we have

A[6] = K[0] N A[X, ..., X,] = D,

which completes the proof of (4.8).
We have the following corollary to (4.6) and (4.8).

(4.9) CoroLLARY. If D is an integral domain which is locally an HCF-ring,
then the polynomial ring D[Z] is D-invariant. Thus if D = D, (i.e., D is
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algebraic over the subring of D generated by the units of D) and if D is locally
at each maximal ideal an HCF-ring, then the polynomial ving D[Z] is invariant.

The proof is similar to that of (4.3). Examples of integral domains which
are locally HCF-rings are Priifer domains and polynomial rings over Priifer
domains.

5. ONE-DIMENSIONAL DOMAINS WHICH ARE NOT STRONGLY INVARIANT

In this section we give some conditions on a one-dimensional integral
domain 4 in order that 4 not be strongly invariant. These conditions show
that such domains must be closely related to polynomial rings. However,
we must admit that there is a gap here, for we have not determined whether
a one-dimensional domain which is not strongly invariant must be a poly-
nomial ring.

(5.1) ProposiTION. Let A be a one-dimensional integrally closed domain.
If AIX,,...,X,] = B{Y,,..,Y,] and A 5= B, then there exists an element s
of A such that A[1]s] is a prefactorial Dedekind domain containing a field over
which A is of transcendence degree one. In fact there exist fields k' C k with k
algebraic over k' and an element T transcendental over k such that

K C A[ls] CA[T, 1/s],
and such that k[T, 1/s] is integral over A[1]s].

Proof. We first show that there must exist a maximal ideal A7 of B such
that MY, ,..., ¥Y,] " A = (0). This would follow from (1.12) if we knew
that B were also one-dimensional. Of course if we have some additional
hypothesis such as that 4 is noetherian, then A{Xj,..., X,] has dimension
n + 1, so B must have dimension one. However, without some such simpli-
fying hypothesis, A[X,,..., X,,] can have dimension greater than n -+ 1
[19, p. 511], so we give a somewhat indirect argument. By (1.10), 4 must have
Jacobson radical (0). Thus A and hence A[X] ,..., X,] = B[Y,,.., V,] are
Hilbert rings [13, p. 18]. Since B is a homomorphic image of B[Y] ,..., Y,],
B is also a Hilbert ring. If M is a maximal ideal of B and M[Y},..., Y, ] N 4 ==
P £ (0), then P[X,,..., X,]CM[Y,,..,¥,]), and since these two prime
ideals have the same depth, we must have P[X],..., X,] = M[Y,,.., Y,],
which means that M is vertical relative to 4. It follows from (1.13) that
M[Yy,..,Y,]n A = (0) for some maximal ideal M of B. Considering
residue class rings modulo M[Y,..., Y,] and applying the “cutting down
lemma” (2.5), we obtain A[x, ,..., x,] = k[T], where % is the field B/M and
T is an indeterminate over k. By the normalization theorem [17, p. 45], there
exists s € A such that A[1/s, x; ,..., x,] = k[1/s, T"] is a finite integral extension
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of A[1/s]. Since A is integrally closed, A[1/s] is integrally closed. Thus A[1/s]
is a Dedekind domain, and by (2.14), A[1/s] is prefactorial.

It remains to show that A[1/s] contains a field £’ such that % is an algebraic
extension of &', Let L’ denote the quotient field of A[1/s], and let L be the
normal closure of the algebraic field extension &(7") of L'. If D is the integral
closure of A[l/s} in L, then D is also the integral closure of &[T, 1/s] in L,
so D is an affine ring over k. The automorphisms of L over L’ restrict to
automorphisms of D. Let D¢ denote the fixed ring of D under the group G
of automorphisms of L over L’. By (2.4), D¢ contains a subfield %, of & such
that & is a finite algebraic extension of %, . Moreover, D¢ is the integral
closure of A[l/s] in a finite purely inseparable field extension. Hence if p
is the characteristic of k, , then for some positive integer e, k2 C A[l/s].
This completes the proof of (5.1).

(5.2) Remark. It is clear that if 4 is an integral domain for which the
integral closure is strongly invariant, then A is strongly invariant. It seems
conceivable that if 4 is a one-dimensional integrally closed domain which is
not strongly invariant, then 4 is a polynomual ring. If this is the case, then
polynomial rings are the only one-dimensional integral domains which are not
strongly invariant. For if 4 is a one-dimensional domain whose integral
closure 4* is a polynomial ring, then 4 = 4* implies A is strongly invariant.
This can be seen as follows: If A[X,,.., X,] = B[Y;,.., Y,], then
A¥X;,..., X,] = B*[U,,..., Y,], where B* is the integral closure of B.
Since 4 # A%, (1.15) and (1.5) imply that some maximal ideal of A* is
vertical relative to B*. Since A* is a polynomial ring, this implies that
A* = B*, and hence that A = B.

For a certain class of one-dimensional integrally closed domains we can
prove a sharper version of (5.1).

(5.3) DerINITION. An integral domain D is said to be a locally finite
tntersection of valuation rings if D = (), V, where {V/,} is a set of valuation
rings having the property that each nonzero element d of D is a unit in all
but a finite number of the ¥, . Thus the integral domains which are locally
finite intersections of valuation rings include, for example, all noetherian
integrally closed domains [21, p. 82].

(5.4) Let A be a one-dimensional integral domain which is a locally finite
intersection of valuation rings. Suppose that 4[X] ,..., X,]] = B[Y;,..., Y],
with 4 # B, and let k& denote the quotient field of 4 N B, then

(1)) if AN B =k, then 4 and B are both polynomial rings over &,

(i) if An B <k, then AN B is a finite intersection of rank one
valuation rings and hence is a one-dimensional Priifer domain with only a
finite number of prime ideals,
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(ii1) in case (ii), if # is any nonzero element of the Jacobson radical of
A v B, then both A[1/u] and B[1/u] are polynomial rings over k. In particular,
the quotient fields of 4 and B are simple transcendental extensions of the
quotient field of 4 N B.

Proof. By (5.1), there exists an element s of 4 such that A[l/s] contains
a field " over which A is of transcendence degree one. If 4 =, I, is a
representation of A as a locally finite intersection of valuation rings, we may
assume that all the IV, are contained in the quotient field of 4. Since A is
one-dimensional, it follows that each V, is a localization of A and is of rank
one. By the locally finite assumption, # is a nonunit in only a finite number
of the V, say V7 ,.,V, . We have A = A[lfs]nV;n-nTF,, so
ANk =1;n--nV, nk. Thus 4 Nk has quotient field 2" and has
nonzero Jacobson radical [17, p. 38]. It follows that 4 N % is contained in 4,
(where A, is the algebraic closure in 4 of the subring of 4 generated by the
units of 4). Since 4, C B, we have £ " A C AN B. Thus A4 must be of
transcendence degree one over 4 N B. If 4 N B is a field, then (3.3) implies
that 4 and B are polynomial rings over A N B. If 4 N B < &, then since
R Chk, we have kn VNNV, CANB <k Thus AN B is a finite
intersection of rank one valuation rings which establishes (i1}, and (iii) follows
by again applying (3.3).

(5.5) CoroLLARY. Let A be a Dedekind domain. If A[X;,..., X,] =
B[Y,,.,Y,] and A # B, then A is of transcendence degree one over A N B.
Moreover, if A N B is a field, then A and B are polynomial rings over A N B;
if AN Bis not a field, then it is a semilocal principal ideal domain, and if u is
any nonzero element in the Jacobson radical of 4 N B, then A[l/u] and B[1/u]
are polynomial rings over the quotient field of A N B.

(5.6) Remark. With reference to (5.5) and its notation, we know of no
example where A M B is not a field. We show in section 6 that if 4 contains
a field of characteristic zero, then 4 N B must be a field.

We close this section with a look at the structure of Dedekind domains of
the type mentioned in (5.5). An integral domain A is called a Krull domain
if A is a locally finite intersection of rank one discrete valuation rings. If 4 is
a Krull domain and {P,} is the set of height one primes of 4, then 4 =), AP ,
and each AP is a rank one discrete valuation ring. The A are called the
essential valuation rings of A. If 4 =z W, is a representation of 4 as a
locally finite intersection of rank one valuation rings of the quotient field of 4
then each 4, must be in the set {IV,}.

Let % be a field and let k(T) be a simple transcendental field extension.
We wish to examine Krull domains and especially Dedekind domains (which
are precisely the one-dimensional Krull domains) A4 such that for some element
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ue A, A[1/u] = k[T]. We note that for many fields & such domains 4 7 k[T]
exist. For if V,,..., V,, are rank one discrete valuation rings with quotient
field kand V,*,..., V,,* are extensions of the V; to rank one discrete valuations
of k(T), then A = (-, V;* N k[T] is a Krull domain; and for any nonzero u
in the Jacobson radical of the semilocal domain (Y, V; = J, #*T will be in
every V,* for some positive integer . Hence J[u!T] C A, so 4 has quotient
field k(T) and A[1/u] == k[T]. The following proposition shows that such
Krull domains are sometimes Dedekind and gives a precise condition in order
that this be the case.

(5.7) ProposiTiON. Let A be a Krull domain such that for some element
uc A, A[1}u] = K[T), where k is a field and T is transcendental over k. Then A
15 noetherian and of dimension one or two. A necessary and sufficient condition
that A be one-dimensional (i.c., that A be a Dedekind domain) is the following:

(*) If V*is any essential valuation ring of A in which u is a nonunit and
V = V* N k, then the residue field of V* is algebraic over the residue
Sfield of V.

Proof. Let V,*,..., V,, * denote the essential valuation rings of 4 in which
u is a nonunit and let [ = kN V;*N -~ NV, * Then ] is a semilocal
principal ideal domain ([17, p. 38] and [21, p. 278]) and by multiplying T by
a suitable high power of an element in the Jacobson radical of J, we get an
element in A. Thus we may assume that T € A4. It follows that 4 is a Krull
domain between the two-dimensional noetherian domain J[7] and its quotient
field, and hence that A is noetherian [10] and of dimension at most two
[9, pp. 348-9].

Let V,;* Nk = V, and let F;* and F; denote the residue fields of V/;* and
V,. Let P;* denote the center of V;* on A4, and let P; denote the center of
V,on J. We have F; = J|P, C A|P* CF;*, and if F;* is algebraic over F, ,
then 4/P;* = F;* and P;* is a height one prime of 4 which is also 2 maximal
ideal. Hence if (*) holds, then # is contained only in maximal ideals of 4,
and A[1/u] = £[T]implies that 4 is one-dimensional.

Now suppose that some F;* is not algebraic over F; . Since V;* is a localiza-
tion of A, we can choose a € 4 such that the residue of « in A/P;* is tran-
scendental over F; . Moreover, we can choose o so that k(T is a separable
algebraic extension of k(«). For if T will serve for o, then the assertion is
obvious; and if the residue of T in 4/P;* is algebraic over F;, then &(T) is
separable algebraic over either &(a) or k(« + T'). Let B denote the integral
closure of J[«] in A(T). Then B C 4, and B is a finite [[«]-module, so B is a
finitely generated [-algebra. Moreover, V,* is centered on a nonmaximal ideal
of B, which implies that V'*; is a localization and hence an essential valuation
ring for B. If y is an element in the Jacobson radical of J, then B[l/y] =
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R[T]. Hence there exist at most a finite number W ,..., W, of essential
valuation rings for B which are not essential valuation rings for A4 and we
have B =AN W, N - N W,. We can choose s € B such that s is not in
the center of /7;* on B, but such that s is a nonunit in each W . It follows that
A C B[1/s] C F;*. Since B[1/s] 1s a finitely generated J-algebra, we see that
I7;* can not be centered on a maximal ideal of B[1/s], for this would imply
that F;* is a finitely generated ring extension of F; contradicting the assump-
tion that F;* is transcendental over F; . But if .1 were one-dimensional, then
A[l/s] = B[l/s] would be one-dimensional. Hence if condition (*) is not
satisfied, then 4 must be two-dimensional.

6. INVARIANCE OF DEDERKIND DoOMAINS WHICH CONTAIN A FIELD
OF CHARACTERISTIC ZERO

This section is devoted to proving that a one-dimensional noetherian
domain A containing a field of characteristic zero is either strongly invariant
or a polynomial ring. As observed in (5.2), 1t will suflice to prove this when A
is integrally closed and hence a Dedekind domain.

(6.1) Remark. Let A be a Dedekind domain and suppose that
A[X,,..,X,] =R = B[Y,,.., Y,]

and 4 # B. By (5.5), if A " B = Cis a field, then 4 and B are polynomial
rings over A N B; and if 4N B = C is not a field, then C is a semilocal
principal ideal domain. Assume that C' is not a field and let 7= € C generate a
maximal ideal of C. If 74 is a prime ideal in A4, then the field extension
C/aC C AjmwA can not be separable.

Proof. 1f wA is prime, then #R and #B are also prime ideals and taking
residues in R/7R, we have A/mA[X| ,.., X,] = R/a#R = B/=B[Y,...,, Y,l.
Hence 4/mA = BjnB. By (5.7), A/mA is an algebraic field extension of C/=C.
Suppose that A/mA4 and hence B/nB were separable algebraic over C/#C.
We can write any a€ 4 in the form a = b 4 m, where be B and
me B[Y],..., Y,] is a polynomial with zero constant term. Letting “~"
denote residue class in R/wR, we have @ = b + m, and since AjxAd = B/wB,
we must have @ = b and im = 0. Now 4 =~ B implies that there exists a € 4
such that @ = & - m and m 5= 0. Choose @ = b + m such that in the #-adic
valuation of R, m has the smallest value possible (i.e., among all elements of
the form a = b + m choose an @ such that m is divisible by the smallest
power of 7). With the assumption that B/=B is separable over C/aC, we
show that this leads to contradiction. Let g(Z) be the minimal polynomial
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for b over ClnC and lift §(Z) to a polynomial g(Z) in C[Z] of the same degree.
From Taylor’s formula we have

8(Z) = &) + &'(ONZ — b) + WZ)(Z — b)%,

where g'(Z) is the derivative of g(Z) and #(Z} is a polynomial in B[Z]. Hence
g(a) = g(b) + g'(bym + h(a)m?. Since g(Z) is a separable polynomial, the
residue of g’(b) is not zero. This implies that the w-adic value of g'(bym + h(a)m?
is equal to the m-adic value of m. But the residue of g(b) in R/mR is zero,
which means that 7 divides g(@). Hence

g@)fm = gB)m + (g )m + Waym®)jm = b + o,

with &’ € B and m’ a polynomial in B[Y} ,..., Y, ] with zero constant term and
with 7-adic value strictly less than the w-adic value of m. This contradiction
of the choice of @ = b 4 m completes the proof of (6.1).

(6.2) CoroLLaRY. If A is a principal ideal domain (P1D) containing a field
of characteristic zero, then A is invariant, and if A is not a polynomial ring,
then A is strongly invariant.

Proof. Suppose 4[X] ,..., X,;,] = B[Y;,..,Y,]Jand 4 #B. If AnBis
a field, then (5.5) implies that 4 is a polynomial ring over 4 N B. Suppose
that A N B = Cis not a field. Let #C be a maximal ideal of C. The fact that C
is an inert subring of 4 and that 4 is a PID imply that =4 must be a prime
ideal. By (5.7) A/=A is algebraic over C/=C and since A contains a field of
characteristic zero A/wA is separable algebraic over C/mC. But (6.1) implies
that this cannot happen. Hence 4 £ B implies that A N B is a field.

In order to apply (6.1) to a wider class of rings, we note the following
obvious facts.

(6.3) Let A4 be an integral domain and suppose that A[X|,..., X,] =
B[Y,,...,Y,]. Let 4 be a set of elements, each of which is algebraic over
AN B. Then A[4][X, ,..., X,] = B[4][Y,,..., Y, ] and A[4] = B[4] if and
only if 4 = B.

(6.4) Let A be an integral domain and suppose that A[X, ,..., X,)] = R =
B[Y,,.., Y,]. If an integral domain R* is algebraic over R and if there exist

domains 4* and B* algebraic over A and B, respectively, such that
AXX, e, X,] = R* = B¥[Y,,..., Y,], then 4 = Bif and only if 4* = B*,

(6.5) THEOREM. If A is a Dedekind domain containing a field of charac-
teristic zero, then A is invariant, and if A is not a polynomial ring, then A is
strongly invariant.

Proof. Suppose that A[X, ,..., X,] =R = B[Y,,...,, Y, ] and that 4 # B.
By (5.5), A n B = C is a semilocal PID and we may assume that C is not a
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field. Let wC be a maximal ideal of C and let p be a height one prime of R
which contains 7. Suppose that = generates the m-th power of the maximal
ideal of the valuation ring R, , say = == uy™ where yR,, = pR, and p is a unit
m R, . If we adjoin to C a root & of the polynomial Z* — =, then adjoining ¢
to the quotient field of R, 1s equivalent to adjoining a root of Z™ — u =
Since the discriminant of this polynomial is a unit, the extension R_[f] of R,
is unramified and # generates the maximal ideal of each localization of the
integral closure of R [8]. [21, p. 303]. Thus in view of {6.3), we may assume
in our original notation that 7 generates the maximal ideal of R, . Let
P = P1, Ps,---, ps be all the height one primes of R which contain =. Since
me A N B, each p, 1s vertical relative to both 4 and B. Thus each R, is an
essential valuation ring for R which is the extension of essential Valuatlon
rings from both 4 and B. Let R* denote the Krull domain obtained by
intersecting all the essential valuation rings for R except Ry, 5y Ry o In
Nagata’s termmology, R* is the ideal transform of R with respect to the ideal
I =p,n N p[16, p. 41]. The importance of R* in our considerations is
that since A{X, ..., X,] = R = B[Y,,..., Y,], and since R, ,. - R, are
extensions of essential valuation rings from both A and B, we have R* --
A*Xy ..., X, ] = B¥Yq,..., Y, ] where 4% and B* are the Krull domains
obtained by intersecting all the essential valuation rings for 4 and B, respec-
tively, except those which extend to R, ,..., R, . By (6.4), it will suffice to
contradict the assumption that 4% # B¥. In R* pR N R* is the only height
one prime containing 7= and 7 generates the maximal ideal of R, . Thus #R*
is prime in R*, so m4* = #R* N A% is also prime. Since we arc¢ assuming
that A, and hence C -~ 4 N B, contains a field of characteristic zero, (6.1)
implies that A% == B*. This completes the proof of (6.5).

(6.6) CoroLLARY. If A is a one-dimensional integral domain containing a
field of characteristic zero and if the integral closure of A is a Dedekind domain,
then A is invariant, and A is strongly invariant if A is not a polynomial ring.
In particular, one-dimensional noetherian domains containing a field of charac-
teristic zevo are invariant.

Proof. If the integral closure A’ of 4 1s not a polynomial ring, then in view
of (6.5) and (6.4) the assertion is clear. If 4 = A’, and 4’ is a polynomial ring,
then it is observed in (5.2) that 4 is strongly invariant.

7. QUESTIONS

We conclude with a few observations and questions related to the material
considered in this article. There is an unanswered question of Zariski
concerning simple transcendental field extensions that seems somewhat
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similar to the problem we have considered. Nagata [18, p. 89] states the
Zariski problem as follows.

Let K and K’ be finitely generated fields over a field 4. Assume that simple
transcendental extensions of K and K’ are k-isomorphic to each other.
Does it follow that K and K’ are k-isomorphic to each other?

The following question might be more easily settled, at least for n = 1.

(7.1) Question. 1f A and B are integral domains and A[X,..., X,] =
B[Y,,..., Y}, does it follow that the quotient fields of 4 and B are isomorphic ?
Nagata pointed out to us the following fact about the one variable case.

(7.2) If A 1is an integral domain and A[X] = R = B[Y], then there exist
isomorphisms of 4 into B and B into 4.

Proof. If BC A, then B = A and the assertion follows. If B 5= A4, then
we may assume that Y ¢ 4, for if Y € 4, we may replace Y by Y — b where
be B\A. Let d be any element of 4 N B and consider the canonical homo-
morphism ¢ : B[Y] — B[Y](Y — d) =~ B. The restriction of ¢ to 4 must be
an isomorphism. For if a € 4 is in the kernel of ¢, then ¥ — d divides a in
A[X] = R. But Y ¢ 4 and de 4 imply that ¥ — d is a nonconstant poly-
nomial in A[X]. Hence a = 0. Since the situation is symmetric, the proof is
complete.

Note that the proof of (7.2) shows that 4 and B are in fact simple ring
extensions of isomorphic copies of each other.

(7.3) Question. 1If A[X,,..., X,;] = B[Y;,..., Y,], do there exist isomor-
phisms of 4 into B and B into A? In particular, does there exist an isomor-
phism ¢ : 4 — B such that B is a finitely generated ring extension of $¢(4)?

The Zariski problem is known to have an affirmative answer in certain
special cases, and this of course yields some information about (7.1). For
example, the answer to the Zariski question being yes for & algebraically closed
of characteristic zero and K and K’ of transcendence degree two over k&
[18, p. 90], implies the following. If A4 is a two-dimensional affine domain over
an algebraically closed field of characteristic zero and if A[X] = B[Y], then
the quotient fields of 4 and B are isomorphic.

Nagata in [18] makes use of a lemma of Abhyankar concerning quadratic
transformations along a valuation ring [2, p. 336], to study the Zariski
problem, and the following proposition illustrates the use of this same lemma
in connection with (7.1).

(7.4) PropoSITION. Let A be an integral domain and suppose that A is of
finite transcendence degree over the subring A, of A generated by the units of A.
Suppose that A[X] = B[Y], and let K and L denote the quotient fields of A
and B, respectively. If A + B, then K and L are both ruled over the quotient
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Jfield k of A,-—ie., K and L are both simple transcendental extensions of fields
containing k.

Proof. We have 4, C A M B, so k is a subfield of K N /L. Since A +# B,
some element of B is a polynomial of positive degree in A[{.X]. Hence if I
denotes the ]/X-adic valuation ring of K(X), then 'L = I"* is properly
contained in L. Since the residue field of I” is canonically isomorphic to K,
by counting transcendence degrees over &, we see that the residue field of 1 is
transcendental over the residue field of I'*. It follows from the above men-
tioned lemma concerning quadratic transformations of a regular local ring
along a prime divisor [2, p. 336}, that K, the residue field of I, is a simple
transcendental extension of a finite algebraic extension of the residue field
of I*, Since the situation is symmetric, the proof is complete.

(7.5) CoroLLARY. Let A be an integral domain with quotient field K, and
suppose that A is of transcendence degree two over the subring A, of A generated
by the units of A. Let k be the quotient field of A, and assume that K is a pure

then the quotient fields of A and B are isomorphic.

Proof. Let L denote the quotient field of B. We have 4, C B, so k&% C L.
Let Z, and Z, be such that k*(Z, , Z,) = K. Thus #*(Z,, Z,, X) = L(Y).
By (7.4), there exists a field F' and a transcendental element 7" over F such
that 2 C F and F(T) = L. Since k* 1s algebraic over %, we have

k* CF C kX7, , Z,, X).

Hence by Igusa’s generalization of the classical Luroth theorem ([11, or 18,
p. 87]), F must be a simple transcendental extension of £*. Since L = F(T),
it follows that L is a pure transcendental extension of £*, and hence that L is
1somorphic to K.

(7.6) CoroLLARY. Let A be a two-dimensional affine domain over an
algebraically closed field k. If A[X] == B[Y], then the quotient fields of A and B

are isomorphic.

Proof. Let K and L denote the quotient fields of 4 and B. By (7.4), K and
L are both ruled over k. Suppose K = F\(T,) and L = Fy(T,), with K CF; .
Then F; and F, are function fields in one variable over &. If either F, or F,
is of genus zero, then it is a simple transcendental extension of & and (7.5)
implies that K and L are isomorphic. If | is of positive genus, then since F;
is separably generated over &, every finite algebraic extension of F) is also of
positive genus and hence not ruled over 4. Thus in Nagata’s terminology,
F, is antirational over k, and Fy(T;, X) == Fy(T,, Y) implies that F| = F,
[18, p. 88]. Hence K == Fy(T),) 1s isomorphic to L = F,(T,).



UNIQUENESS OF THE COEFFICIENT RING 341

(7.7) Remark. The ideas of (7.4) provide a different proof of the “one
variable’” case of (3.3). We state the result and sketch an argument.

Let A be an integral domain of transcendence degree one over a field & and
suppose A[X] = B[Y]then either 4 = B or each of 4 and B is a polynomial
ring over 4 N B.

Proof. One simplifies (3.1) and (3.2) by the “‘one variable assumption”
and reduces to the case where 4 and B are prefactorial Dedekind domains,
and k is algebraically closed in K. Then as in the proof of (7.4) let K and L
be the respective quotient fields of 4 and B, and let V' denote the 1/X-adic
valuation ring on K(X). Let V* = V' N L. Since A # B, V* is properly
contained in L. As in the proof of (7.4) K, the residue field of V is a simple
transcendental extension of a finite algebraic extension of &’ the residue field
of V*¥(k C K CE" CE'(t) = K). Since % is algebraically closed in K, 2 = &”,
thus the residue field of V'* is k and K = k(z). It then follows that A satisfies
the following

(1) R C A4 C k(t) = quotient field of 4,
(2) A is a prefactorial Dedekind domain,

(3) There is a k-valuation of &(t), V'*, such that A ¢ V* and the residue
field of V* is .

(4) % = units of 4.

But (1)-(4) imply 4 = k[f] for some 8 € k(). For 4 is the intersection of a
family of rank one discrete valuation rings since 4 is Dedekind. These are all
k-valuations of k(t). From (1) and (4) together with the fact that A4 is
prefactorial, it follows that 4 is contained in every k-valuation of k(t) except
one. By (3) the unique k-valuation of k() not containing 4 has residue field &.
Thus it is either the 1/t-adic valuation, or it is the f-adic valuation where f is
an irreducible element of k[f] of the form ¢ — A for A€ k. In the first case
A = E[t], in the latter 4 = R[1/f].

In considering invariance and strong invariance when A[X ,..,, X,] =
B[Y,,.., Y,], it would perhaps have been more precise to use the terms
n-invariant and n-strongly invariant.

(7.8) Question. Is it possible for an integral domain to be n-invariant
(or m-strongly invariant), but not be m-invariant (m-strongly invariant) for
different positive integers m and n?

(7.9) Question. 1If A is a strongly invariant integral domain and
A[X, ..., X,] = B[Y,,..., Yy,

must it follow that 4 C B?

481/23/2-9
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We have seen that one-dimensional affine domains over a field are invariant.

Perhaps the most natural question 1s the following:

15

6.

13.
14.
I5.

16.

17.
18.

20.
21.

(7.10) Question. If A is a two-dimensional affine domain over a field &,
A invariant ? In particular, is the polynomial ring £[X, Y] invariant ?
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