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Abstract

This paper addresses the wide gap in space complexity of atomic, multi-writer, multi-reader register im-
plementations. While the space complexity of all previous implementations is linear, the lower bounds are
logarithmic. We present three implementations which close this gap: the first implementation is sequential and
itsrole is to present the idea and data structures used in the second and third implementations. The second and
third implementations are both concurrent, the second uses multi-reader physical registers while the third uses
single-reader physical registers. Both the second and third implementations are optimal with respect to the two

most important complexity criteria: their space complexity is logarithmic and their time complexity is linear.
© 2005 Elsevier Inc. All rights reserved.

1. Introduction
1.1. Problem description

At the most basic level of asynchronous interprocessor communication, data are transferred
via shared memory. A register is a very simple model for shared memory-based communication.
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Processors access registers by executing read and write operations. Each register has a set of writer
processors, a set of reader processors and a set of permitted values, including a distinguished value
called the register’s initial value. A register is atomic if each operation is executed instantaneously
and each read operation returns the value written by the most recent, preceding, write operation,
or the initial value if no such preceding write operation occurred. Each atomic register is further
classified by the number of its writers, the number of its readers and the number of its permitted
values. Once atomic registers are defined and classified, it is natural to compare the relative com-
putational power of various kinds of registers. In this paper, we study the computational resources
needed to implement a multi-writer atomic register using single-writer atomic registers.

Informally, an implementation of a logical register using a set of physical registers consists of a
hardware arrangement of the physical registers and two programs that are called the writer protocol
and the reader protocol. Both protocols are composed of operations of the physical registers (which
are called physical operations) and constitute the operations of the logical register (which are called
the logical operations). The set of processors is partitioned into logical writers and logical readers,
that is, writers and readers of the logical register. For simplicity we assume that each processor is
either a logical writer or a logical reader though in reality a processor can function as both.

Whenever a processor “wishes” to execute a logical operation, it starts executing its protocol.
The execution of a physical (logical) operation is called a physical (logical) action. The physical
actions executed by a processor during a logical action may be interleaved with physical actions of
other processors and since the system is entirely asynchronous there is no bound on the number of
physical actions (of other processors) between any two consecutive physical actions of any proces-
sor. In particular, a processor may crash, that is stop execution forever, in the middle of any logical
action.

Informally, an execution of the system is a sequence of physical actions partitioned into logical
actions. The correctness condition we use is called linearizability. A linearization of an execution
of some register implementation is an assignment of a distinct /inearization point for each logical
action such that the induced sequence of logical actions preserves the order of non-overlapping
actions and each read operation returns the value written by the most recent, preceding, write op-
eration, or the initial value if no such write operation occurred. An implementation is linearizable
if all its executions are linearizable. To ensure resiliency for crash faults and to avoid the use of
mutual-exclusion techniques that eliminate concurrency, it is required that the reader and writer
protocols are wait-free, that is, the number of physical actions a processor executes during a single
logical action is bounded from above, where the bound may depend on the number of processors
in the system.

1.2. Complexity measures

Throughout this paper w and r are used for the number of writers and readers, respectively,
and n = w 4+ r is the total number of processors in the system. A register with w writers and r
readers is denoted as a (w,r)-register. In label-based implementations, the physical registers are
divided into two fields: a value field and a label field. The value field holds a permitted value, or
a finite set of permitted values. The only operations which access the value field are copying a
value to this field or from it. The label field holds all the coordination information needed for the
implementation.
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We deal with label-based implementations of two types, according to the physical registers used:
In type (1,n), each logical writer owns! an atomic (1, n)-register,” via which it communicates with
all other processors. In type (1,1), each processor communicates with every other processor via
a (1,1) atomic register. It should be noted that if two registers of the same owner have the same
set of readers, they can be joined to a single register in which the two registers are represent-
ed as fields; thus we assume that the sets of readers of every two registers of the same owner
are distinct. Under this assumption, the complexity of label-based implementations is measured
by:

1. Space complexity. The maximal size of a label field of any physical register. (This criterion is often
called label-size.)

2. Time complexity. The maximal number of physical actions executed during a single logical read
or write operation.

Note. The definition of space complexity enables us to ignore the size of the value set of the imple-
mented register. In case the value field holds more than a single value, the number of values in the
value field should also be considered and added to the space complexity. In the second and third
implementation presented in this paper, the value field has two and four values, respectively. We
regard 4 as a small enough constant and conveniently ignore it.

A third and much less common complexity measure is parallel-time complexity. In order to an-
alyze the parallel-time complexity of an implementation it is assumed that each processor P can
write in (respectively, read from) & of its n registers (k < n) in parallel, using a single operation. Fur-
thermore, it is assumed that whenever p issues a parallel write operation, all k£ actions are executed
independently and any of these actions interleaving among themselves as well as with actions of
other processors is possible. The only restriction is that P may not continue its execution until all
actions are completed. Under these assumptions we define:

3. Parallel-time complexity. The maximal number of physical actions, including Parallel Write and
Parallel Read, executed during a single logical read or write operation.

1.3. Results of this paper

We present three bounded, label-based implementations for an atomic, multi-writer, multi-read-
er register, with logarithmic space complexity. The first implementation is sequential and its role is
to present the ideas and data structures used by the second and third implementations. The second
and third implementations are the first concurrent implementations of multi-writer register with
logarithmic space complexity.

The second implementation is of type (1,7); in this implementation communication is one sid-
ed: Writers communicate to readers (and to other writers) while readers do not write. Each writer

! The writer of every physical register is called its owner.
2 Throughout this paper we assume that each processor communicates with itself via a register. This assumption is not
essential and is used to obtain simpler code and cleaner expressions, e.g., (1, n)-register instead of (1,n — 1)-register.
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owns an atomic (1,n)-register which can be read by all processors, writers and readers. The space
complexity of this implementation is ®(logw); by the lower bounds of [3,19], this bound is op-
timal for label-based implementations. For general implementations, it is not hard to prove that
the number of values in each of the registers used in any implementation is bounded below by
the size of the value set of the implemented register. Hence, if the number of permitted val-
ues of the implemented register is polynomial in n, the register size is Q2(logn). Therefore, the
space complexity of this implementation is optimal for any implementation of an atomic register
whose value set size is polynomial in n. The time complexity of this implementation is ®(w) which
is optimal for any implementation. The parallel-time complexity of the (1,7) implementation is
OWw).

The third implementation is of type (1,1), in this implementation communication is two sided:
Each processor, writer or reader, communicates with each other processor via an atomic (1, 1)-reg-
ister. In [9], it was proved that two-sided communication is necessary for implementations of type
(1,1). The space complexity of this implementation is ®(log#n) and the time complexity is ©(n).
In case w = ©(n), the space complexity is optimal for label-based implementations. For general
implementations, if the size of the value set is polynomial in z then the space complexity is optimal.
The time complexity is optimal for any implementation. The parallel-time complexity of the (1,1)
implementation is ©(n).

One may wonder which of the two concurrent implementations is “better”? The answer depends
on the type of physical registers at our disposal. If the available physical registers are of type (1, n)
then they can be used as (1,1) in the (1, 1) implementation, but in this case the space and time com-
plexity are ®(log n) and ® (n), respectively, instead of ®(log w) and ®(w), and the number of needed
registers is n” instead of n. Thus, in this case the answer is clear.

If the available physical registers are of type (1, 1) then the (1, #) implementation can be used if the
required (1, n)-registers are implemented from (1, 1)-registers. The best implementation for a (1, n)-
register from (1, 1)-registers is obtained from the multi-writer implementation of [13]. Adapting this
implementation for a single writer yields an implementation of (1, n)-register in which the single
writer owns (1, 1)-registers whose label-size is ®(n) while the label-size of the readers’ registers is
O(1). Thus, the space complexity is ®(n) and its time complexity is © (n) as well. In order to imple-
ment the w (1, n)-registers, each writer of the implemented (w, 7)-register uses n (1, 1)-registers whose
label-size is n + w — 1 bits. The space complexity of the combined implementation is ®(n + wlog w).
The time complexity for reading or writing a single value is ®(n), thus, the time complexity of the
combined implementation is ®(w - n). Obviously, when the available physical registers are (1,1),
the (1,1) implementation whose space and time complexity are ®(logn) and ©(n), respectively, is
superior to the (1, 7).

1.4. Previous work

Peterson, in [16], presented the first implementation of a register by another register, Misra, in
[15], gave axioms for shared memory systems and Lamport [10,11] was the first to formalize the
notion of a register implementation. In [10,11], Lamport showed that an atomic (1, I)-register with
any value set can be implemented using very weak registers, namely binary, safe, (1, 1)-registers.
Several papers, motivated by the work of Lamport, studied the intriguing problem of implementing
atomic, multi-writer, multi-reader registers. The simplest such implementation was presented by
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Table 1
Implementations of type (1,7)
Refs. [17,18] Ref. [7] Ref. [4] This paper Ref. [2]

Space OWw) On) Ow) O(logw) O(logw)
Time Ow?) On) Ow? logw) O(w) Ow)
Table 2
Implementations of type (1,1)

Ref. [20] Ref. [13] This paper
Space unbounded O (n) O(logn)
Time On) en) On)
Parallel time ) o) O)

Vitanyi and Awerbuch in [20]. They present a label-based implementation of an atomic (w, r)-reg-
ister, using atomic (1, 1)-physical registers. In the implementation of [20], the labels are unbounded
counters used as time-stamps, hence this implementation has unbounded space complexity. The ac-
tual size of a label in any logical action is logarithmic in the number of write actions performed
prior to that action. The time complexity of this implementation is linear in 7, the total number of
processors.

Some researchers have devised bounded label-based implementations of type (1,#), for atomic
multi-writer, multi-reader registers: The first implementation was proposed in [20] and was found
to be erroneous. The second implementation was presented by Peterson and Burns in [17]—that im-
plementation has a bug which was discovered and corrected by Schaffer in [18]. Its space complexity
is ®(w) and its time complexity is ©(w?). Israeli and Li, in [7], suggested bounded time-stamps as
a bounded primitive to capture the precedence relationship among asynchronous processors. Us-
ing bounded time-stamps they presented an implementation whose space and time complexity are
®(n). The correctness of the [7] implementation was never fully proved. Another implementation
with higher complexity was presented by Dolev and Shavit [4]. Abraham in a manuscript dated
1991 presents an implementation whose space and time complexity are ®(w). A later version of this
paper with stronger results that are influenced by the results of this paper appears in [2]. The various
(1, n) implementations are compared in Table 1. The parallel-time complexity of none of these (1, n)
implementations was analyzed.

The only two implementations of type (1,1) are the original unbounded implementation of [20]
whose time complexity is ®(n) and the implementation of Li, Tromp and Vitanyi, presented in [13].
The space and time complexity of the [13] implementation is ®(n), and its parallel-time complexity
is a small constant. The various (1, 1) implementations are compared in Table 2.

1.5. Discussion

Prior to this work, all proposed bounded concurrent implementations have a space complexity
which is /inear in the number of writers, and in some cases even in the total number of proces-
sors. In [14], Li and Vitanyi presented a sequential implementation (sequential implementations
are correct only for sequential executions in which the logical actions are executed sequentially,
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without overlapping) with log w space complexity. The sequential implementation of Li and Vitanyi
uses the ids of the processes, or in other words, is not anonymous. For an anonymous implemen-
tation their method requires labels of size 2logw, since the processor’s ids are added to the
labels.

Later, it was proven by Cori and Sopena in [3] that an anonymous implementation for w writers
should have at least 2w — 1 distinct labels. They also devised a sequential implementation with ex-
actly 2w — 1 labels which improved the space complexity of the sequential [14] implementation by
a constant. In [19], it was proven by Tromp that the sum of sizes of label fields in non-anonymous
implementations is at least wlog w which translates to Q2(log w) label size assuming that the size of
all label fields is the same.

These results leave an exponential gap between the lower and upper bounds on the space com-
plexity of label-based implementations of atomic registers. In a way, this bound represents the cost
of concurrency: the lower bounds of [3] and [19] consider only the combinatorial requirements for
identifying the last written value. For this reason, these lower bounds hold for sequential and con-
current implementations. The extra complexity of concurrent implementations seems to be incurred
by the need to deal with concurrency aspects. All concurrent implementations before this paper use
direct binary comparison between labels of every pair of processors to determine their precedence
relations and therefore they all require (at least) linear space.

The significance of this gap is further emphasized when one considers a related problem, namely:
an implementation of an atomic register which is correct for executions whose length is polynomial
in the number of processors. One may motivate this definition by arguing that in real life, the proba-
bility for longer executions is so low that the cost of allowing them must be taken into account. For
polynomially long executions, the space complexity of the [20] implementation is logarithmic while
the space complexity of all previous bounded protocols is /inear. In other words, for a problem that
might be considered more practical, the protocol of [20] supersedes all other implementations by an
exponential factor. The results of this work show that boundedness can be achieved with no more
than logarithmic space complexity, thus closing the exponential gap discussed above.

The problem of implementing a multi-writer atomic register is well known. As we pointed out,
several erroneous or incomplete solutions have been published and debugging them was complex
and controversial. Given the history of the problem we believe that no implementation is worth
anything without a complete detailed correctness proof. In this work, we fulfill this obligation and
present full proofs, without any shortcuts, to both implementations. Unfortunately, the proofs are
often not intuitive, very technical and uninspiring. We regard the presentation of a formal verifica-
tion system for register implementations as an important open problem.

1.6. Paper organization

The rest of this paper is organized as follows: In Section 2, we formally define the model of
computation and the implementation problem. In Section 3, we explain the data structure used
by our protocols and present a sequential implementation. The sequential implementation serves
as an exposition for the ideas which are later used in the concurrent implementations. The (1, n)
and the (1,1) implementations are presented in Sections 4 and 5, respectively. Concluding re-
marks are presented in Section 6, the correctness proof of the hand-shake mechanism appears
in Appendix A.
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2. Model and requirements

In this section, we define the model of computation and the atomic register implementation prob-
lem. A system consists of a set of processing entities called processors, and a set of memory entities
called atomic registers (for brevity we use the term registers throughout this paper). Each register
has a set of writer processors, a set of reader processors and a set of permitted values, including a
distinguished value called the register’s initial value. Processors access registers by executing read
and write operations. A write operation to register REG is executed by some writer of REG, the
operation gets a permitted value of REG as an input parameter and it stores the value in REG. Anal-
ogously, a read operation from REG is executed by some reader of REG, the operation retrieves the
(permitted) value stored in REG and the value is returned as an output parameter.

Register REG is atomic if each operation is executed instantaneously and each read operation
returns the value written by the most recent preceding write operation, or REG’s initial value if no
such write operation exists. A processor is a finite state machine. For convenience, we describe a
processor by its protocol whose building blocks are instructions where each instruction corresponds
to a single state-transition. Each instruction starts with an internal computation which is succeeded
by at most one operation. Each protocol has a distinguished instruction corresponding to the state
machine’s initial state, that is called the protocol’s initial instruction.

System executions are described under the interleaving model: a system’s global state is described
by its configuration—a vector containing the state of each processor and the value of each register.
The system’s initial configuration contains the processors’ initial states and the registers’ initial val-
ues. The execution of an instruction is called an action. We assume that each processor repeatedly
executes its protocol and that the actions of the system’s processors are interleaved. A system ex-
ecution is a sequence of configurations and actions £ = ¢, dy,c1,...,¢i—1,d;, ci, . . ., Where ¢ is the
system’s initial configuration and for every i > 0, ¢; is obtained from ¢;_| by action d;. Configuration
c; 1s called the result configuration of action d;. Whenever convenient we omit the d;’s and describe
an execution by the sequence cg, cy, . ..

Now, we define the implementation problem for atomic registers: an atomic register is a concur-
rent object, see [5]. A concurrent object can be specified either as an automaton, see [12], or by a set of
axioms, see [15], or by a set of sequential executions, see [6]. Regardless of the method of specifying
the concurrent object, most works assume the interleaving model and describe executions in the
way we presented above. Intuitively, a system is an implementation of logical register REG, if the
system processors can be divided into writers and readers and a single execution of a writer (reader)
protocol can be looked at as a write (read) action to REG. If the physical register(s) are equal to
the logical register, the problem is trivial, thus, to make the problem meaningful, the implemented
register should have either a larger number of readers, or a larger number of writers, or a larger set
of values.

Instead of giving a formal definition of an implementation, we refer the reader to [5,1] in which
the notion of implementation is discussed and formally defined. Here, we resort to an informal
description which explains what we do without any ambiguities: An implementation of a logical
register is a system whose registers are called physical registers. The operations that access the phys-
ical registers are called physical operations. A writer (reader) is defined by the writer protocol (reader
protocol), whose building blocks are physical operations. The writer protocol has one input param-
eter which is the value that should be stored in the logical register. The reader protocol should be
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exited through instruction return that does not contain any physical operation but rather returns a
value which is the result of the logical read action.

Consider an execution of an implementation in which each processor executes its protocol re-
peatedly and the actions of the processors are interleaved. Each execution of the writer (reader)
protocol constitutes a logical write (logical read) action. Let a be a logical action of processor P;.
The actions of P;, executed during a are the physical actions of a. Let d;,, ¢;, d;,, . . ., d;,, ci, be the
physical actions and resulting configurations of logical action a. Configuration c¢;,—1 is called a’s
initial configuration, configuration c;, is called a’s final configuration and the interval [¢;,—1, . .., ¢;,]
is called a’s execution interval. It should be noted that interval [c;,—1,. . ., ¢;, ] may contain actions of
all processors (and not necessarily of P; alone). We prove the correctness of the implementations
under the linearizability correctness condition, [6]. An execution is /inearizable if each logical action
can be assigned a linearization point, such that the sequence of linearization points preserves the
order of non-overlapping logical actions and each logical read action r returns the value written
by w, where w is the action that is linearized last among all logical write actions linearized before
r. In all linearizations we present, every linearization point lies within the execution interval of its
logical action, which trivially preserves the order of non-overlapping actions.

An implementation is /inearizable if all its executions are linearizable. An execution in which the
physical actions of each logical action are executed one after the other, with no interleaving with the
physical actions of any other logical actions, is called sequential. An implementation is sequential
if all its sequential executions are linearizable. A protocol is wait-free if all its executions consist of
a bounded number of physical actions, where the bound may depend on the number of processors
in the system. We require that the logical operations are wait-free.

3. Basic principles

In this section, the precedence graph method, used in all three implementations, is reviewed. Then,
the actual precedence graph on which the implementations are based is presented. The section is
concluded by presenting a sequential implementation of a multi-writer, multi-reader register from
single-writer, multi-reader registers. The sequential implementation is used to demonstrate the main
features shared by all three implementations.

3.1. Time-stamps and the precedence graph method

Many concurrent protocols use the Natural Time-Stamps Scheme to represent temporal prece-
dence relations among protocol actions: Each action of the protocol is labeled with some natural
number called the action’s time-stamp and the time-stamp of an action is always larger than the
time-stamp of every preceding action. In [7], Israeli and Li observed that the natural time-stamp
scheme can be looked at as a graph, where each time-stamp is a node and the node of every time-
stamp dominates the nodes of all preceding time-stamps. Following that observation, they proposed
to keep the basic idea in which nodes of earlier actions are dominated by nodes of later actions but
to replace the infinite graph of the natural time-stamps scheme with some finite graph.

The first problem to overcome when using a finite graph to represent temporal precedence rela-
tions is the fact that the number of time-stamps is finite. Let us elaborate on this problem: consider



70 A. Israeli, A. Shaham | Information and Computation 200 (2005) 62—-106

the situation when a protocol needs to pick a time-stamp for some new action during some ex-
ecution. When the protocol uses the natural time-stamp scheme, it simply picks a number larger
than any number used earlier in that execution. Thus, in this case, every logical action is stamped
with a unique time-stamp, all time-stamps are ordered by the temporal precedence relation and no
confusion can occur. Now, consider the same situation, when the time-stamp set is finite: for long
enough executions, the time-stamp collection is eventually depleted and old time-stamps must be
reused. Call a time-stamp alive if it exists in the memory of some processor. Whenever a time-stamp
is picked for some new action, it is obvious that the protocol should not pick an alive time-stamp,
but this is not enough: The protocol must find all alive time-stamps and pick a time-stamp that
dominates all of them. In this way, the set of all alive time-stamps is always ordered by temporal
precedence relation. This problem was posed and solved in [7]. For concurrent time-stamp schemes,
the problem was solved by several protocols, see, e.g. [4].

By definition, each concurrent time-stamp scheme enables determination of the precedence re-
lation between every pair of alive time-stamps by a direct binary comparison. Therefore, each
concurrent time-stamp scheme can be used to implement an atomic multi-writer register. As was
proved in [7], the space complexity of any such time-stamp scheme is at least linear. In this work
we use the precedence graph method, but in order to achieve logarithmic space complexity we must
give up binary precedence comparability. Instead we resort to a new method of using precedence
graphs. In this new method, precedence relations are represented using directed paths. All nodes
on each directed path are temporally ordered while the temporal order among nodes on different
paths is not determinable. Though our new approach cannot be used to find a complete tempo-
ral order among all alive time-stamps, it is sufficient to enable each read action to determine the
most recent preceding write action, which is exactly the requirement for implementing an atomic
register. A second difference of a technical nature is the reversing of domination order, namely:
In the new method, nodes corresponding to earlier actions dominate nodes corresponding to later
actions.

3.2. The precedence graph and its sub-trees

In this section we present the precedence graph used by the three implementations and the way
in which it represents temporal precedence order:

Definition 1. Let ZD be the set of processor ids, {0,1,2,..., p}, and let AD be the set of addresses
{0,1,...,max_add}. The number of ids, p + 1, is equal to the number of processors in the system
plus 1. The number of addresses, max_add + 1, which determines the exact size of the precedence
graph, is a function of the number of processors and it differs from one implementation to another.
The precedence graph P = (V, E) is defined as follows:

e Each node is a quadruple of natural numbers. The set of nodes is a subset of 7D x AD x ID x
AD U {vg}, where 08 = (0,0,0,0) is called the root node. The four components of node v are denot-
ed by v.id, v.address, v.tail_id and v.tail_address. A pictorial description of a single node appears
in Fig. 1.

e The edges of P are encoded by the names of the nodes: Let u and v be two nodes. If u.id = v.tail_id
and u.address = v.tail_address then there is an edge emanating from u and incoming to v. This
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id address tail_id tail_address

Fig. 1. A single node.

edge is denoted by (u,v) and u is called the tail node of v. To avoid non-trivial cycles we require
that for every node v, v.id > v.tail_id.

Note. The indegree of all nodes is 1. For convenience we ignore the self-loop that emanates from
1)8 and regard its indegree as 0. For any other node v, v # vg, the edge incoming to v is called the
edge of v. In most cases it holds that for every node v, v.id > v.tail_id. Self-loops are allowed only
in special cases that will be described later.

In all three implementations, the implemented register is a (w, r)-register where w and r are used
for the number of writers and readers, respectively, and n = w + r is the total number of processors
in the system. The writers of the implemented logical register are denoted by W, W», ..., W,, and
the readers are denoted by R,41, ..., R+ Execution number a of the writer protocol by W, is
denoted by L¢; i and a are called the id and the index of L¢, respectively. Logical action L computes
anode, denoted by v, that is written into the current field of REG; at the end of L{. Node v{ remains
in (the current field of) REG; until the end of Lf“, when vf“ is written into (the current field of)
REG;. During this interval node v{ is called the current node of W;. Given an execution E, the current
node of each logical action is completely determinable. Note, however, that the processors cannot
compute the indices of the actions that generated the processors’ current nodes.

For every current node of W, vf, it holds that v{.id = i and all these nodes are stored in REG,.
Therefore, the id, i, is omitted from the explicit encoding of v{ in REG;, and v{ is specified by its
address, tail_id and tail_address components. The logical value, written in L¢, is attached to v¢, but
the protocols never use the logical value and it is omitted from the protocol’s description.

All three implementations use a procedure called collect whose code appears in Fig. 2. Proce-
dure collect computes and returns a subgraph of P, called G, induced by the current nodes of all
processors. In addition, collect computes and returns the set AD containing the fail_address-s of
all collected nodes. Let us describe collect: the set V is initialized with root node vg. Then nodes

are collected by reading the processors’ registers in ascending order of the processors’ ids. After all

Procedure collect(G, AD)

Vo= {ug}

AD = ¢

for j :=1tow do
v; :=read(REG.current)
V.=VuU U
AD = AD Uwj.tail_address

end for

G := IND(V)

return(G, AD)

Fig. 2. The code for procedure collect.
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nodes are collected, the procedure computes the subgraph induced by all nodes in 7. Recall that the
indegree of every node of P, except the root node, is 1. Since G is a subgraph of P, the indegree of
each node in G is at most 1 and since there are no non-trivial cycles, every collected graph is a forest
of rooted trees. One of these trees is always rooted at the root node while the other trees (if there
are any) are rooted at some other nodes. Since we require that for every node vf, v¢.id > v{.tail_id,
the nodes on each directed path of the precedence graphs are ordered in an ascending order of
their ids. From now on we do not use the fixed precedence graph explicitly, instead we use the term
precedence graphs to refer to the subgraphs of P, computed by collect.

The following example demonstrates the way in which the current graph is constructed: assume
that the following set of values was read from REGY, . ..,REGg:

REG) = (1,0,0), REG> =(6,0,0), REG; = (8,1,3),
REGy4 = (7,2,6), REGs=(0,3,8), REGs= (1,4,7).

In order to get the actual nodes that were collected, the 7D of each processor should be appended
as the first field of each node, thus the set V' of collected nodes is:

vy = (0,0,0,0),
of = (1,1,0,0), v5=(2,6,0,0), v5=(3,81,3),
o = (4,7,2,6), 15=(50,38), vl =(6147.

Note. The node v8 is added to ¥ at the beginning of collect. The upper indices a, ..., f are not
known to the processors and are not used in any protocol. The induced graph appears in Fig. 3.

Let us now explain the edges of G: denote the nodes in REG| and REG; by vf and Ug, respectively.
Since vf .tail_id = vg.id = 0 and since v{.tail_address = vg.address = 0, G has an edge from vg to vf
and this edge is denoted by (vg, v{). For the same reason, (08, vlz’) is also an edge of G. On the other
hand, no node v satisfies v{.tail_id = 1 and v{.tail_address = 1, thus the outdegree of vf{ is 0. Using
the same rule, the reader can now infer the rest of the edges of G.

Now, we describe the way precedence relations are represented in G: An edge of the precedence

tree, (vj?, vf), reflects the fact that Lj? is linearized before L¢. If two edges (v}, vj?) and (v{, v{) emanate

REGs 1 ’ 4 ‘ 7 ‘ REG;: ’ 0 ‘ 3 ‘ 8 ‘
REG, ‘ 7 ‘ 2 ‘ 6 ‘ REG, ‘ 8 ‘ 1 ‘ 3 ‘
REG), ‘ 6 ‘ 0 ‘ 0 ‘ REG, ‘ 1 ‘ 0 ‘ 0 ‘
\/
root ‘ 0 ‘ 0 ‘ 0 ’ 0 ‘

Fig. 3. The induced precedence graph.
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from the same node ¢, then the order of actions L% and Lj cannot be determined by the edges of
the precedence tree. In this case, we order these actions by a descending order of their ids (higher
ids are linearized before lower ids):

Definition 2. Let v/ and vj?, i # j, be two nodes with a common tail node. If i > j we say that node
vl locally precedes node vj? .

Note. Relation locally precedes is partial and it is defined only for nodes whose edges emanate from
the same node in the precedence graph.

This definition enables linearizing nodes with lower ids after nodes with higher ids. Using this
definition we proceed to define for each precedence graph its Frontal Branch and its last node:

Definition 3. Let G be some precedence graph. The frontal branch of G, denoted by B, is a directed
path which is defined inductively as follows:

e The first node in B is the root node vg.

e Let o be a prefix of B and let v¥ be the last node of . The next node in B is the node whose edge
emanates from v¢ and which is locally preceded by all other nodes whose edges emanate from vf.

e The last node in the frontal branch of G is called the /ast node of G.

Let ey = (vf,vf) and e; = (1§, vj?) be two edges in some precedence graph G such that e belongs
to the frontal branch of G (that is v2 locally precedes vf). In this case, we say that e| excludes e
from the frontal branch of G. A pictorial description of a precedence tree appears in Fig. 4, where
the edges of the frontal branch appear as bold arrows.

Fig. 4. A precedence tree.
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3.3. The sequential implementation

In this section we present a sequential implementation of a (w,r) register. The role of this im-
plementation is to demonstrate the basic ideas, used by all the implementations, in their purest
form. In this implementation, each writer writes in a (1, n)-register called REG;, which can be read
by all processors, writers and readers; readers do not write. Each register REG; has a single field
that holds the current node of W;. Let ¢ be some system configuration. The current graph of c is
the graph induced by the root node and the set of all current nodes in ¢. The basic idea in all the
implementations is:

At any configuration, the last node of the current graph belongs to the write action that was
most recently linearized.

Fig. 5 presents the code of the protocols for W; (above) and for R,, (below): The sequential writer
protocol works as follows: Logical action L¢ starts with an invocation of procedure collect (see Fig.
2). The graph, returned by collect, and its frontal branch are denoted by G{ and B¢, respectively. The
i-prefix of B, denoted by B¢ /i, is the prefix of B{ containing all nodes whose id is less then i. Now,
W; computes a new node, called new, that will become its current node at the end of LY. When new
will be added to the current graph, it will exclude the rest of B{ and will become the last node of the
new frontal branch. To do that, W, chooses the last node of B{ /i, denoted by tail, as the tail node
of new, that is: new.tail_id := tail.id and new.tail_address := tail.address. The address for v is the
minimal address which does not belong to AD, thus, the new address is different from component
tail_address of every current node. In this way, it is ensured that the outdegree of the new node is 0.
The sequential reader protocol works as follows: Reader R, collects the current graph, computes
its frontal branch and returns the last node of the frontal branch.

To complete the definition of the protocol, we need to specify initial values for all data struc-
tures. For each writer W;, REG; holds its initial node, v?, where u?.address =0, v?.tail_id =i and
v?.tail_address = 0. Thus, at the system’s initial state all edges of the current graph are self-loops
and the initial frontal branch contains solely the root node vg. (This is the only case in the sequential

Writer protocol:

begin
collect(G, AD)
tail := last node in B, /i
new.address := min(AD — AD)
new.tailid = tail.id
new.tail_address = tail.address
REG,; := write (new)

end

Reader protocol:

begin
collect(G, AD)
last := last node in B,
return(last)

end

Fig. 5. The protocols for W; (top) and R, (bottom) in the sequential implementation.



A. Israeli, A. Shaham | Information and Computation 200 (2005) 62—-106 75

implementation in which self-loops are allowed.) The initial logical value is the value corresponding
to 08 which can be chosen freely from the permitted values of the logical register.

In Figs. 6 and 7 we demonstrate a single execution of the writer’s protocol, assuming that it is
invoked in action LZ. (Note. The index 3 is neither known nor used.) The current graph before LZ
starts, appears in Fig. 6, where the edges of the frontal branch are drawn as bold arrows. At the
beginning of L3, the current graph Gf{ is collected. Then, the frontal branch of Gf{ , Bi, is computed,
and the last node of its 4-prefix, Bi /4, namely, the current node of W, is assigned to the variable fail.
Now, node new is computed so that its edge emanates from tail. To do this, variables new.tail_id
and new.tail_address are assigned with the id and address of tail, namely 1 and 2, respectively. Fol-
lowing that, the address of new is chosen as the minimal address not used as tai/_address in any
other current node, namely 1. At this point, computation of new is completed and it is written into
REG, replacing vﬁ as the current node of Wjy. The result current graph appears in Fig. 7. Note that
vi is the last node of the current graph and vg is excluded from the frontal branch.

Correctness of the sequential implementation is straightforward and is left to the reader. To
compute the space complexity, note that component tail_id has w possible values, thus, its size is

Fig. 7. The sequential writer protocol: after Li.
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at most logw. Since the size of the set 4D is at most w there should be w + 1 possible addresses,
including 0 for the root node, and the size of components address and tail_address is logw + O(1).
Hence, the protocol’s space complexity is 3 logw + O(1). The time complexity is straightforward:
Every execution of the writer protocol consists of w + 1 physical actions and every execution of the
reader protocol consists of w actions, hence, the time complexity of the sequential implementation
is w 4+ O(1). The sequential implementation does not improve upon the complexity of previous-
ly known sequential implementations and its role is to present the ideas on which the other two
implementations are based.

4. Multi-writer registers using multi-reader registers

In this section, we present a concurrent implementation of a (w, r)-atomic register using physical
(1, n)-atomic registers. The implementation is obtained by adjusting the sequential implementation
to the concurrent environment while preserving the basic ideas and the data structure. In this imple-
mentation, communication is again one sided, readers do not write. An important design decision
in this implementation is to linearize all logical write actions independently of the scheduling of the
logical read actions. Under this decision, it holds that at any given configuration, the implemented
register has a well-defined value which depends only on the execution of the writers. Linearization
of the logical read actions should ensure that every read action returns the register’s value at the
action’s linearization instance. Accordingly, this section is divided into two subsections: The first
subsection begins with a description of the writer protocol and the linearization of the logical write
actions, and continues with a correctness proof for the linearization. The second subsection begins
with a description of the reader protocol and the linearization of the logical read actions, and then
proceeds to prove the correctness of the linearization of the read actions. Together the proofs imply
the correctness of the entire implementation.

4.1. The writer protocol

4.1.1. Description

In this implementation, once more, each writer has a current node. In every configuration, c,
the writers’ current nodes induce the current graph whose last node is the node of the write ac-
tion that is linearized last, before ¢. The value of the last node is the value of the implemented
register at ¢. Concurrency, however, requires a principal difference between the implementa-
tions: Correctness of the sequential implementation crucially relies on the fact that procedure
collect always returns the current graph. In a concurrent environment, the current node of each
writer may change many times during a single invocation of collect and the collected graph
might be different from the current graph of any configuration reached during the invocation.
The writer protocol is changed as follows: Node new is chosen as in the sequential implemen-
tation but it is regarded as tentative and the choice is validated using a declaration mecha-
nism: Writer W; declares the tentative new node to the other writers by writing it into the new
field with which REG; is augmented. Then W; rereads the tail node of the edge of new and in
case the tail node is not changed, node new becomes current. The writer protocol appears in
Fig. 8.
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begin
collect (G,, AD) rel],. .., ri{w]
AD := AD U current.address
can_tail := last node of B, /i
cid := can_tail.id
new.address := min(AD — AD)
new.tail_id := cid
new.tail_address := can_tail.address

REG,; := write (new, current) D}
tail := read REG q.current 7¢lcid)
if can_tail ~ tail

then

/* connect: Direct the edge of v away from tail */
current := new
else
/* loop: Direct the edge of v{* as a self loop */
current.address := new.address
current.tail_id := i
current.tail_address := new.address
endif
REG,; := write (new, current) w
end

Fig. 8. The protocol for W; in the (1, n) implementation.

Now, we describe the protocol in more detail assuming that L{ is executed: The register of W,
REG;, holds two nodes, denoted by REG;.current and REG;.new. First W; collects the graph in-
duced by all current nodes. Execution of collect takes w atomic physical actions which are denoted
by r{[1]- - - r{[w]. Procedure collect in this implementation is identical to collect in the sequential
implementation except that the set AD includes all addresses from component tail_address of all
collected current and new nodes. Following collect, WW; makes sure that its new address will not
be equal to its current address, by adding current.address (= v?_l.address) to the set AD. Thus
the final size of the set 4D may reach 2w + 2, including the addresses of the root node (0) and
current.address.

The graph collected during L¢ is denoted by G¢. The frontal branch of G{ is denoted by B¢. Let
can_tail be the last node of B{ /i and let cid be the id of (the owner of) can_tail. After G is collected,
Wi chooses a tentative new node whose edge emanates from can_tail and whose address is not equal
to any address in the set AD, thus the outdegree of the new node is 0. In addition, it is ensured that
new.address + vf_l.address, thus a writer never uses the same address twice in a row. The chosen
node is declared by W; by writing it into REG;.new while REG;.current is not changed. The declaring
write action is denoted by pf.

Following p#, W; rereads REG_;q.current. This second read action is denoted by 7{[cid]. Af-
ter 7'[cid], W; computes v{. The following notation is needed in order to describe the way v¢ is
computed: Let vi-’ and vj? be two nodes that are equal as records, namely: vi? .address = vjc..address,
vj? tail_id = v5.tail_id and vjb. tail_address = v} .tail_address. The fact that v]b. and v} are equal (as
records) is denoted by v? ~ v¢.

J
Note. The fact that vj? - vf does not imply that b = c.
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The (current) node of LY, v¢, is chosen as follows: Let can_tail and tail be the two nodes read
by W; in actions r{[cid] and 7{[cid], respectively. If can_tail >~ tail then the new node is assigned
to current, in this case we say that LY connects. If, however, can_tail # tail then current is chosen
so that its edge is a self-loop directed from v{ towards itself. In this case, we say that L{ loops. The
logical write action L¢ is concluded by a final physical write action in which W; writes v in REG;
replacing v?_l as its current node. This last concluding write action is denoted by wy'.

To complete the definition of the protocol, we need to specify initial values for all data structures.
Similar to the sequential implementation, both the current and the new nodes are initialized to hold
the initial node, v?, where v?.address =0, v?.tail_id =jand v?.tail_address = (. That is, at the initial
configuration all edges of the current graph are self-loops, its initial frontal branch contains only
the root node 08 and the initial logical value is the value corresponding to 08, which can be chosen
freely from the set of all permitted values.

Component tail_id has w + 1 possible values and its size is log w 4+ O(1). Since the size of the set
AD is at most 2w + 2 there should be 2w + 3 possible addresses and the size of components address
and tail_address is also logw + O(1). Thus, the space required by each node is 3logw + O(1) and
since the each register contains 2 nodes, the protocol’s space complexity is 6 log w + O(1). The time
complexity of the writer’s protocol in this implementation is w + 3, assuming that each writer reads
its own register.

4.1.2. Linearization of the logical write actions

Now, we fix some arbitrary execution of the system, E = ¢g,d,cy,. .., and all definitions and
proofs are made with respect to E. Since E is arbitrary, the results hold for every system execution
of the implementation. The logical write actions are linearized using a History graph—a precedence
graph which reflects the execution of the system. The history graph, which is not computable by the
processors, plays a key role in the correctness proof of our protocols.

Definition 4. Let v¢ be the node of logical write action L¢. The tail node of v{ is defined as follows:

(1) If L¥ connects then the tail node of v¢ is the node tail, read in 7{[cid], which is > to can_tail
(read in r¢[cid]).
(2) If L¢ loops then the tail node of v{ is v{ itself.

Definition 5. Let £ = cg, d, ¢y, . . . be an execution of the system. For every configuration ¢; of E, the
History graph of c;, H (denoted also as H%), is defined as follows:

(1) H* is the History graph before the execution begins; it contains only the root node—vg.

(2) Let ¢; be an arbitrary configuration of E. If d;, = w{, for some i and a, then H“ = H i is ob-
tained from H“-! by adding node, v/, and an edge directed from the tail node of v¢ into v{. If

d; # w{ for any i and a then H = H-1.

For any configuration ¢, the history graph H is a precedence forest which consists of a single
precedence tree and some disjoint self-loops. The number of nodes in H¢ is equal to the number
of logical write actions completed until ¢; plus one (for the root node). It should be noted that
though each node of H corresponds to some node of the precedence graph P, the graph H is not a



A. Israeli, A. Shaham | Information and Computation 200 (2005) 62—-106 79

subgraph of P. Before we define the frontal branch of H, we should extend relation locally precedes
to accommodate the following situation: Unlike the collected precedence graphs, the graph H may
have a node v§ with several edges directed from vf into several nodes of the same writer. Since the
actions of each individual processor are temporally ordered by their indices, nodes with equal ids
are ordered by their indices where a node with a lower index locally precedes a node with a higher
index.

Definition 6. Let v/ and vj? be two nodes with a common tail node. Node v¢ locally precedes node vj?
ifeitheri > jorifi =janda < b.

Under the new definition of locally precedes, the frontal branch of H%, denoted by B}"l}, is defined
just as before in Definition 3. The next definition is needed for the linearization of write actions:

Definition 7. Let L¢ be an arbitrary logical write action. Action L{ is lasting if v{ is last in BZ," AfLY
is not lasting, it is transient.

Obviously if L{ loops then it is transient, but there are many cases in which L{ connects but it is
still transient. For example, consider a situation in which the last node of the current graph is v¢ and
write actions Lb and L, where i < j < k, are executed, while all other writers and readers are 1d1e

The physical actlons of L and Ly are executed as follows: first, all physical actions of L? except w]
are executed. Then all physical actlons of L{ except wy are executed. In this situation, both writers
collect the same precedence graph (Wthh is equal to the current graph), choose v{ as tail, compute
a new node whose edge emanate from v, declare the new node to Wi (actions p] and py), reread
REG; (actions rb [i] and 7{[i]) and connect. Now, assume that wj is executed. At this instance, the
edge (v¢, ]) is added to H, and the last node of H is v© 7,50 Lb is lasting. Following that w{ is executed
and the edge (v¢, vk) is added to H. At this instance, however the edge (v¢, vb) is already in H so v

excludes vj from B H" , that is: Lf is transient.

Using the partition of loglcal write actions to lasting and transient we linearize all the logical
write actions. For every execution E = ¢, d|, ¢y, . . ., linearization points can be specified by E’s con-
figurations or by its physical actions. When we say that logical action « is linearized at physical
action d; we mean that the linearization point is after d; has taken its effect and actually it can be
looked at as if « is linearized at configuration c;.

Definition 8. Let L¢ be an arbitrary logical write action: The linearization point of L{ is defined as
follows:

(1) If L¢ 1s lasting then L¢ is linearized at w¢

(2) If L¢ is transient and u is the last node of B ! then L¢ is linearized before w] and after any
other physical action Wthh precedes w . In this case, we say that L{ is linearized by Lb

(3) If two transient write actions, L{ and Lb are linearized by the same lasting write actlon Li, LY
and Lf are linearized by ascending order of their ids.

Under the defined linearization, the value written by a lasting logical write, L?, is the value of
the implemented register from the point of execution of w{ until the next lastmg logical write
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completes its execution, or an infinitesimally short time before the next lasting logical write com-
pletes its execution. On the other hand, the value written by a transient logical write is the value of
the implemented register only for an infinitesimally short period.

4.1.3. Correctness of the linearization of logical write actions

In the correctness proof, we have to prove that the linearization point satisfies the linearization
requirements for atomic registers. In Theorem 10 we prove that every logical write action is linear-
ized within its execution interval. In Theorem 11 we prove that all graphs collected by the writers
are precedence graphs. We start the correctness proof with some technical lemmas.

Lemma 1. Let d; be an arbitrary physical action and let v¢ be an arbitrary node in H d If vl & Bd’,
then for every u > t, v! & Bff}’.

Proof. If L{ loops then for any u > ¢, v{ is not connected to the root in /' & Assume that L{ connects
and denote the path from the root to v{,in H & by a.Since vl & Bﬁ, let (vj? ,v) be the first edge which

1S in « but not in BZ; and let (vj?, Uf) be the edge excluding (Uj-), v) from Bﬁ}. No edge of H is ever
deleted, therefore, for any u > ¢, (vj?, vz ) excludes the suffix of « and in particular v{, from Bld;’. O

Let d; and d,, be two physical atomic actions; the fact that d; occurs before d,, i.e. t < u, is denoted
by d; — d,.

Lemma 2. If(vj?, v!), i # j, is an edge of H then w]l.’ occurs before w{ (i.e., wj? — wi).

> Vi
of the last node of B /i is equal to j, and the tail node of v{ (that is the node read in 7{[cid]) is Uj-).
b

Therefore w; — 7'[j]. Since 7{[j] — w{, we get wjl? —wi O

Proof. According to the definition of the history graph, (vj? v}), i # j, is an edge of H only if the id

Lemma 3. If, for some t > 0, v € B}'I; then L is lasting.
Proof. By Lemma 1, v € B}; . Lemma 2 implies that for any edge (¢, v?) in H, w? — w?. Hence the

outdegree of v in H i is 0, and v? is last in B;V," . By Definition 7, L{ is lasting. [J

Lemma 4.

(a) The sequence of node ids along any directed path of the history graph, from the root towards any
leaf, is strictly increasing.
(b) Every directed path of the history graph contains at most one node of every writer.

Proof. According to the protocol, the tail node of v{ is >~ to the last node of B¢ /i. Since B{ /i contains
only nodes whose id < i, the proof for (a) follows. (b) is implied immediately by (a). [

The next four (quite technical) lemmas deal with the relations between the history graph H,
its frontal branch B, trees collected by the writers and the writers’ current nodes. These lemmas
are used in the proof of Theorem 10 in which correctness of the linearization is proved. The next
lemma demonstrates a principal difference between the sequential implementation and the concur-
rent implementation: In the sequential implementation, whenever a processor reads nodes of two
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processors, say vb and v¢ (j < i), and discovers that there is an edge from vb to v¢, it can immediately
conclude that the edge (vf, vb ) is part of the current graph In concurrent env1ronment the situation
is very different. For example Wy, may read v = then W; may compute several nodes until, in
Lb *7 it reaches v again, that is vj? ~ v?” At this pomt W; may execute LY and compute v{ so that
1ts edge is (vb+r v?). Now, if Wy reads vf, the edge (b vy,
history graph H) has the edge (vb+’ v?). In the following lemma we prove that whenever (? i vf) is
in G, either it is also in H or the cause for the edge of G, is the scenario described above.

Lemma 5. If (1"
edge of H"' .

vf) is in G} while the current graph (and the

vy, vf) is an edge of Gy then there exists an integer r,r > 0, such that (v?” ,09) is an

Proof. By the writer’s protocol code, j < i.If j = i then L{ loops and the lemma follows immediately.
We continue the proof assuming that j < i, thatis L{ connects First, we prove thatif (v ,vf)isanedge
of G{ then rb[z] — p{'. Assume by way of contradiction that p/ — rb[z] by the protocol rb[z] — w]b
Since vj) is a node in Gy, it holds that w — riljl. Since Gk 18 collected in ascending order it holds
that 7 [j] — r{[i]. Thus we get that p — rjb[z] — rk[z] Since vf € Gy, vf is the current node of W; at
r¢li], so we can conclude that during the interval [pf , 7;[i]], v{ is either the new node of W oritisits

current node. Therefore, vf .tail_address € ADb WhereADb 1S the set AD returned by procedure collect

invoked during Lb In this case, the code 1mp11es that o2 v address # ¢ tazl _address. On the other hand,

the fact that (v v“) is an edge of G; implies that v tazl _address = v .address, a contradiction.
Now, we contlnue the proof assuming rb [il = pf. Since L¢ connects Definition 5 implies that

there exists some integer » such that b ' is the current node of W; at 7{[,] and (vj’ +r vf) is an
edge of H. To prove the lemma we have to show that » > 0. Assume by way of contradiction that
r < 0. Since (vl? v?) is an edge of G,ﬁ, ve.tail_address = vj-’.address; since (vj?”, v?) is an edge of H,
b address; thus v2.address = 101"

J° J

dress twice in a row, we conclude that » < —1land w]b+’ — w]b LN rb [i]. Since rb [i] — pf,we getthat
wj’*’ — Wf LN rb [i] - p* — 7[j],and in particular wj’*’ — wf LN L1 Therefore, j’+

the current node of W; at 7{[j], and the edge (vb+r v?) does not belong to H, a contradiction. [

v .tail_ address =v; address. Since a writer never uses the same ad-

isnot

In the next lemma, we prove that if v/ belongs to the frontal branch of the history graph in some
arbitrary conﬁguratlon ct then vl is the current node of W; in ¢;. In the proof we use the follow1ng no-

tation: The fact that v¢ and v are actually the same node, i.e.,i = j and a = b, is denoted by v¥ vj’

The fact that every node vj e B}y is in BY and every node v € Bf isin B}y is denoted by B} = BY.

Lemma 6. If v € By, for some configuration c;, then v? is the current node of W at ¢;.

Proof. Assume by way of contradiction that there are nodes which do not satisfy the lemma. Let
v{ be the first node in £ among these nodes, that is, there exists some configuration ¢, such that

“H occurs before ¢;, whrle v € B Under these conditions, Lemma 1 implies that vf € B, i .By

a+1
the same Lemma v{ € B H’ , that is B}/ 1/ / i= BIV_V; /i. By the minimality of v¢ we get that all nodes in
a+1 1

+
B H’ /i are the current nodes of their owners throughout L"+1 Thus BHI /i 1s a subgraph of G“+l
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a+1 a+1
Now we prove that B“Jrl Ji= B;V[i /i. Assume towards a contradiction that B“Jrl Ji # B;V; /L.
u+1
Since B ! is a subgraph of G‘hLl there exists a node of BH’ / i (and of B"Jrl /i), v, and an edge
a+1

of G”’Jrl ( ,Up) such that j < k <7, and the edge ( ,U) excludes the rest ofB ! from Ba+1/i

+
Since v € BHI /i, and (v vp) 1s an edge of G“Jrl Lemma 5 implies that in H" there exists an

b+r

edge (CF ,Up), for some » > 0. By the minimality of v we get that ? is the current node of W;

J
throughout L"+1 Since v{ is a node of G{' we conclude that v is the current node of W; throughout

Ly and in particular, the node read in 7{[/]. By Definition 5 we conclude that ( ,U) 1s an edge of

a+1
HY Thrs however, means that the edge (vj,vk) excludes the rest of BH /i from B,V:," /i, hence
+1 a+
vl & B / acontradiction We conclude B“+1/i B;V; /.

+
. W
Since B¢M!/i = B}; " /z L& connects and v is last in B}/ . This, however, means that v/

a+l
excludes v¢ from B !, in contradiction to the assumption that v¢ € B}j. The lemma follows. O

Lemma 7. If L{ is transient then the last node of BZ[’q /i is # to the last node of B!/i and hence,
wi . .
B, /i # B{/i.

Proof. Let vj? be the last node of B;v[" /i and assume by way of contradiction that vj? is also the last

R . . . . . . wé
node of B{ /i. Since vj? is a node in G¢, we conclude that w]’? — r{[j]. Since vj? isanodein By , Lemma

6 implies that v? is the current node of W; at w{, hence v is the current node of W; during the
interval [r{[/] ,w{] and in particular at ra[/] Therefore nodes can_tail and tail read during L{ are

both = to 1%, hence L¢ connects. Since v] is last in BH /i, v is last in B, that is L¢ is lasting, a
contradiction. The lemma follows. O

Though in general edges of collected graphs are not in H, the next corollary gives a sufficient
condition for a collected edge to be in H:

Corollary 8. Let (vj? ,vf) be an edge of Gy If for some configuration c; after r{[i], vj? € By} then (vj? ,U9)
is an edge of H.

Proof. Since (v], vf) is an edge of Gy, Lemma 5 implies that for some r, r > 0, (vb+r vf) is an edge

of H¢. Since v] € BH, Lemma 6 implies that vj is the current node of W; at ¢, therefore r=0 0

In the next lemma and in the theorem that follows, we prove that the linearization point of each
logical write action lies within its execution interval.

Lemma 9. If for some configuration c;, after r¢[}, it holds that B}y /(j + 1) # BY/(j + 1), then there
exists a lasting logical write action Ly, for some k < j, such that wi, occurs within the interval starting
at r{[k] and ending at c;.

Proof. By the assumption of the lemma, By} /(j + 1) # B?/(j + 1). Let v? ¢, € < j, be the node with the
maximal zd in the common prefix of B /(j + 1) and B¢ / (j + 1). Such a node always exists because
the root, vo, belongs to both branches.
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First, we show that v,3 is not the last node of B} /(j + 1) and identify action Lf: if Uz is the
last node ofBZ/Q + 1) then since By /(j + 1) # BY/(j + ), UE is not the last node ofB“/(j +1). Let

(ve,vp) p < j+1, be the edge emanating from vz in B{/(j +1). Since Uz € By, Corollary 8
1mp11es that (”e: Uz/:) is an edge of H; srnce p < j+1, either e; € By/(j + 1) or there ex1sts some
edge ex € B /(j + 1) excluding e from B} /(j + 1), a contradiction to the assumption that U(z is the
last node ofBZ/(J + 1). Since vff is not the last node of By} /(j + 1), let (Uz ,09), £ < k < j,betheedge
emanating from UE in By, /(j + ).

Now, we show that LC satisfies the requirements of the lemma: The situation is depicted in Fig. 9.
Since v} € B}, Lemma 3 implies that L{ is lasting. Since vf, € H, wi occurs before ¢;. To complete
the proof it remains to show that r{ [k] — w;. Assume by way of contradiction that wk — ri[k].
Now we show that (Uz ,Up) is an edge of G (but not of BY/(j + 1)). By its definition, v is a node of

17» therefore, by Lemma 6, v} is the current node of Wi at ct. By our assumption wi — r{'[k], hence
vk 1s a node of G{ and (vz,vk) is an edge of G{. Since k > ¢, and Uz is the maximal common node
in By /(j + 1) and B} /(j + 1) we conclude that v & B“/(/ +1). Let (vz,vm) ¢ < m < k, be the edge
excluding (ve,vk) from B¢/(j + 1). By Corollary 8, (vg,v ) is an edge in H¢. Since m < k, (vg, ve)
excludes (v¢ 7, Up) from B¢ 17> acontradiction to the assumption that (! 7 Up)isin B¢ /(G +1).The lemma
follows. [J

Theorem 10. Every logical write action is linearized within its execution interval.

Proof. Let LY be some logical write action. If L{ is lasting then it is linearized at its concluding
physical write w{, which is within its execution interval. For the rest of the proof we assume that
L is transient. Let vjb. be the last node of B,V:,’g by which L{ is linearized. We have to prove that Lj?
is linearized within the execution interval of L¢, which follows if we show r¢[1] — wj? — w{. Since
vj? € H"!,itis clear that mj — w{. Now, we prove that {[1] — w}’ .Action L{ is transient, therefore,
Lemma 7 implies that BZ{ /i # B¢/i. By Lemma 9 (with j = i — 1), there exists a lasting logical write
action Lj, 1 < k < i, such that wi occurs within the interval starting at r{'[k] and ending at w{. For

t *
By *

0
Vo

Fig. 9. The graph for Lemma 9.
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k =1, we get r{[1] — wi — w{. For k > 1 we use the fact that r{[1] — r{[k], and once again get
rill] — wi — wi If Lb Ly then the proof follows. Otherwise, since Lb and Lj are both lasting, and

since vj 1s the last node of BH , we get that wi — w . Therefore, 7§ [1] —> Wi —>w j, which implies

rll = wh. O

The fact that L{ is linearized before Lj? is denoted by LY = Lf . The next theorem says that the
graphs collected by the processors are precedence graphs with respect to the relation =.

Theorem 11.

(a)lf(vl, vh),j <1, zsanedgeothheaniL“
(b)If(J, vi), j < i, is an edge of G}, thean:>L“

Proof of (a). By Lemma 2, w;? — w¢. Consider the following cases:

Case 1: LY is lasting. In this case, L is linearized at w{. Since Lj? is not linearized after wj’?, Lemma

2 implies that w — w{, hence Lb = L¢.
h

Case 2: L} and Lb are both transient. Let vi and vg be the last nodes of B} 5 and BH , respectively. In
this case L“ is linearized by L{ and L? is linearized by L{. If vf; = v{, then by Definition 8,
L¢ and Lb are linearized by the1r ids. Slnce i> ], Lb :> L{. Assume v§ # Uz By Definition 8§,
Ld is the last lasting write action linearized before w ] and L{ is the last lasting write action
11near1zed before w'. Since w? — w¢ it holds that w§ — wf and therefore L = L. Since L}
is linearized by L;f and L{ is linearized by L}, we get ij. = L7

Case 3: L{ is transient, Lb is lasting. First We show that L{ is not linearized by Lb If this was the
case, v? would have been last in BH , but this means that L{ is lasting, a contradlctlon The
rest of/ the proof of this case is very similar to the proof of the previous case.

Proof of (b). By Lemma 5, there exists some r, » > 0, such that (vb * %) isanedge of H. By (a), Ll-’ BN
L¢ 1f r = 0 then we get Lj-’ = L¢. If r > 0 then, since Lj’ = Li’”, we get again that Lj’ = L¢. O

4.2. The reader protocol

4.2.1. Description

The basic idea in this implementation is to maintain a precedence graph whose last node at any
configuration ¢, belongs to the logical write linearized last before ¢,;. Unfortunately, it is not suffi-
cient for a reader to just collect a precedence graph and return the last node in the graph’s frontal
branch: Due to concurrency, the current graph and its last node may change during the execution
of collect by the reader. As a result, a node of a logical write action which should not be returned
by a reader may appear as last in the reader’s collected graph.

To overcome this problem, the reader collects three graphs; the first and third graphs are collected

by procedure collect of the writer’s protocol and they are denoted by G and G, respectively. The

second graph, denoted by G is collected by procedure col lect which is identical to collect except
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begin
collect(Gy, AD); collect (au, AD);  collect(G,, AD)
if (B, ~ B, £B.)) then
¢ := min;(vh(€ G,) £ v5(€G.) and v¢ % vi(€ G,))

return v

elseif (B, ~ B~ B,) then
return the last node of Bu

elseif (B, # B,) and (B, C G,) then
return the last node of Bu

elseif (B, # B,) and (B, ¢ G,) then
i == min;(v§(€ B,) # vi(e eG))

return v?

endif
end

Fig. 10. The protocol for R, in the (1, n) implementation.

that nodes are collected in reverse order—from REG,, down to REG (therefore most of the lemmas

proven in the previous section do not hold for G) After G, G and G are collected, they are analyzed
and a node satisfying the requirements for the reader protocol is identified and returned. The code
of the reader protocol appears in Fig. 10.

Let R, be areader executing the protocol. The physical actlons executed by Ry, durlng the reader

protocol are denoted by: 7,[1] - - - 7, [w], in which G is collected, 7 [w] r [1], in which G is collect-
ed,and 7, [1]---7,[w], in Wthh G is collected. The notation B¢ C Bb 18 used when for each v € B,

there is a node vk € Bb such that v vk The notation Bf ~ Bb 1S used when B¢ C Bb and Bb C BY.

4.2.2. Linearization of the logical read actions

Throughout this paper S denotes the ath execution of the read protocol by R,.. The linearization
point of any logical read action is determined by the linearization point of the logical write action
whose value is returned by the read action, as follows.

Definition 9. Let vﬁ’ be the node returned by S”. Denote by ¢, and ¢, the result configurations of 7 [1]
and 7¢[w], respectively. The linearization point of S¢ is defined as follows:

D If Lb is linearized before ¢, then S7 is linearized at c;.

2) If Lb is linearized after ¢, then S is linearized by Lb that is after Lb and before any physical
actlon which occurs after Lb (or before any logical wrlte which is 11nearlzed after Lb) In case
that two logical read actlons are linearized by the same logical write action, they are linearized
by an ascending order of their ids.

4.2.3. Correctness of the implementation
The correctness of the linearization scheme for logical read actions, and the correctness of the
entire implementation, is proved by the following theorem.
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Theorem 12. Let (cs, ¢;) be the execution interval of Sy, let v be the node returned by S,,, and let L be the
logical write action that produced the node v. Logical action L satisfies one of the following two claims:

(1) Either

L is the last logical write action linearized before cs( and hence v is last in By).
(2) Or

L is linearized within the interval (cy,c;).

Proof. Since v is read during the execution of S, clearly L terminates before ¢;. Therefore, to con-
clude that (2) holds, it suffices to show that L is linearized after ¢;. Consider the following cases
(which match the cases of the protocol):

Case 1: B, >~ Eu ;tEu.
Let ¢ be the smallest id such that v’j # vy and v # vff , where v?, vy and vff are nodes in G,,
<~ A
Gy, and Gu, respectively By Claim 1 such nodes always exist. According to the protocol S,
returns ”/3 Since Ue Fuvywegeth <c and r 11 — r,[£] — wy. Since v % Ue we get ¢ < d and
wi — 1} 411]. We conclude that r, 1] — 7{ [1] hence Ld is linearized after c;.

Claim 1. Under the conditions of Case 1, there exists an integer £,1 < £ < w, such that v? #Ev; #
<«

v? , where v’g , Uy and v? are nodes in G,, G, and G, respectively.

Proof of claim. By the conditions for Case 1 we have B, >~ B, ;t(gu Consider the following
cases:

Case 1.1: B, is a subgraph of é_u.
Let v be the last node on the common prefix of B, and Eu and let (vf,v5) be the
first edge of Bu not included in B,,. Such an edge always exists since, by the condi-
tions of Cases land 1.1, we have B, ;‘éBu and B, C G .Let ve, vg and vff be the nodes of
Wein G, Gu, and Gu, respectively. Obviously Ue # vj because otherw1se the edge (vf, v})
would have been included in B Since B, >~ B, we also have vy # v . The claim follows.
Case 1.2: B, is not a subgraph oqu.
Let vé? be the first node on B, which does not belong to Eu Such a node always exists

because B, is not a subgraph of G Let vl, v, and Ue be the nodes of Wy in G, G,,, and
G, respectlvely. Obviously Uz # v and v; # v;l . The claim follows. [

A <
Case2: B, >~ B, ~B,.

Let v? be the last node of B,. According to the protocol S, returns Ue Consider the following
cases:
Case2.1: B, # Bu.
In this case, there exist two distinct nodes vj? and vjc. (b < ¢) of the same writer, W;,

such that vj? € B, while v;f € B,. Since B, ~ B,, it holds that v]b. ~ 14, and in particular

]3
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vj?.address = vj.address. A writer does not use the same address twice in a row, hence,

(b+1) < c. Therefore, r,[j] — wf“ — r;.[l] — w]‘.’, which implies that L]C. is linearized

after c,. If vjc. e v? then G, has a path from vjc- to vz , because vjc- is in B,, and v? is last in
B,. Hence, by Theorem 11 (b), Ljf = LZ and L;" is linearized after c;.

Case 2.2: B, = B,,.
First, we show that B, is a path in H 7"l To prove this, we assume that (v vp) 1s an

arbitrary edge in B, and show that ( ,U7) 1s an edge of H'u vl By Lemma 5, there

exists an integer r, > 0, such that (vb+r v) is an edge in H "k, where v277 is the node

read in 7/[/]. Since vf is a node of B,,, we conclude that wi — r,[w] and since no edge

is ever deleted from the history graph we conclude that (vb” vp) is an edge in H" ulwl,

Since v? is a node of B,, and since B, = B,, we conclude that 71— wij thus vj? is

the current node of W; at least until 7,[/]. Since wi, — r,[w], we conclude that 7[j] —
wi = r,w] = 7,[j] = wb+1 and since » > 0, we conclude that » = 0 and (v vp) is an
edge of H'«"1. The proof follows.

The assumptions B, ’v;u (Case 2) and B, = By, (Case 2.2) imply that B, :Euz B,.
Since B, = gt (which is proven in Claim 2), we get that ”/z is last in By ] , which
implies that vaZ is lasting and that it is linearized at wg Therefore, Uz is elther last in B
or it is linearized after c;.

Claim 2. Under the assumptions of Case 2.2, it holds that B, = B; rulwl
Proof of claim. Assume by way of contradiction that B, # B;; ™ Since no edge is ever
deleted from the history graph, it follows that for every configuration ¢, after r,[w],
either B, C B}, or there exists some edge in H that excludes a suffix of B, from Bj,.

LetS = c<,c« ,... ,Co be the sequence of result configurations of actions ;,; [w],
1

wo tw—l

;,; [w-11,..., ;; [1], respectively. Define the function EX(c;) on S as follows: The value
of EX(¢;) is either w, if B, C Bj; or it is k where £ is the id of the node in B}, whose edge
excludes a suffix of B, fromB For every c<, I1<i<wl1< EX(C<—) <. Smce no edge
is ever deleted from By, the sequence of vafues of EX, EX(C<— ), EX(C<— ), .. EX(C<t—1 )

is non-increasing.
Now, we use the function EX to reach a contradiction by showing that under these

<~ <
assumptions B,, # B,. Since G, is collected in reverse order, from w to 1, and EX is a non-
increasing integer function into the interval [1, w], there exists an integer £, | <k < w
C<

such that o € S and EX(CTk ) =k.Let (vj?, vj) be the edge of BHtk excluding a suffix of

C< <« <« <«
B, from B H’kc_ By this definition, vj? € B,;since B, =B, vj-’ € By, hence vf’ € G. Since vf,
belongs to B ka , Lemma 6 implies that it is the current node of W at ce and therefore
k
<« <~ <~ <~
v, is anode in G,,. Since v} € G, and vj-’ € G,, we get that (vj’, vy) is an edge in G, which

<« <«
excludes a suffix of B, from B, a contradiction to the assumption that B, =B,. [
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Case3: B, # B,and B, C Gy

Let U?A beAthe last node of B,,. According to the protocol S, returns vf. Since B, C G, and
B, # B,, B, has a suffix whose nodes are not in B,,. Let vj‘-’ € B, be the minimal node in that
suffix and let vjb. be the node of W; in G,. By this definition, b v;' . By Claim 3 below, L;f is
linearized after c;. If Lf = L{, we are done. Otherwise, j < i and B, has a path from v_;? to vf.
By Theorem 11 (b), L = L.

Claim 3. Under the assumptions of Case 3, LS is linearized after c;.

Proof of claim. Since U? # v}, clearly r,[/] — w} and therefore w} occurs after ¢,. If L} is lasting
then it is linearized at wC. and the proof follows. If L‘f is transient then let v,‘f be the last node of

(

;7 » by which LC is linearized. If Ld is linearized after ¢, then LC is also linearized after ¢; and we

are done We contlnue the proof assuming that Ld 1S hnearlzed before ¢y, that is, wZ — r,[1].
By this assumption, there are no lasting write actlons that are hnearlzed within the 1nterval
starting at r,,[1] and ending at wi.In this case, Lemma 9 implies that B,; i /G+D=B,/(+]D.
Consider (vy, ;), the edge of v i in B, By Lemma 5, there exists an integer 7, » > 0, such that
s v§) is an edge in "j. By Theorem 11(a), L¢ is linearized after et Now we show that
r > 0: Assume by way of contradiction that r= 0 thatis (vf, v7) isan edge inH" . By the defini-

tion of v, v € B,.Since B,/(j + 1) = ’/(]—i—l) Wegetthatvg €B ’/Q—i—l) SlnceLclstran—

sient, let (v, vp) be the edge excluding (vf, v v}) from B ’/(/ +1).Since B, /(j + 1) = ’/(] +1

the edge (ve,vp) belongs also to B, /(j +1). Since B, C Gu, (ve,vp) is an edge in Gu, and it
excludes (v, j) from B, a contradiction to the deﬁmtlon of 1§ 2
The proof'is completed by showing thatif» > 0 then LE“L’ is linearized after ¢y, and therefore

L]c. is also linearized after ¢;. If ¥ > 0 then » > 1 because a writer never uses the same address

twice in a row. Since v§ is the current node read at 7, [¢], 7,[£] — wﬁl Since WEH — rﬁ”[l]

we get that 7, [£] — »;""[1] which implies that L€+r is linearized after c,. Therefore, L‘ is also
linearized after Cs. D

Case4: B, # B,and B, ¢ Gy

Let i be the smallest id such that v¢ is in B, v € G, and vl # vb According to the reader
protocol S, returns v . Under this assumptlon we show that Lb is linearized after c¢,. Since
v Zvi,wl — r,lil - wb — 7,[i], in particular 7, [1] — w f Lb is lasting, then it is linearized
after ¢s. Hence, for the rest of Case 4, we assume that Lb is trans1ent In the sequel, we show
that there exists a lasting write action LS which is hnearlzed after c,, and Lb is either linearized
by L{ or it is linearized after L. Consider the following cases:

Case 4.1: vf € By ”[’]

Since L? is transient, BH /i # B?/i, hence Lemma 9 (with j = i — 1) implies that there

exists a lastlng write action LS, such that Jj < iand rP[j] — w$ — wl. Since w{ — rl[j]
we get that wi — wi — wh.
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Now, we use Lc to show that Lb is linearized after c,. Since Lb is transient, it is linear-

ized by the last node of B Smce wS i w , the last node of BH is either v G or the node
of another logical write actlon which is hnearlzed after LS.
The proof is completed by showing that LC 1s linearized after r,[i], which implies that

L” is also linearized after r,[i] and therefore after ¢s. Since LC is lasting, it is linearized at

C . Therefore, it is enough to show that r,[i] — wC Note that since w{ — w], vl e H"Y.

However since v] is last 1nB "and i > j, Lemma 4(a) implies that vl & B . Therefore,
Lemma 1 1mp11es that for any configuration ¢; after w¢ ¢ V¢ & By By the assumption of

this case v¢ € B ul , I therefore r,lil — Wj'
Case 4.2: v ¢Br[l .
By the definition of i in Case 4, v¥ € B,.. On the other hand, by Case 4.2, v} ¢ B;;m,

therefore B} /i +1) # B,/(i + 1). By Lemma 9, there exists a lasting write action LS,
j < i,such that r, i1 — w]c — r,li], hence j < i.Since L" is lasting, it is linearized at wc
b

Since wj" — 1, il = w;

, we get wt i — w , and therefore Lb is linearized either by LC or
later. Since w] occurs after Cs, Lb 1S hnearlzed after ¢, too. 0O

5. Multi-writer registers using single-reader registers
5.1. Description

In this section, we present an implementation whose physical registers are atomic, (1, 1)-registers.
In this implementation, readers and writers use the same protocol which is obtained by modifying
the writer protocol of the (1,n) implementation. The ids of the readers are larger than the ids of
the writers and the reader protocol contains an extra return statement in which the read value is re-
turned. Communication is two sided; processor P; communicates with processor P;,i # j, by writing
into a (1,1) atomic register denoted by REG; ; from which P; reads. A physical write action executed
by P; to REG;; is denoted by w;,[/]1; while rilil denotes a physical read action by P; from REG;,,.
Logical action number a of P;, where P, is either a writer or a reader, is denoted by L{. Since we use
(1,1) registers, some single physical actions of the (1, 7) implementation are replaced by n physical
actions (for example w is replaced by w¢[1] - - - w{[n]). Each register contains five successive nodes
called new, current, previous, old and ancient. Immedlately after the occurrence of w{[/] the current
node in REG, , holds v{, the node computed by L{, while previous, old and ancient hold v{ ™", f 2
and v, respectlvely.

The use of (1,1) registers influences the protocols’ design in two ways. On one hand, informa-
tion propagation is not atomic any more: A processor that wishes to pass some information to all
other processors should write n times whereas in the (1,7) implementation a single atomic write
would suffice. Consequently, information is passed to the processors gradually and not at once. On
the other hand, since (1,1) registers are used, each pair of processors can use a constant number
of additional bits on top of those used for node encoding without increasing the O(logn) space
complexity.



90 A. Israeli, A. Shaham | Information and Computation 200 (2005) 62—-106

Now we discuss the influence of non-atomic information propagation on the protocol: Consider
the situation when node vj? joins the system gradually during physical actions wj’? 1,... ,w]l? [#]. In

these circumstances, the following problem may arise: let L be some action whose tail node is vjb. ,

where j < k. Assume that L is terminated before wj’ [[]. k < i occurs. If at this point, P, £ < i, reads
both REG; ¢ and REGy, whlle executing L¢, then nodes v and v} belong to Gd and (v vp) 1s an

edge Gd On the other hand, if at this p01nt P, m>i, reads RE G m and REGy , wh11e executing
Le, then since wb [m] has not occurred yet, v? ' is not a node of G4 and e v) is not included in Gy,
Th1s may cause a situation in which one reader returns one Value whrlle another reader returns a
second value and atomicity might be violated. To prevent this problem the following adjustments
are made:

(1) The protocol is augmented with the inform stage in which P; informs all processors of its new
node.

(2) During the invocation of collect in action LY, all new nodes are scanned Whenever P; sees that
the new node in REGN, s is the tail node of some node vy, in G’ then b i is added to G} as well.

The code of (1,1) version of procedure collect, for P;, appears in Fig. 11. In this implementation,
the code depends on the id of P;.. Assume G{ is collected: For every processor P;, G contains nodes
current, previous and old read from REG;;. When G{ contains some node vk Whose tail node is the
new node of P;, v , (that is , v? is the new field in REG] ;) wherei > k > j, v is added to G¢ as well.
The set AD contarns the tazl_address of all five nodes read from each reglster

The gradual departure of nodes from the system raises a similar problem: Let E be an execution in
which vb is the tail node of v? (j < 7). Inactions w3 [k],k = 1,2,...,n, v is moved from the o/d fields

into the ancient fields of REG; . Consider the situation when actions w“+3 k,k=12,....6, L <n
were executed but actions w”+3[k] ={+1,¢£+2,...,n, were not carrled out yet. If, at this point,
Pj uses b i .address as an address for some new node vb+r (r > 0) where Lb+r starts after L{ terminates,

the edge (vb+r v?) might be collected by some P, Z < m < n. Since in E L = Lb *7 this edge vio-
lates the precedenee relation. To prevent this problem we add the ancient node to the registers of

Procedure collect(G, AD)
V= {v}
AD:=¢
for j:=1tondo
reg; :=read(REG;;) 2[4
(new, current, previous, old, ancient) := reg;
V :=V U{current, previous, old}
AD := ADU{new.tail_address, current.tail_address, previous.tail _address,
old.tail_address, ancient.tail_address}
for j :=¢— 2 downto 1 do
if 3k, j < k <4, such that reg;.new is the tail node of some node v, € V
then V := V U {reg;.new}
G:=IND(V)

Fig. 11. Procedure collect for P; in the (1,1) implementation.
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the processors. The ancient node is never used as a tail node for new nodes; its role is to provide a
window of time during which the o/d node leaves the system while reuse of its address is delayed.
Now, we present the notion of enclosed actions: Intuitively, action Lf- is enclosed within L¢, if

its execution interval [ rjl.’ [1],wjl? [] ] is contained in the execution interval of LY, [ #{[1], w{[n] ]. The

hand-shake mechanism is a fairly standard distributed protocol which enables P; to sometimes detect
enclosed actions by processors with smaller ids. Whenever some enclosed actions are detected, the
node of one of them is chosen as can_tail. In the next subsection, enclosed actions and enclosed-free
actions are defined. The required properties of the hand-shake mechanism are stated in Lemma 13.
The hand-shake mechanism is presented and Lemma 13 is proved in Appendix A.

The code for the protocol, without the details of the hand-shake mechanism, appears in Fig. 12.
Now we describe the protocol assuming L is executed: Execution of L{ starts with an invocation
of collect in which G{ is collected. The physical actions of collect are r{[1] - - - r¢[n]. Following that,

begin
collect(G,, AD) r¢1] ... r¢n]
AD := AD U {current.address, previous.address,
old.address, ancient.address}
if L, is enclosed-free then
can_tail := last node in B;/1
else
can_tail := node with maximal id enclosed in L{
endif
cid = can_tail.id
new.address := min(AD — AD)
new.tail id = cid
new.tatl_address := can_tail.address

REG, ia := write (new, current, previous, old, ancient) picid]
nreg := read(REG ;) 7¢[cid)
Case /*L$ connects™/

[can_tail ~ nreg.current]: Ret_node := nreg.current

[can_tail ~ nreg.previous: Ret_node := nreg.previous

[can_tail ~ nreg.old]: Ret_node := nreg.old
else /*L¢ loops*/

new.tail _id =1
new.tail_address := new.address
Ret_node := can_tail
endif
for j:=1ton
REG,; :== write (new, current, previous, old, ancient) i?[1] ... i¢[n]
endfor
current, previous, old, ancient := new, current, previous, old
for j:=1ton

REG, ; = write (new, current, previous, old, ancient) wil] ... wn]
endfor
if you are a reader (i > w) then return(Ret_node.value)

end

Fig. 12. The protocol for P; in the (1,1) implementation.
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the frontal branch of G{, Bf, is computed. Computation of B{ is done just like before, where re-
lation locally precedes is defined so that each of old, previous, current and new locally precedes its
successors on the list. After that, P, computes its tentative new node, whose tail node is denoted by
can_tail, as follows: If an enclosed node is detected then can_tail is the enclosed node with maximal
id. Otherwise, can_tail is the last node of B{ /i. As before, cid denotes the id of (the owner of) can_tail.
The address of new is the minimal address not included in the set 4D which includes components
tail_address of all nodes read during collect. In addition, it is ensured that the address of new is not
equal to the last four addresses used by P,, thus, the addresses of every five consecutive nodes are
distinct and if v ~ v?” and 7 > 0, then r > 4.

During execution of L¢, P; computes a node called Ret_node as follows: If L{ connects then
Ret_node is chosen as the tail node of vf, if L{ loops then Ret_node is equal to node can_tail com-
puted during L¢. Node Ret_node is used only if P, is a reader, in this case the value corresponding
to Ret_node 1s returned by L{ and it becomes the value corresponding to v{. This is the only place
in the implementation in which a value corresponding to one node is copied to another node.

In the next step, P; declares the new node, to Py exclusively, in action pf[cid]. Then, in action
7{[cid], P; rereads REG;q;. If v, is > to either current, or previous, or old then L{ connects—the
tentative choice of rail is committed; otherwise (L{ loops), the tail node of v{ is v{ itself. Thus, after
this stage, the choice of node new is finalized. After choosing its final new node P; executes the inform
stage in which it informs all other processors about the new value by writing it into component
new of all its registers in physical actions i/[1] - - - i?[n]. Logical action L{ is concluded with physical
actions wf[1] - - - w{[n] in which v{ is written in the current field of all registers of P; one after the other.

To complete definition of the protocol, we need to specify initial values for all data structures.
Similar to the (1, n) implementation, all nodes in all registers are initialized to hold the initial node,
v?, where v?.address =0, v?.tail_id = and v?.tail_address = 0. That is, at the initial configuration
all edges of the current graph are self-loops, the initial frontal branch contains only the root node
1)8 and the initial logical value is the value corresponding to 1)8, which can be chosen freely from the
set of all permitted values. The initial values for the bits implementing the hand-shake mechanism
are presented in Appendix A.

Since there are five nodes in each register, and each node contains three fields each of which
is of size logn + O(1) bits, the space complexity of the (1,1) implementation is ®(logn). The time
complexity, including the implementation of the hand-shake mechanism, is 5n + O(1).

5.2. Linearization of the logical actions

Similar to the previous section, we fix some arbitrary execution of the system, £ = co,d\, c, - . .,
and all definitions and proofs are made with respect to E.
Definition 10. The tail node of v{ is defined as follows:

(1) If LY connects then the tail node of v{ is Ret_node, read in 7{[cid], which is > to can_tail.
(2) If L{ loops then the tail node of v is v itself.

In this implementation, once more a history graph, H , is used to linearize the logical actions. For
every processor, P;, writer or reader, each node v{ is included in /. The configuration at which vf
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joins the history graph, which is called the joining configuration of v{, should satisfy the following
requirements:

(1) Thej J01n1ng configuration of v¢ lies within the interval [w¢[i 4 1], w{[n]].
2) If ( ,09), j < i, 1s an edge in H then the joining configuration of v{ is not earlier than the

JOlnlng configuration of vf.’ .

These requirements are fulfilled by the following definition.

Definition 11. Let L be some loglcal action and let DES} be the set of actions whose nodes are
descendents of v¢ in H, including v¢ itself. Let Lb be the ﬁrst logical action in DES{ to complete its
execution. The joining configuration of v (and all nodes on the directed path from vf to vb) is the
result configuration of wb[n] In case vf # v , we say that v{ joins the history graph by v

Definition 12. Let £ be an execution of the system. The History graph of E, H, is defined as
follows:

(1) H" is the History graph before the executlon begins. It contains only the root node—vg
(2) Let ¢; be the result configuration of W b[n]. Assume that cy; 1s the joining configuration of

a set of nodes PTH] i < j. In this case we define H/ as the graph obtained from H"
by adding all nodes of PTHJ For each node of PTHJ v, H “ contains an edge emanating
from the tail node of v} and incoming to vj. If ¢; is not a joining configuration of any
node then H = H“™"

Definition 13. Let ¢, be the joining configuration of v{. Action L{ is lasting if v belongs to BZ". An
action which is not lasting is transient.

Note. Since in this implementation, configuration ¢, may be the joining configuration of several
nodes. A node of a lasting action is only required to belong to BZ" (and not necessarily to be last
in B é’ ).

Now, we define enclosed actions: Intuitively, action Lb is enclosed within L¢, if its execution inter-
val [ #? [1], [n] ]is contained in the execution interval of L, [ r#[1],w{[n] ]. Since if i # n, P; cannot
determlne the occurrence time of w?[n] we define Lj’ as enclosed in L if the interval [ r”[l], ”[z] 1is
contained in the interval [ #{[1], w{[n] ]. Even under this permissive deﬁnltlon asynchronlclty makes
it impossible to detect every enclosed action. The maximum one can hope for is that if P; executes
“enough” enclosed actions during L{ then one of them is detected. In the following definition we use
a slightly abusive language and define an action as enclosed-free if no enclosed action is detected,
that is, an enclosed-free action may actually have some (undetected) enclosed actions. Detection of
enclosed actions is done by use of the hand-shake mechanism. Description of the mechanism and
a formal proof of its properties appear in Appendix A.

Definition 14. Lj-’ and vj? are enclosed within LY, i > j, if the execution of Lj-’ begins after the execution
of LY, and vj? is the current node in REG;, collected during L{. Action L{ is enclosed-free if it does
not detect any enclosed action.
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Now, we define the linearization point for the logical actions. Logical write actions are linearized
independently of the logical read actions according to the following definition.

Definition 15. Let L¢ be a logical write action whose joining configuration is c;,.

(1) If L{ is last in BZ" /(w + 1) then L{ is linearized at c;,.
) If vj? is the last node of B:{ /(w + 1) then L{ is linearized by L]b. , that is, before L? and after any
other physical action that precedes the joining configuration of vj-’ . In case several logical write

actions are linearized by the same logical action they are linearized in ascending order of their
ids.

Read actions are linearized according to the nodes they return. The linearization point of a logical
read action L{ is defined as follows.

Definition 16. Let L{ be a logical read action whose Ret_node is b If L? is linearized before the

beginning of the execution interval of L¢, then L{ is linearized at the beginning of its execution

i»

interval. Otherwise, L¢ is linearized by L?, that is, after Lj? and before any physical action which
occurs after L2, or before any logical action which is linearized, after L2. In case several logical read
actions are linearized by the same logical action they are linearized in ascending order of their ids.

5.3. Correctness proof

We begin the proof with several auxiliary lemmas which are used in the proof of Theorem 19 in
which it is proved that every logical action is linearized inside its execution interval. At the end of
the proof, in Theorem 22, we show that every logical read action returns the value written by the
last logical write action linearized before it, hence, the implementation is correct.

The first lemma deals with enclosed actions and with the properties of their detection mechanism.
A description of the mechanism and a proof for the lemma appear in Appendix A.

Lemma 13. Let vjb- be the last node of P; whose joining configuration is before r{[1]. There exists a

detection mechanism that requires three bits for each pair of processors such that if, for some r = 0,

vjb.+3 T is the current node in REG; at r{[]], then it is detected as enclosed.

Lemma 14. Let (vj?, vi), J < i, is an edge in Gy and let c,; and c,; be the joining configuration ofv? and
ve, respectively. Under these conditions the following hold:

(1) There exists some integer r,r > 0 such that (vj-7 +r v?) is an edge in H .

(2) Configuration c,; is not later than cy,.

Proof of 1. By the protocol, if (vj-’, vf) is an edge of Gy, where j < i, then L{ connects, and its tail

node is some node of P}, vjb.+r. To prove the lemma we show that » > 0.

Since (vj?,vl‘-‘) is an edge of G} and (v?”,v?) is an edge of H, we conclude that vj?.address =
b+r
U

;' .address. In the next claim we assume by way of contradiction that » < 0 and prove that
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[]] — rb[z] — w“+4[]] Since vf is one of the five nodes in REG;; throughout the interval
[ P, l“+4[/] ), we conclude that v?.tail_address € AD}’ , where AD}’ is the set AD returned by pro-
cedure collect invoked during Lj?. By the protocol, vj?.address # v{.tail_address. On the

other hand, the fact that (vj?,v?) is an edge of G implies that vj?.address = v{.tail_address, a
contradiction.

Claim 4. Under the conditions of the lemma, if r < 0 then p{'[j] — rl.’ [i] — wf+4U].

Proof of claim. First, we show that p 7] — rb []. Since the addresses of every five consecutive
nodes are distinct and vb+’ address = v? address the fact thatr < O implies that » < —4. Nodes old,
previous and current in REGJ, at w [z] are Uj’ 4, vj’ 3 and o0~ J respectlvely Since r < —4, v b+’
is neither o/d nor previous nor current in REG;; at wb 2[z] Since L¢ connects, vj’” is one of these
nodes in REG;; at 7[j], hence 7¢[j] — wb 2[z] By the protocol, pf[j] — 7¢[j] and wb 2[z] — rb[z]
hence pf'[j] — rb [Z].

The fact that rb[z] — wit[j]is proved as follows:

() 2l — zb [£] (accordlng to the protocol)

2) é[k] — rk[]] (since v € GY)

3) rk[]] — r¢li] (since i > J and G is collected in ascending order)
@) rili] — w"+3 [k] (since v{ € GY)

(5) Wik — wit 1 (P works in sequential manner)

Since the right-hand side of each relation is the left-hand side of the next one, we get r?[i] — Wit
In conclusion, p?[;] — rb [i] = wot*[/]. The claim follows. [J

Proof of 2. Let ¢/;,, be the joining configuration of vf”. By Definition 11, ¢y, is not later than c,.
If » > 0, the protocol implies that ¢, is later than ¢;;. [

Lemma 15. Let ¢;; be the joining configuration of LY and let Uj? be node can_tail computed by LY. Under
these conditions vl? € H¢,

Proof. Let vb be node can_tail in L{. First we show that v is not the new node in REG;; at r{[/]. If
L 1s enclosed free then v] is the last node in B{ /i. Since a new node of Pg is added to G{ only if it
is the tail node of another node v}, where £ < k < i, we conclude that v is not new in REG;;. If L{

has an enclosed action then, by Definition 14, v” is the current node of P;, where j is largest id of
detected enclosed action.
Now, we continue the proof, assuming that v% v isnotnewin REG;;. If L{ loops, then b i isnotamong

current, previous or old read from REG; ; in 7 []] Obviously wb [n] — r{[j] — w{[n]and we are done.

Assume that L¢ connects. In this case 2 ~ one of current, prevzous orold in REG;; at 7{[j]. Assume
vj’ =~ 1§, where vf is one of these three fields. If o % v§, we conclude that wb [n] — i51j1 — [/l and,
once agaln we are done. Assume now that v c In this case, v? is the tail node of v¥ in H. By

Definition 11, v e H. O
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Lemma 16. Let Lj be an enclosed-free action and let ¢y, be the joining configuration of vy. Every node
of Bf [k belongs to HC.

Proof. Let the nodes of Bf /k be Vs (=vf), Vjpeeos ¥, (_ UO), where vf is last in Bf /k. We prove the
lemma by induction on j,. ' '

Base:
We have to show that the last node of By /k, v{, satisfies the lemma. Since L is enclosed-free,
it holds that v is node can_tail computed during L{. By Lemma 15, vf € H%.

Induction step:
Assume that all nodes vj,...,v; belong to H. To complete the proof it suffices to show
that Vit € H . Assume that (v VoV ) = (v vy) for some processors P; and P;. By Lemma
14, there exists some 7, » > 0, such that (vb+r ) 1s an edge in H, that is, vﬁ’” e H . If

r = 0, we are done. If » > 0, then since Lb — Lb+’ clearly v € H% aswell. O

Let L¢ be a logical action. The initial configuration of L{ is the configuration that precedes the
first physical action of L{, that is the configuration that precedes r{[1].

Lemma 17. Let cy, be the initial configuration of L{ and let c;; be the joining configuration of v{.

I.IfB;;’/i = B;}"/i then
(l.a) Lg_ is enclosed-free.
(1.b) B, /i is a subgraph of G¢.
(1.c) LY is lasting.
2. For any c > ¢, if v € BY, then v?“ & HC.

Proof. By induction on i, the ids of the processors.

Base:i =1

(La) Every logical action executed by P is enclosed-free.

(1.b)For any configuration c, By, /1 contains a single node, namely Uo

(Lc) Every action of P is lastlng

(2) Everynode of P; excludes its previous node from the frontal branch of the history graph.

Step: Assume correctness for j < i. Now, we prove correctness for i.
Proof of (1.a). Assume by way of contradiction that L{ is not enclosed-free. By Defi-
nition 14, this means that L¢ detects at least one enclosed action. Let L2, j < i, be the
action with maximal id, detected as enclosed in L¢. By Definition 14, the 1n1tlal config-
uration of L , Cs;» 1s after the initial configuration of L{, cy;. By the protocol, v b is node

can_tail computed by L¢, hence, Lemma 15 implies that v € H%. We get that the in-
terval s> ] is contained within the interval [cy;, ¢ ] Slnce BH Ji= H 7/i we get that
sz /j = B;}f /j. By Induction Assumption (l.c), Lj? is lasting. Hence, the frontal branch of
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th)e history graph is modified at ¢;;, the joining configuration of vj?. Since j < i, B;;f Ji &
BZj /i, a contradiction.

Proof of (1.b). We have to show that every node of B;}i /i belongs to G¢: First, we show
that every such node is read during the collection of G¢ either as new or as current or as

previous. Let vjb be some node in Bzi /i. Clearly ib [i]] = ¢5; — r{[/]. Since iji Ji= B 1 /i we
get that v € BH /i which implies, by induction hypothe51s (2), that Ub+1 §Z H¢:. Therefore,
b+l

[7] occurs after ¢;, which implies that zb il = r{[j]1 = wb+1[n] Thus v is either new or

current or previous in REG;; at r{[j]. If b i 1s either current or previous then it belongs to G
independently of the rest of the nodes of G{. If, however, vj? is new in REG;; at r{[j] then
it belongs to G¢ only if it is the tail node of another node in GY{. Thus to show that all the
nodes of BH /i belong to G¢, 1t suffices to show that the last node of BH /iisin G{.

Let v? be the last node of B 7 /i. Now, we show that wy TS r{[j]1 which implies that vﬁ 1s
either current or prevzous in REG i at i1, hence, Uz € G{.If the joining configuration of Ue
is at wy d[n], then wy [n] — ¢y, = r{[j]. Otherwise, Ue ]oms the h1story graph by another node
vy, whose tail node is ”e ,where ¢ < [ < k. Since Ue € B and Ue joins the history graph by v,
Definition 11 implies that vj € H:. The proof'is completed by the following relations:

la. [l] = W/z [k] Gf i = k). Or

L.b. [z] — Wy k] (accordlng to the protocol, assuming i < k).
2. [k] — #{[j] (since Ue is the tail node of vy).

3. rk[]] — ¢y, (since v € Hi).

4. ¢y — r[j] (according to the protocol).

1

Which imply w§ a1 — r{[j]1. Therefore, ”e € G{,and BH /11s a subgraph of G¢.
Proof of (1.¢). Assume by way of contrad1ct10n that L¢ is transient. Since B i i = Z’/i,
induction hypothesis (l.a) and (1.b) for i imply that L¢ is enclosed-free and that B T/iis a
subgraph of G{. Since L is enclosed-free, Lemma 16 implies that B{ is a subgraph of H¢:,
Now, we show that L does not loop: We claim that B{ is a subgraph of Bff{. Assume towards
a contradiction that vj? is the last node in their common prefix and (vj.’ ,Uy) 1s the first edge of
B¢ not in BZ,". Since B¢ is a subgraph of H, the edge (vj?, vy) belongs to H. Since (vj?, vp)
is not an edge of Bh’,", there exists an edge of Bh’,", (@, d), excluding (vb vp) from By . Since
Z,’ /i is a subgraph of G{, we conclude that (b, uj ) is an edge of G¢ and it excludes ( JUR)
from B¢, a contradiction, thus B¢ is a subgraph of B " Let v ,J < i,benode can_tail selected
during L¢. Since B¢ is a subgraph of B , and LY is enclosed free, v? i is a node of B o 7 /i. Since
U1 = ey 0]
loop.
Since L is enclosed-free, transient and does not loop, we get that B" K= B " /i. Let v Lj <,
be the node with the maximal id in their common prefix. Node v is not last in B¢ /z since

is read either as new, or as previous or as old during 7{[], hence L{ does not

H 7/i is a subgraph of G¢ and BY/i # Bf}l /i. Let (v ],vk), k <1i,be the edge emanating from

vj? in B¢/i. Now, we show that (vj?, vy) is an edge in H“i: Since L{ is enclosed-free, Lemma
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16 implies that v € H. By Lemma 14, there exists some » > 0, such that (vb+’ vp) is an
edge in H. Since vj € BH , induction hypothesis (2) 1mphes that vb + g H, that isr=0
and (vb v) is an edge in H%. By the maximality of vb ( ) & B /z Let (vb vz) { < i, be
the edge excludmg (v v) from BH /i. Since BH Jiisa subgraph of G¢ , (08, v? ¢) € Gf, and it
excludes ( JUR) from B¢ /i, a contradiction.

Proof of (2) Assume by way of contradiction that v¢ does not satlsfy the lemma, that is
vl e B " where ¢, is the joining configuration of U““Ll Since v € By, i L"Jrl is transient. We
reach the required contradiction by showing that L“+1 is lastmg. Smce the joining configu-

ration of v{ is before rf‘“[l] and vf € Bc"' there are no lasting actions with id smaller then

a+l
i in the interval [rlf”l[l], cy;]. Hence, B i [1]/ = BZ"' /i which implies, by (l.c), that Lf“ is

lasting. [

Lemma 18. If L¢ is enclosed-free then Bﬁm /i is a subgraph of G¢.

Proof. In order to show that Bg[l] Jilsa subgraph of Gf, we show that every node of Bg[l] /i belongs
to G- Let vj’ be an arbitrary node in BH /z Since v € BH /z zb[z — r{[1] — r{[j]. By Lemma
17(2), v% is the last node of P; whose joining conﬁguratlon is before 7 [1] Since L{ is enclosed-free,
Lemma 13 implies that the current node in REG;; at r{[j] is vb+r 0<
r{[j1, during the collection of G¢ either as new or as current or as previous or as old in REG ;. If vb is

either current or previous or old then it belongs to G} mdependently of the rest of the nodes in G“
Assume that 12 is new in REG; at r{[j]. The proof that v € G{ is identical to the proof of Lemma
17(1.b). O

< 2. Thus, vj 1s read, in

Theorem 19. Every logical action is linearized within its execution interval.

Proof. Since logical write and read actions are linearized differently, we prove the theorem separately
for each type of logical action:

Proof for logical write actions.Let L¢ be a logical write action whose initial configuration is c,.
By Definition 15, every logical write action is linearized no later than its joining configuration.
Therefore, we only have to show that L{ is linearized after cy,. Let ¢, be the joining configuration
of vf. If L¢ is lasting then it is linearized either at ¢;; or just before it, and the theorem follows.
Assume that Lbf’ is transient. By Lemma 17(1.c), B Ti# BZi /i, hence, there exists a lasting logical
write action L, j<1, whose joining conﬁguratlon is after c5, and before ¢,. Action L is either
linearized by Lb or it is linearized by another lasting logical write action which is linearized after
Lb and before c, The theorem follows.

Proof for logical read actions. Now, we prove by induction on i, the ids of the readers that every
logical read action of P, is linearized within its execution interval:
Base:i =w+1
Let L¢ be a logical write action of P; and let ¢;; and ¢;, be the initial configuration of L and
the joining configurations of v¢, respectively. By Definition 16, every logical read action is
linearized after its initial configuration, therefore we only have to prove that L¢ is linearized



A. Israeli, A. Shaham | Information and Computation 200 (2005) 62—-106 99

no later than ¢;,. Let v ,J < i, be node ret_node computed by L{. Since j < i, P; is a writer,
hence, the first part of the proof 1mp11es that Lb is linearized within its execution interval.
If L¢ connects then by Definition 11, v € H Therefore Definition 16 implies that L{ is
linearized before c;,. If L loops, then 0bV1ously Lj’ is completed before ¢, so once again,
L{ 1s linearized before c;,.
Induction step:

Assume that all logical actions of all readers whose ids are less then i are linearized within
their execution interval and let L¢ be an arbitrary action of P;, whose ret_node is vj? . Action
Lj? is linearized within its execution interval, either by the first part of the theorem, if P; is a
writer, or by the induction hypothesis, if P; is a reader. In both cases, the proof'is identical
to the proof of the base case. [

Theorem 20. If (2, v%), j < i, is an edge in G, then Lb = L{.

]’l

Proof. Let ¢, be the joining configuration of v¢. By Lemma 14, there exists some » > 0 such that
W+, v¢) is an edge of H. We show that L™ = L¢. The theorem follows since if > 0,1 = LV*".
Cons1der the following cases:

Casel:i<w
In this case Lb+r and L are both write actions. If L¢ is lasting or if both L¢ and Lb *7 are transient
then the proof is implied immediately by Definition 15. If Lb *7 is lasting and L¢ is transient
then L¢ joins the history by another lasting logical write actlon L¢, that satisfies LbJrr = L.
By Definition 15, Lb =L

Case2: j <w< i
In this case the value written by Lf-” is returned by L¢. By Definition 16, L?“ = LY.

Case 3: w < .
In this case, by Definition 16, L{ is linearized by L;? . O

Lemma 21. Let LY, i > w, be an enclosed-free read action and let vjb~, J < w,bethelastnode of Bf Jw + 1.
1] b 1s .
If & By /w1 then L} is linearized after r{'[1].

Proof. Since v € B{/(w+1) but v g8y, /(w+1), B"/(w +1) # By /(w+ D). Let v} be the node
with the maxrmal id in the common prefix. Since v € B!/(w+1), v is not last in BY /(w + 1) Let

(vg, vf v?) be the edge emanating from v in B /(w + 1) Let ¢, be the joining configuration of Ue By
the next claim Ctg is after #{[1]. If L;f = Lb we are done. If Ld E= Lb then there is a path from vé to v? i
in G (because v and Uz are both of B / i and v is last in B“ /i). By Theorem 20, Ld = Lb therefore

Lb 1s linearized after ré[1].

ril] ril]

Claim 5. Under the conditions of the lemma, c,, is after r{[1].

Proof of claim. Assume by way of contradiction that ¢;, is before {[1], that s, v e H rill] .By Lemma
14, there exists some »,7 > 0, such that (vCJrr ) isanedge of "1, Since v € B H / (w+ 1), Lemma
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17(2) implies that UCJrl ¢ H'W/(w +1). Hence, r = 0 and (v§,v¢) is an edge of H'i11. Let (5,05,
E be the edge excluding (vf, vy v?) from Br" W Since L is enclosed-free, Lemma 18 implies that

BF’, /z is a subgraph of G{. Hence, (vj,vy,) is an edge of G{ and it excludes (vk,v ) from B{, a
contradiction. Therefore, the joining configuration of va( , ¢q, 1s after r{[1].

Now, we show that Lg is linearized after r{¢[1]. If Br ] /L # BZ‘ /€ , then Lg is linearized by the
lasting write action that is linearized last before ¢;,, that is after 7{[1]. Assume that Bﬁ[l] /e = BZ‘ /L.
The following three facts:

D qu - /i is a subgraph of G{ (by Lemma 18),
(2) v; € B} By /z (by definition),
(3) (v, vf v?) is an edge in B¢ /i (by definition),

imply that v§ is the last node of BZI[H /£ (otherwise the edge emanating from vf in B;_’jm /€ excludes
(g, vff) from BY /7). Since BZ[I] /e = BZ," /¢ it holds that v is last in BZ‘ /€. By Definition 15, L;’ is
linearized at ¢;, (or just before), that is after 7{[1]. The claim and the lemma follow. [J

In the following theorem, we prove that the (1,1) implementation is correct.

Theorem 22. Let LY be a logical read action, and let Lﬁ? be the logical write action which wrote the
value returned by LY. Li? is the most recent write action linearized before L.

Proof. Denote the initial configuration of L{ by cy,. We prove this theorem by induction on i, the id
of logical readers.

Base:i =w+ 1.
Let vb_’ ,r > 0, be node can_tail computed in L{. Consider the following cases:

Case 1: LY is enclosed-free.
In th1s case vb "is the last node of B¢ /i. By Lemma 18, B /' /iisasubgraph of G¢. We show
that either Lb " is linearized after ¢, or Lb " is the most recent write action linearized
before cy,. If vb "¢ B, i /i then by Lemma 21, Lb " is linearized after cy,. If vb "e Bc” /i

then since BH /iis a subgraph of G{, and since o i " is the last node of BY /i, v "islastin

H 7 /i. Hence, L7 is the most recent write action linearized before cg;. Since ij "= Lj?
(if ¥ > 0), the proof follows.
Case 2: L{ is not enclosed-free.
In thls case, vj’ " is the node with the maximal id detected as enclosed in L{. By Theorem
19, Lb " is linearized within its execution interval. Since Lb " is enclosed within L¢, it is
hnearlzed after the beginning of the execution interval of La Since Lb "is node can_tail
of L¢, Lemma 15 implies that Lb " is linearized before the joining conﬁguratlon of L¢.
Hence L2 is linearized within the execution interval of L¢. If » = 0 we are done. In par-
ticular, if L{ loops then Ret_node is can_tail,r = 0 and we are done. Assume L{ connects
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and » > 0. In this case Lb is linearized after the beginning of the execution interval of
L{ (since Lb "= Lb) and before the joining configuration of L{ (since b ; is the tail node
of v¥). In th1s case Lb is linearized within the execution interval of L and Definition 16

implies that L{ is hnearized by Li’ That is, Lj’ 1s the most recent write action linearized
before L. '

Step: Assume correctness for m, w < m < i. Now, we prove for i:

Recall that L? be the logical write action which wrote the value returned by L{If v? is node

Ret_node of L{ then the proof is identical to the proof of the induction base. Otherwise let v,

w <k <i,be node Ret_node of LY, and let v; ™", r > 0, be node can_tail computed during L{.

In this case L{ is a logical read action Wthh also returns the value written by Lb Consrder

the follow1ng cases:

Case 1: L{ is enclosed-free.

By the induction assumption, Lj’ is the most recent write action linearized before L. If
L is linearized within the execution interval of L{ then L{ is linearized by L{ and we are
done. Assume that L{ is linearized before cy,. According to Definition 16, L is linearized
at c5;. By the next claim there exist no write actions linearized after L{ and before c,; and
therefore the proof of this case follows.

Claim 6. Under the conditions of Case 1, there exist no write actions linearized after L,
and before c;,.

Proof of claim. Assume by way of contradiction that there exist some logical write
actions linearized after Lj and before cy. In this case, there exists at least one
such lasting write action. Let vg, < w, be the last node of B ' /(w+1). By this
deﬁnition, Lj? =L, = Lz. By Lemma 18, BH /i is a subgraph of G{. Since vg €
B /(w+1) we get that v? € G¢. In both of the following cases we reach the re-
quired contradiction:
Case 1.1: Ue Ba/i
Since v " islastin B /i, there is a path from Uz tov;”" in G{. Therefore, by Theorem
20, Ld L Since r > 0 we get that Ld =L¢, a contradlction
Case 1.2: Ue g‘Ba/z
In this case G¢ has some edge (vo ,09), 0 < m < £ < w, that excludes the suffix of
/ i (and ”e) from B¢ / i. Let ¢;, be the joining configuration of vf,. First, we show
that Ur € Hm: Since (vo ,U5,) 1s an edge of G¢, Lemma 14 implies that there exists
an edge (vf +r ve,) in H . Assume that ¢, 1s before cél.. Since v{,{ e Bcsl', Lemma
17 implies that r = 0and therefore (vo , %) excludes v from Bcsi, a contradiction.
Thus ¢, is after ¢;, and v§ € Hém.

By Lemrna 14, there exists some » > 0, such that (v, ", v,) is an edge in H»_ If
r =0, (v, 0° ¢) excludes v¢ from By If r > 0, Ué‘-t—r Hclm and by Lemma 17.(2),
vo ¢ B,/ “mSince v{: is on the path from the root to ve, v(Z ¢ B,/ “mSince vg € Hem L&
is either linearized at ¢, or by another node whose j Joming conﬁguration 1s after
¢, the joining configuration of Ue , hence, Ld = L¢,. Since v§, € B /i and v, " is last

S
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in B{ /i, Theorem 20 implies that L{, = L;~". Therefore, we get Lj? =L =18 =
Ly = L{ and in particular Lj? = Ly, = Lj, a contradiction.

Case 2: L{ is not enclosed-free.

In this case v;” " is the node with the maximal id detected as enclosed within L{. There-
fore, L;™" is linearized after cy,, the initial configuration of L{. Since » > 0 we get that
Lj 1s linearized after cy,. By the induction assumption, Lj? is the most recent write action
linearized before L{. Since L{ is linearized by L, Lj? is the most recent write action line-
arized before L{. To show that L{ is linearized before ¢;;, note: If L{ loops then Ret_node
is node can_tail of L¢, r = 0 and the proof follows. If L connects and the tail node of
L¢is LT, r > 0and if r > 0 then L§ = L{". By Definition 16, L{™" = L¢ and the proof
follows. O

6. Concluding remarks

The second and third implementations presented in this paper are two novel label-based
implementations of a (w,r)-atomic register with logarithmic space complexity. The second im-
plementation is of type (I,n), its space complexity is ®(logw), its time complexity is @(w) and
communication is one sided. The third implementation is of type (1,1), its space complexity is
®(logn), its time complexity is ®(n), and communication is two sided. The logarithmic space
complexity of both implementations is asymptotically optimal for label-based implementations.
We conjecture that the space complexity of any (w,r) register is logarithmic, even for general
(non-label-based) implementations. Our proofs are very technical and complex. We view the prob-
lem of presenting a formal verification system for register implementation as an important open
problem.
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Appendix A. The hand-shake mechanism

In this appendix we describe the hand-shake mechanism in detail and prove that it satisfies the
requirements of Lemma 13. The code of the protocol in which the mechanism is integrated ap-
pears in Fig. 13. For each pair of processors, P; and P;, i > j, the protocol requires that P; should
be able to detect enclosed actions of P;. To do that, REG;; is augmented with two bits called
REG;.s1 and REG;;.s7, and REG;; is augmented with one bit called REG;.t. Processor P; keeps
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begin
for j:=1toi—1do (down block)
éTL]] = read(RE'Gj$i.Sl) T’El[j].s
write (T'[j] to REG, ;.t wij)-t
endfor
for j:=i+ 1 ton do (up block)
(t]§] == read(REG.t) i)

if (¢4]j] # £51(j]) then
E[j] = 0tlj]; Csslj) = —E1[j)

write (s, [j] and sy[j] to REG, ; wj)-s
else (Ct[j] = s1[7])
[92[]] = f?l[]}
endif
endfor u u
collect(G,, AD, (S, (S») réfl-ribl

AD := AD U {current.address, previous.address, old.address, ancient.address}
enclosed-free := true
for j:=1toi—1do
if £S1[j] = €S5[j] = (T[] then
enclosed-free := false
maz_enclosed := node with maximal id enclosed in L{

endif
endfor
if enclosed-free then
can_tail = last node in B, /i
else
can_tail = maz_enclosed
endif
for j:=1toi
REG, ; := write (new, current, previous, old, ancient) wi1] ... wi{]
endfor
for j:=i+1ton
REG, ; := write ((ss]j], new, current, previous, old, ancient) wili + 1] ... w{n]
endfor
if you are a reader (i > w) then return(Ret_node)

end

Fig. 13. The protocol for P; with the hand-shake mechanism.

a local image for each of these bits where the local image of REG,;.s1 (REG;,;.s2, respectively) is
denoted by £s1[j] (£s2[/], respectively) while the local image of REG; .t is denoted by £t[;]. All s
bits and their local images are initialized to 0, while all ¢ bits and their local images are initial-
ized to 1.

The detection mechanism works as follows: At the beginning of L¢, P; initiates detection of ac-
tions of P;, i > j, by reading bit REG;;.s; and writing its inverted value in REG; ;.t. Whenever P,
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wishes to check whether there exists an action of P;, enclosed within L{, P; reads REG;;.s; and
REG; ;.s57. In case both bits are equal to bit REG; .1, the current node of P is detected as enclosed
Now, we describe the role of P; in the detection mechanism: Assume that P; executes L. P; al-
ways tries to modify the value of REG; ;.51 (and its local image) so that it is equal to the most
recently read value of REG; ;.t. At the beginning of Lb P; reads REG;;.t and compares its val-
ue with (its local image of) REG;;.s. If the bits are not equal P; concludes that this is the first
time REG; .t is read since it was last written, thus it is possible that L? has started after Lj’ In
this case P; assigns REG;;.t to REG; ;.51 and the inverted value of REG]l t to REG, ;.52 and pre-
vents P from detecting Lb as enclosed during L{. On the other hand, if REG; .t and (the local
image of) REG;;.s1 are equal P; concludes that L¢ has started before Lb and the current val-
ue of REG;;.s1 was written during Lb ! In this case, P; can conclude that L{ has started before
the end of Lb ! and hence before the beginning of Lb In this situation, P; assigns the value of
REG; .51 to Esz[]] This updated value of £s[/] is wr1tten in REG; j.s» together with v in action
whlil.t

Note. If the detection part of L{ occurs before this action, L{ does not detect any action of P; as
enclosed. If, however, the detectlon part occurs after this actlon the current node of P; is detected
as enclosed.

The modified code appears in Fig. 13. For convenience we denote P;’s local images of bits which
enable P; to detect enclosed actions (of processors with lower ids) with capital letters while local
images of bits which help other processors (with higher ids) to detect actions of P; as enclosed
are denoted with lower case letters. To implement the mechanism, the code is modified in four
different spots. The first change is to add two blocks of code called down and up before G¢ is
collected. In block down, P; initiates detection of actions (of processors with lower ids) enclosed
within L¢. For each j < i, P; reads bit REG,;.s; (action r{[j].s) and writes its inverted value in
REG; ;.t and in £¢[/] (action w{[/].f). In block up, P; enables detection of v{ as enclosed within
the actions of processors with higher ids. In this block, P; computes vectors £sy, £s3, and £¢; for
each j > i, P, reads REG; .t (action r{[j].t), stores it in £¢[/] and compares it with £s[/]. If the bits
are not equal, P; assigns REG;;.t and its inverted value to REG;;.s; and to REG; .52, respective-
ly (action w¢[j].s). If the bits are equal, P; assigns the value of £s1[;] to £s2[/] (and action w.s is
skipped).

The second change is the augmentation of procedure collect so that it returns vectors £S; and
€S> where £81[j] (£52[/]) contains bit REG;;.s1 (REG;,;.s2), read in action r{[/]. The third change
is in computing predicate enclosed-free using vectors £S, £S> and £7. Node v? is detected as en-
closed by L{ if bits REG;;.s1 and REG;;.s> read in r{[;] are both equal to bit REG; .t stored in
£T[j] during block down (and written in w{[/].7). If no enclosed action is detected then enclosed-
free is true. The fourth change is to write bit £s>[;], for every j > i, computed in block up, in
REG; ;.57 in action w{[/]. The additional physical action required by the hand-shake mechanism are
all executed in block up and down and are denoted by r{[1].s; wi[1].t---r{[i —1].s; w{[i —1].t and
rili +11t; wili +1]s - - - ri[n].t 5 wi[n].s.

In the next two lemmas we prove that the hand-shake mechanism satisfies the requirements. In
Lemma 23, we prove that every label detected as enclosed satisfies Definition 14. In Lemma 24 we
prove that the implemented mechanism satisfies the requirements stated in Lemma 13:
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Lemma 23. Let vj? be the current node read from REG;; in action r{[j], where i > j. If REG; ;.51 and
REG;.s2(the bits read in r{[j]) are equal to REG; ;.t(the bit written in w{[j].t) then vj’ is enclosed
within Lf.

Proof. Bits s; and s, are always written and read together Since REG;;.s1 = REG; s>, we conclude
that after P; read bit REG; ;.t, during the up block of Lt P; found that £sq[i] = £¢[i]. Since in this
case P; does not change bit REG;;.s1, we conclude that tfle value of REG;;.s1 was not changed after
action wb i].s. By the code, the value of bit REG; ;.t, written in action w{[j].t is the complement
of the Value read from bit REGJI s1 in action {[/].s, we conclude that r¢[j].s — wf 1[
sequentially, therefore we get Wj [l].s — 1 b[1].s. Since vj? isread in r{'[j] we get w; blil — ré[j1. Hence
ril].s — rl.’ [1].s — wl? [i] — r{[j] and by Definition 14, vl.’ is enclosed within L{. [

il.s. P; works

Lemma 24. Let vb be the last node of P; whose joining configuration is before r#[1]. If vb+3+r > 0,is
the current node in REG;; at r{[jl, then P; detects Lb+3+r as an enclosed action.

Proof. Since ? i is the last node of P; that joined the history graph before »{[1], it holds that r¢[1] —
whtl b+1
b/+2[l] t. Hence, wi[j].t — rj’”[z] t — rjb +3’[z] t. According to the hand-shake protocol, P copies

the ¢ bit read in rb+2[z] t to REG;;.51 (in wb+2 [il.s) and REG, .52 (in wjb+3[z]) Therefore, when

executing r{'[/], P; ﬁnds Is1i[j1=Is2[j1 = IT [/ ], hence P; detects Lf+3 as enclosed. O

[n]. According to the protocol, w{[j].t — r{[l1]. Therefore, we get that wi[;].t — w; [n] —
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