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1. Introduction

One of the most studied maps in Differential Geometry is the Hopf map H : S* — CP! from the unit three-sphere
S? ¢ C? onto the complex projective line CP! = C U {co}, defined for z= (z1,2) € S° by

z21/zy ifz; #0,
oo} ifzp =0.

H(z) = [

Composed with the inverse stereographic projection p~!: C — S\ {(0, 0, 1)} c R? given by

. 2Re¢ 2Im¢ |<;|2—1>
- , , . tec,
PO <|¢|2+1 Pl cEr1) ©€

it can be regarded as a map H:S?® — S? sending

z2=(z1,22) = (2Rez123,2Im 2122, |21 — |22/%), (11)
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which, if we choose the two-sphere S% to be of radius 1/2, becomes a Riemannian submersion, relative to the canonical
metric on each sphere.

As is well known, the Hopf map is closely linked to the unit tangent bundle T'S? — S? of the two-sphere. Indeed, the
total space T!S? is diffeomorphic to the real projective three-space RP3, and the Hopf map H :S?® — S? is nothing else
than the canonical projection from the universal covering space of T!S? onto S2. This shows that a Riemannian metric of
constant positive curvature exists on T'S?, inherited from the canonical metric on S°.

Then it is a pertinent question whether this constant curvature metric on T'S? is induced from some “natural” Rieman-
nian metric defined on the “ambient” total space TS? of the tangent bundle TS? — S? of S2, when one regards the total
space of the unit tangent bundle T'S? as a hypersurface of TS?. This question also arises when the three-sphere S is
equipped with one of the Berger metrics, that is, when a homothety is applied on the fibres.

The aim of this paper is to give affirmative answers, using generalized Cheeger-Gromoll metrics hy, , defined in [1] (see
Section 3.3 for the precise definition of hp ), that there is a two-parameter family of Riemannian metrics on the tangent
bundle of S?, which induces desired metrics for both questions. Namely, we prove the following

Theorem 1.1. Let S"(c) be the n-sphere of constant curvature ¢ > 0, and denote by TS™(c) (resp. T'S"(c)) its tangent (resp. unit
tangent) bundle. Let F : S3(c/4) — T1S%(c) be the covering map defined by (2.8).

(1) Then F induces an isometry from the projective three-space (RP3(c/4), gcan) of constant curvature c/4 to T1S?(c), equipped
with the metric induced from the generalized Cheeger-Gromoll metric hy, » on TS?(c), where m = log, c and r > 0.

(2) Similarly, when S? is equipped with a Berger metric g. defined by (3.10), F induces an isometry from (RP3, g.) to (T1S%(4), hm.r),
form=log, €+ 2andr>0.

In particular, we see from Theorem 1.1(1) that any three-sphere of constant positive curvature is isometrically immersed
into the total space of the tangent bundle of a two-sphere, equipped with a generalized Cheeger-Gromoll metric. A hyper-
bolic counterpart of this is also true. Namely, any anti-de Sitter three-space of constant negative curvature is isometrically
immersed into the total space of the tangent bundle of a hyperbolic plane, equipped with an indefinite generalized Cheeger-
Gromoll metric. More precisely, we prove

Theorem 1.2. Let Hf(c) be the anti-de Sitter three-space of constant curvature —c < 0. Let TH?2(c) (resp. T H?2(c)) be the tangent
(resp. unit tangent) bundle of the hyperbolic plane H?(c) of constant curvature —c < 0, and endow TH? (c) with the indefinite gener-
alized Cheeger-Gromoll metric hy, » defined by (4.14). Then the covering map F : H?(c/4) — T1YH?(c) defined by (4.8) is an isometric
immersion from H? (c/4) to T'H?(c), equipped with the metric induced from hy, ;, where m = log, c and r > 0.

The paper is organized as follows. In Section 2 we describe the Hopf map S3(c/4) — S2(c) in terms of the natural iden-
tification of the three-sphere S3(c/4) and the unit tangent bundle T'S?(c) with Lie groups SU(2) and SO(3), respectively.
Then, using these descriptions, we prove Theorem 1.1 in Section 3. For this end, we compute the differential of the covering
map F :S3(c/4) — T'S?(c) and find explicitly a suitable induced metric on T!'S%(c) making F to be isometric. An alter-
native proof of Theorem 1.1, based on our previous knowledge of the curvature of generalized Cheeger-Gromoll metrics, is
presented in Remark 3.3.

In Section 4 we prove a hyperbolic counterpart of Theorem 1.1(1). Namely, we define the hyperbolic Hopf map
H?(c/4) — H2(c) for the hyperbolic plane, and extend the notion of generalized Cheeger-Gromoll metrics to admit in-
definite ones. Then we prove Theorem 1.2 by the same method as in Section 3, namely, by identifying the anti-de Sitter
three-space Hf(c/4) and the unit tangent bundle T'HZ2(c) with Lie groups SU(1, 1) and SO* (1, 2), respectively.

2. Hopf map
To fix our notation and conventions, we first review how one can identify the Hopf map H : S® — S? with the canonical
projection from the universal covering space of the unit tangent bundle T'S? onto the 2-sphere SZ2.
To begin with, recall that the unit 3-sphere
3 1,2 ,3 ,4 4 (,1)2 22 3)2 4\2
§7={(, 3% xf) eRY | (x1)" + ()" + ()" + (x')" =1}
is diffeomorphic to the special unitary group
SUR)={AeGL2,C) |"AA=1d, detA =1}
= {(" ib) la.bec, laf+ |b|2=1}
b a

under the map
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v S > SUQ),

1,2 .3 .4 71 —2
x=(x,x,x,><)»—>AX=(Z2 7 > (2.1)

where z; =x! + v/—1x% and 7z = x> + ~/—1x%.
Moreover, SU(2) is the universal covering space of the special orthogonal group SO(3) with the covering map

p:SUR)—SO@3),  Axt> p(Ay)
described as follows. First, we regard SO(3) as SO(su(2)), where the Lie algebra of SU(2),

su2)={Xe€gl2,C) ['X+X =0, TrX=0}

_ \/—1)(3 —X2+\/—1X1 1.2 .3
_{<x2+J—_1x1 —=1x3 ’x,x,x €Rp

is identified with R3, equipped with the scalar product (X, Y) = —(1/2) Tr(XY), so that

A R

form an orthonormal basis of (su(2), (,)). Then p(Ay) is defined by the adjoint representation of SU(2) as

P(Ax) 1 su(2) — su(2), Y — Ad(Ax)Y = AXYA;l, (2.3)

and so p(Ax) € SO(3) = S0(su(2), (,)).
The matrix representation of p(Ay), with respect to the orthonormal basis (2.2) of su(2), is given by

Re(z2 —Z3) Im(Z2+23) 2Re(z122)
p(A)=|1m(z2 —Z3) Re(z3+23) 2Im(z122)
—2Re(z12) 2Im(z122) |21 — |22

= (Axe1Ay! Axer A7l AxesArl). (2.4)

Note that p : SU(2) — SO(3) is a homomorphism with kernel {+Id}, and hence SO(3) is diffeomorphic to the real projective
three-space RP3.

Given ¢ > 0, let S"(c) c R™! denote the n-sphere of radius 1/./c with center at the origin of R"*1, We also denote the
unit n-sphere S"(1) simply by S". Recall that the unit vectors tangent to S?(c) form the unit tangent bundle

TS’ () = {(x,v) e R} x R? | x e S%(0), v € T,S%(0), |v| =1}
={xv)eR* xR?||x| =1/4/c, [v|=1, (x,v) =0} (2.5)

of S2(c) with the canonical projection 7 : T'S?(c) — S%(c) given by 7 (x, v) = x. Since T'S?(c) is composed of orthogonal
vectors of R3, one can define the diffeomorphism

¢:50(3) = T'S?(c), (c1¢203) > (c3/+/C. ). (2.6)
Finally, let ¢ be the homothety defined by
1:S3(c/4) — S*(1), 2x//c> x. (2.7)
Then we have the following
Proposition 2.1. The composition of the covering map
F=¢opoyot:S(c/4) — T'S*(c) (2.8)
with the canonical projection 7w : T'S?(c) — S?(c) is identical with the Hopf map H : S*>(c/4) — S*(c).
Indeed, from (2.1) through (2.7), we see that the composition 7 o F is a map sending

2/V0)(z1,22) > (1/V0) (22122, 1211 — |221?),

which is nothing but the Hopf map H of (1.1) normalized in our context.
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3. Differential of the covering map

The most direct path to an answer to our problem is to compute the differential of the covering map F :S3(c/4) —
T'S%(c), determine the image of an orthonormal frame of TS?(c/4), and then find explicitly a suitable induced metric on
T1S2(c) making F to be isometric. This can be carried out as follows.

3.1. Differentials of maps

(1 The_ map ¥ : S — SU(2) in (2.1) gives rise to a linear map from R* into the space of complex 2 x 2 matrices of the
form (Z ‘b), so that dyx = ¥ for all x € R%.

a

Noting that the fibres of the Hopf map (1.1) are described as the orbits of the S!-action S! x S* — S on S? defined by
(71 @1, 2)) > eV (21, 2) = (e¥V 21,6V 1 2y),
we see that if x = (x!, x2, x3, x*) € S, then
X3(0) = (vV=1z1,v/=1z5) = (=, x, —x*, %)
is a vector tangent to a fibre of the Hopf map, and
X3, X = (=2 xx -2, X1 = (-} -, % x1)

Z1 722

form a global orthonormal frame of TS?. Since ¥ (x) = Ay = (22 Ny

), it follows that

Ay =1 : TxS® = Ty (9 (SUQR)) = Ay - 5u(2)

and
2 1 4 3
—Xx“+/—1x" X4+ /—1x
dyx(X3(x) = <—x4 /T8 —x— \/__1)(1) = Axes. (3.1)
Similarly, we have dyx(X2(x)) = Axez and dyx(X1(x)) = Axe.
(2) The differential of the covering map
p:SU2) — SO3), Ax = p(Ay),
given by (2.3), is a linear map
dpa, : Ta,(SUR)) = Ax - su(2) = Tp(a)SO3) = p(Ax) - 50(3)
defined by
AxY > dpa,(AxY) = p(Ax) 0 ad(Y), (3.2)
where

ad(Y) : su(2) — su(2), Z—ad(Y)(Z2) =Y, Z].
Consequently, for the orthonormal basis (2.2) of su(2), we obtain, for instance,
dpa, : Ax-su(2) = p(Ax) -s50(3),  Axes > p(Ay) oad(e3),

and ad(es)(e3) =0, ad(e3)(e2) = —2e1, ad(e3)(e1) = 2e,. Therefore, as a matrix,

0 -2 0
ad(eg):<2 0 O),

0 0 O
and
p(Ay) oad(es3) = (2Axe2A; 1 —2Axe1ALT 0).
Similarly, since ad(e;)(e;) = —2e3, we obtain

p(Ax) oad(ez) = (—2Axe3A;" 0 2Ae1AL"),
p(Ay) oad(er) = (0 2Axe3sA;! —2Ace2A0).
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(3) Finally, we note that the diffeomorphism ¢ defined by (2.6) is linear, so d¢g = ¢ and, for p(Ay) € SO(3)

dpiay =9 : TpanSOB3) = p(Ay) - 50(3) = Ty (pan) (T'S*(0))

is given by

(a1 a2 a3) > (a3/+/c, a1).

Therefore we obtain

depa, (0(Ax) 0 ad(e3)) = (0, 2Axe2 AL 1) = &3,

dgpay (0(Ax) 0 ad(er)) = (2Axe1AL ' //c, —2Axe3AL ) =@,

dpan (0(Ax) 0 ad(er)) = (—2Axe2A; ' /+/c,0) = &1. (3.3)
In conclusion, combining (2.8) together with (3.1) through (3.3) yields

dFx(2X300//C) =85, dF(2X(0)/v/C) =&,  dFx(2X1(0/v/C) =&1. (3.4)
3.2. Lifts to the unit tangent bundle

In general, each tangent space of the tangent bundle TM of a Riemannian manifold (M, g) admits a canonical decom-
position into its vertical and horizontal subspaces. Indeed, given a point (x,e) € TM, the kernel of the differential of the
canonical projection 7 : TM — M defines the vertical space V(x ) = kerdm ), while the horizontal space H.e) is given by
the kernel of the connection map

Kixey=K:TxeTM— TxM, K(Z) =d(expyoR_e 0 T)(Z).

Here 7:U C TM — TxM is the map, defined on an open neighbourhood U of (x,e) € TM, sending a vector v € TyM, with
(y,v) €U, to a vector in TyM by parallel transport along the unique geodesic arc from y to x. The map R_, : TyM — T,yM
is the translation given by R_.(X) = X —e for X € TyM.

One can see that Hx.e) N Vixey = {0} and Hxe) ® Vix,ey = T(x,e)TM, and define the horizontal lift xh e Hx,ey and the
vertical lift XV € Vxey of X € TxM by

K(x,e) (XV) =X, dﬂ(xﬁe) (Xh) = X.

An alternative description of the horizontal lift X is given as follows. Let X € TyM and choose e € TyM. Take a curve
y 11— M such that y(0) =x and y(0) = X. (Since the result is independent of the curve chosen, we can take it to be a
geodesic.) Let I" : | - TM be the unique curve in TM such that I"(0) = (x,e) and I'(t) is parallel to y (t) in the sense that
VyoI'(t) =0 for all t € I. Namely, I'(t) = (y (t), v(t)), where v(t) € T, ()M and Vy ) v(t) =0 for all t €I, so that v(t) is
the parallel transport of the vector e along the curve y. Then I"(0) = X" € Tx,eyTM. We will use this approach below.

Now, recall that the unit tangent bundle T'S2(c) is a 3-dimensional hypersurface of TS%(c). Then we note that at
(x,e) € TIS%(c) the tangent space of the tangent bundle TS2(c) is written as

Tixe) (TS2(©)) = {X"+ YV | X, Y e T}S%(0)}.

where X" (resp. YV) is the horizontal (resp. vertical) lift of X (resp. Y). Also, that of the unit tangent bundle T'S%(c) is
given by

Txe)(T'S*(0) = {X" +Y" | X, Y € T,S%(0). (Y.e) =0}, (3.5)

since the tangent vector at (x, e) of any vertical curve on T'S?(c) must be orthogonal to e.
We know the differential of the covering map F : S3(c/4) — T'S?(c) from (3.4) and recall that

F(2x/+/c) = (%, e) € T'S?(c)

for each 2x/./c € S*(c/4), where % = (1/4/c)Aye3A;! and e = Aye1 A7l We set
f=—AwerA L

Then (%, f) € T'S?(c) and (f,e) =0, so that, by virtue of (3.5),
Te) (T'S*(0)) = Spanfe®, f1, f¥1.

Now, we are going to show
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Proposition 3.1. Let x, e and f be as above. Then
Wee=et, (e =f" e3=-2f". (3.6)

Proof. To construct the horizontal lift e" € T(;(.e)(TlSZ(C)), we take the great circle y in S?(c) such that y(0) =X and
y(0) =e, that is,

¥ (t) = cos(+/ct)X + sin(+/ct) (e/+/C).
Then the curve I" : [ — T1S%(c) given by I'(t) = (y (t), y(t)) is parallel to y(t), so that e = I"(0) = (y (0), § (0)). Namely,
el = (Ave1 A", —VCAxesALY) = (Vc/2)8s.

Similarly, to construct f" € Tz (T1S2(c)) for f = —Axe2A;!, we take the great circle y (t) = cos(y/cH)X + sin(y/ct) x
(f/+/©), so that y(0) =% and p(0) = f. Then the curve I' : I — T'S?(c) given by I'(t) = (y(t), v(t) = e) satisfies
Vy@v(t) =0 for all t € I. Hence

fP=T0)=(f,0) = (—Axe2A; 1. 0) = (Vc/2)81.
Finally, since dm(é3) =0, to show that &3 = —2f" we compute K(€3). Since €3 = dFyx(2X3/4/c) and X3 = y(0) for

y(t) = e‘/‘_"x, which is indeed a geodesic of S* along a fibre of the Hopf map, we can write &3 as a vector tangent to a
curve 7 (t) = F o (2/4/C)y (t) in T'S?(c) and then

(expz oR_e o T)(7(1)). (3.7)
t=0

Also, it is immediate from (2.4) and (2.6) that

7O = ((1/J/c)AesA, Ay(t)e1A;(1t)) eT'S%(0)

and 7 (Y (t)) =X, so that y (t) is a curve along the fibre over x. Consequently, the parallel transport 7 in (3.7) is the identity
map, and

- d
Kes) =

By d 1 _
K(&3) = " exp§<%Axe3A Ay(t)e1Ay<[) — Axer A, 1),
t=0

since e = Ace1 A7 L.

Put W(t) = Ay(t)eﬁ\ — AxelA)j]. Then the geodesic of S?(c) starting at X with initial vector W (t) is given by

y(©)

1 W (t
%Axeﬁx cos(vc|[W () [s )+7|W(t)|

and K(e3) = (d/dt)|t=05:(1). On the other hand, since

8e(s) = sin(vc|W(@®)[s),

y(t)—(x cost — x?sint, x? cost + x! sint, x> cost — x*sint, x* cost + x> sint),

we have

W) =AymerAs ) — AerAy!
—4(—x"%3 + x2x%) sin® t + 2(x1 x4 + x2x3) sin 2t
= —4x'x% +x3xH)sint 4+ (x)2% — x3)2 + (x3)2 — (x*)?) sin 2t
—2((x")2 — (x®)% — (32 4+ (xH?)sin’ t — 2(x"x2 — x3x*) sin 2t
and |W(t)| = 2sint.
Therefore we obtain

o d ) we .
K(e3) = p (\/_Axe3A cos(2+/csint) + T/esint sin(2+/csin t)),
W (t) .
(2@51nt> sm(2\/Esmt)
4(x x4 +x2x3)
<2<<x )2 — (x2>2+<x3)2 (x4>2)> =2Ae2A;"
—4(x'x? — x3x%)

which shows that e3=—-2f". O



M. Benyounes et al. / Differential Geometry and its Applications 29 (2011) 555-566 561

3.3. Generalized Cheeger-Gromoll metrics

For the tangent bundle TM of a Riemannian manifold (M, g), a natural Riemannian metric on TM, in the sense that the
vertical and horizontal subspaces of each tangent space of TM are orthogonal and the canonical projection 7 : TM — M
becomes a Riemannian submersion, was first defined by Sasaki [7]. This metric, now called the Sasaki metric, appears as
having the simplest possible form, but its geometry is known to be rather rigid (cf. [1,5]). Later on, a more general metric,
called the Cheeger-Gromoll metric, was given on TM by Musso and Tricerri [5], which has been further generalized in [1]
toward the discovery of new harmonic sections of Riemannian vector bundles.

To be precise, given the two-sphere S?(c), for m € R and r > 0, the generalized Cheeger-Gromoll metric hy, , on the tangent
bundle TS?(c) is defined, on each tangent space T (TS?(c)) at (x,e) € TS?(c), by

hne (X" YT) = (XYY, b (XM YY) =0,
hnr (XY, YY) = 0™ (X, Y) +1(X, e)(Y,e)), (3.8)
where X, Y e T,S?(c) and @ = 1/(1 + |e|?). In particular, when (x, e) € T1S?(c), this metric restricts on Tx.e)(T'S?(c)) to

hm,r(x’ﬂ Yh) =(X,Y), hm,r(xh, YV) —o0.

hr (XY, YY) = ;m (X,Y), (3.9)

since (Y, e) =0 by virtue of (3.5). Namely, the parameter r disappears if hy,  is restricted to the unit tangent bundle T!S?(c).
It should be noted that the original Cheeger-Gromoll metric corresponds to m =r =1 and the Sasaki metric to m=r =0.
Now, our Theorem 1.1 can be proved as follows. If we choose m = log, c, then, noting (3.4) and (3.6), we obtain from
(3.9) that
hmr(\/_/z)eh(\/_/z)‘ﬁ hmr( ) f f ) =1,
hom,r (\/_/2)927 (\/_/2)52 hm, r( )

( )
( )
hin.r (VE/2)81, (V€/2)82) = himr (", )
( )=
(Ve )=

b,y (\/_/2)92 (\/_/2) €3 —hm r( )
hmr((Vc/2)en, (v/c/2)e3) = —hp r( ) 0,

and
hmr ((Vc/2)83, (v/c/2)83) = hm (= f¥, =/ f¥) = —(f, f=1.

This shows that F :S3(c/4) — T'S?*(c) defined by (2.8) induces an isometry from (RP3(c/4), gcan) to (T'S%(c), hm.s) for
=log, c and any r > 0.
Moreover, if we equip the unit three-sphere S® with a Berger metric g in [3] such that

{X1, X2, € X3} is an orthonormal frame of TS, (3.10)
then we see from (3.4) that dFyx(e X3) = €e3 and

s (€8s, €63) = i (—26 ¥, ~2€ f*) = - (2€ f 2¢ f) = 4e?

Therefore, for m = log, €2 + 2, the map F : S* — T1Sz(4) yields an isometry from (RP?, g¢) to (T'S?(4), hy.r) for any r > 0.

Remark 3.2. In Theorem 1.1(1), if we choose ¢ =1, then m = 0. Thus, for r =0 the generalized Cheeger-Gromoll metric hg o
defined by (3.8) is nothing but the Sasaki metric defined on TS%(1). In this case, Theorem 1.1(1) is proved in [4].

Remark 3.3 (Curvature approach). An alternative method would be to compute that (T'S?(c), hp,;) with m = log, ¢ has con-
stant sectional curvature c/4, looking at T'S2(c) as a hypersurface of TS?(c) and use previous knowledge of the curvature
of (TS?(c), hm.r) (cf. [2]). Fairly simple computations show that the second fundamental form B of T!S%(c) in TS?(c) is
given by

B(x", Y")=B(x", v") =0,

B(X". V") = V2T /(1 + D T2 X v,

1+r
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and from the Gauss formula, we see that the sectional curvature K of (T!S%(c), hm,r) at the point (x,e) € T1S%(c) is given
by

R 3¢?

K(eh/\fh)=c—2mﬁ,

5 (o h 5 ch c?

KE"Af')=K(f"A fY)= i3 (3.11)

where f e T}S?(c) with (e, f) =0 and T (T'S?(c)) = Span{e, f", fV}. Clearly, the sectional curvatures are equal to c/4
if m =log, c (for any r > 0), whilst for the Berger metric g., we need to choose

m = log, €2 + 2.
4. Hyperbolic counterpart

In what follows, we denote by R” the pseudo-Euclidean n-space of index v, that is, R" equipped with the indefinite
metric

n—v n
Wy =Y xy - 3 iyl
i=1 j=n—v+1
4.1. Hyperbolic Hopf map

Let H?(c) be the anti-de Sitter 3-space of constant negative curvature —c < 0 (cf. [6]), which is, by definition, a hypersur-
face in R‘Z‘ defined by (x,x) = —1/c, that is,

Hi(o)={(x". 2%, %, x*) R} | (xl)2 + (xz)2 - (X3)2 — (x“)2 =—1/c}.

Note that H3(c) is diffeomorphic to S' x R2. If we introduce complex coordinates z; = x! ++/=1x? and z; = x> + /= 1x%,
then H?(c) is represented as

H}(©) ={(z1.22) € C* | |z1)* — |z2|* = —1/c}.

To define the hyperbolic Hopf map, let @ : C2\ {0} — CP! be the canonical projection defining the complex projective
line CP!. Restricting @ to H3(c) C C?\ {0}, we have a mapping

@ :H3(c) - C, z=(z21,22) > @ (2) =21/22,

which maps H%(c) diffeomorphically onto the unit ball B2={¢ € C||¢| <1} in C. Let
H2 () = {(x', 2, 3) e R3 | () + (@)° = (¥)° = —1/c,%* > 0}

be the hyperbolic plane of constant curvature —c < 0 embedded in R?. Denote by

1, ( 2Res  2Im¢ 1+[¢f?
P @)_<1—|§|2’1—|:|2’1—|c|2

), ;eBzc(C,

the inverse stereographic projection p~—! : B — H?(1) from the south pole (0,0, —1) € H?(1), and let 1 be the homothety
defined by

n:H%(1) — H?(c), x> x/+/C.

1

Then, composing o with no p~', we obtain the hyperbolic Hopf map

H=nop 'ow:H3(c/4) — H*(c), (4.1)
given by
H(z) = (1/7/0) (22122, 121> + |22]*) e C x R. (4.2)

Note that the hyperbolic Hopf map H is a submersion from a pseudo-Riemannian manifold H?(c/4) with geodesic fibres,
which can be described as the orbits of the S'-action S! x H? (c/4) — H? (c/4) on Hf(c/4) defined by

(e*/__“, (z21,22)) — eVl(z1,2) = (e*/__"zh e*/__"zz).
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In particular, if x = (x!,x2,x3,x%) € H3 (1), then
X3(0) = (vV—1z1,v/=12) = (=, x, —x*, %)

is a vector tangent to a fibre of the hyperbolic Hopf map with (X3, X3) = —1, and
X3,  Xo@=(, —x1xL—x), X100 = (x* 3, %% x")

form a global pseudo-orthonormal frame of TH? such that (X, X2) = (X1, X1) =1 and (X1, X2) = (X1, X3) = (X2, X3) =0.
Now, recall that the Lie group

SU(1,1)={A€GLR2,C) |"Al1A=1;, detA=1}

={<g Z) ‘a,beC, |a|2—|b|2=1},

! fl ) has the Lie algebra

where [{ = <0
su(l,1)={Xegl2,C) |'XI1 + 1 X =0, TrX =0}

_ \/—1X3 XZ—«/—lxl 1 .2 .3
_{<x2+ = s ’x,x , x> eRy,

which is identified with R?, equipped with the scalar product (X, Y) = (1/2) Tr(XY), so that

(815 (1)) e(5 )

form a pseudo-orthonormal basis of (su(1, 1), (,)).
Note that the anti-de Sitter 3-space H?(l) is identified with SU(1, 1) under the map

¥ H3(1) = Su(1, 1),
x= (23X AX:«/—1<%2 _21>. (4.4)

21 —22
Moreover, the adjoint representation of SU(1, 1) induces a covering homomorphism
p:SU(1,1) — S0+ (1, 2), (4.5)

where SO (1, 2) is the restricted Lorentz group with signature (1, 2), that is, the identity component of the group of linear
isometries O(1, 2) of R%. Indeed, p(Ay) is defined as

P(Ay) :su(1,1) — su(1, 1), Yr—)Ad(AX)YzAXYAX_],
and, with respect to the pseudo-orthonormal basis (4.3) of su(1, 1), the matrix representation of p(Ay) is given by

—Re(z2 +75) —Im(z22 -23) 2Re(z122)

p(Ay=| —Im@ +23) Re(z?-23) 2Im(z12)
—2Re(z122)  —2Im(z1z2) |21 + |22/
= (Axe1Ay! Axer Al AcesAll), (4.6)

from which we easily see that the kernel of p is {£1d}.
The unit tangent bundle 7 : T'HZ2(c) — H2(c) of the hyperbolic plane H2(c) is defined to be

T'H?(c) = {(x,v) e R} x R} | x e H?(0), v € TxH?(c), |v| =1}
={(x,v) eR} xR} | (x,x) =—1/c, (v,v)=1, (x,v) =0}

with the canonical projection 77 (x, v) = x. As in the spherical case in Section 2, we may identify T'H?(c) with SO*(1,2) by
the diffeomorphism

¢:S07(1,2) > T'H2(c), (c1c203) > (c3/+/C.c1). (4.7)
Finally, let ¢ be the homothety defined by

L:H3(c/4) — H3(1), 2x//Crsx.
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Then, it is immediate from (4.1) through (4.7) that the composition of the covering map
F=¢opoyor:Hi(c/4) — TH?(c) (4.8)

with the canonical projection 7 : TTH?(c) — H?(c) yields the hyperbolic Hopf map H : H3(c/4) — H2(c) of (4.1). Indeed,
for each 2x/./c € H3(c/4) we have

F(2x/+/C) = (%, e) € T'H?(0), (4.9)
where X = (1/4/c)Aye3A; ! and e = Axe1 A7}, so that

7o F(2x/NC) = (1/V0) (22122, 121 + |221*) = H(2).
4.2. Differentials of maps

The differentials of maps involved in (4.8) can be computed in the same way as in Section 3.1, so we only remark on the
following.
(1) Given x € Hf(l), the differential of v in (4.4)

Ay : TeHF (1) = Ty (SU(1, 1)) = Ay -su(1, 1)
is given by
dyn(X3(x) = Axes,  dyn(Xa(®) = Axea,  dyn(X1(%)) = Axer. (4.10)
(2) The differential of p in (4.5)
dpay : Ta, (SU1, 1)) = Ax - su(1, 1) = Tp(aSOT (1, 2) = p(Ax) - 50(1, 2)
is a linear map sending
AxY > dpa,(AxY) = p(Ay) o ad(Y),
so that we have

dpa,(Are3) = (2Ae2A;7T —2Axe1AL" 0),
dpa,(Axe2) = (2Axes AT 0 2Ae1ALT),

dpa,(Axe1) = (0 —2Axe3A! —2Ae2ALT), (411)
since ad(eq)(e1) =0, ad(e1)(e2) = —2es3, ad(eq)(e3) = —2ey, ad(ez)(e3) = 2e;1 for the pseudo-orthonormal basis (4.3) of
su(1,1).

(3) Combining (4.10) with (4.11) and taking into account the differentials of the diffeomorphism ¢ and the homothety ¢,
we find that the differential of F in (4.8)

dFy : TxH3(c/4) — Tru (TTHA(0))
is determined by

dFx(2X3(x)//c) = (0, 2Axe2A; ") = &3,

dFx(2X2(x)/v/c) = (2Axe1 AL 1 /e, 2Axe3AL ") = &,

dFx(2X1(%)//c) = (—2Axe2A; 1 /V/c, 0) =& (412)
for each x € H3(c/4).

4.3. Lifts to the unit tangent bundle

Recall that the unit tangent bundle T'H?(c) is a 3-dimensional hypersurface of THZ2(c). As in the spherical case in
Section 3.2, denoting by X" (resp. Y") the horizontal (resp. vertical) lift of X (resp. Y), we see that at (x,e) € T'H?(c) the
tangent space of the tangent bundle THZ2(c) is written as

Ty (THX(0)) = {X" + Y | X, Y € T, H2(0)},

whereas that of the unit tangent bundle T'H?(c) is given by
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Tee) (T'H?(0)) = {X" + Y | X, Y € TH?(0), (Y,e) =0}.
Recalling (4.9), we set
e=AeiAy'.  f=—AwAll
and ¥ = (1/+/c)Axe3A;. Then (%, f) € T'H2(c) and (f,e) =0, so that
T.e)(T'H2(c)) = Span{e”, f", fV}.

Furthermore, we have the following

Proposition 4.1. Let X, e and f be as above. Then
e/ =e, (Ve =" e=-2f". (413)

Proof. This can be seen in the same manner as in the proof of Proposition 3.1, so we only remark on the following for the
sake of completeness.
For the horizontal lift e, we consider a geodesic y : I — HZ(c) starting from % € H2(c) with initial vector e € TIH2 ().

Then the curve I" : | — TH?(c) given by I'(t) = (y (t), v(t) = y (t)) satisfies that I"(0) = (%, e) and Vypv(t)=0foralltel
Since

y (t) = cosh(v/ct)X + sinh(y/ct) (e/+/C),

we deduce that

el = I'(0) = (e, ck) = (Vc/2)s.
Similarly, for f", we take a geodesic y : I — H2(c) defined by

y (t) = cosh(v/ct)X + sinh(v/ct) (f /+/C).
starting from % € H?(c) with initial vector f € TJH?(c). Then the curve I" : I — TH?(c) given by I'(t) = (y(t), v(t) =e)
satisfies that I"(0) = (x,e) and Vy,)v(t) =0 for all t € I. Hence

f"=T0) =(f.0)= (Vc/2)é:.
To construct the vertical lift fY, we now consider a curve y : [ — THZ(c) defined by y(t) = (X, (cost)e + (sint) f).
Then y(t) is a curve along the fibre over x and satisfies y(0) = (x,e) and y(0) = (0, f). Hence &3 = (0, —=2f) € Vz,) C
T(.e)(TTH2(€)) C T(g.e)(TH?(c)). Moreover, for the connection map we have

(expzoR—e 0 T) (7 (1))

~ d
Kxe(—€3/2) = -
t=0

T dr

expz((cost — 1)e + (sint) f).
t=0

Noting that the geodesic of HZ2(c) starting from X with unit initial vector v is given by Sz () = cosh(/cs)X +
sinh(4/cs)(v/+/c), we then see
expz((cost — 1)e + (sint) f)
sinh(,/cé(t)) ((cost — 1)e + (sin t)f)
Je o(0) ’

= cosh(v/cO(t))x +
where

0(t) = |(cost — 1)e + (sint)f|R? =./2(1 — cost).

Therefore we obtain

expy((cost — 1)e + (sint) f) = f,
t=0

- d
Kz e (—€3/2) = pm

which shows that e3=—-2f". O
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4.4. Indefinite generalized Cheeger—Gromoll metrics

We extend the notion of the generalized Cheeger-Gromoll metric hp, ; defined in Section 3.3 to admit indefinite ones.
More specifically, for the hyperbolic plane HZ?(c), we define on its tangent bundle THZ(c) the indefinite generalized
Cheeger-Gromoll metric hy, r as follows. Given m € R and r > 0, we set on each tangent space T(X,e)(T]HIZ(c))

i (X" Y") = (X Y),  hme(X". YY) =0,
hnr (XY, YY) = —0™((X, Y) + (X, e)(Y, ), (414)

where X, Y € TyH2(c) and w = 1/(1+|e|?). It should be noted that, equipped with hm,r on THZ2(c) and the canonical metric
(,) on HZ2(c), the canonical projection 7 : TH?(c) — HZ2(c) yields a submersion which is isometric on horizontal directions.
Moreover, when (x, e) € T'H2(c), this metric restricts on T(x,e)(Tl]HI2 (c)) to

hm,r(xﬁyh):(xyy), hm,r(Xh,Y")=0,

b (XY, YY) = —zlm(x Y). (4.15)

Note that the parameter r disappears when restricted to the unit tangent bundle, and hp,, has a negative signature on
vertical directions.

With these understood, the proof of Theorem 1.2 is immediate. Indeed, if we choose m = log, c, then, it follows from
(4.12) and (4.13) together with (4.15) that

hn,r(V€/2)81, (VE/2)81) = hm (f f7) = (f, f) =1,
. (VC/2)82, (v/€/2)82) = hin (", ") = (e, €) =1,
hm.r (VC/2)81, (v/C/2)82) = hmr(f.€") = (f.e) =0
e ((VC/2)82, (v/€/2)83) = —hm r(e", VCf¥) =0,
hin,r(V€/2)81, (VC/2)83) = —hm (f", Ve f¥) =0,

and
(Ve 2083, (VE/2)83) = b (—VEf¥, ~Vef") = = (f. f) = =

Consequently, the covering map F : H?(c/4) — T'HZ?(c) defined by (4.8) gives rise to an isometric immersion from
(H3(c/4), gcan) to (T'H2(c), hyn,r) for m=1log,c and r >0
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