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A b s t r a c t - - I n  this paper, we establish a generalisation of the Ostrowski inequality for monotonic 
functions that also includes various recent results and apply it for quadrature formulae in numerical 
integration. © 2006 Elsevier Ltd. All rights reserved. 

K e y w o r d s - - O s t r o w s k i ' s  inequality, Monotonic mappings, Quadrature rules. 

1. I N T R O D U C T I O N  

In [1], Dragomir  pointed out  the  following inequal i ty  for mappings  of bounded  var ia t ion  general- 

ising an Ostrowski  type  inequal i ty  first es tabl ished in [2]. 

THEOREM 1. L e t  Ik : a = Xo < x l  < " • < x k - 1  < xk  = b be a division o f  the  interval [a, b] 

and ai  (i = O , . . . , k  + i )  be "k + 2" po in t s  such tha t  ao = a, a i  E [Xi- l ,Zi]  (i = 1 , . . . , k )  and 

~k+l  = b. H f : [a,b] --~ R is o f  bounded  variation, then  we have the  inequality,  

b (x) dx  k (xi)  

i=o 

[1 { I }]? x i + x i + l  , i = 0 , .  , k - 1  ( f )  (1.1) _< u ( h )  + m a x  c~i+l 2 " 

b 
_< 

a 

w h e r e u ( h )  : = m a x { h i  l i = 0  . . . .  , k - l } ,  hi : = x i + l - x i  ( i = 0 , .  , k - l ) ,  a n d V a (  ) is the  

total  variation o f  f on the  interval  [a, b]. 
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b f  It is obvious tha t  if we consider tha t  f : [a,b] ~ l~ is a monotonic mapping, then V~( ) = 
If(b) - f(a)l  and (1.1) becomes 

b ~ (~,) 
~a f (X) dx - ~ (Oli+ 1 - -  ~i) f 

i=O 

[1 { l~i+l Xi + Xi+l 
_< 5a(h)+max 2 

_< u ( h ) I f  (b) - f (~)1' 

, i = 0  . . . .  , k - 1 } ] l f ( b ) - f ( a ) l  
(1.2) 

In the same paper [1], the author observed that  the best inequality tha t  could be obtained 
from (1.1) is tha t  one for which a i+ l  = (xi + x i+l ) /2 ,  i = 0 , . . . ,  k - 1, i.e., the following. 

COROLLARY 1. Let f and Ik be as in Theorem 1. Then, we have the inequality, 

/: '[ ]1 f (x) d x -  5 (xl - a )  f (a) + E ( x i + l  - x~_i)f(x~) + ( b -  xn_l ) f (b)  
5=1 

b 
1 

< 5" (hi V (:1. 
a 

(1.3) 

In this case, if f is monotonic, obviously we can state tha t  

Ja '[ ] f (X) dx - ~ (Xl -- a) f (a) + E (x, -- x,-l) f (xi) + (b - Xn-l) f (b) 
i=I 

1 
_< ~t, (h) If  (b) - f (a)l. 

(1.4) 

If we consider the practical case where Ik is equidistant, i.e., let 

i 
Ik : xi = a + ( b -  a) ~ (i = O , . . . , k ) ,  

then, with f is as in Theorem 1, we have the inequality 

[1 [ fa b b - a (k - i) a 
f (x) dx - f (a) + f (b) ( b - a ) +  f 

" 2 - - T -  k 

b 
(1.5) 

If in this inequality, we assume tha t  f is monotonic, then we can state tha t  

b f (a) + f (b) (b - a) + f (k - i) a + ib 
f (z) dz - • 2 T .= k 

1 
< 2-k (b - a ) I f  (b) - f (a)l. 

(1 6) 

For a comprehensive list of results related to, or generalising the above, see [3,4] where further 
references are given. 

The main aim of this paper is to point out an improvement of the inequality (1.2) for monotonic 
mappings and, subsequently, for the particular cases (1.4) and (1.6). Applications for quadrature 
formulae will be given as well. 
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2. S O M E  I N T E G R A L  I N E Q U A L I T I E S  

We start  with the following result. 

THEOREM 2. Le t  I~ : a = xo < x ,  < . . .  < xk -1  < xk = b be a division o f  the interval [a, b], a~ 
(i = 0 , . . . ,  k + 1) be "k + 2" po in t s  such tha t  a0 = a, ai  E [xi-1, xi] (i = 1 . . . .  , k),  and ak+l = b. 
I f  f : [a, b] -* R is mono ton ic  nondecreasing on [a, b], then we have  the inequality,  

f b k (zd 
f (X) dx  - E (Oq+l - oq) f 

/=0 
k-1 

~-~ E [(Xi+l -- C~i+1) f (Xi+l) -- ( Cti-t-1 -- Xi) f (Xi)] 
i=0 

k-1 xi+l 
+ E ~ sgn (ai+l - t) f (t) dt 

i=0 i 
k--1 

< E (Xi+l -- Oq+l) [f (Xi+l) - f (Oq+l)] 
i=0 

k-1 

+ ~ (~i+a -- X,) [f (~i+1) -- f (Xi)] 
i=0 

[lh C~i+I Xi-~- Xi+I 1] < max [f(b)  - f (a)] -i=o,--.z~-i 2 4+ 2 

[1 ai+l x i + x i + l  ] [ Y ( b )  f ( a ) ]  < ~ v ( h ) +  max - 
~=o,-5-~-1 2 

_< v(h)  If (b) - f (a)],  

(2.~) 

where hi := xi+ 1 - x i (i = 0 , . . . ,  k - 1) 8Jld y(h)  = maxi= ~ hi. 

PROOF. Consider the mapping K :  [a,b] ---* R given by (see also [1]) 

K ( t )  := 

t - Oq, t E [a, xl) ,  

t -- a2, t ~ [xl, x2), 

t - -  Otk_l, t E [Xk-2 ,Xk_ l )  , 

t - a k ,  t E [Xk-a,  b]. 

Integrating by parts in the Riemann-Stieltjes integral, we deduce [1] 

~a b k-1 ~a b 
f (t) dt = E (ai+l  - a i )  f (xi)  - K (t) df  ( t ) .  

i=O 
(2.2) 

It is well known that  if p : [c, a~ --. R, m : [c, ~ --* IR are such tha t  m is monotonic decreasing 
and p is continuous on [c, d], then p is Riemann-Stieltjes integrable with respect to m on [c, d 1 
and 

fcd  din(x) ~c d p ( x )  < IP(X)I d i n ( x ) .  (2.3) 
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Therefore, applying this proper ty  on each subinterval [xi, xi+l], we can s ta te  tha t  

K (t) df = I f  (t) < K (t) df 

<_ ~ IK(t)l df (t) = Z {t - ai+ll df (t) 
i=0 i i=0 i 

---~ ~ (Oti+ 1 -- t) df (t) + (t - a,+l) df (t) 
i=0 i i+1 

= ~ (ai+l - t ) f ( t ) l : :  ÷1 + / ( t )  dt 
i=0 i 

-- 0C/+1) f (t)l,~,+, - f (t) dt 
i+l 

k -1  

: Z [--(0~/+1 -- x i ) f  ( x i )  "~- (Xi+l  -- Ct/+I) f (X i+I )  
i=0 

k-1  

= ~ [(Xi+I -- C~i+l) f ( X i+ I )  -- (Oti+l -- Xi) f (Xi)] 

i=0 

+ sgn (c~+1 - t) f (t) dt 
i=0 xi 

and the first inequality in (2.1) is proved. 
To prove the second inequality in (2.1), we observe tha t  since f is monotonic decreasing on 

[a, b], hence, we can s tate  tha t  

and 

z a'+l f (t) dt <_ (a~+i - xi) f (c~i+i), 

~ x~+~ f (t) dt > (xi+l - a i + l )  f (oQ+I)  , 
i+l 

i = 0 . . . .  , n -  1, (2.5) 

i = O , . . . , n - 1 .  

That is, 

: ~i+l 

-- f (t)  dt  ~ - ( x i +  1 - (2i+1) f ( c t i+ l )  

and then, by (2.5) and (2.6), we have 

-- (O~i+1 -- Xi) f (Xi) + (Xi+x -- C~i+l) f (Xi+I) + f (t) dt - f (t) dt 
i=0 i o~i+l 

k -1  

<- ~ [-  (~+1 - x,) f (x,) + (x,+l - ~,+~1 f (~,+11 
i=0 

-t- (OQ+I -- Xi) f (O~i+1) -- (Xi+ l  -- O~i+1) f (O/i+1)] 
k-1  k-1  

: ~ (Xi+I -- Oq+l) If (Xi+I) -- f (a,+l)] -F ~ (0~i+I -- Xi) [f (C~,+I) -- f (Xi)] 
i=0 i=0 

(2.6) 

and the second inequality in (2.1) is proved. 
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For the last inequality, we observe tha t  

(Xi+l - o~i+1) (f (Xi+l) - f (ol~+l)) + (o~+I - x~) (f (a~+1) - f (xi)) 

< max {x~+l - c~+1, a i+ l  - x i}  [f (Xi+l) - f (o~i+1) + f (o~/+1) - -  f (x~)] 

= [ 1hi+ C~i+l xi+Xi+ll](f(x'+l)-f(xi))2 

and then 

k - 1  

E [(Xi+I -- 0~i+1) (f ('Ti+I) -- f (Oli+l)) + (ai+l -- Xi) (f (Oli+l) -- f (Xi))] 
i=O 

[ I ],1 I h x, + x~+l ~-"] [f (x,:+l) f(xi)] < max 
i = 0 , k - 1  2 i + OQ+I 2 i=0 

[lh--- ~+  a~+l x i+x i+ l  ][ f(b)  f ( a ) ]  ---- mao¢ 
i=O,k- f 2 2 

[1 a i+ l  x '+x~+l ][f(b)  f ( a ) ]  < ~v(h)+ max 
- i = O , k - 1  2 

_< v (h) I f  (b) - f (a)]. 

The  theorem is completely proved. 

Now, if we assume tha t  the points of the division Ik are given, then the best  inequality we can 
get from Theorem 2 is embodied in the following corollary. 

COROLLARY 2. Let f ,  Ik be as above. Then, we have the inequality, 

f (x) dx - ~ (xl - a) f (a) + E (Xi+l - Xi-l) f (xi) + (b - xn-l) f (b) 
/=I 

< 51 ~_ h iA f (x i l+Ei=o, , ,  sgn 2 t f ( t )  dt 

k - 1  

(2.7) 

where hi := x~+t - x~ and A f(xi)  = f(xi+l) - f(x~), i = 0 . . . .  , k - 1. 

PnOOF. We choose in Theorem 2, a i+ l  = (x~ + x~+t)/2,  i = 0 , . . . ,  k - 1, to obtain 

k 

= a fCa)+ - f(xl) 
i=0 2 

2 2 f (b) 

= ~ ( ~  - ~) f (~) + ~ (x~+~ - x~-O I (xO + (b - xn -~ )  I (b) . 
i = l  

Now, (2.7) follows immediate ly  from (2.1) and we omit  the details. 

The  case of equidistant part i t ioning is impor tan t  in practice. 
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COROLLARY 3. L e t  Ik : xi  = a + i • ( b -  a ) / k  (i = 0 , . . . ,  k) be an equidistant partit ioning of 
[a, b]. I f  f is as  above, then we have  the  inequality, 

, ,  [, ]] fa 
b b - a 

f ( x )  d x -  f ( a ) + f ( b )  ( b - a ) +  Z f ( - i )  a + i b  
• 2 T i =  ' k 

1 ( b -  a)  k-1 r,~+(~+l)-(b-a/k) { 2i + 1 b -  a 
<_~. ~ [:(b)-:(a)]+~Jo sgn~o+ 

_ +,.(b-alk) 2 k 

1 
-< 2"--k (b - a)  [ f  (b) - f (a ) ] .  

- -  - t )  f (t) dt (2.8) 

3. THE C O N V E R G E N C E  OF A 
GE NE RAL  Q U A D R A T U R E  F O R M U L A  

Let  A ,  : a = X(o n) < x~ n) < . . . <  x (~) x(n ~) n-X < = b be  a sequence  of d iv is ions  of [a, b] and  
cons ider  t h e  sequence  of numer ica l  i n t eg ra t i on  fo rmulae  

,o :,,,.,w.):: ~ . ~  , : ,  ) ,  

w h e r e -  (n) n • wj ( j  = 0, . .  . ,  n)  a re  t he  q u a d r a t u r e  weights  w i th  the  p r o p e r t y  t h a t  ~-']j=0 .w3- (n) = b - a. 

.(n) such t h a t  In ( f ,  An ,  w~) T h e  fol lowing t h e o r e m  con ta ins  a sufficient cond i t ion  for the  weights  wj  

a p p r o x i m a t e s  t he  in tegra l  f :  f ( x )  dx  wi th  an  e r ror  expressed  in t e r m s  of t he  difference f (b)  - f (a )  
and  the  n o r m  of  t he  d iv is ion  An.  

THEOREM 3. Let  f : [a, b] --* R be a mapping that is monotonic nondecreasing on [a, b]. I f  the 

quadrature weights w~ n) (j  = 0 , . . . ,  n) satisfy the condition, 

i 
X(n) ~ ~n) _(n) i - - a <  ~J) < --a, _ _ ; z i+  1 

j=O 
for a11 i = O, . . . , n - 1; (3.1) 

then we have the est imate 

(f, h . ,  w.) - f]ob / (=) I,. dx 

n-1 { (n) n) { (n) 

i=o .7=o / 

+ z f ~ . , )  sgn a + Z w ~  n, - t f ( t )  dt  
i=O j=O 

< Z _(n) n) [ (n) "~ - , - , + , - o - Z ~ , ~  s~: ,+m) - i  a+ q'> 
,=o j =o ] j =o 

+ E o + Z w ? > -  ~I o> : ~+ ~j-> - f x~°> 
i-----0 j=O j=O 

(3.2) 
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I I < max + Z w ~  °> ~=o,n-1 l h~n) + a j=o 

11 + max a+~-~ .(n) 
< t. u(h( '~))  i=,~-~-1 j=0 wj 

< u (h (n>) [f ( b ) -  f (a)], 

x (n )_  (n) ] 
i +x~+l [f (b) - f (a)] J 2 

(,~)_ (n) 1 X i  - ~ X i + l  [f ( b ) -  f (a)] 
2 

(3.2)(cont.) 

( ~ } ~ (n) (n) i :  0,. .  n - 1 .  Moreover. whereu(h  ( n ) ) : = m a x  h " ) : i = O , . . . , n - 1  a n d h  'O : = X i + l - X i  , ., 

we have 

// lim In ( f ,  An, Wn) = f (x) dx 
~(h(->)-0 

uniformly by the influence of  the weights w~.  

PROOF. Define the sequence of real numbers, 

Ot (n) ---- a ,  

i 
a(~) ~7 TM w!~) i+1 : =  a n t- / .  3 ' 

j=O 

i = 0 , . . . , n .  

Note that 
n 

~(°> Z ?' ~ n + l  = a +  W = a + b - a = b .  
j=0  

By the assumption (3.1), we have -(n) E Ix (n), _(n) l for all i 0,. , n - 1. Observe that tXi+l t i Xi+lJ = "" 

. i ->  _ .(oO> = w0(->, 
i i--1 

o~(n) _(n)  Z "  (n) ~ ~n) . (n) 
- t~  i = a + w I - a - w = . w j  i + l  

j=O j = l  

(i = 1 , . . . , n -  1) 

and 

Consequently, 

n n - - 1  

c~(n) _ C~(n n) . (n) n + l  = a q- w -- a -- w j  
j=O j=O 

- - -  , , : ° '  - -  ( i ,  

i=0 i=0 

Applying the inequality (2.1), we deduce the estimate (3.2). The limit follows by the last in- 
equality in (3.2). 

The case where the partitioning is equidistant is important in practice. Consider then, the 
partitioning, 

_(n) b - a 
E n : x  i = a + i . - -  (i = O, . . . ,n) ,  

n 

and define the sequence of numerical quadrature formulae, 

Z .  (n)~ b - a  (n) 
I n ( f , w , ~ ) : =  % j a + i .  , w i "  = b - a .  

i=O n i=o 

The following result holds. 
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COROLLARY 4. Let f : [a, b] --, R be monotonic nondecreasing on [a, b]. I f  the quadrature weights 
satisfy the estimate, 

i 
_i< x E~o)w <~i+1 
n - b - a  - n j=o 

then we have the inequality, 

I ,~(f,  wn)  - f a b f ( x )  dx 

(i = 0 , . . . , n  - 1), 

-<E i--A.(b-a)- ~> i a+- - . (b-a)  
i = 0  j ~ O  n 

¢ , ) . ] - Z w ~ n ) - i ( b - a ) f ( a ÷ ~ ( b - a ) )  
\ j=o n 

+ ~ t s~n o+ E . jo>- ,  :(,>., 
_ + - ~ ( b - ~ )  j = o  

<~-'~ . ( b - a ) =  w~ n) f a + - -  (b - a) - f a +  w~ n) 
i = 0  n j=O 

÷ ~ w~n) _ i (b _ a) f a +  w~ n) - f a -~- - (b - a) 
i ~ 0  j = 0  n n 

_ • m a x  . . ( n )  2 i + 1  b - a  [ f  ( b )  - f ( a ) ]  
< n +,__.o,-:-,,,,,,,~-~ .wj - ~ 

b - a  
< [f (b) - f (a)]. 

n 

Moreover, we have the limit 
~a b 

lim I n ( f  , wn)  = f (x) dx 

uniformly by the influence Of Wn. 

4. S O M E  P A R T I C U L A R  I N E Q U A L I T I E S  

In the section we point out some particular inequalities which generate classical results such 
as: the rectangle inequality, trapezoid inequality, Ostrowski's inequality, midpoint inequality, 
Simpson's inequality, and others for monotonic nondecreasing mappings. 

PROPOSITION 1. Let f : [a, b] ~ R be monotonic nondecreasing on [a, b]. Then, we have the 
inequality [5], 

ff (b)] f ( x )  d x -  [ ( a -  a) f ( a )  + ( b -  a) f 

< ( b - a ) f ( b ) - ( a - a ) f ( a ) +  s g n ( a - t ) f ( t ) d t  (4.1) 

< (b - a) [f (b) - f (a)l + (c~ - a) [f (c~) - f (a)l 

<_ [ l  ( b - a ) +  a - ~ - ~  ] [ f ( b ) - f ( a ) ] .  

for all a E [a, b]. 
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PROOF. Follows from Theo rem 2 by choosing x0 = a, Xl = b, a0 = a, ax = a • [a, b] and a2 = b. 

REMARK 1. If, in (4.1), we pu t  a = (b + a)/2, then  we get the  " t rapezoid  inequali ty" as noted 
in [5], 

b 
i f (x )  d x - ( b - a )  f ( a ) + f ( b )  

2 
<_ ~ [f (b) - f ( a ) ] +  l b s g n  ( a___~ b 

<21 (b - a)  [ f  (b) - f (a)]  

---t) f(t)dt 
(4.2) 

Ano the r  par t icular  integral  inequali ty wi th  m a n y  appl icat ions is the  following one. 

PROPOSITION 2. Let f : [a, b] --* R be as above. Then, we have the inequality established in [6]. 

i b (b)] 
f (x) dx - [(al - a) f (a) + (a2 - al) f (xx) + (b - a2) f 

( a l + a 2 )  f ( x l ) - ( a x - a ) f ( a )  < ( b - a 2 ) f ( b ) + 2  xl  2 

+ sgn (al - t) f (t) dt + sgn (a2 - t) f (t) dt 
1 

< (Xl -- cq)  [f  (xl)  -- f (cq)] + (b - c~2) [f  (b) - f (c~2)] 

+ (cq - a) [ f  (cq) - f (a)] + (c~2 - Xl) If  (a2) - f (xl)] 

1 
X [f (b) f (a)] 

-<l [ m a x { x l - a ' b - X l } + m a x { a l + a ~  ' a 2 + x l - ~ b  }] x [ f ( b ) - f ( a ) ] '  

(4.3) 

provided that a <_ al <_ Xl <_ a2 <_ b. 
PROOF. Follows by Theo rem 2 on choosing the  division a = x0 _< Xl _< x2 = b and  the  numbers  

Ot 0 = a ,  o~ 1 • [a,  z l ] ,  0/2 • [Xl,  5], a3 = 5. 

REMARK 2. 

(a) If, in (4.3), we choose a2 = b, a l  = a, then  we get  the  inequal i ty  ob ta ined  in [7] 

f b (~1) f (x) dx - (b - a) f 

2 Xl - -  + s g n ( a - t )  f ( t )  dt+ s g n ( b - t )  f ( t )  dt 
~"Xl 

_< (xl  - a) [ f  (x l )  - f (a)] + ( b -  X l ) [ f  (b) - f (xl)] 

~_ [ l ( b - a ) +  xl a ~ ] [ f ( b ) - f ( a ) ]  

(4.4) 

for all Xl E [a, b]. 
(b) If, in (4.3), we choose a2 = a l  = c~ (=  xl) • [a,b], then  we get  (4.1). 
(c) If  we choose Xl = (a + b)/2 in (4.3), then  we obtain,  for a <_ al <_ (a + 5)/2 < a2 <_ 5 

fab f (z) dz - [(al - a) f (a) + (a2 - al) f ( ~-~-~ ) + (b - a~) f (b)] 

~ ( b - a 2 ) f ( b ) + ( a + b - a l - a 2 ) f ( ~  -~) - ( a l - a ) f ( a )  

(4.5) 
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(a+b)/2 f(~ 
+ sgn (oq - t) f (t) dt + sgn (a2 - t) f (t) dt 

J a +b)/2 

+ ( a l - a ) [ f ( a l ) - f ( a ) ] +  ( a 2 - ~  - ~ )  I f ( a 2 ) - f ( ~ - ~ - - ~ ) ]  

1 [ { 3a+b a2 a 4 3 b  }J < ~  ( b - a ) + m a x  a l  4 ' [ f ( b ) - f ( a ) ] .  

I t  is obvious tha t  the best inequality we can obtain from (4.5) is the one for which c~1 = 
(3a + b)/4 and a2 = (a + 3b)/4, gett ing 

[ f 6 f ( x )  dx_~l  [ f ( a ) +  f(b) + 

< (b - a) ( f  (b) - f (a)) + sgn ~ - t  f ( t )  dt 
- -  4 ~ / a  (4.6) 

+ sgn - - - t  f ( t )  dt 
+b)/2 4 

b - a  
< If  (b) - f (a)].  
- 4 

If in (4.5) we choose a l  = (5a + b)/6, a2 = (a + 5b)/6, then we get Simpson's  inequality 
(see also [6]), 

i by(x)  d x -  -~1 [f(a)+f(b)+2f(~--~)]2 

< (b - a) ( f  (b) - f (a)) + sgn - t f (t)  dt  
- -  6 , $ a  

/,2 ( ) + sgn a + 5b (4.7) 
+b)/2 6 t f (t) dt 

- 6 f ( b ) - f ( a ) + f  _ f  5 a  b 

< 11 ( b -  a) [f (b) - f (a)]. 
- 8 
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