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1. Introduction

A character of a finite groupG is monomial if it is induced from a linear character
a subgroup ofG. A groupG is anM-group if all its complex irreducible characters (t
set Irr(G)) are monomial.

In [2], Dornhoff asked if normal subgroups ofM-groups were againM-groups. In [1],
Dade (and independently Van der Wall [9]) gave an example of anM-group which has
a normal subgroup which was not anM-group. Dade’s example depended very stron
on the use of the prime 2. Therefore, the question of whether normal subgroups
M-groups were againM-groups was left open.

It is called that a groupG has a Sylow tower ifG has a normal series of Hall subgrou
Gi ✁ G such thatG0 = 1, Gn = G, and |Gi : Gi−1| is a power of a prime, for eac
i = 1, . . . , n. In [3], Gunter showed that normal subgroups ofM-groups with Sylow tower
wereM-groups. Furthermore, in [8], Parks showed that ifG is an oddM-group andN ✁G
with N nilpotent andG/N supersolvable, then every normal subgroup ofG is anM-
group. After I submitted this paper for publication, I was informed that M. Loukaki rece
proved that normal subgroups of odd order monomial{p,q}-groups are monomial.

Now, in this paper the following is shown.

Theorem. Let p be a prime and letG be anM-group. Assume that there exist norm
subgroupsK andL ofG such that

(i) |G/K| dividesp;
(ii) K/L is nilpotentp′-group;
(iii) L is abelianp-group.

Then every normal subgroupN ofG is anM-group.
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All of Park’s, Gunter’s, Loukaki’s, and our result apply to families of groups where
result does not hold “one character at a time.” (By Berger’s example in [5].)

If ψ is a character ofG, we denote the set of its irreducible constituents by Irr(G|ψ).
LetN ✁G andθ ∈ Irr(N). We writeIG(θ) to denote the inertia group{g ∈G | θg = θ}.

Let a groupA act on a groupG. We say thatA-invariant characterχ ∈ Irr(G) is A-
primitive if it is not induced from anyA-invariant character of anyA-invariant proper
subgroup. Furthermore, we say thatχ isA-monomial if it is induced from anA-invariant
linear character of anA-invariant subgroup.

2. Preliminaries

In this section we shall give some lemmas which will be used to prove the theore

Lemma 1. Let a groupA act on a groupG. LetN be a normalA-invariant subgroup of
G and assume thatG/N is nilpotent andN has abelian Sylow subgroups. Suppose a
that(|A|, |G/N |)= 1. If χ ∈ Irr(G) isA-invariant, then the degrees of any two A-primiti
characters that induceχ coincide.

This is essentially TheoremC of [7]. There it is required that(|A|, |G|)= 1, but the
same proof works in our case.

Lemma 2 [3]. LetG be anM-group with a Sylow tower. Then every normal subgroup
G is again anM-group.

Lemma 3 [8, p. 939, Lemma 3.4].Let A ✁ G and suppose thatχ ∈ Irr(G). Let ϕ ∈
Irr(A|χA). Let χ1 ∈ Irr(IG(ϕ)) be such that(χ1)N is a multiple ofϕ, and such tha
(χ1)

G = χ . Suppose thatχ is monomial and thatϕ is linear. Thenχ1 is monomial.

Lemma 4 (see the proof of [8, p. 940, Step 1]).LetN✁G and suppose thatχ ∈ Irr(G). Let
ζ ∈ Irr(N |χN). LetA⊆N ,A✁G, andA′ = 1. Chooseϕ ∈ Irr(A|ζA). Letχ1 ∈ Irr(IG(ϕ)),
ζ1 ∈ Irr(IN((ϕ)) be such that(χ1)A, (ζ1)A are multiples ofϕ, and such thatχG1 = χ ,
ζG1 = ζ , respectively. Thenζ1 | (χ1)IN (ϕ).

Lemma 5 [10, Lemma 2.1].AssumeN ✁G,H ⊆G, NH =G, andN ∩H =M. Assume
that φ ∈ Irr(N) is invariant inG andφM ∈ Irr(M). Thenχ ↔ χH defines a one-to-on
correspondence betweenIrr(G|φG) andIrr(H |(φM)H ).

Lemma 6 [6, p. 30, Corollary 1.4].Assume that every characteristic abelian subgrou
G is cyclic. Letp1, . . . , pr be the distinct prime divisors of|F | for F = F(G) and let
Z ⊆Z(F) with |Z| = p1 . . .pr . Then there existE,T ⊆G such that

(i) F =ET , Z =E ∩ T , andT = CF (E).
(ii) The Sylow subgroups ofE are extra-special or cyclic of prime order.
(iii) If every characteristic abelian subgroup ofG is in Z(F), thenT =Z(F).
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3. Proof of theorem

In this section we shall prove the theorem stated in the Introduction. LetG be a minimal
counterexample andN ✁G a non-M-group with|G : N | as small as possible. ThenN is
a maximal normal subgroup ofG. Therefore|G : N | is a prime number. SinceK/L is
nilpotent andL is abelian, every subgroup ofK is anM-group (by Theorem 6.23 of [4]
and, in particular,G=NK. PutR =K ∩N . We have that|G :K| = |N : R| = p.

Let ζ ∈ Irr(N) be a non-monomial character. SinceG is anM-group, by Mackey’s
theorem we deduce thatζ does not extend toG. χ = ζG ∈ Irr(G).

If p dividesζ(1) then, sinceR has a normal abelian Sylowp-subgroup, we deduce th
ζ is induced from some character ofR and, sinceR is anM-group, it follows thatζ is
monomial. We conclude thatζ hasp′-degree.

Let U ⊆ N andα ∈ Irr(U) be a primitive character such thatαN = ζ . Sinceζ has
p′-degree, there existsP ∈ Sylp(N) such thatP ⊆U . Note thatN = PR andG= PK.

Case 1. |G/N | �= p.
In this case,p does not divideχ(1) and χK ∈ Irr(K). Hence,ψ = (ζR)

K = χK is
irreducible andP -invariant. Furthermore,ψ = ((αN)R)

K = ((αU∩R)R)K = (αU∩R)K . In
particular,αU∩K is irreducible andP -invariant.

Suppose thatαU∩K is not P -primitive. ThenαU∩K = βU∩K for someP -invariant
characterβ ∈ Irr(H), whereH is aP -invariant proper subgroup ofU ∩K. Sinceα has
p′-degree,p � |U ∩ K : H |, and soH contains a Sylowp-subgroup ofU ∩ K. Thus
|PH : H | = p. Sinceβ is P -invariant,βPH = β1 + · · · + βp , where eachβi , 1� i � p,
is an irreducible character ofPH . Hence(αU∩K)U = βU = (βPH )U = βU1 + · · · + βUp .

On the other hand,(αU∩K)U = α1 + · · · + αp , where eachαi , 1� i � p, is an irreducible
character ofU . Sinceα = αi for somei, α = βUj for somej . SincePH is a proper
subgroup ofU , this contradicts thatα is primitive. ThusαU∩K is P -primitive.

If ψ is P -monomial, thenα(1)= 1 by Lemma 1. Thenζ = αN is monomial, which is
a contradiction.

On the other hand, sinceχ is monomial,χ = λG for some linear characterλ of
a subgroupT . Sinceχ hasp′-degree, we may assume thatT ⊇ P . Thenψ = χK =
(λG)K = (λT ∩K)K . SinceT ∩K is P -invariant subgroup ofK andλT∩K is P -invariant,
ψ is P -monomial, which is a contradiction.
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Case 2. |G/N | = p.

Step 1. Op(N)� L.

Proof. If Op(N) �⊆ L, thenG has a normal Sylowp-subgroup. HenceG has a Sylow
tower, and soN is anM-group by Lemma 2, which is a contradiction. ThusOp(N)⊆ L.
If Op(N) = L, thenN = K. SinceK is anM-group, and so isN , which is a contra-
diction. ✷

LetH be a Hallp′-subgroup ofG, and setL1 = L∩N(=Op(N)).

Step 2. CL1(H) �= 1.

Proof. SinceH ⊆N , [H,L] ⊆N ∩L= L1, and henceV = CL(H)L1.
If CL1(H) = 1, thenL = CL(H) × L1 and |CL(H)| = p. By the Frattini argument

G = LNG(H), and soCL(H) ✁ G. ThenG/CL(H) � N . SinceG is anM-group,
G/CL(H) is also anM-group, and so isN , which is a contradiction. ✷

Let ϕ1 ∈ Irr(L1) be a linear character withϕ1|ζL1. We setK1 = Kerϕ1.

Step 3. K1 �⊇ CL1(H). In particular,ϕ1 �= 1.

Proof. Suppose thatK1 ⊇ CL1(H). We setG=G/CL1(H) sinceCL1(H)✁G. Thenϕ1
is regarded as a character ofL1 ⊆G, and soζ is also a character ofN . Since|G|< |G|,
N is anM-group by induction. Thenζ is monomial, which is a contradiction. Thu
K1 �⊇ CL1(H). In particular,ϕ1 �= 1. ✷
Step 4. K1 �⊇ [H,L1].

Proof. If [H,L1] = 1, thenH ✁N , and soH ✁G. ThenG has a Sylow tower, and henc
N is anM-group by Lemma 2, which is a contradiction.

If K1 ⊇ [H,L1] �= 1, then we have a contradiction by an argument similar to
above. ✷

Next we setN1 = IN(ϕ1). By Clifford’s theorem, there exists aζ1 ∈ Irr(N1) such that
ϕ1|(ζ1)N1 andζN1 = ζ . ζ is not monomial and neither isζ1.

SetG1 = IG(ϕ1). Sinceϕ1 | χL1, there exists aχ1 ∈ Irr(G1) such thatϕ1 | (χ1)L1 and
χG1 = χ by Clifford’s theorem. By Lemmas 3 and 4,χ1 is monomial andζ1 | (χ1)N1.

SettingG1 =G1/K1 givesG1 ✄N1. If N1 is nilpotent, thenN1 is anM-group, and so
ζ1 is monomial, which is a contradiction. In particular,N1 has a Hallp′-subgroupH1 �= 1.
Since[H1,L1] = 1 andL1H1 ✁N1, H1 charN1 ✁G1, and henceH1 ✁G1. Therefore
there exists a subgroupL2 of G1 such thatL1 � L2 ⊆ N1 andL2 is an abelian norma
subgroup ofG1. Let ϕ2 ∈ Irr(L2), with ϕ2 | (ζ1)L2

. Then 1�= ϕ2 is a linear characte

Let K2 = Kerϕ2 with K1 ⊆ K2. Then 1�= L2/K2 is cyclic. We setG2 = IG1(ϕ2) and
N2 = IN1(ϕ2). By Clifford’s theorem, there exists aχ2 ∈ Irr(G2) such thatϕ2 | (χ2)L2 and
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2 = χ1. Similarly, there exists aζ2 ∈ Irr(N2) such thatϕ2 | (ζ2)L2 andζN1

2 = ζ1. Then
ζ1 is not monomial and so isζ2. Furthermore,ζ2 | (χ2)N2 by Lemma 4.

Now we setG2 =G2/K2.

Step 5. There exists a subgroupL3 such thatL2 � L3 ⊆N2 andL3 is an abelian norma
subgroup ofG2.

Proof. Suppose false. SetR1 = CL1(H)× ([L1,H ] ∩K1). SinceL1/K1 is cyclic, so is
[L1,H ]/([L1,H ] ∩K1). HenceL1/R1 is cyclic. LetH1 be a Hallp′-subgroup ofN1. By
the Frattini argument,N = L1NN(H), and henceHv

1 ⊆H for somev ∈L1. Thus we may
assume thatH1 ⊆H .

Since[L1,H1] ⊆ K1 and[L1,H1] ⊆ [L1,H ], [L1,H1] ⊆ K1 ∩ [L1,H ] ⊆ R1. Hence
H1 ⊆ {x ∈ N | [x,L1] ⊆ R1} = IN (µ1), whereµ1 ∈ Irr(L1/R1) is faithful. Let S be
a Hall p′-subgroup ofIN(µ1) with H1 ⊆ S. By an argument similar to that abov
we may assume thatS ⊆ H . Since [S,L1] ⊆ R1 and [S,L1] ⊆ [H,L1], [S,L1] ⊆
[H,L1] ∩ R1 = [H,L1] ∩ (CL1(H) × ([H,L1] ∩ K1)) = [H,L1] ∩ K1 ⊆ K1. Hence
S ⊆ {x ∈N | [x,L1] ⊆K1} = IN(ϕ1)=N1. This implies thatS =H1.

SinceN = L1NN(H) andL1 ⊆ N1, N1 = L1NN1(H). If N1 = L1H1, thenN1 =
L1 × H1 is nilpotent, and soN1 is anM-group. This contradicts the fact thatζ1 ∈
Irr(N1) is not monomial. HenceH1 � NN1(H). Let a ∈ NN1(H) be ap-element with
a /∈ L1H1. Since[a, [H,L1]∩K1] ⊆ [H,L1]∩K1 ⊆R1 and[a,CL1(H)] ⊆ CL1(H)⊆R1,
[a,L1] ⊆ R1. Hencea ∈ IN(µ1). By condition (i) of the theorem,N1 = L1H1〈a〉, and so
N1 = IN (µ1).

SinceL2 ⊆ L1×H1,L2 = L1×(L2∩H1). Henceϕ2 = ϕ1λ, for someλ ∈ Irr(L2∩H1)

(λ is regarded as a character ofL2 ∩H1). Settingµ2 = µ1λ givesµ2 ∈ Irr(L2/R1). Then
IN1(µ2)= IN1(λ)= IN1(ϕ2)=N2.

If N2 is nilpotent, thenN2 is anM-group. This contradicts the fact thatζ2 is not
monomial. LetF = F(N2) and letH2 be a Hallp′-subgroup ofN2. By conditions (i),
(ii) of the theorem,|N2/F | = p andF = H2L2. HenceN2 = F 〈x〉 for somep-element
x ∈N2 with xp ∈ F . Since every characteristic abelian subgroup ofN2 is cyclic, there exis
E, T ✁N2 which satisfy the conditions (i)–(iii) of Lemma 6. By Lemma 6(iii),T =Z(F).
If E is abelian, thenF =Z(F) andN2 = CN2

(L1)= CN2
(F )⊆ F . HenceN2 is nilpotent,

which is a contradiction. ThusE is non-abelian. By Lemma 6(ii),F = (E1 ×· · ·×Er)L2,
whereH1 ∩ K2 ⊆ Ei ⊆ H2, 1 � i � r, and eachEi is an extra-special group of ord
q

2ni+1
i for a primeqi , and an integerni . LetE0 = E1 · · ·Er .

Set R2 = Kerµ2 and Ñ2 = N2/R2. Then R2 = R1(Kerλ) = R1(H1 ∩ K2), and
so H̃2 = H2/H1 ∩ K2 � H2. HenceF(Ñ2) = (Ẽ1 × · · · × Ẽr )L̃2 = Ẽ0L̃2 such that
[Ẽ0, L̃2] = 1, Ẽ0 ∩ L̃2 = Z(Ẽ0). SettingU = Ẽ0〈x̃〉, Ñ2 = UL̃2 ensuresL̃2 ✁ Ñ2

and L̃2 ∩ U = Z(Ẽ0)× 〈x̃p〉. Then there existψi ∈ Irr(Ẽi), 1 � i � r, such that
ψi(1) = q

ni
i , ψ0 ∈ Irr(〈x̃p〉), and (µ2)Z(Ẽ0)×〈x̃p〉 | ψ1 · · ·ψrψ0Z(Ẽ0)×〈x̃p〉 . Let ψ ∈ Irr(U)

with ψ1 · · ·ψrψ0 | ψẼ0×〈x̃p〉. Sinceψ1 · · ·ψrψ0 is U -invariant and|U/Ẽ0 × 〈x̃p〉| = p,
(ψ)Ẽ0×〈x̃p〉 = ψ1 · · ·ψrψ0. Thus there exists aψ ∈ Irr(U) such that(µ2)Z(Ẽ0)×〈x̃p〉 |
ψ ˜ p andψ(1)= q

n1 · · ·qnrr .
Z(E0)×〈x̃ 〉 1
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Now Ñ2 = L̃2U , L̃2 ∩ U = Z(Ẽ0) × 〈x̃p〉, andµ2 ∈ Irr(L̃2) is invariant inÑ2. By
Lemma 5, there exists aψ∗ ∈ Irr(Ñ2) such that(ψ∗)U = ψ and µ2 | (ψ∗)L̃2

. Since

IN1(µ2) = N2, (ψ∗)N1 ∈ Irr(N1/R1) with µ2 | ((ψ∗)N1)L2/R1 by Clifford’s theorem.
Similarly, we have that((ψ∗)N1)N = (ψ∗)N ∈ Irr(N) with µ1 | ((ψ∗)N )L1. Since
Kerµ1 ⊇ R1 ⊇ CL1(H) �= 1 andCL1(H) ✁ G, (ψ∗)N is regarded as a character
N/CL1(H). By the minimality of |G|, N/CL1(H) is anM-group sinceN/CL1(H) ✁
G/CL1(H). Hence(ψ∗)N is monomial and so(ψ∗)N1 andψ∗ are monomial by Lemma 3

Thusψ∗ = λÑ2 for some linear characterλ of Ã, whereR2 ⊆A is a subgroup ofN2.
If Ẽi ∩ Ã is non-abelian, then(Ẽi ∩ Ã )′ = Z(Ẽi). Then Z(Ẽi) ⊆ Kerλ. Hence

Z(Ẽi) ⊆ Kerψ∗, which is a contradiction. Thus̃Ei ∩ Ã is abelian. Since|Ñ2 : Ã| =
ψ∗(1) = q

n1
1 · · ·qnrr , p � |Ñ2 : Ã|. Hence Ñ2 = F(Ñ2)Ã, and so (Ẽi ∩A)Z(Ẽi) =

(Ẽi ∩ Ã)Z(Ẽi)✁ Ñ2. Then, inN2 =N2/K2, (Ei ∩A)Z(Ei)✁N2. By Step 1, there exist
an element 1�= y ∈ L with y /∈ L1. ThenG2 =N2〈y〉. Since[y,H2] = 1 inG2 =G2/K2,

(Ei ∩A)Z(Ei) ✁ G2. HenceEi ∩A ⊆ Z(Ei). This means that̃Ei ∩A ⊆ Z(Ẽi). Thus
|Ẽi : Ẽi ∩ Ã| � |Ẽi :Z(Ẽi)| = q

2ni
i . On the other hand, since|Ẽi : Ẽi ∩ Ã| | λÑ2 = ψ∗(1),

|Ẽi : Ẽi ∩ Ã| � q
ni
i , and henceq2ni

i � q
ni
i , which is a contradiction. ✷

Step 6. A contradiction.

Proof. Let ϕ3 ∈ Irr(L3) with ϕ3 | (ζ2)L3
. Then 1�= ϕ3 is a linear character. LetK3 =

Kerϕ3 with K2 ⊆K3. Then 1�= L3/K3 is cyclic. Furthermore, there exists aζ3 ∈ Irr(N3)

such thatϕ3 | (ζ3)L3 and(ζ3)N2 = ζ2, whereN3 = IN2(ϕ3). Thenζ3 is not monomial.
Repeating this argument, there existKk ,Lk ,Nk , ζk ∈ Irr(Nk/Kk) (k = 4, . . . ) such that

Lk−1 � Lk ⊆Nk ⊆Nk−1,Lk/Kk is cyclic, andζk is not monomial. SinceL1 � L2 � L3 �
· · · ⊆ N3 ⊆ N2 ⊆ N1, there exists an integern with Ln = Nn. SinceNn/Kn = Ln/Kn is
cyclic andζn ∈ Irr(Nn/Kn), ζn is monomial, which is a contradiction, and this comple
the proof of the theorem.
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