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Abstract

We consider a binary BCH code C,, of length 2" —1. If m is odd, we improve the bound on
the distance of the dual of C,, previously given by Carlitz—Uchiyama, Serre and Moreno—
Moreno.
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1. Introduction

Let C,, be a binary BCH code of length ¢g—1 =2"—1 with designed distance
0 =2t + 1. The weight w of a non-zero codeword of the dual of C,, satisfies the
Carlitz—Uchiyama bound

w— 2"t < (r - 1)2m2.

We shall only consider the case where m is odd. We attempt to improve this bound.
In [8], MacWilliams and Sloane suggest a stronger result

lw— 2" < (1 — 1)2m=1/2, (1)
One can show that this inequality is true for 6 = 3, 5, 7. Moreover, when é = 3, 5,
7, this bound is reached. Rodier [11] showed that this inequality is not true for codes
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of designed distance § =9, 25,.... A similar result was independently obtained by
Caceres and Moreno [2].
If p is a prime number and / an integer, we denote by F,; a finite field of order plIf
K is a field and L a finite extension of K, we denote by Tr; x the trace from L to K.
Let ¢ be a codeword of the dual of C,,. Its weight w(c) is linked to the value of
some exponential sums. Indeed, the codeword ¢ can be written in the form

c= (TrF{,/Fz (f(oc)))xeFZ’

where /" is a polynomial with coefficients in F, of degree at most 2¢—1 and f(0) =0
(see [8]). Since Try, /Fz(ocz) = Trg, (), we can always suppose that f is zero or of
odd degree. We define the exponential sum S(f) by

S(f) — Z (_1)TTF(,/F2 (f(x)).

xeF,

Since the weight of ¢ is the number of «€F, such that Trg, /p,(f(2)) = 1, we have

_4-5()
w(c)ff.

If the degree of f is odd, the exponential sum S(f) satisfies the Weil bound

IS(F)|=<(deg/ — 1)vq.

We may note that this bound corresponds to the Carlitz—Uchiyama bound. To
improve the Carlitz—Uchiyama bound, we have chosen to study the exponential
sums and the Weil bound. We can deduce from (1) that we have

S| <(degf — 1)v/a/v2

for polynomials of degree 1, 3 and 5. Moreover, this bound is reached. Therefore, we
shall only consider polynomials of degree greater than or equal to 7.

The number of points N of the projective model of the curve y* +y = f(x) over
F, is given by

N=q+1+S().
Therefore, in this particular case, we may also improve the Weil bound.

Let us fix some notations. If v is a real number, we denote by [¢] its integer part.
Let u be an integer with binary expansion

.
u= E 2%,
i=1
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We define the binary weight o(u) of u by
a(u)=r.

If O(x) is a polynomial with coefficients in F,, we define its binary weight ¢(Q) as
being the maximum of the binary weights of the exponents of Q.
In 1984, Serre [15] improved the Weil bound as

s()1<* " pyg

Using the Serre method and the divisibility properties of the exponential sums
Moreno and Moreno improved this last bound as

S(F) < (degf — 1)2¢7' 217" /q),

where p = [m/a(f))].

2. Backgrounds on abelian varieties

Let p be a prime number. Let Q, be the field of p-adic numbers. Let Q be the
completion of the algebraic closure of Q,. We denote by ord,( - ) the valuation over

normalized by ord,(p)=1. We denote by | - |p the absolute value over Q defined by

|x|p — pford,,(x)'

Let P =), ¢;t' be a polynomial with coefficients in Q,. The Newton polygon of
P is the convex hull of the points (i, ord, c;) (see [4]).

Proposition 1. If a segment of the Newton polygon of P has a slope /. and horizontal
length N, then P has precisely N roots y; with ord,(y;) = —2 (counting multiplicities).

Proof. See [4].

Put g = p™. Let k = F, be a finite field of g elements.

We now recall some results on abelian varieties. The reader is referred to Tate
[17,18] and Waterhouse [19]. Let 4 be an abelian variety over k of dimension g. The
characteristic polynomial 4,4 of the Frobenius endomorphism 74 of 4 over k is a
monic of degree 2 g over Z. This polynomial determines the isogeny class of A.

Theorem 1 (Tate). Two abelian varieties defined over k are isogenous if and only
if their Frobenius endomorphisms have the same characteristic polynomial.

Let £ = Endy(4)®Q be the endomorphism algebra of A4. It is a semisimple
algebra with center F = Q[mny].
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There is a unique factorization of A4, up to k-isogeny, into a product of powers of
non-k-isogenous simple abelian varieties A4;. This factorization corresponds to the
decomposition of E into simple factors E; and therefore to the expression of its
center F as a product of fields F;. The F; in turn correspond to the irreducible factors
P; of hy over Q. From the previous theorem we deduce the following result.

Theorem 2. Let hy = HP;-"’ be the factorization of hy in Q. For each j, there exists an
integer e; dividing m; and a simple abelian variety A; over k, whose characteristic
polynomial of the Frobenius endomorphism is P% such that A is isogenous to

mj/e;
I4;" .

We assume that 4 is simple. Then F = Q(7n,) is a field. Weil has shown that 7,4 is an
algebraic integer such that for all embeddings ¢ : Q(n,4) — C, we have |¢(n,)| = ¢'/>.
We will call such an algebraic integer, a Weil number. Honda has made explicit the
correspondence between Weil numbers and the simple abelian varieties over k.

Theorem 3 (Honda [3,18]). There is a one-to-one correspondence between the isogeny
classes of simple abelian varieties over k and the classes of conjugates over Q of Weil
numbers.

Since A is simple, the characteristic polynomial of 74 is equal to
hy = P°,

where P is a Q-irreducible polynomial. Then the algebra of endomorphism E is an
algebra of division of dimension e? over its center F = Q(m4).

If v is a place of F, we denote by inv,(E) the invariant of E at v (see [13]). If v is
above p, we denote by ord,(-) the valuation on F associated to v normalized by
ord,(p) = 1.

Theorem 4 (Tate). Let A be a simple abelian variety over k. Let v be a place of F. Let
F, be the completion of F at v. The invariant of E at v is congruent to

® (0 if vis complex or if v is lying over [ #p,
® /2 ifvisreal,
ord,(74)[Fy, : Q)]
ord,(q)

modulo 7.

if v is lying over p,

Proposition 2. The sum of all the invariants of E is congruent to zero modulo Z.. The
least common denominator of all the invariants of E is e.
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We note that if 4 is simple, the characteristic polynomial of 74 is not in general
irreducible. It is so if and only if there are no real places in Q(n4) and for each
irreducible factor P, of h4 over Q,, m divides ord, (P,(0)).

The abelian variety A4 is no longer supposed to be simple. If w;,dy, ..., @y, &,
are the roots of Ay in C, then the characteristic polynomial of n4 over F, is
given by

W0y =T - o)t — ).

i=1

We shall say here that A is supersingular if hg)( 1) is prime to p for all positive
integers / (cf. [12,20]). Oort gave another definition of a supersingular abelian
variety: A is supersingular if A is isogenous over a finite extension of k to the power
of a supersingular elliptic curve (see [6]). For abelian varieties of dimensions 1 and 2,
these two definitions are equivalent. Note that if 4 is supersingular in Oort’s
meaning, then A is supersingular. But if 4 is an abelian variety of dimension greater
than or equal to 3, the opposite is not true.

From now on in this section, we only consider the case where p = 2 and m is an
odd integer. We shall need the list of all the characteristic polynomials of the
Frobenius endomorphisms of simple supersingular abelian varieties of dimensions 1
and 2.

Proposition 3 (Deuring-Waterhouse [19]). Let m be an odd integer. Let g = 2". The
characteristic polynomials of the Frobenius endomorphisms of supersingular elliptic
curves over F, are

(i) ?+v2qt+q,
(i) 2 +q.

Proposition 4 (Rick—Xing [21]). Let m be an odd integer. Let q=2". The
characteristic polynomials of the Frobenius endomorphisms of supersingular simple
abelian varieties of dimension 2 over ¥, are

(i) *+q7 + ¢,
(i) A +/298 + g2 +/2¢3t + ¢,
(i) (2 — ¢)*.

Now, let us examine the case where the characteristic polynomial of the Frobenius

endomorphism of an abelian variety has a real root.

Proposition 5 (Waterhouse [19]). Let m be an odd integer. Let ¢ = 2". Let A be an
abelian variety over ¥,. If m4 has a real conjugate, then (2—q)* divides h4(1)(in Z[1)).
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3. Abelian varieties with quadratic Weil numbers
Let ¢ = p™. We generalize a result of Xing (see [20, Propositions 2 and 3]).

Proposition 6. Let e be an integer, e=3. Let h(t) = (1> + Bt + q)° be a polynomial
with integer coefficients and |B|<2./q. Then h is the characteristic polynomial of
the Frobenius endomorphism of a simple abelian variety over ¥ if and only if e divides
m and if there exists an integer i, 1 <i<el2, prime to e such that

ord,(f) = im/e.

Proof. Put ' = >+ ft+¢g. We assume that /s is the characteristic polynomial
of the Frobenius endomorphism of a simple abelian variety 4 over F,. Let =
be a root of /. Put F = Q(n) and E = Q® Endp, (A4). Since F is totally imaginary,
if v is a place which is not above p, the invariant of E at v is zero (Theorem 4).
Hence, p splits in two places in F because the sum of all the invariants
of E is congruent to zero modulo Z and e, which is greater than or equal to 3, is
their least common denominator (Proposition 2). Therefore, f can be written as a
product

J(@) =t =y)(t =)

with y;, y2 € Q,. Denote by v; the place corresponding to the embedding of F into
Q, which maps = on y;. For i=1, 2, we have

inv,, (E) = ord,(y;)/m mod Z.

Consider the Newton polygon of #> + Bt + q. We assume that the point (1, ord, (B))
is a vertex, i.e. ord, (f)<m/2. Then we may suppose that ord,(y;) = ord,(f) and
ord,(y2) = m—ord,(p). It follows that

inv,, (E) = ord,(p;)/m mod Z.

and

inv,, (E) = —ord,(f;)/m Z.

Since e is the least common denominator of inv, (E) and inv,,(E), there exists an
integer i>1 prime to e such that

ord,(f) = im/e.

Since ord,(f) <m/2, we have i/e<1/2.
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We assume now that the point (1, ord,(f)) is not a vertex, i.e. ord,(f)=m/2.

Then we have
ord,(y1) = ord,(y2) =m/2 and inv, (E) = inv,,(E) =1,
which would contradict the hypothesis concerning e.

Conversely, let § be an integer such that |f| <2,/q. Suppose that e divides m and
that there exists an integer i, 1 <i<e/2, prime to e such that ord,(f) = im/e. Let 7 be
a root of 4. By Theorem 3, we can associate a simple abelian variety over F, to n. The
characteristic polynomial of the Frobenius endomorphism of this variety is equal to
the r-power of the minimal polynomial of = over Q where r is the least common
denominator of all the invariants of E at the places of F = Q(n) (Proposition 2).

Since ord,(f) <m/2, the point (1, ord,(f)) is the only vertex (except the ones on
the axis) of the Newton polygon of 1> 4 ¢ + ¢. Hence, there are two places v; and v,
above p and

inv, (E) =i/emod Z,

inv,,(E) = —i/e mod Z.

Since the invariants of E at the places which are not above p are zero, we have r = e.
Therefore, & is the characteristic polynomial of the Frobenius endomorphism of a
simple abelian variety over F,. [

The abelian varieties described in this proposition are supersingular.

4. Bound on exponential sums

We now assume that p =2 and m is an odd integer.

Let f be a polynomial over F, of degree 2g + 1. Let a be the binary weight of /. We
suppose that >3 and m=>a. Let p = [m/a]. Since a>3 and m>a, we have
O<pu<m/2.

Theorem 5 (Litsyn et al. [7]). Let f be a polynomial over ¥,. Then
ordy S(f)=m/a(f).

For any positive integer r, we denote

Sr — Z (_I)Trqu/Fz(f(x))-

xeF

Let J be the Jacobian of the curve y* + y = f(x) over F,. It is an abelian variety of

dimension g. Let & = Zfﬁo a;**9~" be the characteristic polynomial of the Frobenius
endomorphism of J over F,. Let w1, @1, ..., wy, ®, be the roots of / in C. Weil has
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shown that
g
= (0 + af)
i=1

for any positive integer r.

Lemma 1. Fori=1, ...,2g,2" divides a;.

Proof. We follow the proof of Ax (see [1]). Let L(¢,f) = exp(>_,2, Sit"/r).
This function is equal to

[
L(t,f) :H 1 — wit)(1 — @;1).
i=1
By logarithmic differentiation of L(z,f’), we obtain

© g ; D
Sl =~ ‘ .
dosrt= Y ()

i=1

By Theorem 35, the dyadic absolute value |S,|, of S, is lower than 27#" for any
positive integer r. If |¢|,<2*, the left-hand side converges in Q. It follows that
|w;|<27# and |@;| <27 # fori=1,...,9. O

By this lemma, since u>1, J is supersingular.

We deduce from this lemma that w;/2* and @&;/2" are algebraic integers. We may
apply to them the Serre method to improve the Weil bound (see [15] or [9]). Put
M = [21‘“\/@] and x; = M + 1 + (w; + @;)/2" for i =1, ...,¢. The numbers Xx; are
totally positive algebraic integers. Therefore, [] x; is a strictly positive integer. By the
mean inequality, we have

i)l/gZI.

This implies
S(f)<g-2" M.

Lemma 2. Let f; be a polynomial over ¥, of degree r. Then there exists a polynomial f>
over F, of degree v such that

S(f1) = =S().
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Proof. Since the trace Try, /¥, is surjective, there exists F, such that Try, /() = 1.
Then S(f;) = —S(fi + «). This proves the lemma. [

We deduce from the lemma the following result.

Theorem 6 (Moreno and Moreno [9,10]). Let f be a polynomial over ¥, of odd degree.
Then

|S(f)] < (deg f — 1) - 2bm/oVI=1pl=Im/et] /g

5. The defect

Let / be a non-negative integer. We say that f has defect [ if
S(f)y=g-2!M —1-2".

If f has defect 0 (respectively 1, 2), then > x; =g (respectively g+ 1,g+2).
The list of families («;),_; _, of totally positive algebraic integers such that » o; = g,
g+ 1 or g+ 2 is known (see [5,14,16]). Hence the family (x;) is in this list. We
deduce the possibilities for the characteristic polynomial of the Frobenius
endomorphism of J. We shall use it to prove that |S(f)| is different from ¢ -2
M —2Fand g - 2% M — 2*t1 in most of the cases. If / has defect 0, then all the x; are
equal to 1. Hence, the characteristic polynomial of the Frobenius endomorphism of
J is

h(t) = (£ + 2" Mt + q)°.
We now need a lemma.

Lemma 3. Let o be a positive integer. Then

() 2*V2]#2% if a1,

(i) [2%v2]#2% + 1 if a#2,
(iii) [2%/2]#2* + 2,

(V) 2v2]#2%7 + 1 if a#1,
(V) 222 #2772 + 1,

(vi) 2%/2]=2

Proof. It suffices to notice that M >2* 4+ 2% 4273 for o>3. The lemma is an
immediate consequence of this inequality. [
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5.1. Defect 0

Let us examine the case where [S(f)| = g2* M. We may assume that S(f) = g2*M
(Lemma 2). As mentioned at the beginning of this section, the characteristic
polynomial of the Frobenius endomorphism of J is

h(t) = (£ + 2" Mt + q)°.

By Theorem 2, there exists an integer d dividing g and a simple supersingular abelian
variety A over F, such that J is isogenous to A9 If we write e =g/d, the
characteristic polynomial of the Frobenius endomorphism of A4 is

ha(t) = (£ + 2" Mt + q)°.

If e = 1,72 4+ 2 Mt + q is the characteristic polynomial of the Frobenius endomorph-
ism of a supersingular elliptic curve if and only if m = 1 + 2u (Proposition 3 and
Lemma 3). Moreover, e is different from 2 because (12 + 2“Mt+ g)* is not the
characteristic polynomial of the Frobenius endomorphism of a supersingular simple
abelian variety over F, of dimension 2 (Proposition 4). We shall study the case e> 3.

Let b be the greatest odd integer dividing g. By Proposition 6, e divides m. But, by
assumption, m is odd, hence ¢ is odd and must divide b. Since e¢>3, we have
ged(b,m)=3.

We will consider two cases according to whether m is a multiple of the binary
weight a of f or not.

Proposition 7. We assume that a divides m and that |S(f)| = g - 2“M. If M is odd, then
a divides b. If M is even, then

ordy M >u/b.
Proof. By Proposition 6, there exists an integer 7,/ <i <e/2, prime to e such that
p—+ord, M =imfe. (2)

We assume that M is odd. Equality (2) gives

e=ia.
Since i is prime to e, we have e = a.

We assume that M is even. We deduce from (2) that
ordy M = p(ai —e)/e.

Since M is even, we have ai>e and

ordy M>u/e>pu/b.
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We have also shown that if [S(f)| = g - 2*M and M is odd, then the invariants of E
at the two places above 2 are 1/a and —1/a.

Proposition 8. We assume that a does not divide m. We write m = au+r with
0<r<a. We suppose that |S(f)| = g - 2*M. If M is odd, then g is even and there exists
an integer i, 1 <i<b/a, such that i divides p and p divides ir. In particular, we have
u<br/a. If M is even, then

ordy M > pu/b.
Proof. By Proposition 6, there exists an integer i, 1 <i<e/2, prime to e such that
ordy M + u = m
e

It implies that

(ia — e)u + ir
; :

Ol’dz M = (3)

We assume that M is odd. Since i is prime to ¢, we deduce from the first equality
that 7 divides u. Equality (3) implies that

(e —ia)pu = ir.
Hence e¢>ia and u divides ir. On the other hand, by Theorem 5, the order of S(f) is
greater than or equal to pu + 1. Therefore, g must be even.
We assume that M is even. Then we have ia>e. Indeed, if ia<e, then, by (3), we
have

(e —ia)p<ir —e.

This implies ir >¢ and r=a. There is a contradiction.
Since ia>e, we deduce from (3) that

ord, M > LH>H.
e b

5.2. Defect 1
We now consider the case where |S(f)| =g - 2 M — 2.
Proposition 9. If m#3 + 2y, then

IS(F)|#g - 24 M — 2",
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Proof. Let b; = w; + @,. Weil has shown that

bi| <2/q 4)

for i=1,...,9. Hence, all the polynomials >+ b;jt + ¢ have a negative or zero
discriminant.

Assume that S(f) =g - 2* M —2*. Up to a permutation, we have

) M -1, M, M),
ViELd T (M 46, M+ e, M, .. M),

where & = (=1 ++/5)/2 and & = (—1 —+/5)/2. Hence, h is one of the following
polynomials:

" (22 +24(M — 1)t + q) (£ + 2" Mt + q)' ',
1) =
(24 28(M + &)t + q) (£ + 2 (M + &)t + q) (2 + 28 M1 + ).
Assume that /(1) = (2 +24(M — 1)t + q)(* + 2*Mt + ¢)*~". The factor (2 +
2(M — 1)t +¢) must correspond to a supersingular elliptic curve over F,
(Theorem 2). By Proposition 3, 2#(M — 1) is equal to 0 or y/2¢. By Lemma 3, we

have m = 3 + 2u.
We suppose that

h= (4 28(M + &)t + @) (£ + 2"M + &)1 + q) (> + 2" Mt + ¢)* 2.

The roots of & are totally imaginary (see (4) and Proposition 5). Since ¢, ¢, are all
the conjugates of ¢;, the polynomial

P= (£ +24(M+e)t+q)(F +2"(M + &)t +q)

is irreducible over Q. This polynomial must correspond to a simple supersingular
abelian variety of dimension 2 (Theorem 2). By Proposition 4, P is equal to

1V 2q8 + g + /23t + q.
Looking at the coefficients of 7}, we see that
20mED/2 — 22 M — 1).

Such a relation is clearly impossible. There is a contradiction. This concludes the
proof of the proposition. [
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We may note that the condition m#3 + 2u is false for only a finite number of m
and a. Indeed, we have m = 3 4 2y if and only if the couple (m, @) is in

{(5,3),(7,3),09,3),(5,4), (5,5)}-

5.3. Defect 2

We examine the case where |S(f)| =g -2¢*M — 2T If v is a real number, we
denote by {v} its fractional part.

Proposition 10. If the following conditions are satisfied,

(i) m#£1+2u,m#3 + 2,
(i) p#m/3 or {2'7*,/q} <1 — 4 cos*(3n/7)~0.8019,

then

IS(f)|#g - 2" M — 2+,

Proof. Let b; = w; + &;.

Assume that S(f) = g - 2*M — 2**!. Up to a permutation, we have

—28(M, ..., M, M —2),
—20(M, ..., M, M —1,M — 1),
2 (M, .. MM A+V2 -1, M —2-1),
(Bi)ict g = =2(M, ..., M, M +V3—1,M —+/3—1),
“2(M, . M M — 1, M +e, M+ ¢),
—2M(M, ... M MM e, M+ e, M +e, M +5g,),
—2M(M, ..., M, M + 81, M + 53, M +93),

where 6; =1 —4 cos*(n/7),0, = 1 — 4 cos*(2n/7) and 63 = 1 — 4 cos*(3n/7). We
denote by /; the polynomial corresponding to the jth g-uple (b;) for j=1,...,7. We
know that / is one of these polynomials.

We note that the fifth case has been examined in the previous proof.

We assume that i = hs. We have seen in the proof of Proposition 9 that

P=(F4+24(M+e)t+q) (2 +2(M + &)t + q)

Is irreducible over Q and is not the characteristic polynomial of the Frobenius
endomorphism of a supersingular abelian variety of dimension 2. Therefore, the
polynomial P> must correspond to a simple supersingular abelian variety of
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dimension 4 (Theorem 2). We expand P to get
P=1"+ B+ B +qBit+q

with B) = 2#(2M — 1) and B, = 2q + 2**(M? — M — 1). Xing [20] showed that if P2
is the characteristic polynomial of the Frobenius endomorphism of a simple abelian
variety of dimension 4 and if 0 <ord,B; <m/2, then m is even. One can check that
ord(B) = u. By assumption, we have 0 <ord,(B;)<m/2. There is a contradiction.

We assume that & = h7. Put P = [[;_,[f* + 2“(M + 8;)t + g]. The roots of P are
totally imaginary (see (4) and Proposition 5). Hence, we have

2(M 4 1 —4cos*(3n/7)) <24,
ie.
(210G} 1~ deos(3r/7).

Since 0, 03, 03 are all the conjugates of d;, the polynomial P is irreducible over Q.
Hence P is the characteristic polynomial of the Frobenius endomorphism of a simple
abelian variety of dimension 3 (Theorem 2). It happens if and only if %jd(o) is an
integer for each irreducible factor d(r) of P over Q,. We shall consider the Newton
polygon of P.

The polynomial P can be written as
P=1+ B’ + Bot* + Byt + qBol® + P Bit + ¢
with
By =2*(3M - 2),
By =3¢ +2(3M* —4M — 1),
By =2"q(3M — 2) + 2% (M> —2M? — M + 1).

Since u<m/2, the point (3, ord, Bs) = (3,3u) is the only vertex (except the ones on
the axis). Therefore, the polynomial P can be written as a product of two
polynomials of degree 3 in Q,:

P(1) = P, (1)P5(1).

Moreover, the roots of P; (respectively of P,) have pu (respectively m — u) for
valuation.

We shall show that the polynomial P has no roots in Q,. Indeed, let x be an
element of Q, of valuation m —u. The terms Bsx3,¢B>x?,¢° (respectively
B3x3,¢*B1x%,¢%) have 3m for valuation if M is even (respectively if M is odd),
whereas the terms x%, Bjx°, Box*, ¢ B x? (respectively x°, B|x°, Byx*, qB,x?) have a
valuation strictly greater than 3m if M is even (respectively if M is odd). If follows
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that P(x) has 3m for valuation and so is non-zero. In a similar manner, one can
prove that if x is a u-valuation element of Q,, then P(x) is non-zero.

Since P has no roots in Q,, P; and P, are the irreducible factors of P
over Q,. Hence, P is the characteristic polynomial of the Frobenius endo-
morphism of a simple abelian variety of dimension 3 if and only if u=m/3
O<u<m/2).

We are left with cases 1, 2, 3 and 4. In the first case, it can be shown that
(> 4+ 2%(M — 2)t + q) is the characteristic polynomial of the Frobenius endomorph-
ism of a supersingular elliptic curve if and only if m = 1 + 2u. For cases 2, 3 and 4,
one can show that (22 4+ 24(M — 1)t 4 q)*, (2 + 2(M + V2 — 1)t + q), (£ + 2*(M —
V2= 1t+q), (2 +2(M ++/3 = D)t + q) (> + 2“(M — /3 — 1)t + q) are the char-
acteristic polynomials of the Frobenius endomorphisms of some supersingular
abelian varieties only if m = 3 +2u, m = 1 4+ 2u,m = 1 + 2u, respectively. [

We may observe that condition (i) is satisfied if and only if the couple (m, a) is not
in

{(37 3)a (5’ 3)’ (7’ 3)7 (97 3)’ (5’4)’ (57 5)}

5.4. Summing up

We summarize our results.

Theorem 7. Let m be an odd integer and q = 2". Let f be a polynomial over ¥, of
degree 2g + 1. Let a be the binary weight of f. We assume that a=3 and m>a. We
write = [m/a] and M = [2'7",/q]. Let b be the greatest odd integer dividing g. We
assume that the following conditions are satisfied.

(1) m#1+2u,m+#3 4 2u,
(ii) u#m/3 or {2'7#,/g} <1 — 4cos*(3n/7).

If one of the following conditions is satisfied,

(i) g is prime to m,
(iv) a divides m, M is odd and a does not divide b,
(V) a divides m, M is even and ordy M < u/b,
(vi) a does not divide m, M is odd there does not exist an integer i, 1 <i<b/a, such
that i divides p and p divides i(m — ap),
(vil) a does not divide m, M is even and ordy M <p/b,
(viii) a does not divide m and gM is odd,

then

IS(f)|<g-2"M — 3.2~
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Moreover, if m is not a multiple of u and gM is even, then

IS(f)|<g-2"M — 42",

Proof. The first assertion follows immediately from Propositions 6-8. For the
second assertion, it is enough to observe that, by Theorem 5,

ord; S(f)=p+1

if m is not a multiple of . O

6. Examples

In this section, we assume that condition (i) of Theorem 7 is satisfied.

We assume that /" is a polynomial of degree 2¢ 4+ 1,a>3. Note that g = 2" ! and
b = 1. Suppose that if ¢ = 3, then m is not a multiple of 3. Condition (ii) of Theorem
7 is satisfied. Hence

IS(f)| <2ttt — 3. 21,
and if m is not a multiple of 3,
IS()| <20t M — 4. 20,

We will consider in more detail those cases in which f is a polynomial of degree 7, 9,
11, 13.

First, let us suppose that m is a multiple of 3. Let m = 3pu.

We assume that f'is a polynomial of degree 7. If |S(f)| = 3 - 2“ M, then J is a simple
abelian variety (e = g = 3) and, by Proposition 6, M is odd. We are aware that such a
situation occurs for small values of u. More precisely, |S(x")| = 3 - 2“M, for u = 3,
5,13. On the other hand, if M is even and {2'7*,/g} <1 — 4cos?(3n/7), then

IS()| <324 M —3-20.
If f is a polynomial of degree 9 and {2'#,/g} <1 — 4 cos*(3n/7), then
IS(f)| <420 M —3. 20

If u =5, we have ¢ = 2! and M = 11. In this case, the above bound is reached; we
have

S(x* +x7)=4.2M —3.2" =1312.

A strengthened result can be obtained. By Propositions 6 and 9, we may assume that
S(f) =4 -2¢M — 2*F!. We use the same notations as in the proof of Proposition 10.
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By this proof, the characteristic polynomial of the Frobenius endomorphism of the
Jacobian of the curve y? + y = f(x) over F, is equal to

’;
(22 +2Mt+ q) [ I + 2(M + 80)1 + g
k=1

We have only studied the factor [],_, [ 4+ 2“(M + ;)¢ + ¢]. But the polynomial
£ 4 2" Mt + g must be the characteristic polynomial of the Frobenius endomorphism
of a supersingular elliptic curve over F,. It is so if and only if m = 2u + 1. Now we
have supposed that m#2u + 1, therefore

IS(f)| <4240 — 3.2

without assuming {2' ", /g} <1 — 4 cos?(3n/7).
We assume that f is a polynomial of degree 11. If |S(f)| =52 M, then J is a
simple abelian variety of dimension 5. By Proposition 6, 5 divided u and

ord; M = 3iu/5 — p

with i = 1 or 2. From this equality, we deduce that ordy M = p/5. If ordy M #u/5
and {2!7#,/g} <1 — 4 cos?(3n/7), we have

IS(f)| <524 M — 3. 2%,

As in the case of a polynomial of degree 9, it can be shown that this inequality
remains true if the condition {2'7#,/g} <1 — 4 cos*(3n/7) is not satisfied.

We assume that f is a polynomial of degree 13. Suppose that |S(f)| =62 M.
Since g =2b =2-3 and m is odd, J is isogenous to the square of a simple abelian
variety of dimension 3. We come down to the case of degree 7. If M is even and

{2'1,/q} <1 — 4 cos*(3n/7), then
IS()| <62 M — 3. 28,

In this case, one can also see that the condition {2'"#,/g}<1—4cos*(3n/7) is
unnecessary.

Assume that m is not a multiple of 3. In the same way, we can show the following
results. If f is a polynomial of degree 7, 9 or 13, then

IS(f)|<(deg f — 1) - 21 M —3.2¢,

Appendix

Tables 14 give the Serre-Weil bound, the Moreno—Moreno bound and the results
obtained in Section 6. A star denotes that the bound is reached.
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Table 1

Degree 7

u m=3u M =21 /q] 3-12/4) 3-20M Section 6
3 9 5 135 120* 120*

5 15 11 1086 1056* 1056*

7 21 22 8688 8448 8064

9 27 45 69,510 69,120 69,120

11 33 90 556,089 552,960 546,816

13 39 181 4,448,730 4,448,256* 4,448,256*
15 45 362 35,589,849 35,586,048 35,487,744
Table 2

Degree 9

u m=3u M =[2"""/q] 4-12,/q] 4.2°M Section 6
3 9 S 180 160 152

5 15 11 1448 1408 1312%*

7 21 22 11,584 11,264 10,880

9 27 45 92,680 92,160 90,624

11 33 90 741,452 737,280 731,136
13 39 181 5,931,640 5,931,008 5,906,432
15 45 362 47,453,132 47,448,064 47,349,760
Table 3

Degree 11

U m=3u M =]2'r /g 5-12,/4) 5-20M Section 6
3 9 5 225 200 192

5 15 11 1810 1760 1664

7 21 22 14,480 14,080 13,696

9 27 45 115,850 115,200 113,664

11 33 90 926,815 921,600 915,456

13 39 181 7,414,550 7,413,760 7,389,184
15 45 362 59,316,415 59,310,080 59,211,776
Table 4

Degree 13

u m=3u M =[2""" /] 6-2,/4] 6-2"M Section 6
3 9 5 270 240 240

5 15 11 2172 2112 2112

7 21 22 17,376 16,896 16,512

9 27 45 139,020 138,240 138,240

11 33 90 1,112,178 1,105,920 1,099,776
13 39 181 8,897,460 8,896,512 8,896,512

15 45 362 71,179,698 71,172,096 71,073,792
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