MATHEMATICS

ON A GENERALISATION OF LEGENDRE’S ASSOCIATED
DIFFERENTIAL EQUATION. II

BY

L. KUIPERS anp B. MEULENBELD

(Communicated by Prof. J. F. Koksma at the meeting of May 25, 1957)

1. In order to obtain a second solution of the differential equation
(see [1]):

m2 n?

we choose another closed path C for the integrand

(t—1)k— "5~ (e 1)+ 25"
(t _z)k+m—;"+1

, or y(t), say,

namely that, where the variable ¢, starting from a point 4, which may
for simplicity be taken on the segment joining —1 and 1, describes a
positive turn about —1, then a positive turn about 1, followed by a
negative turn about —1, and finally by a negative turn about 1. The
point z is not encircled by this path. (See fig. 1).

z

Fig. 1

m-+n
2.

—-n . .
is an integer, and those

Now for all values of k, m and n, except those for which &+ is

a negative integer and those for which &— =

2
for which k+ - is an integer, we define, using Pochhammer’s notation :
Qi'"”(z) :
— e—ni(2k—1) F(k+ e +1) (e—1)m2 (z 4 1)n/2
(1) B sinn(k—m;n) s1nn(k+—2;) . 1"( — ) 2k+"%+3 ’

(=1+,14, ~1—,1-)

J p(t)dt
C
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The phase of ¢t —z will be measured so that the phase at B is —(n—®),
where @ is the angle (between —z and =) that the vector from B to z
makes with the positive direction of the real axis. The phases of {—1,
t+1 will be taken to be zero, 2z respectively, when ¢ passes through D
(located on turn 2) where ¢—1 and ¢+1 are real and positive. Thus the
initial phases of t—1, t+1 at 4, are —= and zero respectively. Further-
more we give arg (z—1) and arg (2+1) their principal values, after
making a cross-cut from 1 to —oco along the real axis in the z-plane.

Remark. Assume that m=mn. Then (1) becomes
-14,14, —=1-,1-)

(
9 e~ ™2k I'(k+m+1) (22—1)m2 (2 —1)kds
() sinfnk  L(k+1) 2k+3 f (t—z)ktm+1°

Now the integral in (2) is equal to

(—=1+4,1-) (2 —1)%d
. 14— i
274k
(1 — esn ) f (t—z)k+m+1 )

so that (2) can be written in the form:
(—1+,1-)
e—7ik—1 I(k+m+1) (22—1)m?2 (2 —1)kdt
tsinmk  I(k+1)  2k+2 f (t—z)ktm+1°

which is Hobson’s definition of @?(z). See [2], p. 195.

2. Let 2k be an integer. If we denote the values of the integral in (1)
along the paths 1 and 2 by P and  respectively, then the integral

(=1+,14, -1=,1-)
p(t)dt
is equal to
P+Q— Pe2mi(1-75%) _ Qe—2mi (1+757) —

— 20" sinz (b—"5") - (P+Q).

Hence, in this case, (1) can be transformed into

P =
m-+n
(3) i eni(k—"5"+1) F(IH‘ B) +1) (z—1)m2(z 1)z (~1H14)
- m—ny m—n ) PR -] @)t
sinz (k—-T) T(k— 3 +1) ) c

m+n

3. Now assume that |z—1|>2, and that k+ —

and 2k+1 are not

m

negative integers, and k— ——= and k+m2_n are not integers. Making in

2
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(1) the substitution ¢t—1= —2u, we find for the integral in (1) the
expression:

(1+,0+,1-,0-)
(4) el gmn
or (—2u+1

m—n m—
wh— 5 (1 —u)et =5

du.

Now —2u+1—z=(z—1+2u)e "= (2—1) (1—%)6‘”, as follows from

the choice of the phase of {—z in the preceding section. The phase of
1— Tg—iz is between —x and « for all points % of the path; furthermore
the path of integration C is placed such that throughout |2u|<]|1—z|.

The expression (4) can be written as

/
92k+1 *

> (-1y (3

2 )’
e A e

m-+n
F(—k— ) ) a+,0+,1—,0—)

' I’(r-}-l)]"(—lc——m;_n ——r) o

ni
eTim .

()

m
uk=

T+ (L= )+ 7 du.

The initial phases of « and 1—wu at the point corresponding to A are zero.
The integral in (5) is equal to

—4e"i(27‘+f)sinn<k—m +r) sinz (k—i—-—) (k— +r+1)1"(k+7l2-—n+l)

(6)
I(2k+r+2)
Furthermore
2’ ) (k214 ;
(7) r=zo ( I'(r+1) 2(2£+r—|—2) ) (liz) _
men
- F( -”(2)1’C+(:)Jr +1>F{k—m2—n+1,kim+n+l 2k+2; -—2—}

From (1), (4), (5), (6) and (7) we have under the conditions concerning
k, m and n, and for |z—1|>2 the relation:

emim Qk— "5 (7 — 1)k~ n/2— 1(z+1)n/2p(]c+m+”+1) (]c

8 (%O = r(2k+2)
F{L—m —n m+n

+1, b+ ——

2
+1; 2k+2,1—_é}.

For m =n this formula is the same as Hobson’s expression for the second
associated Legendre function @7(z). See [2], p. 202 (27).

4. In order to get an expression similar to (8) for the case that
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m-—+n

53— 18 not

2k+2=0, —1, —2, ... under the additional restrictions: k-

. . m—n . .
a negative integer, k— is not an integer, we transform

2

1
T(2k+2)

.F{k————+1 k+m+"+1;2k+2;ﬁ}

into

1
I’(k—-? +1) (k+

% r(k—$+1+r) (k+’-’-‘i’f+1+r)( )

m—+n I'(r+1) I'(2k+2+47)

+1) r=—2k—1

m;—n+s)1’<—lc+mT+n +s)( 9 )s_2k_1=

k—
=P( )lp(k e )Z ( TGe—26) T(+1) 1—2

1—
+5—+1)i0
2 \—2k—1
=(1—z)

r(—k— ) (- B+
so that, using the relation:

Ff-1-25", L I ]

P(k—m "+1) (+m+"+1)1"(—2k)

(bt 252 11) T (k=757 = Sm(,:mz_n),

we find by (8) and the first part of this section:

92—k~ "5 —1gmilm—2k) n.r(—-k+m+n>

m, n — 2 . —n, n/2,
(9 B I'(—2k) (k—_+1)smn(k+m n) H(z—1)F72 (2 1)
(k-5 mAn ek
On account of
(~1)2kr(k_%‘+1)sinn(k+m2“")=r(_ n _n)

we have, for |2—1|> 2 and the conditions on %, m and n, mentioned above:

nim _ _ m-n m—n
N sl e s e

(10)

_ ' 2
R IR L B e R min, —2k; 7).
(2k=—2, —3, —4,...)

Remarks. 1. The number —k+ m;n cannot be a negative integer

or zero, as can easily be seen.
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m+n
2
a positive integer, the expression (10) is meaningful. However for those
values of the parameters k£, m and n our deduction of (10) is not valid.
For: the double limit of this right hand side of (8) (under the conditions

of 3), if, k+ ’iﬂ_) negative integer, 2k + 2 — non-positive integer (with

2. In the case that &+ = 3 " is a negative integer, and —k+ is

—k+ 2 positive integer) does not exist.
3. If m=mn, and k= —14, —24, ..., andk+ m is not a negative integer,
then we have for |z—1]|>2:
@ (2)=
_enim I['(—k+m) I'(—k)

—m, m, 2
k1 (—2K) “(z2—=1)F"m2 (24-1) /2F{ k, —k+m; — k’l_——z}

(a special case of the second associated Legendre function).
5. If b+ m+n is a negative integer then the right side of (1) is infinite

so that the factor I'(k+

m+n

+1) must be disregarded if we wish to obtain
a finite solution of the dlfferential equation. In the following we assume
that &+ =

In order to define @p-"-functions in those cases in which the preceding
definitions do not hold we distinguish the cases:

;_n is not integral and negative.

I k- mz_n is an integer, k+ m;n is not an integer (so 2k is not an
integer).
(I*) F—2""is a negative integer. Then according to
. m—n m—n -z
sin Ir -
( 2 ) ( 2 ) F(— m—n)
2
we define:
Qrr(2)=
e— 2n1kr<k+m+n+l)r(_k+$) (=14,14,—1—,1-)

= - - (@—1)™2 (z 4 1yn2 I v

n-2k+’—2'+3 sinn(k+m2 n)

(I**) k—m—n is a non-negative integer. Now the integral in (1)

vanishes as does sin % (k— —) Application of de I’'Hépital’s rule yields:

m-+n

e—”i(k*“%__n‘l) . (k+__+l).
nsinzt(lc+m;n) F(k—T—{—l)

(z—1)m2 (z41)n/2 ( 14,1+, -1—,1~)

@) -

=T y(t)log (¢ —1)dt
2
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For |z—1|>2 the relation (8) is valid in both cases.

II. k+2"is an integer, k— 2 —" is not an integer (so 2k is not an
integer).

(II*) k+ Z"is a negative integer. Now the right side of (1) is infinite.
In order to obtam a finite second solution of the differential equation we

—n

have to disregard the factor sin n(k+ m2 ) in (1) and the factor

r(m% +1) in (8).

(II**) k+ =" is a non-negative integer. The integral in (1) vanishes

as does the factor sin n(k—l— ) thus we apply de I’'Hépital’s rule and
define:

e-nilk-"57 1) (k+w+l)

main (k=252 T(k-25211)

(z_l)m/z (Z+1)n/2 (-1+'1+j‘_1_'1_)

P @)=

P p(?) log (¢-+ 1)dt.
2

The expression (8) remains valid.

(111 k—m ® and k+ 2" are integers (so 2k is an integer).
5 g
(I1II*) k—m2 ® and k+ 2" are negative integers.
ilk— L
Q@) = —(——I’( bt 25 T+ 252 + 1)

_ (=1+,14)
EZDE e DV @yt
Qe+ —5—+2 c
Now the expression (10) is valid for |z—1]|>2.
(III**) k— " is a non-negative
integer.
Now the integral in the preceding definition of %"(z) can be reduced to °

“is a negative integer and k+2

2

(1+)

f p(t)dt

For |z—1|>2 we have either (8) if 2k+2 is not equal to 0, —1, —2, ...
or (10) if 2k+2=1, 2, ...

(III***) -2
30 Series A

" is a negative

” is a non-negative integer and k + =
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integer. The right hand side of (3) is infinite. A solution of the differential
equation is

m-+n
i (-T2 1) P(k+ 2 +l) (z—1)m2 (z4-1)n2  (—1H)
ve 2 ’ m—n : m—n . I w(t)dt-
I‘(Ic—T+1) 2kt B0 42 ¢

For |z—1| > 2 we may use as solution (8) if 2k + 2 is not equal to
0, —1, —2, ... after disregarding the factor I’(k-i—@—}—l), and (10) if

2k+2 is equal to 1,2, ... after disregarding the factor T(—k+ m—;—’-‘)

et (2

(IIT*%%%) — 1"'_2__"' and k+ ""2

negative). Now we define:

are non-negative integers (so 2% is non-

1 (k+——+1) m, (1+0
m 1 2 (z—1)m2 (z+1)n/2
Qr"(2) : . —~ [ v(t) log (¢—1)dt.
k 7Y F(Ic m2—n 1) ok m;— 2 c ( ) g )

In this case (8) remains valid for |z—1|>2.
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