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Abstract

In this paper we prove some characterizations of the matrix orthogonal polynomials whose derivatives
are also orthogonal, which generalize other known ones in the scalar case. In particular, we prove that the
corresponding orthogonality matrix functional is characterized by a Pearson-type equation with two matrix
polynomials of degree not greater than 2 and 1. The proofs are given for a general sequence of matrix
orthogonal polynomials, not necessarily associated with a hermitian functional. We give several examples
of non-diagonalizable positive definite weight matrices satisfying a Pearson-type equation, which show that
the previous results are non-trivial even in the positive definite case.

A detailed analysis is made for the class of matrix functionals which satisfy a Pearson-type equation whose
polynomial of degree not greater than 2 is scalar. We characterize the Pearson-type equations of this kind that
yield a sequence of matrix orthogonal polynomials, and we prove that these matrix orthogonal polynomials
satisfy a second order differential equation even in the non-hermitian case. Finally, we prove and improve a
conjecture of Durdn and Griinbaum concerning the triviality of this class in the positive definite case, while
some examples show the non-triviality for hermitian functionals which are not positive definite.
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1. Introduction

The results published by Durédn in [10] can be considered the starting point for a general
study of matrix orthogonal polynomials (MOP) satisfying differential equations. After [10], many
other papers on the subject have appeared trying to find the similarities and main differences
with respect to the classical and semi-classical scalar orthogonal polynomials (see for instance
[4-7,11,12,14,16-19]). In spite of these efforts, a complete Bochner-type classification of MOP
satisfying second order differential equations similar to the scalar case (see [1,2]) is far from being
obtained.

However, there are many other differential properties that characterize the classical scalar
orthogonal polynomials and that could lead to interesting matrix generalizations. These general-
izations could clarify the structure of certain families of MOP, being a source of properties for such
families, as in the scalar case. Eventually, the understanding of these other differential properties
could shed light on the structure of some families of MOP satisfying differential equations thus
helping to find classification theorems.

It is well known that, apart from the second order differential equation, the classical scalar
orthogonal polynomials (P,) can be characterized by the orthogonality of their derivatives (P, 1)
(see [3,8,20,23,24]) or, equivalently, by alinear relation between P, and P,; Iy P, P,L] (see[21]).
These properties are also equivalent to a Pearson-type equation for the corresponding orthogonality
functional (see [8,23-25]). The main objective of this paper is to prove that the equivalence among
these three properties hold in the matrix case too (see Theorem 3.14).

The proofs of the above equivalences are given for any sequence of MOP, not necessarily related
to a hermitian weight matrix. The Pearson-type equation involves a distributional derivative. The
distributional definition of the derivative not only permits us to prove the results in a more general
context, but unifies many different situations that would otherwise require a separate discussion.
The reason is that the distributional Pearson-type equation bears in mind not only the first order
differential equation for the weight but also the necessary additional boundary conditions (see
Remark 2.9). So, the introduction of the distributional derivative becomes an advantage that
enables us to obtain more general results and, at the same time, in a simpler and more elegant
way.

Diagonalizable MOP (we will be more precise about this concept later) are nothing really
different from scalar orthogonal polynomials. Thus, the relevance of the results proved in this
paper depends on the existence of non-diagonalizable examples of MOP whose derivatives are
also orthogonal. Examples 2—4 show that there are non-diagonalizable positive definite weight
matrices whose orthogonal polynomials possess such a property.

The weight matrix given in Example 2,

g_xz l—i-|a|2)c2 ax
ax 1

>dx, x eR, aeC\({0},

appeared previously in [14] as an example of positive definite weight matrices whose orthogonal
polynomials satisfy a second order differential equation. Curiously, the authors state in [14],
Section 7, Proposition 7.3, that the derivatives of these MOP are no longer orthogonal with
respect to any weight matrix, arguing that a contradiction appears when a three term recurrence
relation for such derivatives is assumed. However, if one carries out the computations proposed
in [14], Proposition 7.3, no contradiction appears! Indeed, we will see that this weight matrix
satisfies a Pearson-type equation that, according to Theorem 3.14, implies the orthogonality of
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the derivatives of its orthogonal polynomials. What is more, we will find the positive definite
weight matrix that gives the orthogonality of these derivatives.

The purpose of [14], Section 7, was to show that the equivalent characterizations of the classical
scalar orthogonal polynomials do not necessarily hold for MOP satisfying second order differential
equations. It seems that the authors were not too lucky in the choice of the weight matrix since,
if they had chosen the other example that they present, namely,

2

e,xz 1+ |af*x* ax
ax 1

2
>dx, x €R, aeC\{0},

they would have succeeded. The reason is that, as can be easily verified, this other weight does not
satisfy the required Pearson-type equation and, then, Theorem 3.14 implies that the derivatives
of its orthogonal polynomials cannot be orthogonal.

A particular class of the family of MOP with orthogonal derivatives permits a deeper analysis.
This is the class corresponding to a Pearson-type equation involving a scalar polynomial « under
the derivative. These MOP can be classified analogously to the classical scalar case, according
to the roots of o: Hermite (no roots), Laguerre (a simple root), Jacobi (two different roots) or
Bessel-type (a double root). Moreover, a change of variable can reduce the different types to the
canonical cases a(x) = 1,x,1 — x2, x2.

For this special class we develop explicit formulas for the related matrix parameters, such
as the norm of the monic orthogonal polynomials, the coefficients of the three term recurrence
relation or the coefficients of the linear relation between the polynomials and their derivatives.
These formulas, although generalizations of the known ones in the classical scalar case, are more
intricate due to the non-commutativity of the matrix product. However, they are very useful since
they allow us to characterize the Pearson-type equations that have a quasi-definite solution. In
other words, if a matrix functional satisfies this kind of Pearson-type equation, we have a criterion
to know if it generates a sequence of orthogonal polynomials (see Theorem 4.1). Notice that the
importance of this result relies on the fact that we are dealing with general matrix functionals
and not only with positive definite weight matrices since the last ones always have an associated
sequence of MOP.

We also prove that the MOP of the above mentioned class satisfy a second order differential
equation with polynomial coefficients (see Theorems 4.3 and 4.4). The result is again true no
matter whether the corresponding orthogonality matrix functional is hermitian or not. This is one
of the novelties of this result, since the previous works on differential equations for MOP always
dealt with the hermitian case only. In fact, if we believe a conjecture formulated by Durdn and
Griinbaum in [13], this discovery is only relevant for the functionals of the referred class that are
not positive definite. This conjecture states that every positive definite weight matrix in this class
is diagonalizable. We will present a proof of this conjecture in Section 4.2 (see Corollary 4.11).

The above conjecture was supported in [13] by a proof given under extra assumptions. First, it
was assumed that the coefficients of the matrix polynomial appearing in the Pearson-type equation
commute. Second, it was assumed that the roots of « are simple, so the case a(x) = x2 was not
considered. Finally, there is another less evident drawback in the analysis in [13]. If « has a
complex root, the required change of variable to reach a canonical situation generally destroys the
hermiticity of the weight matrix. This means that, apart from the previous restrictions, the proof is
only valid for the case of o with real roots. Our proof avoids all these problems. Furthermore, we
obtain a result that improves the one conjectured in [13] (see Theorem 4.10). In spite of this result,
the non-triviality of the class under consideration is ensured by the existence of non-diagonalizable
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matrix orthogonal polynomials in such a class, even in the hermitian case (see [5,13] and Example
5 of this paper).

The detailed explanation of the above results will be structured in the following way throughout
the paper: Section 2 introduces the notation, as well as some preliminary results and considerations
that will be of interest for the rest of the paper. In Section 3 we study the MOP (P,) with respect
to a functional satisfying a Pearson-type equation with two matrix polynomials of a degree not
greater than 2 and 1. We prove that such a Pearson-type equation is equivalent to the orthogonality
of the derivatives (P, +1) and, also, to a linear relation between P, and P 41> P P/_,.Some two-
dimensional non-diagonalizable examples of positive definite weight matrices whose orthogonal
polynomials satisfy these properties are presented at the end of the section. Section 4 is devoted to
the analysis of the special case in which the polynomial under the derivative in the Pearson-type
equation is a scalar one. We obtain the characterization of the Pearson-type equations of this
kind with quasi-definite solutions, the differential equation for the related MOP and the proof of
the Duran—Griinbaum conjecture, finishing with some non-diagonalizable examples. Finally, in
Section 5 we discuss the relation of the above results with others in the literature regarding second
order differential equations for MOP.

2. The basics
We start with some notations and a summary of basic results we will use in the rest of the paper.

In what follows, C" will be the set of complex vectors of m components and C™ the set of
m x m complex matrices. We shall denote by P the C""-left-module

n
pim — {Z axk

k=0

€ CM™M p e N},

and by means of P’ the C ™) _right-module Hom(lP(’"), (E(’"”")). [P’,(im) will be the subset of
matrix polynomials of P with a degree not greater than n. In the scalar case (m = 1) we will
just write PY = P and [P’le) =P,.

Forall P € P™ andu € P the duality bracket is defined by (P, u) = u (P) and it verifies
the usual bilinear properties.

Fork € N and u € P the linear functional ux¥7 € P’ s given by

(P, uxkl) = (ka, u),

where I denotes the m x m identity matrix. A linear extension gives the right-product u Q € P’
foru e P’ 0 € P™  with Q(x) = Yo qix*, g € C™ in the following way:

n

(P,uQ) =Y (x*P,u)q.

k=0
Similarly, the left-product Qu € P is defined by
(P, Qu) = (PQ.u).

Every functional u € PO’ induces a matrix inner product in P given by (P, Q), =
(P,uQ*), where Q*(x) = > ;_, q,ka and g; is the adjoint matrix of gx. This matrix inner
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product possesses the standard sesquilinear properties. The orthogonality with respect to # means
the orthogonality with respect to this inner product.
The functional u* is defined by

(P, u™Q) = (0", uP*)",

and we will say that u is a hermitian functional if u = u*. In this case (P, u P*) is hermitian for
any P € P A hermitian functional  is positive definite if (P, u P*) is positive definite for
every P € P with det P # 0. In what follows we will denote this condition by u > 0. In the
same way, for a positive definite matrix A we will write A > 0.

We denote by y;, = (x*I,u) the k-th moment with respect to u € PO’ Given a sequence
(,uk)k20 in C"™ _ there exists a unique u € P such that (x¥1, u) = -

Ifu € P’ has moments (uk) >0 We say that u is quasi-definite (or non-singular) if det A, #
0 for n >0, where A, is the Hankel-block matrix

Ho B oo My
Ky Hy e Hpg
A, =
My Hpgr  --- Hop

Notice that u is hermitian if and only if w, = & for n >0, or, equivalently, A, = A} for n >0.
The interest of the quasi-definite functionals relies on the following result (see [9,15,22]).

Theorem 2.1. u € P™ js quasi-definite if and only if there exists a sequence (Py), >0 of left
orthogonal matrix polynomials with respect to u, i.e.:

(i) P, € P degP, =n.
(ii) The leading coefficient of P, is non-singular.
(ii1) (xk Py, u) = E,0uk, with E, non-singular, for 0 <k <n.

Moreover, the sequence (Py), >0 is unique up to non-singular left matrix factors and verifies a
recurrence relation

XPy(x) = 0ty Ppg1(x) + ﬁnPn(x) + "/nPnfl(x)a

where Py € C™™ js non-singular, P_y = 0 and o, f3,,, 7, € Cclmm

, with o,,, 7, non-singular.

The last result of this theorem has a converse (Favard’s Theorem): for any sequence (P), >0
verifying the above recurrence relation, there exists a unique (up to non-singular right matrix
factors) quasi-definite functional u such that (P,), >0 is its sequence of left orthogonal matrix
polynomials (see [9,15,22]). Analogously, we can define the right orthogonal matrix polynomials
with respect to u, which are the adjoints of the left orthogonal polynomials associated with u*. In
what follows we will consider only left orthogonal matrix polynomials, and we will simply call
them MOP.

Remark 2.2. Given a functional u € P’ we can normalize the corresponding MOP by
choosing the monic ones (P;),>0. In what follows we will assume this choice, so, a unique
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sequence of non-singular matrices (E,),>0, E, = (x"P,, u), is associated with any quasi-
definite functional u. Also, f3,, and y,, will denote the matrix coefficients of the related recurrence
relation

X Py(x) = Ppyp1(x) + B, Pu(x) + 7, P (x).

Similarly, given a MOP sequence, we can normalize the corresponding functional « in different
ways, for instance, by requiring (/, u) = I. However, we will not fix the normalization for the
time being because the most convenient one depends on the problem that we want to study.

In the case of non-quasi-definite functionals, the full sequence of MOP does not exist. Never-
theless, we have the following general result:

Proposition 2.3. For everyu € P’ the following statements are equivalent:

i) Ao, ..., A, are non-singular.
(ii) There exists a finite segment (Py)j_, of monic MOP with respect to u, that is:

(@) P € P, deg P = k.
(b) (x/ P, u) = Eog;, with Ey is non-singular, for 0< j <k <n.

Moreover, under the above conditions, the segment (Pk)Z:O is unique and there exists a

unique monic polynomial P, with deg P,+1 = n + 1 such that (x7 P,i1,u) = 0 for
0<j<n.
Proof. Su _§i I k) i (k) (m,m)
. Suppose that Ao, ..., A, are non-singular. If Pr(x) = Y /o n, 'x', n; € C ,

then, (x/ Py, u) = ZLO nl(k),u,-ﬂ-. Choosing n,({k) = I, the system Zf:o ngk)uiﬂ- =0,j =

0,...,k — 1, can be represented as

k) (k) (k)

(TC() »Tcl 7-~~snk_])Ak71 = _(:ukvﬂk-‘,-lv-ns,qu—l)v
which has a unique solution for k =0, 1,...,n + 1. _
On the other hand, E} is non-singular fork = 0, 1, ..., n. In fact, we have (x/ Py, u) = Eydy;,

j=0,...,k,k=0,...,n,and so,
(2, 2, DA =(0,0,...,0,Ep).

If Ey is singular, there exists v € C™ \ {0} such that v7 E; = 0. Hence,

(anék), angk), ol an,(!i)l, vIYAL =(0,0,...,0,0),
and this result contradicts the non-singularity of Ay fork =0, ..., n.

For the converse, let us suppose that there exists a finite segment (Pk)zzo of MOP with respect
to u with E; = (kak, u). It is easy to see that the conditions (x-/ Ok, u) = Ekékj, j=0,...,k,
where Qy € P,Em), ensures that Qp = Pr, k = 0,...,n. Writing Qk(x) = Zf:o n?k)xi, the
above assertion means that, for k = 0, ..., n, the system

k k k k
(mg), 70, ) A =(0,0,...,0, Er)

has a unique solution and, hence, Ay is non-singular. [
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Concerning the partial hermiticity of a functional, we have the following immediate result:

Proposition 2.4. Let u € P’ If (p)j—g is a basis of [FD,({”), A, = A} if and only if
{ px, ”P;»Z,j:o is hermitian.
In particular, if u has a finite segment (Py);_, of MOP,

Ay =4, &= (P uPj)=Edy, Ex=Ep, 0<jk<n.

The second assertion of the above proposition states that, when Ao, . . ., A, are non-singular, the
condition A, = A means that the finite segments of left and right orthogonal matrix polynomials
are each one’s hermitian adjoints.

Also, for the hermitian positive definite functionals on Pflm) we have the following characteri-
zation:

Proposition 2.5. Let u € P’ If (p)j—g is a basis of [P’f,m), the following statements are
equivalent:

(i) A, > 0.
(i) (pr MP?))Z,jzo > 0.
(iii) u has a finite segment (Py);_, of MOP such that Py, uP;‘) = Eydyj with E > 0 for
0<j, k<n.
(iv) (P,uP*) > 0 forany P € P™ such that det P # 0.

Proof. We only prove (i) < (iv), since the remaining equivalences are immediate. For any matrix
polynomial P(x) = Zf:o Aix', Aj € C™ k<n,

Al
(P,uP*) = (A ... Ap) A :
Ax
So, (P, uP*) is hermitian if A, is hermitian. If v € C™,
vo
V(P uP* Y v=(vj ... vOA| |, vi=Av. (1)
Uk

Then, if v # 0, det P # 0 implies v; # 0 for some i. So, equality (1) gives v*(P, uP*)v > 0 if
A, > 0.

For the converse, if (P, u P*) is hermitian for P € IP’,({") withdet P # 0, puy, = (XK1, uxkry =
ws;, for k<n. Besides, pip, | = 15, _, for k<n too, due to the identity (% 4+ D1 uxk +
XN = piop + pog—r + 2ptoi . Therefore A, = A*.

Suppose (P, uP*) > 0 for any P € P{™ with det P # 0. Let (vo ... ), v; € C™, with
vk # 0and k <n.We can always find A; € C"" such that Afvi = v, Ay = I. The polynomial
Px) = Zf:o A;x' lies on P,S’”) and det P # 0. So, relation (1) gives

Vo
(vg - v M| P | >0 ifuy #0, k<n.
Uk

This proves by induction that A, > 0. [
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Remark 2.6. Notice that, if u is a hermitian and positive definite functional, then it is quasi-
definite. So, there exists the corresponding sequence (Py), >0 of MOP with E,, hermitian and
positive definite.

Similarly to the scalar case, the positive definite matrix functionals are those given by

(P, u) =/P(X)dM(X), @

where dM is a positive definite weight matrix on R, i.e., a positive definite matrix of measures
supported on the real line (M (S) is positive semidefinite for any Borel set S C R) with finite
moments [ x"dM (x), n>0, and such that [ P(x) dM(x) P(x)* is non-singular if det P # 0
(see [9]). This is, for instance, the case of an absolutely continuous matrix of measures d M (x) =
W (x) dx with finite moments, W (x) being semidefinite positive for any x € R and non-singular
for infinitely many points of the real line.

In what follows we will identify any m x m matrix dM of measures on C with finite moments
(not necessarily hermitian), and the functional u € P™ defined by (2). Thus, we will write
u = dM for such a functional.

A specially interesting family of matrix functionals is given by the functionals which satisfy
a differential equation of Pearson-type (see [4,5]). The definition of this family requires the
introduction of the distributional derivative operator in the space P™’, which s the linear operator
D:P™" — P’ guch that

(P, Du) = —(P', u).
The equality D(u®) = (Du)® + u®’ holds for all u € P™ and ® € P™.

Definition 2.7. Let u € P™’ We say that u € P or, equivalently, u is a P-functional, if there
exist @, ¥ € P with det ® # 0, such that

D (u®) = u¥ (Pearson-type equation).

If deg® < p and deg ¥ < g, we say thatu € P, , or uis a P) 4-functional. In both cases we also
say that the corresponding sequence of MOP belongs to the family P or P, 4, respectively.

Remark 2.8. The condition det @ # 0isimposed to avoid any triviality of the definition, ensuring
that it involves all the components u;;: P — C of u = (; )i j=o- Notice that

detd =0 < ®v=0 forsomev e C"[x])\ {0}

In fact, if ®v = 0 for some v € C"[x] \ {0}, then 0 = (adj D)Dv = (det D)v. To see the
converse, remember that every ® € P can be factorized as ® = POQ, with @ € P™
diagonal and P, Q € [P’(m) invertible, i.e., det P, det Q € C \ {0}. Therefore, det ® = 0 implies
det ® = O and, since ® is diagonal, CDvo = 0 for some vy € C™ \ {0}, which gives ®v = 0 with
v= 0 lvy e C"[x]\ {0}

Remark 2.9. The distributional definition of the derivative operator D given earlier implies that,
in general, the Pearson-type equation involves not only a relation between standard derivatives
but a boundary condition too. Consider, for instance, a functional u = W(x)dx, x € I', with W
an analytic matrix function on a regular curve I" of the complex plane. Then, Du = W’ (x) dx +
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W (x)(6(x —a) —d(x — b)) dx, where a and b are the initial and final points of I, respectively. So,
if the curve is open, together with the equality (W®)" = W'V, we need the boundary condition
(WD)(a) = (WD)(b) = 0toensure the Pearson-type equation D (u®) = u'¥. The case of aclosed
curve does not need an additional boundary condition since we suppose that W is analytic on I".
Moreover, in this case, the Pearson-type equation holds even if (W®)" # WY but (W®)' — WY
is analytic on the region enclosed by I', due to Cauchy’s Theorem. The Pearson-type equation can
be satisfied if W is only analytic on I"\ {a, b} but the limits (W®)(a™) := lim;_, (WD) (y(2)),
(WO)(b™) = lim,_, (WD) (y(¢)) exist, where y: [tg, t1] — I is a parametrization of I', a =
y(t0), b = y(t1). Then,

Du®) = (WD) (x)dx + (W®)(a™) 5(x — a)dx — (WD) (b )d(x — b) dx,

s0, we obtain the Pearson-type equation adding to (W®)" = W' the boundary conditions
(WD)(a™) = (WD)(b™) closed curve,
(Wd)(at) = (WD)(b™) =0 open curve.

The distributional derivative not only unifies all these cases, but allows us to consider more general
situations, such as functionals defined by matrix measures supported on an arbitrary subset of the
complex plane.

If u € P™ is a P-functional with a Pearson-type equation D (u®) = u'¥, then, for every
Qe pPm™,

D udQ) = u (0Q' + YQ). (3)
Therefore, the set
M) ={® e P™ | Dud) =u¥, ¥ e P™)

is a right-ideal of P(™ but it is not necessarily principal, because the euclidean division algorithm
is not valid in P This is an obstacle when trying to find a canonical representative of ./ (i)
that might lead to a classification of P-functionals similarly to the scalar case.

Notice that P = Up’q >0 Pp.g-and Pp g CPp o if p< p’ and g <q'. The set

M pg) ={DePY | Dud) =u¥, ¥eP™)

is not an ideal of P but a C"" -right-submodule of Pf,,m). Although it is finitely generated, it
is not cyclic in general, which again gives rise to a problem in finding a canonical representative
of M pq(u).

Example 1. Let us consider u € P®’ given by

2
w=(l —x2)(lz;x 21)“) dx. xe(—1,1).

A direct computation shows that u is a P3 >-functional with

M3 2(u) = spanp.2) {(1 — XL x(1 —x?) (8 (1)>}
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generated by two elements. Indeed, if
O(x) = (1 = x)HA; +x(1 —x%) (8 (1)> Ay, A eCB?,

then D(u®) = u'¥ with

—2x 2 0 2x
lI'(x):<2—6x2 —8x>A1+<O 1—9x2>A2'

We can get cyclic modules for u# by going down in the net (Pp 4)p.q >0, but there are two
different ways to do it. From the previous result we obtain

o u € Pro with 425(u) = Spanca,z){(l — xz)I}.
o u € P31 with .43 1(u) = span (1—2x?%) 3.0
3.1 31 = Spang@.2) o 10

In fact,

-2 2
D (u(l —x)1) = u (2_6’;2 _8x>,

oo (3 ) =+( 1)

This splitting clearly shows the difficulty in the classification of P-functionals. Moreover, we
cannot go down further than this in the net (P 4) .4 >0 since

1%2,1(14) = /%2’2(u) N %3,1(1,{) = spangc.2) {(1 _ xz) (8 (l))} ’
M) = M3.0(u) = Mo3u) = {0},

and, hence, u ¢ P 4 for p +q <3.

Notice that the above difficulty in the classification arise even for quasi-definite functionals
since our example was positive definite. However, if we restrict our attention to quasi-definite
functionals, there is a singular situation. As we will prove later (see Theorem 3.4), if Ag, A1, Ay
are non-singular for some u € P, 1, then .#> 1(u) is cyclic. This implies that we can associate
with each sequence of MOP in the family 7, | a canonical representative: the unique (up to
non-singular right matrix factors) generator of .#> 1(u), u being the related orthogonality matrix
functional.

A way of solving the problem of classification of P-functionals uses the fact that .# (1) always
has a non-trivial scalar representative. Actually, choosing Q = adj @ in (3) gives PQ = (det D)/,
which yields the following characterization (see [4,5]).

Proposition 2.10. The functional u € P’ belongs to the family ‘P if and only if there exist
ae P\ {0}and ¥ € P such that

D(uol) = u¥.

Notice that the set
W) ={oeP|Dual) =u¥, Ve Pm)
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is a non-trivial bilateral ideal of P, which is, therefore, principal. So, there exists an o € P\ {0},

unique up to non-trivial factors in C, which is a generator of i (u). This scalar generator can be
used to classify the PP-functionals.

Definition 2.11. Let u € P be a P-functional and let o € P \ {0} be a generator of ,%(u).
The class of u is s = max{degoa — 2, deg¥ — 1}, where ¥ € P is such that D(uol) = u'P.

The interesting P-functionals are those that have a sequence of MOP, that is, the quasi-definite
‘P-functionals. These are called semi-classical functionals (see [4,5]). As in the scalar case, the
semi-classical functionals can be characterized by several differential properties of the corre-
sponding MOP.

Theorem 2.12. Let u € P™ pe quasi-definite and let (Py), > be the associated sequence of
MOP. Then, the following statements are equivalent:

() ueP.
(ii) There exist o € P\ {0} and @5.”) e C™m such that

deg o
a(x) Py (x) = Z ®§.")P,1+j (x) (structure relation)

j=—s

with s > max{deg o — 2, 0} independent of n and ®(_"3 # 0 for some n>s.
(iii) There exista € P\ {0}, b € P and A,in) e C"™ such that

.
a(x)P," (x) + b(x)P,(x) = Z A,((")P,Hk(x) (differo-differential equation)
k=—r

with r > max{dega — 2, degb — 1} independent of n.

We use the convention Py = 0 for k < 0.
Proof. See[4,5]. O

Remark 2.13. Let us suppose that a P-functional u € P’ satisfies a Pearson-type equation
D(ual) =u¥Y,x e P\{0},¥ € IP(’"), and let s = max{deg o« — 2, deg'¥ — 1}. Then, the proofs
given in [5] show that the structure relation appearing in Theorem 2.12 (ii) is satisfied for the
same polynomial o and integer s. However, contrary to the scalar case, the differo-differential
equation given in Theorem 2.12 (iii) cannot be guarantee for a = o, r = s, but for a = «* and
r = max{2deg o« — 2, 2s + 2} = max{2deg o — 2, 2deg'¥} >s.

In the scalar case, the classical orthogonal polynomials can be characterized by a Pearson-type
equation D(ua) = upf, oo € Py \ {0}, § € Py, for the corresponding orthogonality functional
u. When trying to generalize the concept of classical orthogonal polynomials to the matrix case
using a Pearson-type equation, the following two possibilities appear:

e Zero class: u € P belongs to the zero class if it is semi-classical with class s = 0, that is, u
is quasi-definite and there exist z € P> \ {0}, ¥ € [P’gm), such that D(uol) = u'V.
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e Family P> 1: u € P’ s a P2, 1-functional, or belongs to the family P, 1, if there exist
® e Py, ¥ e P, with det ® # 0, such that D(u®) = u'P.

The MOP associated with zero class functionals or quasi-definite P, i-functionals can
be considered as matrix generalizations of the classical scalar orthogonal polynomials. Notice
that a quasi-definite 7 1-functional is always semi-classical, but its class can be greater than zero.
In fact, except for the scalar case, the family of quasi-definite P, j-functionals is strictly greater
than the zero class, as can be seen in Examples 2—4. Both the family P> ; and the zero class
are interesting sets of matrix functionals since the related MOP inherit some of the properties
that characterize the classical orthogonal polynomials in the scalar case. This will be shown
in the following sections, which are devoted to the study of the family P, ; and the zero
class.

Before doing this, we will comment on some other questions of importance for MOP. As
we have pointed out, a central concept for matrix functionals is the diagonalizability or, more
generally, the reducibility. We say that a functional u € PO’ s diagonal or block-diagonal if
its moment sequence (u,), >0 possesses such a property. We write u = uV @ --- @ u® if
Wy, = MS,I) DD ,uf,k), where (,uff))n>o are the moments of ).

To simplify the analysis of a matrix functional u € P’ the usual strategy is to connect it
with a diagonal or block-diagonal one i € P’ through a relation that permits us to translate
the information from # to u. For instance, if i = TuS, with T, S € C™-™) non-singular, we say
that u is equivalent to . In particular, when § = T* we say that u is congruent to i, while if
S = T* = T~ way say that u is unitarily similar to 7. Notice the difference with the terminology
used by other authors, we prefer to preserve the usual one in Linear Algebra to avoid unnecessary
confusion. A matrix functional is diagonalizable or reducible by equivalence if it is equivalent to
a diagonal or block-diagonal one, respectively. We define in a similar way the diagonalizability
or reducibility by congruence and the unitary diagonalizability or reducibility.

A change of variable 7 (x) = ax+b,a € C\ {0}, b € C, can be used to relate matrix functionals
too. Given u € P™" we define u, € P™ by

(P,u;) = (P ot,u),

so that, if u = d M, then u; = d(M o t~1). Notice that, with this definition, (Du), = (Du,)t’.

The kind of relation that we use depends on the properties that we need to preserve. For exam-
ple, the equivalence transformation and the change of variable keep the quasi-definite character
invariant, as well as any family P, , and the class of a P-functional (in fact, the MOP and the
corresponding Pearson-type equations are trivially related by these transformations). This means
that, concerning these properties, the only non-trivial matrix functionals are those that are not re-
ducible by equivalence or change of variable. In particular, if we are going to study a characteristic
of a functional u that only depends on such properties, then we can always use the normalization
(I, u) = I since we can work, for example, with the equivalent functional it = up, !, Also, this
allows us, when studying zero class functionals, to restrict our attention to the canonical choices
a(x) = 1, x, 1 —x2, x* of the scalar polynomial in the Pearson-type equation, due to the freedom
in the change of variables.

However, if we are interested in a characteristic that depends on the hermiticity or positive
definiteness of u (or, more generally, on the hermiticity or positive definiteness of some moments
U, or Hankel matrices A,) we must use congruence transformations and changes of variable
with real coefficients. This is the reason for avoiding the use of the canonical forms of the scalar
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polynomial o when studying hermitian zero class functionals, unless we are sure that « has real
roots. Also, the normalization (/, u) = I can be used, while preserving any hermiticity property
of u, whenever 1, > 0 since then we can use the congruent functional 0= L_lu(L_l)*, where
Uo = LL* is the Cholesky factorization of fi,.

3. The family P»,;

The aim of this section is to study the differential properties of the MOP associated with P; -
functionals. The main result is Theorem 3.14, which shows that some characterizations of the
classical scalar orthogonal polynomials remain true for the matrix family 7, ;. On the way to
proving Theorem 3.14 we will obtain a chain of results which are in themselves interesting.

We will start by fixing some notations that we will need in the rest of the section. Letu € P’
be a P, 1-functional, that is, D (u®) = u'P, where ®(x) = @y + @ x + @,x%, P (x) = Yo+ x,
with ¢;, ;€ C™ and det ® # 0. The above Pearson-type equation is equivalent to

Nty 190 + 1y @1 + tyyp102) = — (Yo + yp1¥y), n=0, (4)

where (¢ )k >0 are the moments of # and u_; = 0. We denote

o Ty Hn
Uu=ud, W,="Iu), A, =]|":
ﬁn ﬁn+l :[12n
The moments of u and i are related by
Hy = 1y @0 + i1 @1+ Hyg202, 120 )

One of the characterizations of the classical scalar orthogonal polynomials is that they are the
only sequences of orthogonal polynomials whose derivatives are also sequences of orthogonal
polynomials. The following proposition is the starting point to prove a similar result for the
family P 1.

Proposition 3.1. Let u be a Py i -functional such that Ao, Ay, . .., A, are non-singular. Then, the
corresponding finite segment (Py);_, of monic MOP satisfies

(xPLuy=0, j=0,....k—=2, k=2,...,n,
HPL I = —Ev(y 4+ (k= Do), k=1,...,n.
Proof. From the distributional equation D (u®) = u'¥ we have
(x/ P, D(u®)) = (x/ Py, u'?),
or, equivalently,
—j (I P u®) — (x P, u®) = (x7 Py, u'P),

which, for j =0, ...,k — 1, gives the result. [
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Corollary 3.2. Under the conditions of Proposition 3.1, (P,)}_, is a finite segment of MOP with
respect to U if and only if the matrix Yr; + (k — 1)@, is non-singular fork =1, ..., n.

The above corollary shows the interest in finding conditions that ensure the non-singularity
of the matrices Y| + k@,, k = 0,1,2,.... The next lemmas study the relation between the
non-singularity of A;, j = 0,1, ..., p,and thatof yy; +k¢,,k =0, 1, ..., g, for small values of
p and gq. They also inform us about the non-singularity of Ak, k=0,1,...,q,aresult of interest
since, in the scalar case, # is quasi-definite for any classical functional u.

Lemma 3.3. Let u be a P» -functional with Ay, A1, Ay non-singular. Then, \; and Zo are
non-singular.

Proof. If i, is singular, there exists v € C™ \ {0} such that ;v = 0. Relation (4) forn = 0
gives uogWo + 111 = 0. The non-singularity of uy = Ap implies v = 0. So, from (4) we have

ﬂn—l¢0v+ﬂn(plv+uiz+lq)2v =0, n>l,

and, hence,
PV 0
Mlov]=10
Qyv 0

Also, (pgv, @ v, pv) # (0,0, 0) because det ® # 0. Now we can conclude the singularity of
Ay, with contradicts the hypothesis. So, ; is non-singular.

On the other hand, the calculation of Ey gives Ey = py — pju l,ul, which, according to
Proposition 2.3, is non-singular because A; is non-singular too. From (5) for n = 0 we get

Ho = Ho®o + 1191 + o2,
and (4) forn = 0, 1 gives

HoWo + vy =0, wopo + 1@y + @y = —(uy + 1Y).
Therefore,

Ao = Hy = =Yg — oy = —(p — Nlﬂalﬂl)llll =—Ey,

is non-singular. [
As a first consequence, we obtain the following result mentioned earlier.

Theorem 3.4. If u € P>y and Ao, A1, Ay are non-singular, the (C(m””)—right—module Mo 1 (u)
is cyclic.

Proof. Let us suppose that Du®?) = u¥? with @9 ¢ P;m), pi) ¢ Pgm) fori = 1,2,
and assume that det'd)(l) # 0. We are going to prove that 0?2 = dWA, A € C™ | Let
P (x) = (()’) + wil)x with w(({), 1//5’) € C"™ _Since u satisfies the hypothesis of Lemma 3.3,
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xp(l” is non-singular. Hence, A = cb(“(lp(l”)—lnp(f) — ®9 satisfies
1 1),— 2 2
D) =u (v Wi - u?).

From (4) forn = 0, ) = —ug 'y, therefore, D(uA) = 0.1f A(x) = Ag + A1x + Axx?,
A; € C™ we get u, Ag + M1 AL+ py .2 A2 = 0 for n>0, which implies

Ao
Ay (A1> =0.
Ay
Since A; is non-singular, A = 0 and, thus, o = oM (%1))—1%2)' O

Now we are going to consider P, 1-functionals satisfying the hypothesis of Lemma 3.3. In such
a case we can write ; = [ without loss of generality because the Pearson-type equation can be
written as D(u(l)lpl_l) = u‘Plpl_l.
Lemma 3.5. Let u be a P> 1-functional with Ay non-singular for k =0, 1, 2, 3. Then,

(i) Yy and | + @, are non-singular.
(ii) Ao and Ay are non-singular. ~ ~ _ o o
(iil) i is a Py, -functional, that is, D(U®) = u'¥, with ®(x) = Ziz:o @ix',W(x) = Z}:O W ix,
where (;, l}j e C™ and det ® # 0. Moreover, ®, ¥ can be chosen such that = 1,01_1 1o
and = Y7 () + 20,).

Proof. We will assume without of loss of generality that y; = I.
(i) Let us suppose that I + ¢, is singular. There exists v € C™ \ {0} such that p,v = —v.
Writing (4) forn =0, 1,

oo =0, w Yo + @v + popev = 0.
Then,
=Yoo + @v + v = 0. (6)
Consider (4) again, but for n and n + 1:

Rity—1Pg + My (b +191) + bty (I 4 1¢2) =0,
{ (n+ D, oo + py 1 Wo + 0+ Doy ]+, o[ + (4 Dpy] = 0.
Multiplying the first equation on the right by ¥ + ¢, and subtracting the second one, gives
ntty—10oWo + 1) + ty [Wo (Vo + @1) — @9 +n (@1 (Yo + @1) — @0)]
Aty [@2W0 + @1) = @1] = s [T + (1 + Dy ] = 0.

Then, taking into account (6), we get
My 190 (Wo + <P1) v+, [401 (Wo + <P1) - QDO] v

Fttyir [02 o+ @1) — @1] v — 1y v =0, n>1, (7
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which implies

oo + v
o) (o + @1) — @olv
o (o + @1) — @11V

—v

oS O o O

This contradicts the non-singularity of As.

(ii) By Proposition 3.1 and Corollary 3.2, {P{, P,} is a finite segment of MOP with respect
to . The result follows from Proposition 2.3, ~ _

(iii) The existence of matrix polynomials @, ¥ satisfying D(u®) = 'V is ensured if

YO + 0D = OF. (8)

Writing ®(x) = Po + P1x + Pyx?, P(x) = JO + Jlx, (8) is equivalent to the system

Yo 0 @ 0 ®o - 0

I Yy o 0 ? - j’o(wl —20,) ©)
0 I o 0 1 — Yo o1y — 2<~0~2) — ¥,

0 0 0 I+2¢p, ? P2y

A solution of the last equation is Jl = 1 +2¢,, p; = @,. With this choice, converting the system
into triangular form yields

I Y ? ®o o
0 1 ¥ ?1 = ®1 — Yo
0 0 @p— o + Y50, 1 — ¥ —o(@o — Yo@1 + ¥502)

From (4) forn = 0, ugyo + 1 =0, so,
Y=o — Yo@1 + V502 = @0+ 1y o1 + (g 1) 0,
= 15" (oo + 1191 + 11ty 11 92)-
Since Ey = iy — py ity 'y
Y =1ty (oo + 1191 + 1292 — E192)
that, keeping in mind (4) for n = 1, can be expressed as
Y=~y (o + 12 + E197)
=g (—tg 1 + 1 + E1) = —ig  E1(I + ).

That is, Y is non-singular, which ensures Lhat (9) has a solution.
Finally, we are going to prove that det ® # 0. From (8) we can deduce

P — D) = vo.

Since det® # 0, det® = 0 implies det(P — (i)/) = 0. However, taking into account that
Y, =1+ 2¢p, and 9, = ¢, we get P(x) — (i)/(x) = Yy — @; + Ix, which has non-zero
determinant. [J
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Lemma 3.6. Let u be a Py 1-functional with Ay non-singular fork =0, 1, 2, 3, 4. Then,

(i) %1 + j @, is non-singular for j =0, 1, 2.
(ii) A; is non-singular for j = 0,1, 2.

Proof. We will assume without of loss of generality that lpl =1.

(i) Taking into account Lemma 3.5 (iii), the functional i satisfies D(u(I)) = uT with @, = ¢,,
l,bl = [ + 2¢,, where ¢;, 1// ; have the same meaning as in the proof of the previous lemma.

Let us suppose that I 4+ 2¢, is singular. Then, there exists v € C™ \ {0} such that ¢,v = —%v,
that is, l,Nbl v = 0. Since D(i®) = 7P, we have

1,1 P + 1y @1 + Ty 192) = — (o + Ty y),  n>0,

which, for n = 0, gives ’/IOJO + ﬁl% = 0. Hence, %v = 0 because, from Lemma 3.3, Ty = Ag
is non-singular. So,

(fo—1Po + [y @1 + Hyy1 P)v =0, n>1. (10)
According to (5),
a1 PPV + 1y (@1Pg + PPV + Ly 1 (9200 + Q1P + QoP)V
Fin2(P201 + Q1 PV + 302,20 =0, n>1,

and from here we can deduce the singularity of A4, because ¢,@,v = (p%v = }‘v # 0. This

contradicts the hypothesis. So, ¥/, is non-singular.
(ii) From Corollary 3.2, { P{, P,, P} is a finite segment of MOP with respect to # and, so,

Proposition 2.3 ensures that A, is non-singular. [

The previous lemmas can be generalized through an inductive process. This process will need
the following result.

Lemma 3.7. Letu € P™ and F € Pﬁ,m), with det F # 0. We denote ' = uF and we suppose
that there exist vectors v, V1, ..., Vg € C™, with vy # 0 forak € {0,1,...,q}, such that the
moments (IL,,)n >0 of the functional U satisfy

q
Z'ﬁnﬂ-vj =0, Vn>0.
=0

Then, there exist vectors wo, Wi, ..., Wptq € C™, withwy #0forak € {0,1,..., p+q}, such
that the moments (1), >0 of the functional u satisfy

p+q
Z Upwr =0, Vn=0.

Proof. We will write F (x) = fo+ fix+- -+ fpx? with f; € C"™ Then, 7, = >0 p,4; fi
and the hypothesis of the lemma gives

q q p+q

P
Z HntjVj —Z(Zﬂn+j+ifi> vj = ZHnJrkazvk i
i=0
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with the conventionv_1 = --- = v_,, = 0. So, the vectors wy = Zf:o fivk—i,k=0,..., p+q,
satisfy the equality of the statement. It will be enough to prove that not all the vectors wy are null.
If all of them are zero, Z{j:o fivk—i =0fork =0, ..., p+ ¢, and this implies

ptq p

0= ZkafiUk—h Vx € C,
k=0 i=0

or, equivalently,

q P q
0= ij <Zf,-xi) vj = F(x)Zvjxj, Vx € C.
j=0 i=0

J=0

Since det F # 0, we obtain from Remark 2.8 that ijo vjx/ =0 forall x € C, which means
thatv; = 0for j =0,..., g, in contradiction with the hypothesis. [J

Now we can reach the generalization of Lemmas 3.3, 3.5 and 3.6.

Theorem 3.8. Let u be a P2 1-functional with Ay non-singular fork =0, 1, ..., n, where n >2.
Then, Y| + j@, and A; are non-singular for j =0,1,...,n —2.

Proof. Due to Lemmas 3.3, 3.5 and 3.6 the result is true for n = 2, 3, 4. We will assume the
statement for an index n >2, and we will prove that it is also true for n + 1.

Assume that Ag, Ay, ..., Ay, Ay are non-singular. Then, the hypothesis of induction implies
that Yy, + j¢, and A; are non-singular for j = 0,1,...,n — 2. We only need to prove that

Vi + m— Doy and A, —1 are non-singular too. For this purpose we will introduce a set of
‘P>, 1-functionals u/,j=0,1,..., using the superscript (j) for the associated elements.
Let us define u©@ = u, o0 — O, yO — g Taking into account Lemmas 3.5 and 3.6,

given u(V = u<°)<1>(°)(xp§°))_l there exist @D e P, WM ¢ P satisfying D (Vo) =
uMWPD | with det ®D £ 0, (pél) = (pg)) and lﬁ(ll) = W(IO) + 2(pg)) non-singular. Moreover, from
Proposition 3.1, E,(C]) = —klﬁE,(gr)l(ngO) + k(pg))). This implies that E(()]), e E,(lL)Z and, thus,
A(()]), e Aflllz are non-singular.

Following this procedure, we can construct inductively a set of P, j-functionals u/), j =
0,1,...,1—1 (l = [%]), satisfying

wUTD — u(j)(D(j)(l/jgi))*l’
DO =u YD o)) = pr Y =0+ 20,

j 1 j . ; j .
E,E"'H) = —mE,EQl [V + Qj+Ke], Aé"), o A,(1"_)2j non-singular.

Let us suppose that n is even (n = 2[). Then, Ag*l), Aglil), Agil) are non-singular. If v, +

(-1

(n— e, = wgl_l) + ¢, is singular, the same arguments that lead to (4) in the proof
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of Lemma 3.5 yield now
3
Z#]({l_:})vj =0, v3#0, k>0.
j=0

Since u~V = uF, deg F <2l —2 = n — 2, we obtain from Lemma 3.7
n+1

Zukﬂ»wj =0 somew; #0, k=0.
j=0

This contradicts the non-singularity of A, 1, so, ¥/; + (n — 1)@, must be non-singular.
If, on the contrary, n is odd (n = 2/ 4+ 1), A(()lfl), A(llfl), Agil), A;lil) are non-singular. Thus,
analogously to (8) in the proof of Lemma 3.6, we find that, if y; + (n — 1), = gl—l) + 2@21_1)

is singular,
4
=n . _
D iy vi =0, va#0, k>0
j=0

Now, u'=V = yF, deg F <2l —2 = n — 3, so, Lemma 3.7 produces again the same condition
n+1

Z,uk_w-wj:O some w; #0, k>0,
j=0

$0, Y| + (n — 1), is also non-singular in this case.
Finally, the non-singularity of A,_; follows from Proposition 2.3 and the relation E,_; =
—LE, (), + (n — 1)¢,) given in Proposition 3.1. [

The previous theorem and Corollary 3.2 have the following immediate consequences.

Corollary 3.9. If u is a quasi-definite P 1-functional, then \y| + ne, is non-singular for n =
0,1,2,....

Corollary 3.10. If u is a quasi-definite P, 1-functional, then i = u® is a quasi-definite P, ;-
Sunctional too. Moreover, if (Py)n>0 is the sequence of monic MOP with respect to u, then

(% P,i)n >1 is the sequence of monic MOP with respect to .

Remark 3.11. The Pearson-type equation D(u®) = u'¥, ® € [P’gm), Y e [FD(lm), is equivalent
to the recurrence nu, ¢g + p, (Yo +ney) + w1 (Y +ne,y) =0, n>0. Therefore, the non-
singularity of the matrices Y| + n¢, for n>0 is a sufficient condition for the existence of a
solution u of the Pearson-type equation. Actually, this condition ensures that the solutions are
determined by p, = (I, u) or, in other words, the solution is unique up to left matrix factors.
Then, according to Corollary 3.9, if the Pearson-type equation has a quasi-definite solution, the
quasi-definite solutions are exactly those solutions determined by a non-singular matrix .

3.1. Characterization of the family P; |

In the scalar case, the classical orthogonal polynomials can be characterized alternatively by a
Pearson-type equation (see [8,23-25]), the orthogonality of the derivatives (see [3,8,20,23,24]) ora
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linear relation between the polynomials P, and P, , |, P, P, _, (see [21]). The consequences of the

previous analysis provide an analogue of these equivalences for the matrix case, which constitutes
a characterization of the quasi-definite 7, |-functionals. In the proof of this characterization we
will need the following results as well.

Lemma 3.12. Let u € P™ such that A, is non-singular. Then,

uP=0, PeP™ = p=0.

Proof. Let P(x) = Z?:o Aixt, A; € C™ Then, uP = 0 is equivalent to u; Ag + - - +
Wy An = 0 for k>0, which implies

Ag

and, thus, P = 0 if A, is non-singular. [
The next proposition introduces the notion of “quasi-orthogonality".

Proposition 3.13. Letu,v € P with u quasi-definite and (P,) its corresponding sequence of
monic MOP. Then, the following statements are equivalent:

(i) v=uA, A ePi".
(i) (P,) is quasi-orthogonal of an order not greater than p with respect to v, i.e., (x* P, v) = 0,
k=0,...,.n—p—1.

Proof. See[5]. O

Here is the referred characterization of the quasi-definite P j-functionals.

Theorem 3.14. Let u € P be quasi-definite and (P,) its sequence of monic MOP. Then, the
following assertions are equivalent:

(1) u is a P2,1-functional.
(i1) (P,;) is a sequence of MOP with respect to a quasi-definite functional ii.
(iii) There exist matrices ay, by, € C™™ such that
1

P, =—
"Tn+1

Py i +anP,+b,P,_;, n=0,

with y,, — b, non-singular for n > 1, where y,, is the coefficient of the three term recurrence
relation for (P,) appearing in Remark 2.2.
Furthermore, i = u®, ® € I]:";m), det® # 0 and Dw®) = u'?, ¥ € Pgm). Besides, U is a
quasi-definite P |-functional too.

Proof.
(ii) < (iii) The sequence of matrix polynomials (P,) satisfies the recurrence relation,

xPnz n+1+ﬁnpn+"/npn71,
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SO,
Py=—xP,+ P, + B, Py +7,Pi_;. (11)

If we assume (ii), (P,) also satisfies a recurrence relation

1 1 1 1 1~ / 1 ~ /
SXPy = mpn+l+;ﬁnflpn+mynflpn71 (12)
and, then, (11) and (12) imply
1
Prl:mpl’i—}-l—i_anp +b P/ —1s (13)

wherea, = 8, — B, and b, =y, — 5 7n—1- Notice that y,, — b, = -%57,_; is non-singular.
For the converse, from (11) and (13),

1 1 1
ZXP’;:n+1 n+1+ (ﬁn_an)Pr;—i_;l(Vn_bn)Pr;—l'
Now we have a recurrence relation for (P)) with B,y =P, —a,andy, | = "T_l(yn — by).

Since y,, — b, is non-singular, the Favard theorem assures the existence of a functional & € pm’
such that (P)) is a sequence of MOP with respect to i.

(ii), (iii) = (i) Assume the relation P, = #Péﬂ +a, Py + b, P, _, and the fact that (P,) is
a sequence of MOP with respect to a certain functional i. Notice that this last hypothesis implies

the non-singularity of E,, | = ( n— lP,;, u) for n > 1. Under the assumptions,

kP, d) =0, k=0,...,n—3.

So, (P,) is a quasi-orthogonal sequence with respect to & of an order not greater than 2. Proposition
3.13 says that there exists ® € [P’g") such that # = u®. Setting w = D(u®),

(xF Py, w) = —k(x* 1Py, u®) — (x*P/ u®) =0, k=0,...,n—-2.

Hence, (P,) is quasi-orthogonal with respect to w of an order not greater than 1 and, thus, there
exists ¥ € [P’Em) such that w = u'?.
It only remains to prove that det @ s 0. For this purpose, notice that the equality

(x"'P,, D®)) = (x""'P,, u?¥)
yields
—(n— D)Eppy —nE,_1 = Ep\;.

Thus, Y, + (n — 1), is non-singular for n > 1. Suppose det ® = 0. Then, according to Remark
2.8, there exists v € C"[x] \ {0} such that ®v = 0. Consider the matrix polynomial A € P(™
whose columns are all equal to v. Bearing in mind Lemma 3.12, the equality

u(¥ — ®)A = (Du)®A =0

proves that (¥ — @ )v = 0. So, Pv + ®v' = 0 and, if v(x) = vy + - - - + v,x", v; € C", with
vy, # 0, we get (Y, + n@,)v, = 0, which is impossible.
(i) = (ii) This implication is given by Corollary 3.10. [
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Remark 3.15. Theorem 3.14 ensures that any quasi-definite 7, |-functional u generates a se-
quence (u(”)),,;() of quasi-definite P, j-functionals, starting with u® = y, and such that,
forn=>0,

uD = W™ @™ e P det @™ £ 0,
DD = P g ¢ ),

Moreover, the k-th derivatives (Pn(k))n >k form a sequence of MOP with respect to u®  That is,
as in the scalar case, if the first derivatives of a sequence of MOP are orthogonal, the higher order
derivatives are orthogonal too.

Remark 3.16. If u is not quasi-definite but Ao, ..., A, are non-singular, (ii) and (iii) remain
equivalent, but only for the finite segment (Px);_, of monic MOP with respect to u. Besides,
in this case, (i) also implies (ii) and (iii), but only for the finite segment (Pk)’,z;(l), according to
Theorem 3.8.

The following consequence of Theorem 3.14 will be of interest when studying the differential
equation associated with the zero class MOP.

Corollary 3. 17 If a sequence (P,) of monic MOP belongs to the family P> 1, then P, | €
spanC(m.m{x s n, P,}. More precisely,

BN 1
= EpxiMyaM; ' E! {(x + ;nn) P, — nPn} ,

1 _
n+l =@+ DE, {( M2nl lE X——Mzn 2M2n lEnln”

+

’HJEJWH>m+MFMQLaﬂ&}

where E, = (x" Py, u), Py(x) = x" + 1, x" ' + - and M, =y, + no,.
Proof. Using (11) and (13) we obtain, by eliminating P, ; and P, _ |, respectively,
nP,=(x—pB,+ 0+ Day) P, — (7, — (n+ 1)b,1) -
(1= bur ) Pu = (1 = b ) Poy + (bar & = B) +an) P
The matrix coefficients f5,,, 7,, Bn, Vps dn, by can be expressed in terms of E,, and 7, since
Bn = T — g1, n=EnE, |,
ﬁn—l = ”,,;lﬂn — Tt a1 = ”,,;IE,,M M En_ll,
an =B, — Bu_1. bn =7, — 75 Tn-1-

From here, it is just a matter calculation to achieve the result, using the fact that MkM;1 =
A;Iij_l = Mj_llﬂk, where M, = I + n(pzl,bl_l. O



196 M.J. Cantero et al. / Journal of Approximation Theory 146 (2007) 174-211
3.2. Examples

The purpose of the following examples is to show that non-diagonalizable matrix Ps -
functionals do exist, even in the positive definite case, and that the family P, 1 is strictly big-
ger than the zero class (except in the scalar case). Indeed, the examples given here are all positive
definite and lie on the class s = 1. The matrix functionals of the examples have the structure
w(x)R(x)dx, where w is a classical scalar weight and

+qq* b
R:<p l;qq*q |bc|12)a P,qep,

p with positive leading coefficient, degg = 1, b € C \ {0}.
We will deal with a canonical form of these functionals, as any of them is congruent to one
with the form

A 2.2
w(x) <”(X) ZJ“' * “f) dx, pePmonic, acC\ {0}

These kinds of functionals are never diagonalizable by congruence, neither by equivalence. This
is a consequence of the fact that, as can be easily verified, any functional W (x) dx, with

W— (wn w]Z) ’
w21 w2
is non-diagonalizable by equivalence if {w1, w12, wao} is linearly independent and {w12, wa1}
is linearly dependent.

Example 2. Letu € p@’ given by

. e,xz (1 + |a|2x2 ax

A 1>dx, x €R, aeC\({0}.

It is not a zero class functional, but its class is s = 1 due to the equality

B (la)*> = 2)x a
D”‘“<a<1—|a|2x2) —<|a|2+2>x)'

Besides, it is a P, j-functional with M3 1(u) = spanp.2 {®}, where

2
@(x)=(|“| +2 (1)>

—ala|*x

The corresponding Pearson-type equation is D(u®) = u'¥, with

—4x a
Y = < 2@ —(la)? +2)x>'

Any right multiple of @ by a non-singular matrix factor can be chosen as a generator of M 1 («),
therefore, it will play a similar role in the Pearson-type equation for u. However, if we choose

weof; )
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the new functional u") = u®© is again a positive definite ‘P2, 1-functional of similar type. Clearly,

W (|a|2 +2+42|al*x? 2ax
u =e

_ > dx, xelR.
2ax 2

This shows explicitly, in the present example, the general fact that any quasi-definite P, 1-
functional generates a sequence of 7P j-functionals, according to Theorem 3.14 and
Remark 3.15.

Example 3. The functional u € P®@" defined by
X+ |a|2x2 ax
u:xrex< ~ )dx, x €(0,00), aeC\{0}, r> —1,
ax 1
lies again on the class s = 1 since
r4+2+ (Jal*> — Dx a
D(uxl)=u .
—ala|*x? r+1—(la*+ Dx

It is also a P2 1-functional, with M> 1(u) = spang.2) {®} generated by
(lal>+ Dx 0
O(x) = ( ) .
—Zl|a|2x2 X
The Pearson-type equation is D (u®) = u'¥, where
r+2)(la>+1)—x a
Y(x) = ( _ ) .
—(r +2)ala|*x r+1—(la*>+ Dx

Notice that u)) = u® is given by

(lal* + Dx + |a>x?  ax
ud = yrtle—x ( _ )dx, x € (0, 00),
ax 1
so, it is a positive definite 7P, 1-functional of a similar type.

Example 4. The functional u € p@’ given by
X%+ |a|2x2 ax
u:xre_x< B )dx, x €(0,00), aeC\ {0}, r>—1,
ax 1
is also in the class s = 1 since
5 (r +lal> +4)x — x2 a
Dux“I)=u ( _ )
—a(lal® + x? (r —lal* +2)x — x2

and belongs to the family P 1, with My 1 (u) = spanp@.2 {®} generated by

X —a
O(x) = ( 5 ) .
0 (r—+lal*+2)x
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The Pearson-type equation is D(u®) = u'¥, with

(r+lal>+3)—x a )

\F(x)=< - 2
—a(la|l” + Dx r+D(r+2)—(r+|al”+2)x

As in the previous cases, there is a choice of o ¢ M2 1 (u) that makes ud = 40O 4 positive
definite P, ;-functional of a similar type. The choice is

q)(o):(D(r—}-l 0)7
0 1

and the new functional is then
(r+ D(lal*> + Dx? (4 Dax

u(]) — xr—i—le—x (
(r+ Dax r+2

)dx, x € (0, 00).

4. The zero class

The zero class is a specially simple subset of the family 7, ;. This simplicity allows a deeper
analysis of zero class functionals than for general P, ;-functionals. According to the definition of
the zero class we suppose in this section that u € P™ isa quasi-definite functional that satisfies
a Pearson-type equation

D ual) =u¥, «ePy\{0}, ¥eP". (14)

We will use the notation a(x) = o + o1 x + apx2, o; € C, and ¥(x) = Yoty x. ¥ € Cclmm),
The first aim of this section is to obtain explicit expressions for the elements associated with
a zero class functional u in terms of the coefficients o; € C, j € Cm-m)  This will lead to a

characterization of the polynomials o € P> \ {0}, ¥ € Pgm) which can appear in the Pearson-type
equation of a zero class functional. As a first restriction for o, ‘¥, notice that Corollary 3.9 implies
that Y/, + nop I must be non-singular for n >0.

Remember that (P, ) denotes the sequence of monic MOP related tou, P, (x) = x"1 L

-and E, = (x"P,,u). As we have shown in the proof of Corollary 3.17, the coefficients
of the recurrence xP, = P41 + B, Pn + 7, Pn—1 and the coefficients of the relation P, =
%HP,; 41 +a@nP, + b, P,_; can be obtained from 7, and E,. So, we will just calculate 7, and
E, in terms of o and V.

From the Pearson-type equation for the functional u we obtain the relation (4) among the

moments, which can be written in the following way:

i, 1% + W, Ny + i, My, =0, n=0, (15)
where N, = ¥ + nay I, M,, = Y| + napl. Taking n = 0 and 1 in (15) we obtain

w= =¥y 1o = po(ouy o + oatoyy ! — ao) My (16)
Let us denote # = uol and (fi,,), >0 its corresponding moment sequence. We know that

Ty = o0py, + 01y g F 02l 4, 120,
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This equality for n = 0, together W1th (16), gives fiy = poo(— mpowl WM 1 . Besides, a direct
calculation shows that 7y = — H1ﬂo . So,
m = Eopo¥y Ey ', fon = 2 a1,

Eo = Eoa(—yoypy WM, E, = —#EHIMW

where ;o7 Py (0) = X+ x4 and By = Sy (P d).

Since u is a quasi-definite P 1- funct10nal the same thmg happens tou. Actually, u is also zero
class because D (iiod) = u'P, ¥ = W + o I. Notice that P(x) = o + ¥, x, where iy, = M,
and o = Nj.

The above results show that we can define a sequence () j >0 of zero class functionals by
u) = uo/, and these functionals satisfy the Pearson-type equation

DWay = uDWD, W) = 4 jo/.

Notice that l//(()j) = Nj, N,gj) = Ny, xpﬁj) = M;, M,Ej) = M2, where we denote with the
superscript (j) the elements associated with the functional «/). Therefore,

() J S P N L0 _ kG
ny = EgNiM,; (Eg") ™ Tk Tk+1 et 1

1 1 i+1 1 j
EY™Y = Efa(=N;m§; )My My, E,§f+)=_—k+1E,§f+)1Mk+2j.

After an inductive process,
T, = ﬂf(o) TL(lnil) E(()” l)Nn lM—l 2(Ev(l’l 1)) l

E,=EQ = (~)"E"M;) 5 M7 = (—1)"IES" May_1 V),

n—1

where V,, = M, - - - Ma41. Also,
E§Y = Eou(—NoMy YMoM[ " -+ a(—N,— 1 M3, )Mo M5!,
and, so,
= (=1)"n!Egu(—NoMy YMoM; " -+ (= Ny 1 M3, | ) Moy 2 V7 (17)
If we define I1,, = En_lnnEn, then

M, =nV,_ 1M, )Ny V, s
E; Epr1 = —(n+ DV i M5, (= Ny My Y Mo, V71

The above expressions give 7, and E,, in terms of & and ¥ for a zero class functional . When
u satisfies the Pearson-type equation but it is not quasi-definite, the expressions for n; and Ej
are valid for the finite segment (Py);_, of MOP with respect to u, whenever Ao, ..., A, and
My, ..., My, 1 are non- singular. This is because, then, the previous arguments remain valid for

(u(/ ))”_O and (P(’ )) t—0- as follows from Corollary 3.2 and Theorem 3.8. Furthermore, if M2,

M2n+1 are non-singular too, the formulas are also valid for the coefficients 7,11, E, 41 of the

(m)

extra polynomial P, orthogonal to P,;’, given by Proposition 2.3.
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With the results at hand we can obtain a characterization of the polynomials o, ‘¥ related to the
zero class.

Theorem 4.1. The Pearson-type equation D(uol) = u¥, o € P> \ {0}, ¥ € I]:"(lm), has a
quasi-definite solution u if and only if M,, and O((—Nan_nl) are non-singular for n >0, where
Ny = Yo +noil, My, = | + noal. Under these conditions, the solution of the Pearson-type
equation is unique up to left matrix factors, and the quasi-definite solutions correspond to the
non-singular choices of L.

Proof. If D (ual) = uY¥ has a quasi-definite solution, the corresponding matrices E, are
non-singular for n>0. Then, M,, and a(—N, Mz_nl) are non-singular for n >0, as can be seen
from (17).

For the converse, from Remark 3.11, if M}, is non-singular for n > 0, the solutions of the Pearson-
type equation are determined by the choice of y. If besides, o (—Nn M{,ll) is non-singular for
n 20, the solution u is quasi-definite when p is non-singular. In fact, proceeding by induction
we can prove that there exist MOP with respect to u of any degree:

e There exists Py = I, with Eg = iy non-singular.

e Suppose that there exists a finite segment (P);_, of monic MOP with respect to u. By Propo-
sition 2.3, there is a monic matrix polynomial P, withdegP,;1 = n+ 1, which is orthogonal
to IPf,m). Since M is non-singular for k >0, the expression of E,, ;1 = ()c'”rl Py41, u) is given
by (17). Then, the non-singularity of o (—NkM;) for k >0 implies that E}, ;1 is non-singular

and, hence, (Pk)z;ré is also a finite segment of MOP with respect to u. [J

Remark 4.2. From (17), we see that the non-singularity of My for k <2n — 1 and a(—N/; Mz_jl)

for j<n — 1 is equivalent to the existence of a finite segment (Px);_, of MOP with respect to
any solution u of D (ual) = u'¥ with u, non-singular.

As in the classical scalar case, every matrix functional in the zero class belongs, up to a change
of variable, to one of the following types:

o(x) = 1, Hermite-type polynomials.
o(x) = x, Laguerre-type polynomials.
a(x) = 1 — x?, Jacobi-type polynomials.
a(x) = x2, Bessel-type polynomials.

The characterization given by Theorem 4.1 can be particularized for any of the above canonical
types. For the Hermite-type polynomials, the existence of a sequence of MOP is equivalent to
the non-singularity of ;. In the Laguerre case, y/; and ¥/ + nI must be non-singular for n >0.
Jacobi-type polynomials exist if and only if /; —nI and Y| £y —2nlI are non-singular for n >0,
and, finally, the non-singularity of Y, and ; 4+ nl for n >0 characterizes the existence of the
corresponding Bessel-type polynomials. Notice that the conditions for the existence of Hermite,
Laguerre, Jacobi and Bessel-type MOP are a natural generalization of the conditions in the scalar
case.

The non-singularity of the matrices M,, appeared previously in [13], as a condition for the
Hermite, Laguerre and Jacobi-type polynomials to ensure that they are given by a Rodrigues
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formula. Our analysis proves that it is not necessary to impose this condition since it is automat-
ically satisfied by any zero class functional.

Theorem 4.1 has also important practical consequences for the study of MOP. When a matrix
functional is given by a positive definite weight matrix on R, the corresponding MOP always
exist. However, deciding whether an arbitrary matrix of measures on R defines a quasi-definite
functional can be a hard problem, even in the hermitian case. Theorem 4.1 solves this problem
for any matrix functional satisfying a Pearson-type equation like (14). What is more, Remark 4.2
gives a generalization that measures the length of the maximal finite segments of MOP associated
with the functional when it is not quasi-definite. Some applications of this rule can be seen in
Example 5. The importance of the above result for the zero class will be clear later, since we will
see that the only non-trivial matrix functionals in this class are not positive definite.

4.1. Differential equation

In this section we will prove that the MOP of the zero class satisfy a second order differential
equation that generalize the known one in the scalar case. Notice that this is not ensured by
Theorem 2.12 (iii), since the right-hand side of the differo-differential equation given by this
theorem could have more than one term, as follows from the comments in Remark 2.13. We will
also obtain the structure relation of Theorem 2.12 (ii).

In order to obtain the differential equation, starting from the study of the family 7, 1, and
keeping in mind Corollary 3.17, we can write for any sequence (P,) of MOP in the zero class,

i =SSP+ TP (19)

=P =m+ VE,My M, E;
) = —nE, M5, My oEj Y,

Y =+ DEMy! (0E; 'x — Moy 2B my + Moy 1 B ),

n+l
0y = Ev My My By (x + L),
On the other hand, Theorem 2.12 (ii) and Remark 2.13 provide the structure relation
AP = noy Pyt + 1y Py + 0, Put, 1, 0, € CUM, (20)
Taking derivatives in the structure relation we obtain
aP)  +d Py =noaPy  +n,P,+ 0, P
and, using (19), we get
aP) + (1 —Ty)P, — X, P, =0, 21
I, = noczl"gf) + 0,,1",(1_) +1,,
%, = nap2it 4+ 0,5,

which is the differential equation for P,.
We can calculate the coefficients of the above differential equation. First of all, notice that
the coefficients 7,,, 0, of the structure relation can be expressed in terms of 7, and E,. A direct
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computation from the structure relation (22) gives

n, = noy + [(n - D, — nnn_H] o, 0, = —EnMn_lEn__ll.
Therefore, using (19), (21) and the above expressions, we find

Xy =nE,M3 My 1 [(n+ Do + My 2] E; = nE, My E; .
In the same way, writing I, (x) = Ff,l)x + 1",(,0), l",(f) e Cmm we get

= g,M5" [n(n 12— M,,,IMH] E-' = —E,M_E;",
1 _ _
T =noy = ~EyMo,_ [n(1 + DotaMay— + Myt My = = Doa Moy B, 'y

1 _ 1 _
=noy — ;EnMZn—ZEn 17'l:n = nop — ;EnMZn—ZnnEn 1’
where IT,, is given in (18). From (18) and the above result we finally obtain
o () —Tp(x) = Eg¥i Ep 'x + Ey VooV, L ESL

To sum up, we can state the following result.

Theorem 4.3. Let u be a zero class functional with Pearson-type equation D(uo) = u¥, o €
P2\ {0}, ¥ € P,

(1) If (Py) is the unique sequence of monic MOP with respect to u,
oaP," + EyVy 1PV, EVP) —nE,M,_E, ' P, =0,

where M,y =\, +noal and Vyy = MyMyyq - - Moyy.
(11) If (Qy) is the unique sequence of MOP with respect to u such that Q,, has a leading coefficient
Kn = (Ep Vn—l)il P

o‘QnN + lPQ;, —nM,—10, =0.

The differential equation satisfied by the MOP of the zero class characterizes such MOP, as the
next result shows.

Theorem 4.4. Let u be a zero class functional with Pearson-type equation D (ual) = u'¥,
ae P\ {0},¥ e Pgm). Then, the differential equation

oy’ + ¥y —nM,_1y=0

has a unique (up to right matrix factors) matrix polynomial solution y € PO | This solution is
the only nth MOP Q,, with respect to u which has a leading coefficient k, = (E, Vn_l)_l.

Proof. Testingy =), >0 cxx¥ as a solution of the differential equation, we obtain the recurrence
for the coefficients

(n — ) Mygn—1ck = (k + 1) [Nxcrg1 + (k + 2)oocrs2] -
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Since M,, is non-singular for n >0, for every k # n, cx+1 = cx+2 = 0 implies ¢, = 0. Hence,

any non-trivial polynomial solution must have degree n, and such a solution is determined by ¢, .
If ¢y = 0 for k > n and ¢, = K, there exists a unique solution that must be Q,. If, on the

contrary, ¢, = 0 for k > n but ¢, is arbitrary, the solution is Q, L,,, where L, = K,jlcn. O

4.2. The hermitian case

Among all the zero class functionals, the hermitian ones have remarkable features that deserve
to be emphasized. Maybe one of the most important has to do with the diagonalizability.

The main purpose of this section is to prove a conjecture of Durdn and Griinbaum (see [13]):
any positive definite zero class functional is diagonalizable by congruence. In fact, we will prove
a more general result, since we will obtain the diagonalizability under much weaker conditions
for the matrix functional. The key result for proving the conjecture is the following one.

Proposition 4.5. Let u € P™' be a solution of D (uxl) = u¥, o € P2\ {0}, ¥ € P, If
Up_2s - -+ Wy yp are hermitian,

Yokas1¥1 — Vit Wo = i2n(n + D)(Aop,_y + A1y, + Aoft, 41),
with Ag = J(Fo01), A = 23(Fpn2), Ay = J(F100).
Proof. From the hypothesis,
(P*x", u¥W) = (P*x", u'P)*.
Let us calculate
(P*x", u®) = (P*x", D(uo)) = —n(P*x"~, uo) — i (x", uo)
= —n(ax" " u)* — (" ) — @ u)g)”
=—(n4 D@Ex""", Do) + i (x" !, ua)
=—(n+ D(Ex""!, Dua))* — —¢0<

Using the above results we get

(n + D (""", Do) — (ax"', D(ua)*) = (Woﬂnﬂ% Vit 1%0),
which, together with the equality
@, Duw)) = —(n — D{|a>x"2, u) — @ox""", u),
gives
Vot 1¥1 = Vit = n(n+ D(@E! — &ox""" )
= i20(n + 1) [S@ot) ity 1 + 2300ty + S@ e pyyy]. O

Using the standard notation [A, B] = AB — BA for the commutator of two square matrices A,
B, we get the following immediate consequence of Proposition 4.5.
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Corollary 4.6. Under the conditions of Proposition 4.5, if i = I and p, is hermitian too,

Vilkgr 1y = i2n(n + D(Aop,—1 + A1, + A2it, 4 1),

with the coefficients Ao, A1, Az as in Proposition 4.5.

The commutativity of a set of hermitian matrices is equivalent to stating that they are simulta-
neously unitarily diagonalizable. Therefore, Corollary 4.6 relates the possibility of diagonalizing
simultaneously p,, and uy, to the requirement for o to have real coefficients. The next theorem
gives conditions which ensure that o must be a real polynomial.

Remember that, if 1, > 0 for a matrix functional, we can normalize it by congruence choosing
U = I without losing any hermiticity property of the functional. So, in what follows, we will use
this normalization freely when this is possible.

Theorem 4.7. Letu € P™ be a solution of D (ual) = u®¥, o € P2\ {0}, ¥ € P If u, =
for n<5, then o is a real polynomial (up to non-trivial factors) under any of the following
conditions:

@) [,uz, ,ul] =0,A0 > 0and Ay, ..., As non-singular.
(i) Ay > 0.

Proof. Without loss of generality, we can suppose yy = I. Let Ag, A1, Az be the coefficients
given in Proposition 4.5.

(i) [E1, iy ] = O since Ey = pp — pi3. Then, from (17) for n = 1, we obtain [y, 1] = 0,
which implies [1//0, ,ul] = O because Yy = —u; ;. Using (15) and the fact that M,, is non-singular
for n <3, due to Theorem 3.8, we get [,un, ,ul] = 0 for n <4. Then, from Corollary 4.6,

Ao
Ar (A1> =0,
A

which implies A; = 0, Vi.
(i1) Corollary 4.6 forn = 1, 2, 3 gives

Ao 6V 1, iy 1y
Ml A= o 297 s, g 1y
Az W g 1y 1

Therefore,

Ao 1
(Ap A1 A Ay (Al) = EWT (6A0 [, ] + 241 [p3, 1] + Az [14 111]) 1
Az

Notice that, if P(x) = (Ao + A1x + Axx)1,

Ap
(P,uP*)=(Ay A1 A))A <A1>-
A

Letus suppose P # 0. Since Ay > 0, Proposition 2.5 implies that (P, u P*) > 0. From Lemma
3.3 we know that i/, is non-singular, so, the matrix (tﬁl_l)* (P, uP*)lpl_1 must be positive definite



M.J. Cantero et al. / Journal of Approximation Theory 146 (2007) 174211 205

too. On the other hand, tr [, ;] = 0 and, thus, tr ((xpfl)*(P, uP*)l//fl) = 0. Hence, (P, uP*)
cannot be positive definite. This means that P = 0 and A; =0, Vi. O

Corollary 4.8. For any positive definite zero class functional, the scalar polynomial of the
Pearson-type equation is real up to non-trivial factors.

The following result reveals that a zero class functional with a real scalar polynomial in the
Pearson-type equation does not need too many conditions to be diagonalizable by congruence.

Theorem 4.9. Let u be a zero class functional with u,, = 1 for n <3 and Ao > 0. Then, if the
scalar polynomial o. of the Pearson-type equation is real up to factors, u is diagonalizable by
congruence. If, besides, Ay = I, then u is unitarily diagonalizable.

Under the above conditions, if |4, L5 are hermitian too, then, o is real up to factors if and only
if u is diagonalizable by congruence.

Proof. Suppose, without loss of generality, that uy = 1. If A; = 0, Vi, Corollary 4.6 forn = 1
gives Y [up, 1] %1 = 0. Since ; is non-singular, [z, p;| = 0, so, there exists 7 € C™
unitary such that 7'y, T* is diagonal forn = 1, 2. Then, T E| T* is diagonal because E| = u, — ,u%.
From (17) for n = 1 we find that T, T* is diagonal too. Hence, Ty T* is also diagonal due
to the identity , = —u;y,. Using (15) and the non-singularity of M, for n >0 one finds that
T u, T* is diagonal for n >0.

The converse when py, (5 are hermitian follows from Theorem 4.7 (i). O

Combining Theorems 4.7 and 4.9 we achieve the following result that goes even further than
the conjecture of Durdn and Griinbaum.

Theorem 4.10. Let u be a zero class functional with p,, = (% for n <5. Then, u is diagonalizable
by congruence under any of the following conditions:

1) Ao > 0and [,u2, ,u]] =0.
(i) A > 0.

If, besides, Ao = I, then u is unitarily diagonalizable.

Notice that some of the conditions in Theorems 4.7, 4.9 and 4.10 can be weakened. For example,
in Theorem 4.7 (i), it is possible to substitute the condition Ay, ..., A5 non-singular by A, non-

singular and [p3, 11| = [y, 1] = 0.

Corollary 4.11 (Durdn—Griinbaum conjecture). Any positive definite zero class functional is
diagonalizable by congruence and, if the first moment is the identity, the functional is unitarily
diagonalizable.

The above result does not mean that the hermitian zero class is trivial, since there exist non-
diagonalizable zero class MOP with respect to hermitian functionals which are not positive definite
(see Example 5). What is trivial is the positive definite subclass of the zero class (actually, a bigger
subclass, according to Theorem 4.10). Hence, positive definite Hermite, Laguerre and Jacobi-type
MOP are unitarily diagonalizable. Concerning the Bessel case we can add even more: similarly to
the scalar situation, positive definite Bessel-type MOP do not exist, as the following proposition
asserts.
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Proposition 4.12. Any zero class functional whose Pearson-type equation has a scalar polyno-
mial with a double root is not positive definite.

Proof. Assume that u is a positive definite zero class functional whose corresponding Pearson-
type equation has a scalar polynomial a(x) = (x — a)?, a € C. From Corollary 4.8, a € R.
Also, supposing without loss of generality the u, = I, Corollary 4.11 implies that there exists
T e C™ ynitary such that T, T* is diagonal for n>0. Therefore, T E{T* is also diagonal
and, using (17), we find that Ty T* and Ty T™* are diagonal too. So, if we define the change
of variable #(x) = x — a, the diagonal hermitian matrix functional &, = Tu,T* satisfies the
Pearson-type equation D(ii; t>1) = i, T¥(t + a)T*. Hence, ii; = 12[(1) DD ﬁfm), where ﬁfi)
are scalar Bessel functionals. Since a scalar Bessel functional cannot be positive, the functional
u is not positive definite, in contradiction with the hypothesis. [J

4.3. Examples

Examples of non-diagonalizable hermitian zero class functionals were founded independently
in [5,13]. In fact, [13] covers as a particular case the example in [5] providing several non-trivial
families of hermitian matrix functionals that satisfy a Pearson-type equation like (14). In this
section we will use the examples in [13], including some non-hermitian generalizations, and we
will prove that the corresponding zero class MOP do exist as an application of Theorem 4.1.
Notice that [13] does not address this question since the analysis of the non-positive definite
weights d M (x) presented there was given under the assumption that f r P(x)dM(x) P (x) is non-
singular for any matrix polynomial P with non-singular leading coefficient, something that was
not proved in the concrete examples.

The non-diagonalizability of the functionals given in the following examples is ensured because
they have the structure u = W (x) dx, where

_fwir w2
woq 0

with {w11, wi2} linearly independent and {w12, w1} linearly dependent. These conditions imply
that the functional u is not diagonalizable by congruence or even by equivalence.

Example 5. Let us consider a functional u € P’ given by u = w(x)R(x)dx, where w is a
positive classical scalar weight with Pearson equation (wo)’ = wff and

g
R(x):<c+fba<(x)dx g) gePi\ {0}, a,beC\{0}, ceC.

Notice that u is hermitian when b = a, ¢ € R and g is a real polynomial.

These kinds of functionals always satisfy the boundary conditions which ensure that D (ual) =
(uol)’ (see Remark 2.9). In fact, writing them in the canonical representations, they have the form

_2fc+cix +02x2 a
v ( ) O) dx, xelR,
et <c+clx -202 log(x) g) dx, x e (0,00),

(1+x)’(1_x)s(”Cllog(lﬂzﬂzlog(]_x) g)dx, x e (=1,1),
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in the Hermite, Laguerre and Jacobi case, respectively. In the above expressions ¢y, c» € C do
not vanish simultaneously and r, s > —1.
The functional u satisfies the Pearson-type equation

Duwol) =u¥, Y= <§ 2)

Therefore, if ¢(x) = qo + g1x and f(x) = Sy + B x,

— (Pt 0O My =g~ Potn N (10
Mn_< an /31+no¢2 ’ OC( Nann)_a ﬂl—i-zn(xz x* 1/

a

Po+no
ﬂ1+2l’10€2

Hence, M,, and o(— N, M2_nl) are non-singular for n > 0. Also, 4 is non-singular since

* a
,uO:vo(b 0), v():/Rw(x)dx.

Therefore, according to Theorem 4.1, we conclude that the functional u defines a sequence of
zero class MOP.

The above two-dimensional examples are only particular cases of the m-dimensional zero class
functionals belonging to the equivalence classes defined by

Notice that, due to Theorem 4.1, f5; +noy and o(— ) must be different from zero for n > 0.

e BCgx x e R, () >0 VA e spec(B),

N(L) > —1 V1 e spec(A),

N(A) > 0 VA € spec(B),

(A +0)21 —x)Bdx, x e (=1,1), N > —1 Vi e spec(A), spec(B),

x4e Bxdx, x € (0, 00), {

where A, B € C™ commute and spec(A) means the spectrum of the matrix A. The restric-
tions for the spectra ensure the integrability for any matrix polynomial and, together with the
commutativity of A and B, lead to a Pearson-type equation of Hermite, Laguerre and Jacobi-type,
respectively, according to Remark 2.9. The conditions for the spectra also ensure the existence of
MOP whenever y, is non-singular, as follows from Theorem 4.1. For some choices of A and B
it is possible to obtain an equivalent hermitian functional. This is the case of the examples given
at the beginning of Example 5, as [13] points out.

These examples do not cover the zero class functionals of Bessel-type. Such examples can be
found starting from a scalar Bessel weight. For instance, w(x) = x"el/* withr = —1,0,1,2, ...,
is a Bessel weight on the unit circle T := {x € C | |x| = 1} with Pearson equation (wa) = wp,
a(x) = x2, p(x) = (r +2)x — 1. The matrix function W = wR satisfies the equation (Wa)' =
WY, where R and ¥ have the same meaning as previously. However,

c—l—c—l—f—cz log(x) a>
X
b 0

is not analytic on T if ¢ # 0. If, for instance, we choose a logarithm with the discontinuity at
the non-negative real axis, the matrix functional u = W (x)dx, x € T, verifies (see Remark 2.9)

W(x) = x"el/* <

D(ual) = (W) (x) dx — i2mec) <(1) 8) o(x — Ddx,

so, it satisfies the Pearson-type equation D(uol) = u'¥ when c; = 0.
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As in the examples at the beginning of Example 5, this new one is equivalent to a particular
two-dimensional case of the general m-dimensional zero class functionals of the form x”"e5/* dx,
x € T,wherer = —1,0,1,2,...and B € C™™ ig non-singular. Analogously to the scalar
case, these functionals satisfy a Pearson-type equation of Bessel-type since the restriction on r
gives the analyticity on T for x"eB/*. As in the previous examples, the conditions for r and B
ensure the existence of the corresponding MOP when g, is non-singular, due to Theorem 4.1.

Concerning the restriction on r it is known that, for the Bessel scalar case, it can be weakened
tor # —2, =3, ... by introducing the alternative weight on T

o
I'r+2) 1
wolx) = ]g T( +2 4 k) 2k

This weight satisfies the equation (wox)’ = wof +r + 1, a(x) = x2, f(x) = (r + 2)x — 1. So,
according to Remark 2.9, the scalar functional ug = wo(x) dx, x € T, verifies the Pearson-type
equation D (uga) = ugf.

. I'r+2) _ 1
Notice that oD = Tion

where, in general, we denote
if k =0,

(A = )
AA+D - (A+ Gk —DI) ifkeN,

for any square matrix A. If A, B € Cmm and spec(A) N {0, —1, =2, ...} = @, we can consider
the matrix function

o0
_ 1
W) =) (A B
k=0

which is analytical on C \ {0}. If, besides, A and B commute, then (Wa) = WW + A — I,
a(x) = x2, ¥(x) = Ax — B. Hence, the matrix functional u = W (x)dx, x € T, satisfies the
Pearson-type equation D(uxl) = u'V analogously to the scalar case. Therefore, Theorem 4.1
states that there exist Bessel-type MOP associated with ¥ when B and p are non-singular.

5. Other differential equations

Among the results proved by Durdn in [10] we highlight one, in this section, concerning the
existence of differential equations for MOP with respect to hermitian functionals u € P
satisfying a Pearson-type equation

D®) =u¥, ©ecPy”, ¥ep!.

The result in question states that such a Pearson-type equation, together with the hermiticity of
u®, is equivalent to stating that the corresponding MOP (P,) satisfy a second order differential
equation

P, ®* + PIW* + A, P, =0, (22)

with A, € C™™ gsuch that A,(P,, P,), is hermitian (actually, the result is proved in [10]
for matrix orthonormal polynomials with respect to positive definite matrix functionals, but the
generalization to the quasi-definite hermitian case is immediate). If, as in the rest of this paper, we
suppose that the MOP are monic, the condition for A, becomes A, E,, = E, A} . Also, equating
the coefficients of the highest powers of x in (22) we get A, = —n(n — DY —no = —nM*

n—1-
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All the examples of P, 1-functionals u € P’ presented in Section 3 were hermitian and
positive definite and, for all of them, we found a matrix polynomial ® € M5 (u) with det® #= 0
such that u® is also hermitian and positive definite (in Examples 2 and 4 such a matrix polynomial
was denoted ®©, we now omit the superscript for convenience). Therefore, the corresponding
MOP (P,) must satisfy a second order differential equation such as (22).

For instance, in the case of the functional given in Example 2
_e 1+ |a|2x2 ax

u=e _
ax 1

)dx, xeR, aeC\{0}

we find
p lal> +2 —alal®x , —4x 2a
Fu™ () ( 0 2 ) TR 2 e + 20

4 0

This functional was previously studied in [7], where it was proved that the corresponding MOP
satisfy other second order differential equations linearly independent with respect to this one.
The fact that, contrary to the scalar case, the MOP can satisfy linearly independent second order
differential equations was first noticed in [17,18] as pointed out in the closing remarks of [13].
More instances of this phenomenon have been considered in [6,7,16].

As for the functional
2.2
(X Flal™x
u=x"e" < N
ax

ax
l)d)c, x €(0,00), aeC\{0}, r>—1,

given in Example 3, we get

2 2.2
P, (x) <(|a| + Dx  —alalx )

0 x
. r+2)(a?+1)—x  —( +2)alal*x
~|-Pn(x)< ~ X )
a r+1—=(lal®+ Dx
1 (r+1+nalal?
—|—n( 5 )Pn(x)zO.
0 lal” + 1

Finally, Example 4 deals with the functional

2 2.2
x4+ |al*x
u:xre_x<

ax
_ )dx, x €(0,00), aeC\{0}, r>—1,
ax 1

whose MOP must satisfy the differential equation

P )((r—i—l)x 0
R <r+|a|2+2>x)
) r + DI + lal* +3) — x] —(r + Da(lal*> + Dx
+Pn(x)< - 2 )
a r+0Dr+2)—0+lalr+2)x

(r +1 (r+Da(a*+1
—+n

P =0.
0 r+lal? +2 ) "0
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Let us restrict our attention now to the zero class MOP, that is, those whose corresponding
functional u € P satisfies a Pearson-type equation

D(ual) = u¥, oePy\ {0}, ¥eP™.

If u is hermitian, the hermiticity of ux/ is equivalent to saying that o is a real polynomial. Hence,
if # is hermitian and o is real, the MOP (P,) with respect to u satisfy the second order differential
equation

aP, + PI¥* —nM’ P, =0.

This differential equation is similar, but not equal to the one given in Theorem 4.3. However, when
Uo = I this difference disappears since Theorem 4.9 then implies that « is unitarily diagonalizable.
That is, there exists T € C™) unitary such that # = TuT* is diagonal hermitian, so, the
corresponding monic MOP (P,) mustbe diagonal withreal polynomials in the diagonal. Following
similar arguments to those given in the proofs of the theorems in Section 4, we find that ¥ = TWT*
is also diagonal. Moreover, D (ol ) = u‘i’, hence, W is real. Therefore, both differential equations
are the same for (13,,) and, thus, also for (P,) since 16,1 =TP,T*.

Returning to the family P, 1, the two-dimensional examples that we have found suggest that, for
a wide subclass of hermitian P, ;-functionals, the related MOP satisfy a second order differential

equation like (22). Equivalently, it seems that for many hermitian 7, |-functionals u € P’
it is possible to find a generator @ of the module M5 () such that u® is hermitian too. In
particular, the examples discussed here seem to indicate that if u is positive definite, then u® is
also positive definite for some generator ® of M> | (u). The characterization of the subclasses of
hermitian P, ;-functionals which are invariant under the operation # — u® (for some choice of
the generator @ of M5 1(x)) remains an open problem. This is an important question, not only
for the study of differential equations for MOP, but also for the development of a general and
systematic method to obtain modified Rodrigues’ formulas for P, |-functionals (see [14] for some
examples of this kind of Rodrigues’ formulas), as will be shown in a future paper.
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