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Let K be an algebraic number field, of degree n, with a completely ramifying 
prime p, and let t be a common divisor of n and (p - 1)/2. Then it is proved 
that if K does not contain the unique subfield, of degree t, of the p-th cyclotomic 
number field, then we have (hK , n) > 1, where hK is the class number of K. As 
applications, we give several results on hK of such algebraic number fields K. 

In the preceding paper [2], we have investigated class number factors of 
algebraic number fields of Eisenstein type. Also in this paper, using the 
fundamental lemma in [2], we shall show several facts on the class numbers 
of such algebraic number fields. Our main result is as follows: let K be 
an algebraic number field of degree n and of Eisenstein type with respect 
to (an odd prime) p and 5, a primitive p-th root of unity. Let t be a common 
divisor of n and (p - 1)/2. If K does not contain the unique subfield, of 
degree t, of Q(&,), then we have (hK , t) > 1, where hK is the class number 
of K. As an application, we see that, for an odd prime number p and a 
divisor n of (p - 1)/2, the class numbers hK of all the algebraic number 
fields K of degree n and of Eisenstein type with respect to p are larger 
than 1, except the case where K is the unique subfield, of degree n, of 
Q(I&). Moreover, we give many examples of an Eisenstein polynomial 
whose root generates an algebraic number field of class number > I. 

1. Let K be an algebraic number field of degree n and of Eisenstein 
type with respect to an odd prime number p. That is, K is obtained by 
adjoining to Q a root of an Eisenstein polynomial, of degree n, with 
respect to p. Also as shown in [2], it is equivalent to saying that p ramifies 
completely in K. We restate a fundamental lemma in [2]. 

LEMMA. Let y be an integer in K. Then we have NKle(y) = xn (mod p) 
with some x E Z. 
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Let 5, be a primitive p-th root of unity. In the following, we denote, 
for a divisor t of p - 1, by k, the unique subfield, of degree t, of Q(&,). 
Since Q(c,) is a cyclic extension of Q, we have ktl C kt2 if and only if 
t1 I t, * 

Now let t be a common divisor of 12 and p - 1 and we suppose that 
we have 

(“) @K, t) = 1, 

where hK is the class number of K. Let a be an integral ideal of K with 
((2,~) = 1 and let m be the order of the class containing a in the ideal 
class group C, of K; so m divides h, . Since am = (LX) with an integer a 
in K, we have, by Lemma, 

Na” = ( NKle(~) I = fx” = f(~~l~)~ (mod 14, 

where x E Z with p 7 x. On the other hand, we have 

Nat SE Nat (mod P). 

As (m, t) = 1 by (*), we have consequently 

Na= +yt (mod P), 

where y E Z with p 7 y. Put s = (p - 1)/t; so we have st = p - 1. We 
consider the case where s is even, which is equivalent to saying that t is 
a common divisor of IZ and (p - 1)/2. Then we have 

Na” = 1 (mod P). 

Now we apply the class field theory. Let j = ppDD , where pm is the infinite 
prime divisor of Q, and let A, and S, be the whole ideal group and the 
ray ideal group with tie defining modulus ji in Q. Since A,/.!?, is a cyclic 
group of order p - 1, there is an ideal group H,- such that H,-IS,- is a 
subgroup, of A&$, of order s = (p - 1)/t. Clearly we have (a) E H,- 
if and only if (a)” = (as) ES, . As shown above, for any integral ideal a 
with (a, p) = 1, we have 

Nag = 1 (mod p) and so (mod j), 

which implies (Na) E H,- . On the other hand, as (A, : HJ = t, the 
subfield k, corresponds to the ideal group H,- in the sense of the class 
field theory. Hence, by the ‘Verschiebungssatz’ of the class field theory 
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([l], p. 140), the abelian extension ktK/K corresponds to the whole ideal 
group with the defining modulus j5 in K. So we have 

[k,K: K] = 1, i.e., k, C K. 

Here we note that, as t ( (p - 1)/2, k, is contained in the maximal real 
subfield Q(Lh = QW HP) of Q(L). 

Thus we have the following: 

THEOREM 1. Let K be an algebraic number jield of degree n and of 
Eisenstein type with respect to p. Let t be a common divisor of n and 
(p - 1 j/2. Zf K 3 kt , then we have (hK , t) > 1, where hK is the class 
number of K. In other words, if t ( (n, (p - 1)/2) and t T [K n Q(c,),, : Q], 
then we have (h, , t) > 1. 

Proof. The second part is trivial, because we have k, C K if and only 
if kt C K n Q(rl,h , i.e., t I [K n Q(L),, : Ql. 

Remark. Theorem 1 says nothing wehn (n, (p - 1)/2) = 1 (in par- 
ticular, when p = 3). In fact, K always contains k, = Q. 

We can give the following two modifications of Theorem 1. 

(1) When s = (p - 1)/t is odd, we see that t is even and 
t/2 / (M, (p - 1)/2). Hence if KJ kt,2 then we have (hK , t/2) > 1. 

(2) In the case where K is totally imaginary, we have NKIQ(~) > 0 
for all 01( # 0) E K. Hence (even when s = (p - p)/t is odd), we have 
Na” = 1 (mod p) ((a, p) = I). So, in this case, if t 1 (n, p - 1) and K I$ kt , 
then we have (h, , t) > 1. 

COROLLARY. Let d = (n, (p - 1)/2); so [K n Q(&& : Q] is a divisor 
of d. Zf [K n Q(l&, : Q] < d, then we have (h, , d) > 1 and so hK > 1. 

Proof. We take t = d in Theorem 1. 
For example, if (p - I)/2 / n and K$ Q(&,), = Q(cos 27r/p), then we 

have (hK , (p - 1)/2) > 1. 

(a) For p = 7 and 3 I n, we have (hK , 3) > 1, i.e., 3 ( hK , if 
K 3 Q(cos 27~/7). 

On the other hand, let p = 1 (mod 4). If 2 I n and K$ k, = Q(@), 
then we have (hK ,2) > 1, i.e., 2 ( hK . 

(b) Forp=5and2/n,wehave2(h,,ifK$Q(1/5). 

2. In order to apply Theorem 1, we need to have some (sufficient) 
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conditions for Kg kt, where t is a divisor of (n, (p - 1)/2). As for the 
decomposition of prime numbers q in kt C Q(&J, it is known that 

(A,,) if q # p, then q does not ramify in k, , 

(B,) if q # p and q(p--l)lt + 1 (mod p), then all the prime divisors 
of q in kt are of degree >l, and 

(C,) if q # p and q(p--l)lt = 1 (mod p), then all the prime divisors 
of q in k, are of degree 1. 

Therefore we have the following sufficient conditions (A), (B), and (C) 
forK$k,. 

(A) Another prime number q fp ramifies completely in K, i.e., 
K is also of Eisenstein type with respect to q. 

If (A) is satisfied, then we have K$ kt for any t I (p - 1)/2 (t # 1), i.e., 
K * Q&J, = Q. 

THEOREM 2. Assume K n Q(&,), = Q (say the case where K is also 
of Eisenstein type with respect to q # p). Then, for any common prime 
divisor 1 of n and (p - 1)/2, we have I ( hK . 

We state (a corollary to) Theorem 2 in another way: If (at least) two 
prime numbers p and q ramijy completely in an algebraic number field K 
of degree n, then we have 1 I hK for any prime factor I of (n, (p - 1)/2) x 

(n, (4 - 1)/2). 

(B) Another grime number q # p with q@--l)lt f 1 (mod p) has 
a prime divisor of degree 1 in K. 

If(B) is satisfied, then we have K 3 kl (t # 1). In particular, if a prime 
number q, which is a primitive root module p, has a prime divisor of 
degree 1 in K, then we have KS k, for any t ) (p - 1)/2 (t # 1); this is 
the case treated in 121. Here we consider the cases t = (p - I)/2 and 
t = 2 (for p = 1 (mod 4)). (i) If there is a prime number q # p with 
q + il (modp) and having a prime divisor of degree 1 in K, then we 
have K $ Q(<,),, . (ii) On the other hand, if there is a prime number q # p 

with q(p-1)/2 + 1 (modp), i.e., -% = 
( > 

-11 and having a prime divisor of 
degree 1 in K, then we have K$‘Q(dj). 

EXAMPLE 1. Let f(X) = P + aX + b be an Eisenstein trinomial, of 
degree n, with respect to p (> 3) and let K = Q(a) with f(a) = 0. Let q 
be a prime number #p, and assume q + a, q ) b and q + (n - 1). Then, 

'Asp 5: 1 (mod4),wehave (5) = ($. 
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as q does not divide the discriminant nnP1 + (-1),-l (n - l)+r al” of 
f(X) and we have f(X) = X(X+-I + a) (mod q), the prime number q 
has a prime divisor of degree 1 in K. (i) Suppose (p - 1)/2 / n. If q $ +l 
(mod p), then we have K $ Q(&,J, and so (hK , (p - 1)/2) > 1. (ii) Suppose 

p = 1 (mod 4) and 2 1 n. If (5) = -1, then we have KS Q(z/)s) and so 

2lhx. 

(c) For K = Q(a) with an + ~C,(Y + 21Cz = 0, where 3 / n and 
(Cl, 3) = (C,, 7) = 1 (C,, C, E Z), we have 3 I hK (p = 7, q = 3). 

(d) For K = Q(a) with Q? + 5&x + lOD, = 0, where 2 1 y1 and 
(Dl ,2) = (D, ,5) = 1 (Dl, D, E Z), we have 2 1 hx (p = 5, q = 2). 

(C) Another prime number q # p with q(p--l)lt = 1 (mod p) has a 
prime divisor of degree >n/t in K. 

If (C) is satisfied, then we have also K 3 kt (t # 1). We consider the 
case t = 2 (for p = 1 (mod 4)). If there is a prime number q f p with 

q(9-1)/2 = 1 (modp), i.e., (5) = 1 and h aving a prime divisor of degree 

>n/2 (i.e., of degree n) in K, then we have K$ Q(v’j). 

EXAMPLE 2. Let 1 be an odd prime number and q a prime number, 
which is a primitive root modulo 1. Let f(X) be an Eisenstein polynomial, 
of degree n = I - I, with respect to p such that p = I (mod 4) and 

q 
( 1 
- = 1, and let K = Q(a) with f(a) = 0. Assume that .f(X) is congruent 

tc!the l-th cyclotomic polynomial @(X) = X’-l + X’-2 + ... + x + 1 
modulo q. Then clearly q does not divide the discriminant of Q,,(X) and 
so that of f(X). As q is a primitive root modulo I, q remains prime in 
Q(&), which implies that @r(X) and so f(X) are irreducible modulo q. 
Hence we see that q also remains prime in K and so we have K 9 Q( l/i;). 

(e) For K = Q(a) with 01~ + 17E,a3 + 17E2a2 + 17&a + 17& = 0, 
where (E1E2E3E4, 2) = 1 and (E, , 17) = 1 (El , E2, E3, E4 E Z), we 
have 2 1 hK (p = 17, I = 5, q = 2). 

3. Next we consider the special case n 1 (p - 1)/2. 

THEOREM 3. If n I (p - 1)/2 and KQ Q(C,),, , i.e., K # k, (say ij 
n I (p - 1)/2 and K is not totally real), then we have (hK , n) > 1.2 

? A special case of Theorem 3 (n = I is an odd prime divisor of p - 1) was proved 
in [2]. There we have also shown that k&is an unramified abelian extension, of degree 
1. of K. 

64x/6/2-3 
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Prooj: Then k, is contained in K if and only if K = k, , 

We state Theorem 3 in another way: Let II be a divisor of (p - 1)/2. 
Then the class numbers hx of all the algebraic number Jields K of degree n 
and of Eisenstein type with respect to p satisfy (hK , n) > 1, except the case 
where K is the unique subfield k, , of degree n, of Q([,).” 

COROLLARY. Let f(X) = X” + ax” + b (n > m > 0 and a # 0) be 
an Eisenstein trinomial with respect to an oddprime numberp = 1 (mod 2n). 
Let K = Q(a) with f (cx) = 0. Zf n 2 5, then we have (hK , n) > 1. Zf n = 4 
and m = 1 or 3, then we have also (hK , 4) > 1, i.e., 2 1 hK .4 

Proof. By Theorem 3, it suffices to show that K is not totally real. 
If n - m is even, f’(X) = nX”-l + maXm-l = X”-l(nX”-” + ma) has 
at most three real roots and so f(X) has at most four real roots. Hence 
if n 3 5, K is not totally real. If n - m is odd, f’(X) has at most two real 
roots and sof(X) has at most three real roots. Hence if n 3 5 or n = 4 
with m = 1, 3, K is not totally real. 

EXAMPLE 3. Similar arguments as in the proof of Corollary to 
Theorem 3 give many consequences. For example, let p = 1 (mod 8) 
and let f(X) = X4 + aX2 + bX + c be an Eisenstein polynomial with 
respect to p. Let K = Q(a) withf(or) = 0. (As a remark, every algebraic 
number field of degree 4 and of Eisenstein type with respect top is obtained 
by adjoining a root of such an f(X) to Q.) Assume 8aS + 27b2 > 0 
(say a > 0). Then the discriminant off’(X) = 4X3 + 2aX + b is negative 
and so f’(X) has only one real root. Hence f(X) has at most two real 
roots and so K is not totally real, which implies that we have (hK , 4) > 1, 
i.e., 2 1 hK . 

Note added inproof: After the manuscript was submitted, our results were generaliz- 
ed in the papers of Madan (Crelles J. 252 (1972)), Frey and Geyer (CrelIes J. 254 
(1972)) and Ishida (to appear in CrelIes J.). 
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