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Let A be a closed linear operator on a complex Banach space X and let
A € o(A) be a fixed element of the resolvent set of 4. Let U and Y be Banach
spaces, and let D € Z(U, X) and E € #(X,Y) be bounded linear operators. We
define r\(A4; D, E) by

sup{r = 0: A € o(A4 + DAE) forall A eZ(Y,U) with [|A]l < r}
and prove that

WADE) = ER(a, Ayl

We give two applications of this result. The first is an exact formula for the
so-called stability radius of the generator of a C,-semigroup of linear operators on
a Hilbert space; it is derived from a precise result about robustness under
perturbations of uniform boundedness in the right half-plane of the resolvent of an
arbitrary semigroup generator. The second application gives sufficient conditions
on the norm of the operators B, e Z(X) such that the classical solutions of the
delay equation

n
u(t) = Au(t)y + Y Bu(t—h;), t=0,
j=1
are exponentially stable in LP([—#4,0]; X).  © 1998 Academic Press
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0. INTRODUCTION

In this paper we investigate the robustness of certain properties of a
closed linear operator A on a Banach space X under small additive
perturbations. Some “‘structure” in the perturbation will be allowed, in the
following sense: we fix Banach spaces U and Y and two operators D €
AU, X)and E € Z(X,Y) (or even E € £(2(A),Y)), and consider per-
turbations of the form D AE, with A € Z(Y, U). The question we address
is the following.

If A has a certain property (P), what is the supremum of all
r >0 with the following property: for all bounded linear
operators A € Z(Y,U) with norm ||A|l <r, the perturbed
operator A + D AE has property (P) as well.

Among the properties we consider are the following: containment of a
given complex number A € C in the resolvent set of the operator, contain-
ment of a given set () C C in the resolvent set, and uniform boundedness
of the resolvent on (). For these properties we give a precise answer to the
above question in terms of the so-called fransfer function A — ER(A, A)D,
where R(A, A) == (A — A)~! is the resolvent of A.

In two subsequent sections, we give two applications of the abstract
results of Section 1. In Section 2 we prove some new results on robust
stability. Among others, we obtain an exact formula for the stability radius
for generators of Hilbert space semigroups. In Section 3 we study the delay
equation

u(t) = Au(t) + iBju(t —h;), t=0,
j=1

where A is the generator of a C,-semigroup on a Banach space X.
Regarding the bounded operators B, as a perturbation of an appropriate
Cauchy problem corresponding to the absence of delays, we obtain suffi-
cient conditions on A4 and B; for exponential stability of classical solu-
tions.
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1. THE ABSTRACT PERTURBATION RESULTS

Throughout this section, X, U, and Y are fixed complex Banach spaces,
A is a closed linear operator on X with domain 2(A4), and D € Z(U, X)
and E € Z(2(A),Y) are bounded linear operators; we regard 2(A4) as a
Banach space with respect to the graph norm || - [l .4).

PropPosITION 1. Let A be a closed linear operator on X and suppose
A€ o(A). If A e A(Y,U) satisfies

for some & € (0,1), then A € o(A + D AE), and
1
IR(A, A4+ DAE) | <[[R(A, A) |1+ SIDIIAER(A, A)]).

Proof.  Fix A € o(A). From [[AER(A, A)D| <1 — & we see that I —
AER(A, A)D is invertible. Using the Neumann series we estimate

(1 sER(L4)D) = T 18y =

n=0
It follows that I — D AE R(A, A) is invertible as well, and its inverse is
given by
(I —DAER(A, A)) " =1+D(I—AER(A, AYD) "AER(A, A).

By the above estimate,
1
l(r=DAER(A, A)) ' <1+ SIDIIAER(A, 4)].

From the identity A — A4 — DAE = (I — DAER(A, A)A — A) we see
that A — A — D AE is closed, being the composition of a closed operator
and a bounded invertible operator. It also shows that A — 4 — D AE maps
2(A) injectively onto X. Hence, the inverse mapping (A — 4 — DAE)™!
is well defined on X, and being the inverse of a closed operator, it is
closed. Hence by the closed graph theorem, (A — 4 — D AE) ™! is bounded,
which means that A € o(4 + D AE). By the previous estimate, we obtain

IR(A, A +DAE)| =|R(A, A)(I = DAER(A, 4)) 7"

1
<[RO, A)l[1+ <IDIIAER(A, A)).
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This result shows that the property “A € po(A)” is stable under small
perturbations. Next we show that the bound (1.1) is actually the best
possible. To this end, for A € o(A4) we introduce the quantity

rn(A;D,E) =sup{r>0: A€ o(A+ DAE) forall
A ez(Y,U) with Al < r}.

THEOREM 1.2. Let A be a closed linear operator on X. Then for all
A € 0(A) we have

A;D,E !

WA B = TERO DT

Proof. If 0 <r<|[ER(A, AD||"" and ||All <r, then A€ o(A4 +
D AE) by Proposition 1.1. Hence, r,(A4; D, E) > ||[ER(A, A)D||"*. To prove
the converse inequality, let us fix £ > 0. Choose u € U, |lull = 1, such that

1 1
< + &.
IER(X, A)Du| = [[ER(A, A)D] ~ ©

By the Hahn—Banach theorem we may choose y* € Y*, |[y*|| = 1, such
that

ER(A, A)Du
<||ER(A,A)Du||'y >=1'

Define A € Z(Y,U) by

Wy ou

|ER(X, A)Du]’
Then AER(A, A)Du = u and

Al € ————— + &.
[ER(A, A)D|
Set v == R(A, A)Du. Then AEv =u # 0,s0 v # 0, and
(A—A—-DAE)v=Du —-DAER(A, A)Du = Du — Du = 0.

This shows that A — A4 — D AE is not injective, which implies A € o(A +
DAE). 1

We remark that the proofs of Proposition 1.1 and Theorem 1.2 are
based entirely on techniques in a paper of Latushkin, Montgomery-Smith,
and Randolph [13], where they are used to obtain the two-sided bounds
(2.4) below for robust stability.
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For a subset Q c p(A4) we define
ro(A; D, E) =sup{r>0: Qco(A+ DAE) forall
A eZ(Y,U) with |All < r}.
We then have the following straightforward generalization of Theorem 1.2:
COROLLARY 1.3. Let A be a closed linear operator on X. If Q) C o(A),

then

1
A:D,E) = inf ——
(A D E) = I RO AV D]

We may also impose uniform boundedness of the resolvent on the set ()
by defining, for a subset Q0 c o(A4) such that sup, o lIR(A, DI < o,

ro(A; D, E) = sup{r >0: QCp(A+DAE)and

sup |[R(A, A + DAE)| < forall A eZ(Y,U) with [|A]l < r}.
reQ

COROLLARY 1.4. Let A be a closed linear operator on X and assume that
E extends to a bounded operator from X into Y. If Q c o(A) with
sup, c olIR(A, Al < o, then

1
Sup, ol ER(A, A)D” '

ro(A; D E) =

Proof. It is clear from the definition that r5(A4; D, E) < rq(A4; D,
E). Hence by Corollary 1.3 we only need to prove the inequality r5(A4;
D, E) > inf,_ ,lIER(A, A)D||"*. But this inequality follows immediately
from Proposition 1.1, since [[AE R(A, A)|| < [|AE| |IR(A, Al and
sup,c ollR(A, DIl < 0. |

2. APPLICATION TO ROBUST STABILITY
OF C,-SEMIGROUPS

Throughout this section we fix complex Banach spaces X, U, and Y, and
bounded linear operators D € #(U, X) and E € £(X,Y). We further
consider a Cy-semigroup T = {T(¢)},. , of bounded linear operators on X,
and denote by A its generator. Our terminology concerning semigroups is
standard; for more information we refer to [16] and [18].

In this section and the next we will be concerned with the behavior
under small perturbations of the following four quantities (see [17,
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Chap. 1]):
e The spectral bound s(A) = sup{Re A: A € o (A)}
e The abscissa of uniform boundedness s,( A) of the resolvent of A,

so(A) = inf{w €R:{Re X > w} co(A)and sup [R(A, A)| < oo}

ReA>w

e The growth bound w,(A),
w,(A) = inf{w € R: there exists M > 0 such that
IT(t)x| < Me“||xll o) forall x €2 (A) and t > 0}

e The uniform growth bound w,(A),

wo(A) = inf{w € R: there exists M > 0 such that
[T(2)]| < Me' forall t > 0}.
It is well known [17, Sect. 1.2, 4.1] that
—0<s(A) < w(A) <50(A) < wy(A) < o (2.1)
If wy(A) <0 (resp. w(A) <0), then T is said to be uniformly exponen-
tially stable (resp. exponentially stable). Below we will use the following
simple fact concerning s,(A): if {Re A > 0} € 0(A) and supge , - ollR(A,
Al < o, then s,(A4) < 0; see [17, Lemma 2.3.4].
We start by studying the behavior of the abscissa of uniform bounded-

ness under small additive perturbations. To this end, for a semigroup with
54(A4) < 0 we define

r(A; D, E) = sup{r = 0: s,(A+ DAE) <O0forall
A eZ(Y,U) with [|All < r}.

Recalling that the suprema along vertical lines Re A = ¢ of a bounded
holomorphic X-valued function on {Re A > 0} decrease as ¢ increases, an
application of Corollary 1.4 to Q = {Re A > 0} shows the following:

THEOREM 2.1. Suppose A is the generator of a Cy-semigroup on X. If
5o(A) < 0, then
1
sup, gl ER(iw, A) D

r(A; D, E) =

For a uniformly exponentially stable C,-semigroup we now define
o A; D, E) =sup{r = 0. wy(A+ DAE) <0 forall

A eZ(Y,U) with [|All < r}.
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It is a well-known theorem of Gearhart [4] (cf. [17], Corollary 2.2.5]) that
for C,-semigroups on a Hilbert space, the abscissa of uniform bounded-
ness of the resolvent and the uniform growth bound always coincide.
Hence if X is isomorphic to a Hilbert space, Theorem 2.1 assumes the
following form:

COROLLARY 2.2.  Suppose A is the generator of a C,-semigroup on X. If X
is isomorphic to a Hilbert space, and if wy(A) < 0, then
1

A:D,E) = .
Tl ) = Sup, ol ER(iw, A)D]

Remark. It is not assumed that U and Y are isomorphic to Hilbert
spaces.

The quantity r, (A; D, E) is called the stability radius of A with respect
to the “perturbation structure” (D, E) and was introduced, in the finite-di-
mensional setting, by Hinrichsen and Pritchard [5]; see also their survey
paper [6]. To state some known results about the stability radius, for
p € [1,°) we define the input—output operator I]_p(A; D,E) e Z(LP(R,;
U), LP(R,;Y)) by

L,(A;D,E)f(s) =E[ T(s —)Df(1)dt 520, feL’(R,;U).
0

This operator is easily seen to be bounded if w,(A) < 0; conversely,
if U=Y =X, then boundedness of L (A; I, 1) implies w,(A4) <0 [17,
Theorem 3.3.1]. The following results are well known:

e |If X, U, and Y are finite-dimensional, then

1
Tl AP E) = A TER G, A)DT (22
e If X is a Banach space, and U and Y are Hilbert spaces, then
1
[Laan By AP " s ERGe, 0] ¢

e If X, U, and Y are arbitrary Banach spaces, then for all p € [1, ),

1
L (4D, By ="

(A;D,E) < (2.4)

sup,, gl ER(iw, A) D

The identities (2.2) and (2.3) are due to Hinrichsen and Pritchard [6] and
Pritchard and Townley [19] (where a more general setup is considered),
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respectively. Notice that in some sense our Corollary 2.2 complements the
second identity in (2.3).

The inequalities (2.4) were obtained by Latushkin, Montgomery-Smith,
and Randolph [13] by using the theory of evolutionary semigroups; this
further enabled them to extend certain results on time-varying systems due
to Hinrichsen and Pritchard [7]. They also showed that the inequality
between the first and third terms in (2.4) may be strict. More results on the
time-varying case may be found in [2].

In the case of positive semigroups, Theorem 2.1 and Corollary 2.2
simplify somewhat:

COROLLARY 2.3. If X, U, and Y are Banach lattices, D € Z(U, X) and
E € ZA(X,Y) are positive, and A is the generator of a positive Cy-semigroup
on X with s,(A) < 0, then

(A;D,E) = ———.
r‘so( ) “EAle”
If, in addition, X is isomorphic to a Hilbert space, then the same result holds
for the uniform growth bound.

Proof. From
|ER(iw, A)Du| < E|R(iw, A)|Dlul < ER(0, A) Dlul

[16, Corollary C-111-1.3] it follows that ||ER(iw, A)D|| < ||ER(0, A)D|| =
|IEA~'D|| for all € R. Accordingly, the supremum in the expressions in
Theorem 2.1 and Corollary 2.2 is taken for o = 0. |

For a detailed treatment of the theory of positive semigroups we refer
to [16].

The next application is concerned with semigroups that are uniformly
continuous for ¢ > 0. First we recall that if A4 is the generator of a
C,-semigroup that is uniformly continuous for ¢ > ¢, for some ¢, > 0, then
the spectral mapping theorem

o (T(1))\{0} = exp(ro(4))\{0}

holds for all # > 0[16, Theorem A-111-6.6], [17, Theorem 2.3.2]. In particu-
lar, this implies that s(A) = so(A) = w,(A). We will combine Theorem
2.1 with the following simple observation [16, Theorem A-11-1.30], the
proof of which is included for the reader’s convenience.

LeEmMmA 2.4. If A is the generator of a Cy-semigroup T on X that is
uniformly continuous for t > 0, and if B is a bounded linear operator on X,
then the semigroup generated by A + B is uniformly continuous for t > 0.
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Proof. Let S ={S(1)},., denote the semigroup generated by 4 + B.
Put V,(¢) == T(¢), t = 0, and define the operators V,(¢) inductively by

Vo i(t)x = fOtT(t—s)BVn(s)xds, neN, xeX, t>0.

As is well known [18, Section 3.1], if [|T(2)]| < Me®' for all £ > 0, then

M B|"t"

) = Mo ==

, nelN, t>0,
and
n=0

the convergence being uniform on compact subsets of [0, «). Fix n > 0 and
positive real numbers 0 < ¢ < §, < §; < . For §, <t <t < §,, from

Viesd )2 = V() = ['T(1 =) BY,(s) xds
+ [(T(¢ = 5) = T(t = )) BV,(s) xds
0

we obtain, by splitting the second integral as [ = [/, + [37°%,
||Vn+1(t,) - Vn+1(t)”

sC,,((t’—t)+,s+ sup || T(¢ —s) = T(t—s)]],

s€0,t—¢]

where C, is a finite constant depending on M, o, ||Bll, 8y, 8;, and n only.
It follows that

limsup [V, (') = V,.1(1) | < Cpe,

tlt
and since & can be taken arbitrarily small, we see that V, , ,() is uniformly
continuous for ¢ > 0. Therefore the same is true for S(-). 1

COROLLARY 2.5. Suppose A is the generator of a uniformly exponentially
stable C,-semigroup on X that is uniformly continuous for t > 0. Then

1
sup, gl ER(iw, A) D’

rmO(A; D,E) =
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This result applies to compact semigroups, differentiable semigroups,
and analytic semigroups, since each of these is uniformly continuous for
t>0.

3. DELAY EQUATIONS IN L*([—h,0]; X)

Throughout this section, we fix a Cj-semigroup T with generator 4 on a
complex Banach space X. We also fix p € [1,%) and nonnegative real
numbers 0 < iy < -+ < h, = h.

Given bounded linear operators B,,..., B, on X, we will study the
delay equation

u(t) = Au(t) + i Bu(t —h;), t=0,

u(t) =f(t), t<€[—-h,0).

Here, x € X is the initial value and f € L?((—h,0]; X) is the “history”
function. This equation has been investigated by Nakagiri [14, 15]; see also
[1, 3, 8,9, 12, 21] for related studies.

A mild solution of (DEg 5 )isafunction u(:; x, f) € Lfy.([—h,); X)
satisfying

T(t)x + fO’T(t—s)Z}LlBju(s—hj;x,f) ds, t >0,

eI =Ny re[-n0).

It follows form [14, Theorem 2.1] that for all x € X and f € L*([—#h,0]; X)
a unique mild solution u(-; x, f) exists; this solution is continuous on [0, «)
and exponentially bounded. To study the asymptotic behavior of these
solutions by semigroup methods, we introduce the product space 27:= X X
L?([—h,0]; X) and define bounded linear operators 75 = 5(¢) on 2 as
follows. Given a function u € L{.([—h,«); X), for each ¢ >'0 we define
u, € L?([—h,0]; X) by u,(s) == u(t + 5),s € [—h,0]. Denoting the unique
mild solution of (DE, ) by u(:; x, f), we now define

111111

T, 8 ()X, f) = (u(t;x, f),u (%, ), =0
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By [15, Proposition 3.1] we have

ProposITION 3.1, The family 75 5 = {7
semigroup of linear operators on . Its generator g,

5 (D)5 o defines a Cy-
p, IS given by

-----------

Ay, B,,(x’f) =|Ax + Zij(_hj)vf/ ' (x.f) E9(=sz31 ..... B,,)-
j=1

Here WY ?([—h,0]; X) is the space of absolutely continuous X-valued
functions f on [—#,0] that are strongly differentiable a.e. with derivative
f € LP(—h,0]; X).

Whenever the operators B, ..., B, are understood, we will drop them
from the notation and simply write 5 and /.

The spectrum and resolvent of .« are described by [15, Theorem 6.1] as
follows.

PROPOSITION 3.2. We have A € o(A) if and only if A€ o(A +
X 1e*’\thj). In this case the resolvent of </ is given by

n
R(A, &) = EAR()\, A+ ) e*hrBj)HAF + T,
j=1

where E, € (X, &), H, e A%, X), F e A2, 2), and T, € A(Z,Z) are
defined by

E\x == (x,e*x);

H(x, f) =x+ [° eNf(s) ds
F(x,f) = (x, i:lX[—h,,O](')ij(_hj - ))

n(xf) = (o [ erce) de.

Our first result relates the abscissa sq(%) to s4(A):
THEOREM 3.3.  Assume that s(A) < 0. If

1
< . 1
sup,, gl R(iw, A)|

n
ioh
] .
Y e B,
j=1

sup
welR

then sy(%/) < 0.
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Proof. Choose 6 € (0, 1) such that

n

iwh
Y e'“liB;
j=1

sup
weR

<(1-59)

sup,, el R(iw, A)

Recalling that the suprema along vertical lines Re A = ¢ of bounded
analytic functions decrease as c increases, for all A € C with Re A > 0 we
have

n n

Y e Bl < sup || Y etB|<(1-8 _

j=1 o P il = ¢ )SUPweR”R(lw,A)”
=< (

L TR A

Therefore by Proposition 1.1, {Re A > 0} ¢ o(A4 + X7_,e~*/B)), and for
all A € C with Re A > 0 we have

Y e MiB;R(A, A) H

j=1

1
1+ =

<IROL A1+ 5

R(A, A+ Y e—Athj)

j=1

1-6 1
<IRO )1+ =52 ) = SIRO AL

Hence by Proposition 3.2, {Re A > 0} ¢ o(%) and

n
[R(A, 22| = EAR()\,A + ) e_“'iBj)HAF + T,
j=1
1 n
< GIRCL A+ Y2+ B {1+ 2 B+ Tl
I=

forall A€ Cwith ReA > 0;1/p + 1/q = 1. Therefore, sUpge - ol R(A,
)| < o, which implies sy(7) < 0. 1

Note that by (2.1) in particular we have w,(%) < 0, which means that
the semigroup 5 is exponentially stable. This, in turn, implies that there
exist M > 0 and o > 0 such that for all (x, f) €e2(¥) ={(x,f) € X X
W P([—h,0]; X): f(0) = x € 2(A)} we have

fu(t; x, ) < Me™"|[(x, f)llzw-
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COROLLARY 3.4. Suppose p = 2 and X is isomorphic to Hilbert space. If
wy(A) <0 and

n

1
Z eiwhlB. . ’
sup,, el R(iw, 4)|

i <

sup
welR

j=1

then wy(&7) < 0.

Another situation in which information about w,(%) may be obtained
from s,(%) is described in the following proposition.

PropPosITION 3.5.  If the semigroup generated by A is uniformly continuous
for t > 0O, then the semigroup generated by & is uniformly continuous for
t > h.

Proof. We proceed as in the proof of [15, Proposition 3.1]. For (x, f) €
& we define

k(s;x,f) = zn:Bju(s—hj;x,f), s >0,
j=1

where u(:; x, f) is the unique mild solution of (DE,
value (x, f). For ¢ > 0 set

,) With initial

Q.(x.f) = [T(t=$)k(six.f)ds,  (x.[) €2,
and for £ € (0, t] set
0, .(x,f) = fo’”T(r —s)k(s;x,f)ds, (x,f) €.

The argument in [15] shows that there exist constants M, > 0 and N, > 0,
both increasing with ¢, such that

(5 x, ) oo, 30 < Mill(x, £) |22

and

1 1
10, (x.f) = Q,(x, )]l < e”INJI(x, ) 2. » + 7 1.
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Define K, = sup, ;o llT(o)ll. Fix h + &<t <t <2h + & Then, for

all s € [—h,0],
lu(t +s;x,f) —u(t+s;x, )|
<|T(t +s)x —T(t+s)x|

+ f”sT(t’ +s—o)k(o;x, f) dUH

t+s

N /-t+s (T(t' +s—0)—T(t+s—0))k(o;x,f)do

t+s—e¢

<|T(¢ +s5) =Tt + )| (%, f)llz
+(1' = t)l/quhﬂll(x’f)"%

+(K, + 1) e Ny, (e, £l + (20) Y My, ll(x, ) e

X sup IT(t +s—0)—T(t+s— o).
oel0,t+s—¢]

It follows that

Iimsup( sup sup ||u(t’+s;x,f)—u(t+s;x,f)||)
rit M, Hllg<t sel—h,0

< (Ky + 1) &Ny, .,

and therefore,

imsup(sup (5, 1) = (xS oo )
1t M pHllgesa

< (K, + 1) e 9h¥*N,,, ..

It follows that

limsup||7(¢") — ()|l < (K, + 1) e/ 9(1 + h/P)N,,, ..
it

+ /-Hsfs(T(t, 45— 0') — T(l + 5 — U))k(o';x,f) dO’H
0

Since the choice of ¢ > 0 was arbitrary and N,, ., decreases with &, this

proves that lim, Il9(t') — ()l = 0. 1
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COROLLARY 3.6. Assume that A generates a uniformly exponentially
stable C,-semigroup that is uniformly continuous for t > 0. If

sup | Y e™“MiB|| < . :
weR j§1 ! SupweR”R(lwlA)"

then w(&) <0, i.e., I is uniformly exponentially stable.

We now consider the case n = 1 in more detail and return to the
notation .7, and ./; to denote the semigroup on 2 and its generator
governing the solutions of the problem

u(t) = Au(t) + Bu(t — h), t =0,
u(0) =x,
u(t) =f(t), te€[—h,0).

Assuming that s,(«/) < 0 (&7, being the generator 7, corresponding to
the zero operator B = 0), we define

r () =sup{r = 0: s,(s}) <O0forall B€Z(X) with [Bl <r}.

With this notation, the case n = 1 of Theorem 3.3 says that

ro () = : .
L) 2 o TR(i@, )]

In fact, we have the following more precise result.
THEOREM 3.7. If so,(A) < 0, then

1
sup, gl R(iw, A)[°

"so(v%) = rSO(A; I,I)=

Proof. It only remains to prove the inequality

g7 .
() = o R, )]

Fix & > 0 and choose w, € R such that

1 1
3 < - + e.
IR(iwe, A)| ~ sup, cpll R(iw, A)||
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Define operators E € A(2(«,), X) and D € A(X,2) by
E(x,f) =f(—h), Dx = (x,0).
Using Proposition 3.2 it is easily verified that
ER(in,MO)Dx=eii“‘°hR(in,A)x, x € X,

and therefore ||ER(i gy, #,) DIl = [|R(i w,y, A)Il. By Theorem 1.2 there ex-
ists B, € £(X) such that

1B,

< TER G, )0
and
iw, € o (A, + DB,E).
Noting that w7, =/ + DB, E, this means that iw, € o (s ). Therefore

o/, cannot have a uniformly bounded resolvent on {Re A > 0}. The esti-
mate

1 1
- +e=7———"—"+¢
IER(iw,, %) D|| [R(iwy, A)]|
L 2
< - + 2¢
sup,, < gl R(iw, A)|

1Byl <

then shows that

1
- + 2e.
sup,, <l R(iw, A)|

rso(MO) =<

In particular, if p = 2 and X is isomorphic to a Hilbert space, or if T is
uniformly continuous for ¢ > 0, it follows that

1
sup,, < gl R(iw, 4)[|”

rwo(MO) = rwo(A; I,I)=

where r, (/) is defined in the obvious way.
For the generator A of a positive semigroup on a Banach lattice X we
have s(A) = w,(A) = s,(A); moreover, s(A) € 0(A) whenever s(A) >
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—oo [16, Theorem C-I11-1.1]. This will be used to prove the following
versions of Theorems 3.3 and 3.7:

THEOREM 3.3'. Let A generate a positive C-semigroup on a Banach
lattice X, and assume that the operators B; are positive, j =1,...,n. Then
the semigroup Ty is positive. If s,(A) <0 and

1
< M a—1n"
A=l

n
Y B
j=1

then so(Zp,

Proof. It is an easy consequence of Proposition 3.2 that R(A, &
> 0 for sufficiently large real A. Then 7 5 (¢) > 0 for all # > 0 by the
exponential formula [18, Theorem 1.8.3].

Since ||[R(A, Al < [|IR(Re A, A)|| for all A € C with Re A > s(A), for
some & € (0,1) and all A > 0 we have

<

n
Z e—)‘thj
j=1

n
2B
j=1

1 1
=R 1 = TR T

Hence, [0,0) € o(«/ ) by Propositions 1.1 and 3.2. Since % 5
generates a positive semigroup, this implies that

If n =1 we have

THEOREM 3.7'. Let A generate a positive C-semigroup on a Banach
lattice X with so(A) < 0. Then

"so(v%) = rsO(A; I,I)=

1
la=tl

The identities r,(2/) =r,(A; 1, I) in Theorems 3.7 and 3.7 can be
interpreted as saying that the stability radius for boundedness of the
resolvent for the delay problem is independent of the delay 4 (and equals
to stability radius for boundedness of the resolvent for the undelay
problem).

In the situation of Theorem 3.7’, if in addition B is assumed to be
positive, then we further have sy(A + B) = w,(4 + B) and s,(%%;) =
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w,(27), so that we can reformulate this observation in terms of exponen-
tial stability of the semigroups involved. In the state space C([—#,0]; X)
this is a well known phenomenon (cf. [16, Corollary B-1V-3.10], where
different methods are used). For further results on the stability of delay
equations in C([—#, 0]; X), the reader might consult [10, 11, 20].
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