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Abstract

If x is a vertex of a digraph D, then we denote by d T (x) and d~ (x) the outdegree and the indegree of x, respectively. The global
irregularity of a digraph D is defined by ig (D) = max{d T (x),d” (x)} —min{d ™t (y), d~ (y)} over all vertices x and y of D (including
x = y) and the local irregularity of a digraph D is i;(D) = max |d T (x) — d~ (x)| over all vertices x of D. Clearly, i;(D) < ig(D). If
ig(D) =0, then D is regular and if ig (D) < 1, then D is almost regular.

A c-partite tournament is an orientation of a complete c-partite graph. Let V1, Vo, ..., V. be the partite sets of a c-partite tournament
such that | V1| < |V < -+ <|Ve|. In 1998, Yeo proved

V(D) — |Vl —2i1(D)—‘
3

k(D)= (
for each c-partite tournament D, where k(D) is the connectivity of D. Using Yeo’s proof, we will present the structure of those
multipartite tournaments, which fulfill the last inequality with equality. These investigations yield the better bound

[V(D)| — Vel —2iy(D) + 1—‘
3

k(D)= ’V

in the case that |V,| is odd. Especially, we obtain a 1980 result by Thomassen for tournaments of arbitrary (global) irregularity.
Furthermore, we will give a shorter proof of the recent result of Volkmann that

|V(D)|_|Vc|+1—‘

k(D)= ’V 3

for all regular multipartite tournaments with exception of a well-determined family of regular (3¢ 4 1)-partite tournaments. Finally
we will characterize all almost regular tournaments with this property.

© 2005 Elsevier B.V. All rights reserved.
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1. Terminology and introduction

In this paper all digraphs are finite without loops and multiple arcs. The vertex set and arc set of a digraph D is denoted
by V(D) and E (D), respectively. If xy is an arc of a digraph D, then we write x — y and say that x dominates y, and if
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X and Y are two disjoint vertex sets or subdigraphs of D such that every vertex of X dominates every vertex of Y, then we
say that X dominates Y, denoted by X — Y. Furthermore, X~~Y denotes the fact that there is no arc leading from Y to X.
For the number of arcs from X to Y we write d (X, Y). Furthermore, let E(X, Y)=d(X, Y)+d(Y, X).If D is adigraph,
then the out-neighborhood Nl‘)|r (x) = NT(x) of a vertex x is the set of vertices dominated by x and the in-neighborhood
Np(x)=N" (x) is the set of vertices dominating x. Therefore, if there is the arc xy € E(D), theny is an outer neighbor
of x and x is an inner neighbor of y. The numbers d}) (x) =d " (x) = N T (x)| and d},(x) =d~(x) = [N~ (x)| are called
the outdegree and indegree of x, respectively. For a vertex set X of D, we define D[X] as the subdigraph induced by X.
If we replace in a digraph D every arc xy by yx, then we call the resulting digraph the converse of D, denoted by D~

There are several measures of how much a digraph differs from being regular. In [11], Yeo defines the global
irregularity of a digraph D by

. _ + - _ . + —
lg(D)_xglva(’B){d (x),d™ (x)} yergl(nm{d ), d~ ()

and the local irregularity by ij(D) = max{|d " (x) — d~ (x)||x € V(D)}. Clearly i;(D) <iy(D).If izg(D) = 0, then D
is regular and if ig (D) <1, then D is called almost regular.

A digraph D is strongly connected or strong if, for each pair of vertices u and v, there are a directed path from u to v,
and a directed path from v to u in D. A digraph D with at least k 4 1 vertices is k-connected if for any set A of at most
k — 1 vertices, the subdigraph D — A obtained by deleting A is strong. The connectivity of D, denoted by k(D), is then
defined to be the largest value of k such that D is k-connected. If S is a set of vertices of D such that the subdigraph
D — S is not strongly connected, then S is called a separating set.

A c-partite or multipartite tournament is an orientation of a complete c-partite graph. A tournament is a c-partite
tournament with exactly c¢ vertices. A semicomplete multipartite digraph is obtained by replacing each edge of a

complete multipartite graph by an arc or by a pair of two mutually opposite arcs. If Vi, V,, ..., V. are the partite sets of
a c-partite tournament D and the vertex x of D belongs to the partite set V;, then we define V (x) = V;. If D is a c-partite
tournament with the partite sets Vi, Vo, ..., V. suchthat |Vi|<|Va| < -+ - <|V,|, then | V.| =a(D) is the independence

number of D, and we define y(D) = |V}|. Note that especially for tournaments, the global and the local irregularity
have the same value. Hence, in this case we shortly speak of the irregularity i (T) of a tournament 7.
In 1998, Yeo [10] proved the following useful bound.

Theorem 1.1 (Yeo [10]). Let D be a c-partite tournament. Then

[V(D)| — a(D) — 2iz(D)_‘
3 .

k(D) = [ D

In general, this bound cannot be improved as the following example demonstrates (see also [6]).

Example 1.2 (Volkmann [6]). Let g >1 be an integer, and let ¢ = 3q + 1. We define the families & of c-partite
tournaments with the partite sets Wy, W, ..., W, and

Wor1=Ag+1 U By, Wyr2o =Ag2UByyo, ..., We=A.UB,

with2|A;|=2|B;|=|W;|=2tfori=qg+1,q+2,...,cand j=1, 2, ..., g asfollows. The partite sets W, W2, ..., W,
induce a t(g — 1)-regular g-partite tournament H, the sets A, 41, Ag12, ..., Ac induce a tg-regular (2g + 1)-partite
tournament A, and the sets B,41, By42, ..., Bc induce a fg-regular (2g + 1)-partite tournament B. In addition, let
H — A~B — H.Obviously, if D € 7, then D is a 3gt-regular c-partite tournament with the separating set V (H)
and thus k(D) = 2qt = qa(D).

Since Yeo’s result is often used to solve problems depending on the global irregularity, it would be interesting to
solve the following general problem.

Problem 1.3. For each integer i >>0 find all multipartite tournaments D with iy (D) = i and the property that

|V(D)| — |Vc| —21'_‘
3 .

k(D) = [
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In Section 2, we will analyze the proof of Theorem 1.1. With this method we will extend this result by working
out—for each given integer j >0—the structure of those multipartite tournaments D with i;(D) = j for which the
bound (1) is tight. This structure implies a well-known bound of Thomassen [4] on the connectivity of tournaments of
given irregularity. Furthermore, the results of Section 2 will be useful for Section 3 and to prove a result in [9] about
Hamiltonian paths through a given arc.

In Section 3, we will study Problem 1.3 for i = 0 and i = 1. For the case that D is a regular tournament, Volkmann
[6] proved the following bound, which solves Problem 1.3 for i = 0.

Theorem 1.4 (Volkmann [6]). Let D be a regular c-partite tournament with ¢ >2. Then,

|V(D)| — a(D) + 1-‘
3 b

um>(
with exception of the case that D is a member of the families 7 ;.

Using the structure of the multipartite tournaments, which fulfill (1) with equality, in the beginning of Section 3, we
will present a shorter proof of Theorem 1.4. Note that Theorem 1.4 generalizes Theorem 2.10 in [7], which is needed to
prove a theorem about complementary cycles. Furthermore, we will extend Theorem 1.4 to almost regular multipartite
tournaments, which means that we will present a solution of Problem 1.3 fori = 1.

For more information on multipartite tournaments we refer the reader to Bang-Jensen and Gutin [1], Gutin [2], and
Volkmann [5].

2. An analysis of Yeo’s result

The following results were given in [10] and [11]. The information about the cases of equality can implicitly be
found in the proofs of the lemmas.

Lemma 2.1 (Yeo [11]). Let v = (vy,v2, ..., V) be ¢ integers with ) ;_;vi = B and v >1 forall i = 1,2, ..., c.

For any set of ¢ reals X = (x1, x2, ..., X¢) with 0<x; <v; (i:1,2,...,c)and0<2§=1x,~=A<B/2wehavethe
following:
0 L D p maxfuli =12, c) @
———>B —max{v;li=1,2,...,c},
A B—A it

where e(X, V) = A(B — A) — Y i xi(v; — x;).
Furthermore, if equality holds above, then v; — 2x; =v; —2xj and v; — x; = v; — x; for all 1<1i, j <c.

Lemma 2.2 (Yeo [11]). Let D be a semicomplete multipartite digraph with the partite sets Vi, Vo, ..., V.. Let X C
Y C V(D) be arbitrary. Let x; = |V; N X| and v; = |Y N V;| foralli =1,2,...,c. This implies the following:

EXX,Y-X) EX,Y-X)
[X| Y — X|

>|Y| —max{v;li=1,2,...,c}. 3)
In the case of equality in (3) we have also equality in (2) with x; and v; defined here.

Lemma 2.3 (Yeo [10]). If D is a digraph and X C V(D) is non-empty, then
|d(X, V(D) — X)—d(V(D) — X, X)|
[X] '

If equality holds above, then it follows that d* (x) = d~ (x) + i;(D) forall x € X ord~(x) =d* (x) + i;(D) for all
x € X.

(D)=

“)

Theorem 2.4 (Yeo [10]). Let D be a semicomplete multipartite digraph with the partite sets Vi, Va, ..., V., and let
S be a separating set in D. Let Q1 and Qy be a partition of V(D) — S, such that Q1~>Q>, and let
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vV =max{|V; N (V(D) = S)||li =1,2,...,c}. Then the following holds:
[V(D)| —3|S| — v
> .

In the case of equality in (5) we have also equality in (3) with X = Q1 and Y = V(D) — S. Furthermore, it follows
that |Q1]=102], S — Q1 and d(Q1, V(D) — Q1) 2101l|S|, and we have equality in (4) with X = Q.

iil(D) >

(&)

This immediately leads to Yeo’s main result.

Theorem 2.5 (Yeo [10]). If D is a semicomplete multipartite digraph, then (1) holds.
Furthermore, if equality holds in (1), then we observe that (5) is fulfilled with equality and there is a partite set V;
such that |V;| = a(D) and V; C V(D) — S.

The following slight extension of a result of the authors [8] is useful to structure the multipartite tournaments that
fulfill (1) with equality.

Lemma 2.6 (Volkmann and Winzen [8]). If D is a multipartite tournament with i;(D) <l and x € V(D) such that
[V (x)| = p, then

IV(D)Iz—p _l<d+(x),d‘(x)< IV(D)Iz—erl.

All results above yield the following corollary.

Corollary 2.7. Let D be a multipartite tournament with k(D) = (|V (D)| —2i;(D) —a(D)) /3 and let S be a separating
set with |S| = k(D). Then the following holds:

1 (IV(D)| = 2i(D) — a(D))/3 € No.
(ii) There is no partite set Vi of D such that V; N (V(D) — S) @ and V; NS # @.
(iii) For all partite sets V; of D with V; C V(D) — S it follows that |V;| = a(D).
@iv) V(D) — S can be partitioned in the sets Q1 and Qo with Q1~> Q2 such that |Q1] =|Q2|, Q2 — S — Q1 and
D[Q1] and D[ Q] are strong.
(v) dt(q1) =d (q1) + (D) = (IV(D)| — a(D) + iy(D))/2 for all g, € Q1 and d”(q2) = d*(q2) + i/(D) =
(IV(D)| = %(D) + iy(D))/2 for all g2 € Q.
(vi) a(D) is even.
(vii) Every partite set V; of D with V; € V(D) — S can be partitioned in two disjoined sets of vertices V! and V" such
that |V/| = V|, V/ € Q1 and V] € Q,.
(viii) D[Q1] and D[ Q2] are regular multipartite tournaments.

Proof. Since k(D) is a non-negative integer, (i) follows immediately. Let Q| and Q; be a partition of V (D) — S such
that Q1~>Q». According to Theorem 2.5, there is a partite set V; of D such that V; € V(D) — § and | V;| = a(D). Now
Lemma 2.1 with x; = |Q1 N V;| and v; = |V; N (V(D) — §)| yields that

[Vin(V(D) = S| =2|ViN 011 =1|V; n(V(D) — S| —2[V; N Q1]
and
[Vin(V(D) =S| —|ViNn 01l =1V; N (V(D) — S| —|V; N Q1]

for all indices j with V; N (V(D) — §) # @. This is possible only if |V; N Q1| =[V; N Q] and [V; N (V(D) — )| =
[Vil=a(D) =1V; N (V(D) — )| for all these indices j. This implies (ii) and (iii).

According to Theorem 2.4, we have |Q1| = |Qz|. If D — S does not consist of two strong components of the same
cardinality, then we can choose a partition Q1 and Q> of V(D) — S such that Q1~» Q2 and | Q1| # |2/, a contradiction.
Furthermore, Theorem 2.4 leads to § — Q7. Observing the converse D! of D, we arrive at 0> — S. Altogether we
have shown (iv).
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Since, according to Theorem 2.4, d(Q1, V(D) — Q1) >101||S| =d(V(D) — Q1, Q1), Lemma 2.3 yields d " (g1) =
d~(q1) + i;(D) for all ¢ € Q and, caused by symmetry, d~(g2) = d " (q2) + i;(D) for all g € Q». Using Lemma
2.6 with p = a(D), we arrive at (v).

As seen above, Lemma 2.1 implies |V; N Q1| =|V; N Q1] for all indices i and j with V;, V; € V(D) — S. Because
of |Q1]| = | Q2] this exactly means (vii) and thus with (iii) we deduce that (vi) is valid.

According to (vii), we have d(x, Q2) = d(y, Q») for all x,y € Q1. Because of (v), D[Q1] has to be a regular
multipartite tournament. Caused by symmetry, D[ Q»] is also a regular multipartite tournament, which means that (viii)
is valid.

This completes the proof of this corollary. [

This result yields a simple method to check, whether the inequality (1) can be improved.

Corollary 2.8. Let D be a multipartite tournament. If a(D) is odd, then it follows that:

V(D) —2i;(D) — a(D) + 1-‘
3 :

k(D)= {

In the case of a tournament 7' we observe that «(7) =1is odd and iy (T) =i;(T) =i(T). Hence, Corollary 2.8 implies
the following result of Thomassen [4].

Theorem 2.9 (Thomassen [4]). If T is a tournament with i (T') <k, then

(D> "|V(T)| —21?
= 3 .

Another consequence of Corollary 2.8 is the following result.

Corollary 2.10. Let D be a c-partite tournament with ¢ 22, ig(D) = 2k + 1 for an integer k>0 and a(D) = y(D).
Then the following holds:

|V(D)| — a(D) — 2i;(D) + IW B PV(D)I —o(D) — 4k — 1“
3 - 3 ’

K(D) = {

3. Connectivity in almost regular multipartite tournaments
With the results of the last section we are able to present a shorter proof of Theorem 1.4.

Theorem 3.1 (Volkmann [6]). Let D be a regular c-partite tournament with ¢ 2. Then,

V(D) — (D) + 1—‘
3 b

k(D)= {
with exception of the case that D is a member of the families F .

Proof. If Vi, Va, ..., V, are the partite sets of D, then |V|| = |Va|=---= |V |=r, (D) =r, and i;(D) = 0. Suppose
that (D) = (|[V(D)| — a(D))/3 = (¢ — 1)r/3. It follows that (i)—(viii) of Corollary 2.7 holds. Especially (ii) yields
that |S| = sr for an integer s. On the other hand, we see that |S| = k(D) = (¢ — l)r/3 and thus s = (c — 1)/3 € N,
which means that ¢ = 3¢ + 1 for an integer ¢ and |S| = gr = qa(D). Since, according to (iv), 0> — S — O with
|Q11=1Q>| and D is regular, D[S] has also to be regular. With Corollary 2.7 (vii) and (viii) we conclude that D belongs
to the families #,. [

Now we will examine almost regular multipartite tournaments. At first we want to derive a result that will help us in
the following. According to Tewes, Volkmann and Yeo [3], the following lemma holds.
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Lemma 3.2 (Tewes, Volkmann and Yeo [3]). If V1, Va, ..., V. are the partite sets of a c-partite tournament D such that
Vi< [Val<
< K| Vel then | Ve | < V1| + 2ig(D).

The following lemma presents a lower bound for the degree of a vertex.

Lemma 3.3. Let D be a multipartite tournament with iy (D) <I and y(D) = r. Then we have
IV(D)| —y(D) — 21
2
forall x € V(D). If furthermore |V (x)| = r + 21, then it follows that:
V(D) —r —2I
7 .

<d*(x),d™(x)

d*(x),d™(x) =

Proof. Letx € V(D) bearbitrary. If |V (x)| <r -+, then the first assertion holds by Lemma 2.6. Hence, let |V (x1)| >r+
I+1. Suppose thatd ™ (x1) < (|V(D)|—r —2I—1)/2. Because of ig(D) <1, we conclude thatd*(y),d~(y) <(V(D)|—
r —1)/2 forall y € V(D). If we take a vertex x, € V(D) with |V (x2)| = r, then we arrive at the contradiction

V(D) =d (x2) +d (x2) +r<|V(D)| —r — 1 +r=|V(D)| — 1.

Hence, it has to be d™(x) > (|V(D)| — y(D) — 21)/2 for all vertices x € V(D). Since the proof for d~ (x) follows the
same lines, the first assertion of this lemma is completed.

Now, let x € V(D) with |V (x)| = r + 21. Suppose that dT(x) > (|V (D)| — r — 2] + 1)/2. The fact that |V (D)| =
d*(x) +d~(x) + r + 21 yields that d~ (x) <(|V(D)| — r — 2] — 1)/2, a contradiction to the first assertion of this
lemma. This completes the proof of the lemma. [J

Together with Corollary 2.7, this yields the following result.

Corollary 3.4. Let D be amultipartite tournament such that k(D)=(|V (D)|—2i;(D)—a(D))/3 and iy (D)=i;(D) > 1.
Then it follows that a(D) < y(D) + 2ig(D).

Proof. According to (iii) and (v) in Corollary 2.7, we observe that
[V(D)| — a(D) + ig(D)
2
and [V (q1)|=a(D) forallg; € Q1.Assume that (D) > 7(D) +2iy(D). Lemma 3.2 yields that o(D) =y(D) +2i4 (D).
Now Lemma 3.3 leads to the contradiction
|[V(D)| — y(D) —2ig(D) |V(D)| —a(D)
2 N 2 ’

dt(q1) =d (q1) +ig(D) =

O

d*(q1) =
The following examples will present the families of the multipartite tournaments with iy (D) = 1, which realize (1).
Example 3.5. Let the integers k, m, r, p, [, v, g, ¢ and k; fulfill one of the following properties:

) r=2p+121,k=3m=23,1=20v,0<v<(m —1)/@Gp+2),k1=m—1-2v2p+1),g=2v+2vp+m
andc=3q + 1.

2) r=4p+323,k=3m>23,0<I<(m—1)/@4p+3),k1y=m—1—14p+3),q=21+2lp+mand c=3qg + 1.

(3) r=12p+323,k=3m,m >28p+3,1<I<@p+m)/(12p+3),ki=4p+m—I(12p+3),q=m—2p—1+1(6p+2)
and ¢ = 3¢q + 2.

@) r=6p+3=23,k=3m,m>4p+3,1=2v+1>21,0<v<(m—4p—-3)/(12p+6), ki =2p+m—QRu+1)(6p+3),
g=m—p—1+Q2v+1)@Bp+2)andc=3q +2.

S) r=R2p+11211L,k=3m+1,m28p+8,1<I<(m+4p+3)/(12p+11),k; =4p+3+m—1(12p+11),
qg=m—2p—2+4+1(6p+6)and c =3qg + 2.
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(6) r=6p+5=5,k=3m+1,m>4p+4,1=2v+1,0<v<(m—4p—4)/(12p+10), k1 =2 p+14+m—Qv+1)(6p+5),
g=m—p—14+Quv+1)Bp+3)andc=3¢q +2.

NN r=R2p+727,k=3m+2,m=28p+5, 1<I<(m+4p+2)/(2p+T7), k1 =4p+2+m—1(12p +7),
gq=m—2p—1+1(6p+4)and c =3qg + 2.

®) r=6p+1=21,k=3m+2,m=24p+1,l=2v+1,0<v<(m—4p—1)/(12p+2),k1=2p+m—QLu+1)(6p+1),
g=m—p+QQuv+1)3p+1)and c =3qg + 2.

Q) r=01R2p+323,k=3m,m=24p +2,0<I<(m —4p —2)/(2p +3), ky =m —4p — 2 — [(12p + 3),
q=m-+2p+1+4+1(6p+2)andc=3q.

(10) r=6p+3>3,k=3m,m=28p+5,1=2v+1,0<v<(m—8p—5)/(12p+6),kj=m—2p—2—QRv+1)(6p+3),
g=m+p+1+Q2uv+1)3p+2)andc=3q.

(11) r=6p+1>1,k=3m+1,m=28p+2,[=2v+1,0<v<(m—8p—-2)/(12p+2),kij=m—2p—1—Qv+1)(6p+1),
g=m+p+14+Quv+1)3p+1)andc=3gq.

12) r=R2p+T72T,k=3m+1,m>24p +3,0<I<(m —4p =3)/(2p+T), k1 =m —4p -3 —1(12p + 7),
q=m-+2p+24+16p+4)andc=3q.

(13) r=6p+5=25,k=3m+2,m=>8p+7,1=2v+1,0<v<(m—8p—T)/(12p+10),kj=m—2p—-2—2v+1)(6 p+5),
gq=m+2+p+Q2uv+1)3p+3)andc=3q.

(14) r=12p+ 11211, k=3m+2,m=24p+4,0<I<(m—4p—-4)/(12p+11),kj=m—4p—4—1(12p+11),
q=m-+3+2p+1(6p+6)andc=3q.

If the properties in (i) are valid (i = 1,2, ..., 14) for the indices k, m, r, p,l, v, q, ¢ and k{, then we define the
families % of c-partite tournaments with the partite sets Wi =A1UBy, Wo=A2UBy, ..., Wi_k, = Ag—k; U Bi—, and
Wik 41> Weeky42, - - s We with2|A;|=2|B;|=|W|=r+1fori=1,2,...,k—kjand j=k—ki+1,k—ki+2,... .,k
and |Wig1| = |Wigo| =+ - = |W,| =r as follows.

The partite sets Wy_g,+1, Wk—k,+2. - .., W induce a (g + I)-partite tournament H such that d; (x) = dp (x) for all
x € Wiyt UWioU---UW, and |d;(x) —dy(x)|=1forallx € Wy_p 11 UWg_j12U---UWy;thesets Af, Aa, ...,
Ak—k, induce a [(c — g — [ — 1)(r + 1)/4]-regular (¢ — g — [)-partite tournament A; and analogously the sets
Bi, By, ..., Bx—y, induce a [(c — g — [ — 1)(r + 1)/4]-regular (¢ — g — [)-partite tournament B. In addition, let
H— A~B — H.If D e % fori =1,2,..., 14, then it is straightforward to show that D is a c-partite tournament
withig (D) =i;(D) =1 containing the separating set V (H) such that |V (H)|=x(D) =(c —k+k)r + k1 =(V(D)| -
oa(D) —2)/3.

Example 3.6. Let the integers k, m, r, p, 1, v, g, ¢ and k; fulfill one of the following properties:

(D) r=24+4p>22,k=3m+1,m214+2p, 1<I<m/(1+2p),ki=m—1(14+2p),g=m+I(1+p)andc=3qg + 1.

Q) r=4+4p>4,k=3m+1,m>4+4p,1=2v+2,0<v<(m—4—4p)/4+4p),kj=m— 2uv+2)2p+2),
g=m+ w4+ 1)R2p+3)andc=3qg + 1.

3) r=6—|—12p>6,k=3m+1,m>5+10p,l=2v,1<v<%(1+(m/(1+2p))),k1=1+2p—|—m—6v—12pv,
q=4v+6pv+m—p—1landc=3q+2.

@) r=10+12p>10,k=3m+2,m>10p+8,[=2v, 1 <v<(m+2p+2)/(12p+10), k1 =2p+24+m—12pv—10v,
q=6v+6pv+m—p—1landc=3qg+2.

O)r=24+12p=22,k=3m,m>210p + 2,1 =2v, I<v<(m +2p)/(12p +2), k1 =2p + m — 2v — 12pv,
gq=2v+6pv+m—p—1landc=3q+2.

6) r=6p+222,k=3m,m22p+1,1=2v+1,0<v<(m —2p—1)/(6p+2),ky=m—2p —2v—6pv—1,
qg=2v+3pv+m+ pandc=3q +2.

7 r:6+6p>6,k:3m+l,m>2p+2,l:2v+1,0<v<%((m/(p+l))—2),k1:m—2p—6pv—6v—2,
q=4v+3vp+m+p+1landc=3g+2.

@®) r=4+6p>24,k=3m+2,m>22p+1,1=2v+1,0<v<(m—2p—1)/(4+6p), ki =m—2p—1—6pv—4v,
qg=3v+3pv+m+ p+landc=3qg + 2.

) r=10+12p>10,k=3m,m>2p+2,1=2v,0<v<(m—2p—2)/(10+12p),ky =m —2—2p —10v— 12 pv,
g=6v+6pv+m+1+ pandc=3q.

(10) r=64+12p>26,k=3m+1,m=22p+1,1=2v,0<v<(m—2p—1)/(6+12p),kj=m—2p—1—12pv — 6v,
qg=4v+6pv+m+ p+1andc=3q.
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(1) r =24+ 12p>22, k=3m+2, m>22p, 1 =2v, 0<v<(m — 2p)/2 + 12p), ky =m — 2p — 2v — 12pv,
qg=2v+6pv+m+ 1+ pandc=3q.

(12) r=6p+4>24,k=3m,m=23+4p,l=2v+1,0<v<(m -3 —-4p)/4+6p), ki =m -3 —4p —4v —6pv,
qg=3v+2+3pv+m+2pandc=3q.

(13) r=64+6p>6,k=3m+1,m>44+4p,[=2v+1,0<v<(m—4—4p)/(64+6p),ky=m—4—4p—6v—06pv,
qg=4v+3pv+2p+m—+3andc=3q.

(14) r=24+6p>22,k=3m+2,m=24p+1,l1=2v+1,0<v<(m—4p—1)/2+6p),kj=m—4p—2v—6pv—1,
q=2v+24+3pv+m+2pandc=3q.

If the properties in (i) are valid (i=1, 2, ..., 14) for the indices k, m, r, p, [, v, g, c and k1, then we define the families
.}’ffi of c-partite tournaments with the partite sets Wy = A1 U By, Wo = Ay U By, ..., Wi_; = Ag—; U By, and
Wi—ki+1> Wik 42, - - » We with 2| A;|=2|B; |=|W|=r+2fori=1,2,..., k—kjand j=k—k1+1,k—ki+2,...,k
and |Wip1| = |Wikga| =+ - = |W,| =r as follows.

The partite sets Wx_g,+1, Wi—k,+2. ..., W induce a local regular (g +-/)-partite tournament H; the sets Ay, A, ...,
Aj—k, induce a [(c —q — [ — 1)(r + 2)/4]-regular (¢ — g — I)-partite tournament A; and the sets By, Ba, ..., Bi—g,
induce a [(c —q — I — 1)(r + 2)/4]-regular (c — g — I)-partite tournament B. In addition, let H - A~~B — H.If
D e JF; fori =1,2,..., 14, then it is left to the reader to show that D is a c-partite tournament with i,(D) = 1 and
i;(D) = 0 containing the separating set V (H) such that |V (H)| =«k(D) = (c —k + k1)r +2k; = (|V(D)| — a(D))/3.

There are no other c-partite tournaments with iy (D) = 1 and k(D) = (|V (D)| — a(D) — 2i;(D))/3 as we can see in
the following theorem.

Theorem 3.7. Let D be an almost regular c-partite tournament with ¢ > 2. Then,

k(D) > PV(D)' - “(133) —2i(D) + 1} |

with exception of the case that D is a member of one of the families 7 4, gf] or Jf; withi € {1,2,...,14}.

Proof. If i, (D) =0, then the assertion follows from Theorem 3.1. Hence, let D be a c-partite tournament with iy (D) =1
and the partite sets Vq, Va, ..., Ve such that r = |Vi| < | Vo < -+ - <| V| = a(D). According to Lemma 3.2, we have
r<o(D)<r+ 2. Suppose that k(D) = (|V(D)| — 2i;(D) —a(D))/3. Let S, Q1 and Q» be defined as in Corollary 2.7
and observe that (i)—(viii) of this corollary holds. Now we distinguish different cases.

Case 1. Let (D) = r. In this case, Corollary 2.10 yields a contradiction.

Case 2. Assume that «(D) = r + 1. This implies that i;(D) = iy(D) = 1 and according to Corollary 2.7 (vi), r is
odd. Hence, we may suppose that r = 2p + 1 for an integer p >0. Let |V (D)| = cr + k with 0 < k < c. Because of
Corollary 2.7 (v), we deduce that the number of partite sets with the cardinality r has to be odd, which means that ¢ — k
is odd. Again with Corollary 2.7 we see that S consists of all the ¢ — k partite sets of cardinality r and of k; >0 partite
sets of cardinality » + 1. This yields that | S| = (¢ — k + k1)r + k. Since |Q1]| = | Q2| and Q2 — S — Qj, it follows
that.dg[ 510 = dB[S] gx) for all ve.:rtices b belon.ging to a partite set of cardinality r and |dl+)[ 510 — dg[ sl = 1 for all
vertices x € S belonging to a partite set of cardinality r + 1.

Subcase 2.1. Let c = 3q + 1. If D[S] is (¢ + [)-partite, then we arrive at

cr+k—2—(@F+1)

IS|=(c—k+k)r+ki=(@q+Dr+k = 3

k k
=qr—|—§—1=(q+l)r+§—l—lr.

This implies that k = 3m for an integerm>1,c —k+k;j =g+l andky =m — 1 —I2p + 1) >0. It follows that
I<(m—1)/Q2p+1) and

c—k+ki1=3g+1-3m+m—-1—-IQ2p+1)=q+1
&2g=2+2p+2m=q=I1+Ip+m.
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This leads to
c=3¢g+1=314+3lp+3m+1=k+1+4+31+3lp<c+1+31+3lp

=1434+3lp>0=1>— =12>0.

3+3p
Sincec —k=1+31+4+3lp =1+ 3Il(p + 1) has to be odd, it follows that / is even or p is odd.
If Il = 2v, then we deduce that 0<v<(m — 1)/@p+2),m=>1, ki =m —1—-2v2p+ 1) and ¢ =2v + 2vp + m.
Corollary 2.7 yields that D belongs to the families %}I.
If p=2s+1>1,thenitfollowsthatr =4s+3>3,m>1,0<I<(m —1)/(4s +3) and g =21 4 2/s + m. Corollary
2.7 implies that D is an element of the families gé,
Subcase 2.2. Suppose that ¢ = 3¢ + 2 for an integer g > 0. If D[S]is (¢ + [)-partite, then we observe that

cr+k—r—3
IS|=(c—k+k)r+ki=(@q+Dr+k =—
k k
PSR e L N P L
3 3
andthusc —k+ky =qg + 1 and k; = ((r + k)/3) — 1 — Ir. This leads to

r+k r—2k

2k —r 2k —r —3 r+1
=2q="———1+Ilr+)=>qg= +1 :
3 6 2
Since r =2p + 1, we have
2k —2p—4 k—p—2
== +l(p+ =2 +(p+1. ©)

Subcase 2.2.1. Let k = 3m for an integer m > 1. With (6) we arrive at g =m — ((p +2)/3) + I(p + 1) and thus
p=3s+1,r=6s+3andg=m —s — 1+ 1(3s + 2) for an s € Ny. Furthermore we see that

c=3¢g+2=3m—35s—34+3lGBs+2)+2=k—35s—1+3lBs +2)<c—3s — 1+ 31(3s +2)

35 +1
95 + 6

= 35— 1+3(Bs+2)>0= 1> =1>1

and

k 2
_rt —1—-lr=2s+m—1(6s+3)>20= 1< s—i—m.
6s +3

Sincec —k=—-3s — 1 +3[(3s +2) =33ls + 2] — s) — 1 is odd, we conclude that 3ls — s = s(3/ — 1) is even and
thus s is even or [ is odd.
If s =2n withn € Ng, then we arrive atr = 12n 4+ 3, g=m —2n — 1 +1(6n 4+ 2), ky =4n +m — [(12n + 3),
1<I<(4n +m)/(12n + 3) and thus m > 8n + 3. According to Corollary 2.7, D is a member of the families g;]'
If/=2v+1 foraninteger v, thenit follows that 0 <v < (m—4s—3)/(125+6),m >4s+3,g=m—s—1+2v+1)(3s+2)
and k; =25 +m — (2v + 1)(6s + 3). Again with Corollary 2.7 we deduce that D is an element of the families ?‘q‘.
Subcase 2.2.2. Assume that k = 3m + 1 with m € Ny. According to (6), wehave g =m — ((p+ 1)/3) +1(p+ 1)
and thus p = 3s 4 2 for an integer s >0,r =65 +5and g =m — s — 1 4+ [(3s 4 3). Furthermore we conclude that

k1

c=3¢q+2=3m—35s—3+4+313s+3)+2=k—2—35s+3l3s +3)
3s

+2
—2-35+4+3l@Bs+3)>0=1>——=1>1
= s+3[(3s+3) > :>>3(3S+3):>

and

k 2 1
= =2t w15 4520 5 1<
6s +5
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Since c —k=—-2—3s4+31(3s +3) =—243(3ls 4+ 3] — s5) is odd, we observe that 3/s 4+ 3/ — s is odd. This is possible
only if s is odd or / is odd.

If s =2n + 1 for an integer n >0, then it follows that r = 12n 4+ 11, 1<I<(m +4n +3)/(12n + 11), m >8n + 8,
kiy=4n+34+m—1(12n+11) and g =m —2n — 2 4 1(6n + 6). According to Corollary 2.7, we deduce that D belongs
to the families %2.

If / =2v + 1 for an integer v, then it follows that 0 <v<(m —4s —4)/(12s + 10),m>4s + 4, k; =2s + 1 +m —
Qu+1)(6s+5)andg =m —s — 1 + (2v 4+ 1)(3s + 3). Hence, using Corollary 2.7 we conclude that D is a member
of the families 4.

Subcase 2.2.3. Suppose that k =3m + 2 with m € Ny. According to (6), we observe thatg =m — (p/3) +1(p + 1),
and thus p =3s,r =65 + 1l and g =m — s + [(3s + 1) with s >0. Furthermore we see that

c=3q+2=3m—=3s+3lBs+1)+2=k—-35s4+3[(3s+ 1)

= —354+3lGBs+1)>0=1[>

s
>1
9s +3 =

and

b= 2 m— s+ )20 = 1<

6s + 1

Since ¢ — k= —3s + 31(3s + 1) =33ls + [ — s) is odd, we see that 3]s + [ — s is odd. This is possible only if s is
odd or [ is odd.

If s =2n + 1 with n € Ny, then it follows that r = 12n + 7, 1<I<(m + 4n 4+ 2)/(12n + 7), m>8n + 5,
g=m—2n—14+1(6n+4)and k; =4n+2+m —[(12n 4+ 7). Using Corollary 2.7 we deduce that D is an element
of the families g;

If/=2v+ 1 for aninteger v, then we have 0<v<(m —4s — 1) /(12s +2),m24s+ 1,g=m —s+ v+ 1)3s+ 1)
and k; =25 +m — (2v + 1)(6s + 1). Again with Corollary 2.7 we conclude that D is a member of the families gg.

Subcase 2.3. Let ¢ = 3q for an integer ¢ > 1. If S'is (g + [)-partite, then it follows that:

cr+k—r—3
|S|=(c—k+k1)r+k1=(q+l)r+k1=f
k—r k—r
=qgr+ ——-1=@+Dr+———-1—1Ir,
3 3
andthusc —k+ky =q + [ and k; = ((k —r)/3) — 1 — Ir. This implies that

k— 2k
3q—k+Tr—1—lr=q+l:>2q=%+1+l(r+1)

_r+2k+3+lr+1
6 2
Because of » =2p 4 1 this means that
_ 2k+2p+4 k+p+2
6 3

Subcase 2.3.1. Assume that k = 3m with m € N. According to (7), this leads tog =m + ((p +2)/3) +1(p + 1),
andthus p=3s+ 1,r=6s+3andg =m + s + 1 +[(3s + 2) for an integer s > 0. Furthermore we observe that

+l(p+ D= +I(p+ 1. @)

c=3¢g=3m+3s+3+3IGBs+2)=k+3s+3+3I(3s +2)
—s — 1

35 +2

=354+3+3G35+2)>0= 1> =1>0

and
k—r m—2s—2
ki = —1-lr=m—-2s—2-16s+3)>20=|<{——
=73 reme s (s +3)20=Is =577

Sincec — k=35 +34+3[(3s +2) =3+ 3(s + 3ls + 21) is odd, we deduce that s + 3ls = s(1 + 3[) is even, which
means that s is even or [ is odd.
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If s =2n with s € Ny, then it follows thatr =12n+3,g=m+2n+14+1(6n+2),0<I<(m —4n —2)/(12n 4+ 3),
m>=24n+2and ky =m —4n —2 —1(12n + 3). According to Corollary 2.7, we see that D is member of the families {43.

If/=2v+1 foraninteger v, then we arrive at 0 <v < (m—8s—5) /(125 +6),m > 8s+5,g=m—+s+14+2v+1)(3s+2)
and ky =m — 2s — 2 — (2v + 1)(6s + 3). Again with Corollary 2.7 we observe that D belongs to the families géo.

Subcase 2.3.2. Suppose that k =3m + 1 for an integer m > 0. With (7) this yieldsg =m + (p/3) + 1+ 1(p + 1) and
thus p=3s,r=6s+landg =m + s+ 1 +1(3s + 1) with s € Ny. Furthermore, we conclude that

c=3¢g=3m+35s+3+3lGBs+1)=k+35s+24+3[3Bs+ 1)
35 4+ 2

334+24+3lGBs+1)>0=> 1> —
=235 +2+3GCs+)>0=1> 9 13

=10

and

k— s —1
ky = 3r—l—lr:m—2s—l—l(6s+l)>0=>l<u

Sincec —k=3s+2+3/(3s+ 1) =2+ 33ls + [+ s) is odd, it follows that 3]s + [ 4 s is odd. This is possible only
if s is odd or / is odd.

If/=2v+1foraninteger v, then we arrive at 0 <v < (m—8s—2) /(125 +2),m > 8s+2,g=m—+s+1+Q2v+1)(3s+1)
andky =m —2s — 1 — (2u 4 1)(6s + 1). According to Corollary 2.7, D is an element of the families {5}11.

If s =2n + 1 for an integer n >0, then it follows that r = 12n + 7, 0<I<(m — 4n — 3)/(12n + 7), m >4n + 3,
q=m-+2n+2+1(6n-+4)and ky =m —4n — 3 —[(12n + 7). Again with Corollary 2.7 we see that D belongs to
the families %>,

Subcase 2.3.3. Let k = 3m + 2 with m € Njy. Using (7), we observe thatg =m + 1+ ((p+1)/3) +1(p + 1), and
thus p=3s+2,r=6s+5and g =m + 2 + s + [(3s + 3). Furthermore we have

c=3q=3m+6+35s+3l13s+3)=k+4+3s+3[(3s + 3)
4 + 35

4435+3l3s+3)>0=> 1> —
=44+35+3lG3s+3)>0=1> 9% 19

=1>0

and

k—r m—2s—2

ki = —1—=Ilr=m—-2s—=2—-1(6s+5>0=1< PP

The fact that c — k =4 + 3(3ls + 3/ + ) is odd implies that 3/s 4+ 3] + s = s(3/ 4+ 1) 4 3/ is odd. This is possible only
if I is odd or if s is odd.

If I =2v + 1 for an integer v, then we deduce that 0 <v << (m — 8s — 7)/(12s +10),m>8s+7,g=m +2 + s +
Qv+ 1D@Bs+3)and ky =m — 25 — 2 — (2v + 1)(6s + 5). According to Corollary 2.7, we have that D is a member
of the families ¥ ;3.

If s =2n + 1 for an integer n >0, then we observe that r = 12n + 11,0<I<(m —4n —4)/(12n + 11), m >4n + 4,
gq=m+3+2n+1(6n+6)andk; =m —4n —4 —[(12n + 11). Using Corollary 2.7 it follows that D belongs to the
families %",

Case 3. Let (D) = r + 2. According to Corollary 3.4 we have i;(D) < ig(D) and hence i;(D) = 0. Because of
Q02 — S — Q1, D[S] has to be local regular. Since V; € D for all partite sets V; with |V;| <r + 1, this implies that D
does not contain any partite set of order 4+ 1. Hence, let |V (D)| = cr + 2k such that 0 < k < ¢. Using Corollary 2.7
we observe that S contains all the ¢ — k partite sets of order r. If S contains additionally k; partite sets of order » + 2,
then it follows that |S| = (¢ — k + k{)r + 2k;.

Subcase 3.1. Suppose that c =3g + 1 with g € N. If Sis (¢ 4 [)-partite, then it follows that:

cr +2k—(r+2)

[SI=(c—k+kr+2ki=(q+Dr+2k = 3

2k —2 2k —2
:qr—}—T:(q—I—l)r—i-T—lr.
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Since |S| € Np, we observe that k = 3m + 1 for an integer m >0, and thus c —k + k1 =g + [l and ky =m — [(r/2).
This yields that

3q+1—(3m+1)+m—l%=3q—2m—l%=q+l

r r+2
:2q=2m+l(l+§):>q=m+lT.

If [ <0, then we arrive at ¢ <m and thus ¢ <k, a contradiction. Hence, let [ > 1. Because of ¢ € N, we conclude that
I(r +2)/4 € N. Since r is even this implies thatr =2 +4p orr =4 + 4p and [ = 2v + 2 for integers p, v>0.

Ifr=2+4p,then we see thatg=m+I1(1+ p) and k1 =m —I1(1+2p). The fact that k1 >0 yields that 1 <I <m/(1+2p)
and thus m > 1 4 2p. Using Corollary 2.7, it is obvious that D belongs to the families #’ ;.

Ifr=4+4pandl=2v+2,thenitfollowsthatg =m+ (v+ 1)2p+3)and k1 =m — 2v+2)(2p + 2). Because
of ki >0 we have 0<v<(m —4 —4p)/(4 +4p) and thus m >4 + 4 p. Again with Corollary 2.7 we deduce that D is
a member of the families J# (21.

Subcase 3.2. Assume that c = 3q + 2 for an integer ¢ >0. Let r =2 + 2p with p € Ny. If Sis (¢ 4 [)-partite, then
we observe that

cr +2k —r =2
3
Ir,

IS| = (c =k +k)r+2ky=(q +Dr+2k =

r+2k—2 r+2k—2

= == l
qr+ 3 (g +Dr+ 3

andthusc — k+ k1 =q + 1 and ky = ((r + 2k — 2)/6) — [(r/2). This implies

r+2k—-2 r r—4k—2 r
3 2—k4+ —-—-——[-=3 24— === l
g+2—k+— S=3+2+ — s=a+
4k +2 —
=2q=1(1+5)-2+ +6 ’
- _r+21+4k—r+2 1_3lr—+—6l—l—4k—r+2
1= 74 12 - 12
This leads to
3/ 6l — 2 3] 6l — 2
c:3q+2:k+¥—l<c+¥—l
3/ 6l — 2
¥—1>0:>31r+61—r+2>4

1
:>31(r+2)>r+2:>l>§:>l>1,

which means that v> 1, if ] = 2v, and v >0, if ] = 2v + 1. Since r = 2 + 2p, we observe that

3lp + 2k —
g=1—142L2T="P ®)
6
Subcase 3.2.1. Let [ = 2v for an integer v. Then (8) leads to
2k — p
q=2v+vp+ — 1. O]

Subcase 3.2.1.1. Assume that k = 3m + 1 with m € Ny. Now (9) yields

2-p
q=2v+vp+m+T—1,
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and thus p =65 +2,r =6+ 125 and ¢ = 4v 4 6vs +m — s — 1 for an integer s > 0. Furthermore, we conclude that

2k —2
kl:HT_l%:1+2s+m—6v—12vs>O
1+2s+m 1 m
= I<v<————=—(1 :
USTer 125 6( +1+2s>

and thus m >5 + 10s. Using Corollary 2.7 we see that D is an element of the families Jf;
Subcase 3.2.1.2. Let k = 3m + 2 with m € Ny. Using (9) we arrive at

4—p
q=2v+vp+m+T—l,

and thus p =65 +4,r =125 + 10 and ¢ = 6v + 6vs + m — s — 1 for an integer s > 0. Furthermore we observe that

_r+2k—2
B 6

2s +2+m

ki
10+ 125

_l%=2s+2+m—12vs—10v20:> 1<v<

k)

which implies that m > 10s + 8. According to Corollary 2.7, D belongs to the families # 3.
Subcase 3.2.1.3. Suppose that k = 3m with m € N. Then (9) leads to

q=2v+vp+m—§—1,

and thus p =6s,r =2 + 125 and ¢ = 2v 4 6vs + m — s — 1 for an integer s > 0. Furthermore we see that

_r+2k—2

ki = 25 +m
6

—l%=2s—|—m—2v—12vs20=>lgvgm,

which yields that m > 10s + 2. Using Corollary 2.7 it follows that D is a member of the families %2.
Subcase 3.2.2. Assume that [ = 2v + 1 for an integer v. In this case (8) yields that

Yk
q:2v+vp+pT. (10)

Subcase 3.2.2.1. Let k = 3m with m € N. Using (10) we deduce that
P
q=2v+vp+m+§,

which leads to p =35, r =2 + 6s and g = 2v + 3vs + m + s for an integer s > 0. Furthermore it follows that:

_r+2k—2

r m—2s —1
ki = —l—=m—-2s —2v—6vs—1>20=0<v<

6 2 2+6s

and thus m >2s + 1. According to Corollary 2.7, D is an element of the families %2.
Subcase 3.2.2.2. Suppose that k = 3m + 1 with m € Ny. With (10) we arrive at

+1
q=2v+vp+m+pT,

and thus p =35+ 2,r =6s + 6 and ¢ =4v + 3vs +m + s + 1 for an integer s > 0. Furthermore we see that

k=R s s —6v—230 = 0<v<t (L 2
1= c 5 =m—2s —6vs —6v—2> svsel\s ,

which implies that m >2s + 2. Hence, again with Corollary 2.7 we observe that D belongs to the families 9’/;.
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Subcase 3.2.2.3. Let k = 3m + 2 with m € Ny. According to (10), we have

+2
q=2v+vp+m+p—,

3

and thus p =3s 4+ 1,r =6s +4 and ¢ = 3v + 3vs + m + s + 1 for an integer s > 0. Furthermore, we observe that

_r+2k—2

ki 5 —l%:m—Zs—1—6vs—4v>0:>O<v<

m—2s—1
4 + 6s

which means that m >2s + 1. Using Corollary 2.7 we conclude that D is a member of the families #73.

q
Subcase 3.3. Assume that ¢ = 3¢ with ¢ € N. Let r =2 + 2p for an integer p >0. If S is (¢ + [)-partite, then we
conclude that

cr+2k—(r+2
IS| =(c —k+kr+2ki=(q+Dr+2k = ( )

3
2k —2 —r 2k =2 —r

This implies thatc — k + k; =¢q + [ and k1 = ((2k — 2 —r)/6) — [(r/2), and thus

4k +2+r r
3g—k+ —-—-—-I-=3¢g——— — |- = [
1=kt 2~ 6 =4t
r+2+ 4k r+2 r+2+ 4k + 3lr + 61
= 2q = 6 +1 5 =q= 7 .

This leads to

r+2 4 3lr 4 6l r—+2+43lr 46l
c=3¢g=k+——<c+ —-—-——

4 4
2+ 3lr + 6l 1
$>0:>1>_§:>l>0,

which means that v >0, if / = 2v or [ = 2v + 1 for an integer v. Furthermore, since » = 2 4 2 p, we deduce that

24 p+2k+3lp an
. .

q=1+

Subcase 3.3.1. Let [ = 2v for an integer v. Using (11) we see that

2+ p+2k

g=2v+uvp+ G (12)

Subcase 3.3.1.1. Assume that k = 3m with m € N. According to (12), we have

2+
q=2v+vp+m+—p,

6
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and thus p =65 +4,r =10+ 125 and g = 6v + 6vs + m + 1 4 s for an integer s > 0. Furthermore it follows that:

2k —2—r r m—2—72s
kf=———1l-=m—-2-2s — 10v—120s 20 = O<v ———,
6 2 10 + 12s
which yields that m > 2s + 2. Using Corollary 2.7 we conclude that D belongs to the families Jfg.
Subcase 3.3.1.2. Suppose that k = 3m + 1 with m € Ny. Using (12) we see that

+4
q=2v+vp+m+pT,
and thus p =65 + 2, r = 125 + 6 and ¢ = 4v + 6vs + m + s + 1 for an integer s > 0. Furthermore we observe that
2k =2 —r r m—2s —1
kf=——— —Il-=m—25s — 1 —1R2vs —6v>20=0<v<——,
6 2 6+ 12s

which means that m >2s + 1. According to Corollary 2.7, we deduce that D is an element of the families #’ éo.
Subcase 3.3.1.3. Let k = 3m + 2 with m € Ny. According to (12), we arrive at

q=2v+vp+m+1+£,

6
and thus p = 6s,r =2 + 125 and ¢ = 2v 4 6vs + m + 1 + s for an integer s > 0. Furthermore we conclude that
2k =2 —r r m—2s
kf=——— —l—-=m—25s — 20— 12us 20 = 0<v< ————,
6 2 2+ 12s

which leads to m >2s. Using Corollary 2.7 we observe that D is a member of the families (1]1.
Subcase 3.3.2. Assume that / = 2v + 1 for an integer v. According to (11), this yields

q=2v+l+vp+1+23—p+k. (13)
Subcase 3.3.2.1. Suppose that k = 3m with m € N. Using (13) we observe that
q=2v+1+vp+m+ 1+32p,
and thus p =3s 4+ 1, r =4 4 6s and ¢ = 3v + 2 + 3vs + m + 2s. Furthermore we see that
h=2£%§:1—J%:m—3—4&4W—6m20:0<v<ﬂ%$é;5

which leads to m >3 + 4s. According to Corollary 2.7, D belongs to the families # ;2.
Subcase 3.3.2.2. Let k =3m + 1 with m € Ny. Using (13) we have

2p+2
gq=2v+14+vp+m+ p3 ,
and thus p =35 + 2, r =65 4+ 6 and ¢ = 4v + 3vs + 25 + m + 3 for an integer s > 0. Furthermore we see that
r 2k —2—r lr 4_4 6 605 >0 = 0< <m—4—4s
=———l-=m—4—45 —6v—6vs> <v———,
: 6 2 6+ 65

which yields that m >4 + 4s, According to Corollary 2.7, it follows that D is an element of the families # [113 .
Subcase 3.3.2.3. Assume that k = 3m + 2 with m € Ny. Using (13) we observe that

2p
q=2v+2+vp+m+?,

and thus p =3s,r =65 4+ 2 and ¢ = 2v + 2 4 3vs + m + 2s. Furthermore it follows that:

2k =2 —r r m—4s —1
|=—— —l-=m—-45s-2v—6vs — 120 = 0<v<————
6 2 2+ 6s
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which means that m >4s + 1. According to Corollary 2.7, we conclude that D belongs to the families Jf;“. This
completes the proof of the theorem. [J
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