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Abstract

We apply Koide’s mass relation of charged leptons to neutrinos and quarks, with both the normal and inverted mass schemes
of neutrinos discussed. We introduce the paramdtgré, andk, to describe the deviations of neutrinos and quarks from
Koide’s relation, and suggest a quark—lepton complementarity of masses shch &3 ~ k, + k, = 2. The masses of neu-
trinos are determined from the improved relation, and they are strongly hierarchical (with the different orders of magnitude of
102 eV, 103 eV, and 102 eV).
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1. Introduction

The generation of the masses of fermions is one of the most fundamental and important problem in theoret-
ical physics. These masses are taken as free parameters in the standard model of particle physics and cannot b
determined by the standard model itself. Before more underlying theories for this problem to be found, phenomeno-
logical analysis are more useful and practical. Just like Balmer and Rydberg’s formulae for Bohr’s theory, several
conjectures for this problem (for example, Barut's formlp have been presented, among which Koide’s relation
[2,3]is one of the most accurate, which links the masses of charged leptons together,

2
me+mﬂ+mT:§(4/me+ /mﬂ+4/mr)2, Q)

wherem,, m,,, m. are the masses of electron, muon, and tau, respectively.
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This relation was speculated on the basis of a composite nidjdehd the extended technicolor-like mogie].
The fermion mass matrix in these models is taken as

M;=m!{GO;G,

whereG = diag(g1, g2, g3). With the assumptiong; = ¢ + ¢®, 3, ¢® =0 andy"; (¢®)2 = 3(¢")2, and the

charged lepton mass matrix is thex3 unit matrix, we can obtain Koide’s relation.
Here we introduce a parameter

_ Mme+my +my

2 Jme + Sy + )2

With the data of PDG4], m, = 0.510998902+ 0.000000021 MeVmn, = 105658357+ 0.000005 MeV and

my = 1776994_“8:32 MeV, we can get the range &f = 1f8:8888§8§§ which is perfectly close to 1.

Foot[5] gave a geometrical interpretation for Koide’s relation,

(\/nTeva/m s\/n/l_‘f)(l’lsl) _\/’n_g‘i‘«/mu‘i'\/m_r
|(ie, g, JmONL LD /Bym, Ty ¥y

whereg), is the angle between the poirtgm., ./m,, /m:) and(1, 1, 1). And we can see th#} =
6 ==

Fr‘cl)m the analysis above, we can see the miraculous accuracy of Koide’s relation for charged leptons. A natural
guestion emerges that whether this excellent relation holds also for neutrinos and quarks. InSeatiapply
Koide’s relation to neutrinos, with both the normal and inverted mass schemes considered. InSeatiapply
Koide’s formula to quarks. In Sectioh the masses of neutrinos are determined by some analogy and conjectures
between leptons and quarks. Finally, in SecBpwe give some discussion on Koide’s relation.

k; 2)

CosY; =

1
2cog6;’ and

2. Koide'sreation for neutrinos

In recent years, the oscillations and mixings of neutrinos have been strongly established by abundant experi-
mental data. The long-existed solar neutrino deficit is caused by the oscillatiorvfrtona mixture ofv,, and
vz With a mixing angle approximately @fq ~ 34° in the KamLAND [6] and SNO[7] experiments. Also, the
atmospheric neutrino anomaly is due to theto v, oscillation with almost the largest mixing anglefafm~ 45°
in the K2K [8] and Super-Kamiokand®] experiments. However, the non-observation of the disappearange of
in the CHOOZ[10] experiment showed that the mixing anglg; is smaller than Sat the best fit poinfl1,12]

These experiments not only confirmed the oscillations of neutrinos, but also measured the mass-squared differ-
ences of the neutrino mass eigenstates. According to the global analysis of the experimental results, we have (the
allowed ranges atd) [12]

1.4 x 1073 eV? < AmZ, = |m§ — mj| <3.7x 1073 eV?, ©)
and
5.4 x 107° eV? < AmZ, = |m5 — m?| <9.5x 107° eV?, (4)

wherem1, m2, m3 are the masses of the three mass eigenstates of neutrinos, and the best fit ppi@t&amél =
2.6 x 103 eV2, and|m3 — m?| = 6.9 x 107> eV2 [12].

Because of Mikheyev—Smirnov—Wolfenst¢ir8] matter effects on solar neutrinos, we already know that-
m1. Hence we have

2 2 2
m{=m5— Amgg, (5)
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and
m3=m3 = AmZ, (6)

So there are two mass schem@g,the normal mass scheme; > my > mj, and(2) the inverted mass scheme
mp > mi > ms.

Now we apply Koide’s relation to neutrinos. Let us take the normal mass scheme for example. If Koide’s relation
holds well for neutrinos, we have

2
m1~|—m2+m3=é(‘/m1+«/m2~|—4/m3)2. @)
Substituting Eqs(5) and (6)into Eq.(1), we get,

2 2
= Ay ma b\ + A= 2 (3= Amyt o+ o+ Amdn)’ ®

Solving this equation, we find that there is no real rootfgwith the restrictions in Eq¢3) and (4) This means
that no matter what value is, Koide's relation does not hold for neutrinos. So is the inverted mass scheme.
Thus we must improve this relation. Here we introduce a paramgter

k. = m1+mp+m3
’ %(\/ml + Jmz + Jm3)?

From the analysis above, we know thgt# 1 for neutrinos. Therefore, only when we have determined the range
of k,, we can fix the masses of neutrinos. We now check the situations for the two mass schemes, respectively.

(9)

1. For the normal mass schemes > mo > mq, we have

2 2 2 2
M5 — Amgy +mo+/m5 4+ Amg
ky = %0 Sl . (10)
%(\4/ m% - Amzm’*‘ A/m2+ \4/ m%—}- Amezyttm)

We can see that, is the function ofn, if Am2; and AmZ, are fixed. Due to the inaccuracy of the experimental
data, we take\m2,, and Am3, as their best fit points here. The rangekpis shown inFig. 1
We can see that.B0 < k, < 0.85, andk, decreases with the increasem$. Sok, < 1 for neutrinos. This is
different from charged leptons.

2. For the inverted mass scheme, > m1 > m3, we have

,/m% — Amgm +mo+ ‘/mg — Amétm 1)
2 2’
B(fmE — AmZy+ iz + 3 — Amy)

The range ok, is shown inFig. 2
We can see thatB0 < &, < 0.65.

ky =

Altogether, 050 < k, < 0.85 for both these two mass schemes. Andf the normal mass scheme is larger
than that of the inverted mass scheme.
3. Koide'srelation for quarks

Now we turn to the cases of quarks. Because of the confinement of quarks, the inaccuracy of the masses of
quarks is much bigger than that of leptons.
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Fig. 1. The range ofk, of the normal mass scheme Fig. 2. The range ofk, of the inverted mass scheme
m3>mo > mi. mo >mq > ms.

Here we take the data of PD@].

1.5MeV < m, <4.5MeV,

1.0GeV < m. <14 GeV,
1629 GeV < m; < 1885 GeV (12)

5MeV < my <85 MeV,

80 MeV < my; < 155 MeV,
4.0 GeV < mp, < 4.5 GeV. (13)

1. First, we calculaté, for u, c, t quarks, i.e.u-type quarks,

_ my +me+my _ 1+xu+yu
2( 1ty + e + i )2 S+ Ja + S)?

wherex, = m./my, y, = m,;/m,, and we can see thaj is the function only of the ratio of the masses of quarks.
From Eq.(12), we get 22 x 107 < x,, < 9.3 x 10% and 36 x 10* < y, < 1.3 x 10°. Because Koide’s relation is
not energy-scale invariant, the energy scale should be high energy where the current quark masses rather than the
constituent quark masses should be adopted. The rariga®hown inFig. 3.
We can see that1 < k, < 1.4. Comparing with the cases of neutrinos, we find that 1 for quarks, and, <1
for neutrinos.
2. Second, we calculatg for d, s, b quarks, i.e.d-type quarks,

ky (14)

= mq +ms +myp 1+x4+ya
4= = ,
2(Jma + s + Jmp)2 3L+ Jxg + /3a)?

wherexy = mg/mg, yq = my/mq. From Eq.(13), we get 94 < x; < 31 and 47 x 10% < y; < 9.0 x 10%. The
range ofk, is shown inFig. 4.
We can see that9 < k; < 1.2. Thusk,; ~ 1, and this is similar with the case of charged leptons.

(15)

Conclusively, the values @f, k,, k, andk,; can be summarized as follows

Ve v ve \ ky <1 u c t\ k,>1
()02 = () ()G )



N. Li, B-Q. Ma / Physics Letters B 609 (2005) 309-316 313

S
SIS

. L

s SCS e e e sy ...

0.‘:‘:’:“":‘:‘:':&:"'- OSSR,

9t et et e et et s el e S e
SIS SRS SIS SIS IITE,

Fig. 3. The range o, for u, c, t quarks. Fig. 4. The range of for d, s, b quarks.

4. Estimate of the masses of neutrinos

We believe that the problem of the generation of the masses of leptons must be solved together with that of
quarks. Sincé; = 1 andk,; ~ 1, we may conjecture that + k; ~ 2. At the same time, sincefD < k, < 0.85
and 11 < k, < 1.4, we may analogize the conjecturekpiandk,, and propose the hypothesis that

ky + ky A 2. 17)

This is from the speculation that there must be some relation betiyeln k, andk,. The situation seems to be
similar to the quark—lepton complementarity between mixing angles of quarks and |E€ptprend we may call
it a quark—lepton complementarity of masses.

Of course, this ansatz is not the only one of the relations betweén, k, andk,. For example, we may also
assume thatjky ~ kyky ~ 1, k? + k2 ~ k2 + k2 ~ 2, or% + é ~ % + é ~ 2 (this is from the assumption that
O +65~6,+6,~ % in Foot's geometrical interpretation).

However, among all of these ansatze, Hf) is the simplest one, and it can show the balance betwgend
k, (i.e., the quark—lepton complementarity) intuitively and transparently. Furthermore, the valyeshihined
under other ansatze are close to the value obtained fror{iLE}j.and the masses of neutrinos are not sensitive to
the value ofk, (we will show this in the following paragraphs), so we will use the hypothgsis k, ~ 2 here.

FromFig. 3 we can see that the mean valuekpfis 1.25. Thus from the hypothesis + k, ~ 2, we get that
k, ~ 0.75. This is consistent with the normal mass scheme and in conflict with the inverted mass scheme. This
indicates that the three masses of neutrinos mass eigenstates are heavier in order, which is the same as leptons ar
quarks.

Now we can estimate the absolute masses of neutrinos. Substitytiag.75, AmZ,, = 2.6 x 1072 eV?, and
Am2=6.9 x 107> eVZ into Eq.(10), we can calculate the value afb,

Jm3—69x10°5eV2 +mp+/m3 +26x 103 eV2
0.75=

(18)

3({/m3 —69x 105 V2 4 i + Jm3 + 2.6 x 10-3eV2)*

and we getn, = 8.4 x 103 eV.
Straightforwardly, we can get

my1=/m3— Am2,=10x 107 eV, (19)
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and

m3 = /m3+ Am2,=0.05eV. (20)

From Eqs.(18)—(20) we can see that the masses of the neutrino mass eigenstates are of different orders of mag-
nitude (10°eV, 103 eV, and 162 eV), so they are hierarchical, amagh almost vanish because% is very
nearAm2,.
Now we can discuss the uncertaintymef, mo andms. In Fig. 1, we can see the slope of the curve in very large
wherek, ~ 0.75, so the value ofi, is not sensitive to the error @f,. m» will approximately be & x 103 eV

even if the mean value &, charges from 0.7 to 0.85, so the valuenof is precise to a good degree of accuracy.
Similarly, the value ofnz will be about 005 eV to a good degree of accuracy too, because- , /m% + AmZi,

and AmZ2,,>> m3. The only point desired to be mentioned here is the range;ofBecausen? is rather close
to Am2, and due to the big uncertainty afm2_, the value ofiny may change largely with, . The value 10 x
1075 eV is the rough estimate of the first step, and its effective number and order of magnitude may change with
the more precise experimental data in the future.
Koide [15] also gave an interpretation of his relation as a mixing between octet and singlet components in
a nonet scheme of the flaver(3). He also got the masses of neutrines = 0.0026 eV,m2 = 0.0075 eV and
m3 = 0.050 eV[16]. We can see that his results are strongly consistent with ours. Especially the valugarod
mg3 are almost the same (only with the exceptiomf this is becausm% is rather close tmmgol, and the errors
of Amgol is large in nowadays experimental data).
Now we calculate the effective masses of the three flavor eigenstates of neutrinos, which can be defined as

(21)

wherea = ¢, u, T, and V,; is the element of the neutrino mixing (MNS) matfik7], which links the neutrino
flavor eigenstates to the mass eigenstates. The best fit points of the modulus of MNS matrix are summarized as
follows [12]

0.84 054 008
|V|=<O.44 056 071). (22)

032 063 071

Then we get
(m)e = \/m% Vel|2 + m§| V92|2 + m%|V63|2 =6.0x 1073 eVv. (23)
Similarly,
(m),, =3.6x102eV, (24)
(m); =3.6 x 107 eV. (25)

The upper bounds din)., (m), and(m), are measured by the experimen%H He}+e+ﬁe, at = ut+v,,
andt — 5 + v,, respectively4],

(m), <2.2eV, (m),, < 0.19 MeV, (m); <182 MeV. (26)

We can see that they are all consistent with the experimental data, and the more precise planed experiments (for
example, KATRIN experimeritL8]) will help to reach a higher sensitivity to test these results.
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Furthermore, we can get the sum of the masses of the neutrino mass eigenstates,

3
> “m; =0.058 eV. (27)
i=1

This is also consistent with the data from cosmological observations (Wilkinson Microwave Anisotropy Fapbe
and 2dF Galaxy Redshift SurvxQ]),

3

Zm,- <0.71eV. (28)
i=1

All the analysis above shows the rationality of our results.
Also, (m), and(m), are almost the same becausg > m» > m1, and thus the values din),, and(m). are
nearly only dominated by:3|V,,3|?> andm3]| V.3|2. However,|V,3|? ~ | V3|2 ~ 0.71, so(m),, ~ (m)-.

5. Summary

Finally, we give some discussion on our method in determining the masses of neutrinos. Although the reason and
foundation of Koide’s relation is still unknown, there must be some deeper principle behind this elegant relation,
and we believe that this relation must be applicable to neutrinos and quarks, at least to some degree. So we introduce
the parameters,, k, andk, to describe the deviations of neutrinos and quarks from Koide’s relation. With this
improved relation and the conjecture of a quark—lepton complementarity of masses sug¢hkass k, + k, ~ 2,
we can determine the absolute masses of the neutrino mass eigenstates and the effective masses of the neutrin
flavor eigenstates. Due to the inaccuracy of the experimental data of neutrinos and quarks nowadays, these results
should be only taken as primary estimates. However, if these results are tested to be consistent with more precise
experiments in the future, it would be a big success of Koide's relation, and we can get further understanding of
the generation of the masses of leptons and quarks.
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