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1. Introduction

Fix an algebraically closed field k of characteristic 0. A variety is an open subset of an irreducible proper k-scheme.

A simple normal crossing (SNC) divisor on a nonsingular variety is a divisor D on X, all of whose irreducible components
are nonsingular and whenever r irreducible components Zy, . . ., Z. of D meet at a point p, then local equations x, . . ., X, of
Z; form part of a regular system of parameters in Oy .

If D is a SNC divisor and a point p € D belongs to exactly k components of D, then we say that p is a k point.

A toroidal structure on a nonsingular variety X is a SNC divisor Dy.

The divisor Dy specifies a toric chart (V,, 0,) at every closed point p € X where p € V, C X is an open neighborhood
and o, : V, — X, is an étale morphism to a toric variety X, such that under o, the ideal of Dy at p corresponds to the ideal
of the complement of the torus in Xj,.

The idea of a toroidal structure is fundamental to algebraic geometry. It is developed in the classic book “Toroidal
Embeddings I” [9] by G. Kempf, F. Knudsen, D. Mumford and B. Saint-Donat.

Definition 1.1 (/9,1]). Suppose that Dx and Dy are toroidal structures on X and Y respectively. Let p € X be a closed point.
A dominant morphism f : X — Y is toroidal at p (with respect to the toroidal structures Dy and Dy) if the germ of f at p
is formally isomorphic to a toric morphism between the toric charts at p and f (p). f is toroidal if it is toroidal at all closed
points in X.

A nonsingular subvariety V of X is a possible center for Dy if V. C Dy and V intersects Dx transversally. That is, V makes
SNCs with Dy, as defined before Lemma 2.3. The blowup 7 : X; — X of a possible center is called a possible blowup.
Dx, = m~1(Dy) is then a toroidal structure on X;.

Let Sing (f) be the set of points p in X where f is not smooth. It is a closed set.

The following “toroidalization conjecture” is the strongest possible general structure theorem for morphisms of varieties.

1

Conjecture 1.2. Suppose that f : X —> Y is a dominant morphism of nonsingular varieties. Suppose also that there is a SNC
divisor Dy on Y such that Dy = f~1(Dy) is a SNC divisor on X which contains the singular locus, Sing (f), of the map f.
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Then there exists a commutative diagram of morphisms

fi

X1 —=Y
1 g

X —>Y

where 7, 1 are possible blowups for the preimages of Dy and Dx respectively, such that f; is toroidal with respect to Dy, =
7' (Dy) and Dy, = 1~ (Dx)

A slightly weaker version of the conjecture is stated in the paper [2] of D. Abramovich, K. Karu, K. Matsuki, and
J. Wlodarczyk.

When Y is a curve, this conjecture follows easily from embedded resolution of hypersurface singularities, as shown in
the introduction of [5]. The case when X and Y are surfaces has been known before (see Corollary 6.2.3 [2], [3,7]). The case
when X has dimension 3 is completely resolved by Dale Cutkosky in [5,6]. A special case of dim(X) arbitrary and dim(Y) = 2
is done in [8].

For detailed history and applications of this conjecture, see [6].

A related but weaker question asked by Dale Cutkosky is the following Question 1.4.

To state the question we need the following definition.

Definition 1.3. Letf : X — Y be a dominant morphism of nonsingular varieties. Suppose that the following are true.

1. There exist open coverings {Uy, ..., Uy} and {V, ..., V;;} of X and Y respectively such that the morphism f restricted
to Uy maps into V; foralli=1, ..., m.

2. There exist simple normal crossings divisors D; and E; in U; and V; respectively such that f~'(E;)) N U; = D; and
Sing(f|y,) C Diforalli=1,...,m.

3. The restriction of f to Uj, f|, : Ui — V;, is toroidal with respect to D; and E; foralli = 1, ..., m.

Then we say that f is locally toroidal with respect to the open coverings U; and V; and SNC divisors D; and E;.

For the remainder, when we say “f is locally toroidal”, it is to be understood that f is locally toroidal with respect to the
open coverings U; and V; and SNC divisors D; and E; as in the definition. We will usually not mention U;, V;, D; and E;.
We have the following.

Question 1.4. Suppose that f : X —> Y is locally toroidal. Does there exist a commutative diagram of morphisms

fi

X1—>Y1

X ——Y

where m, 71 are blowups of nonsingular varieties such that there exist SNC divisors E, D on Y; and X; respectively such that
Sing(fi) C D, fi~"(E) = D and f; is toroidal with respect to E and D?

The aim of this paper is to give a positive answer to this question when Y is a surface and X is arbitrary. The result is
proved in Theorem 4.2.

Brief outline of the proof:

The core results (Theorems 4.1 and 4.2) are proved in Section 4. Sections 2 and 3 consist of preparatory material.

Let f : X — Y be a locally toroidal morphism with the notation as in Definition 1.3. The essential observation is this:
if there is a SNC divisor E on Y such that E; C E for all i, then f is toroidal with respect to E and f~!(E). A proof of this
observation is contained in the proof of Theorem 4.2. _ _ _

The main task, then, is to construct the divisor E. This is not hard: consider the divisor E’ = E; + - - - + E,; where E; is
the Zariski closure of E; in Y. By embedded resolution of singularities, there exists a finite sequence of blowups of points
7 : Yy — Y such that w ~1(E’) is a SNC divisor on Y;.

The problem now reduces to constructing a sequence of blowups r; : X; — X such that there is a locally toroidal
morphism f; : X; — Y. This is done in Theorem 4.1.

Sections 2 and 3 prepare the ground for Theorem 4.1.

Given the sequence of blowups 7 : Y; — Y as above, there exist principalization algorithms which give a sequence of
blowups 71 : X; — X so that there exists a morphism f; : X; — Y;. The main difficulty we face is that such a morphism f;
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may not be locally toroidal. So a blanket appeal to existing principalizing algorithms can not be made. In Sections 2 and 3,
we construct a specific algorithm that works in our situation.
Section 2 deals with the blowups that preserve the local toroidal structure. We call these permissible blowups
(Definition 2.4). The main result of Section 2 is Lemma 2.5 which analyzes the effect of a permissible sequence of blowups.
In Section 3, we define invariants on nonprincipal locus of the morphism f. These invariants are positive integers and we
prescribe permissible sequences of blowups under which these invariants drop (Theorems 3.3 and 3.4). Finally we achieve
principalization in Theorem 3.6.

2. Permissible blowups

Letf : X —> Y be a locally toroidal morphism from a nonsingular n-fold X to a nonsingular surface Y with respect to
open coverings {Uy, ..., Up} and {Vq, ..., V;;} of X and Y respectively and SNC divisors D; and E; in U; and V; respectively.
Then we have the following

Lemma 2.1. Let p € D;. Then there exist regular parameters X1, . .., X, in @x,p and regular parameters u, v in Oy 4 such that
one of the following forms holds:
1<k<n—1:u=0isalocal equation of E;, Xy - - - X, = 01is a local equation of D; and

aq . ag

u=x""---x%, V= Xgy1, (1)

whereay, ..., a, > 0.
1<k<n—1:uv=_0isalocal equation for E;, X1 - - - x, = 01is a local equation of D; and

u= (xlal ...Xkak)'"’ v = (Xlal "'Xkak)[(a+xk+]), (2)

where aq, ..., a, m,t > 0and a € K — {0}.
2 <k <n:uv = 0isalocal equation of E;, x - - - x, = 0is a local equation of D; and
. ~Xkbk, (3)

u=Xx e XK, V=X

where ay, ..., a, by, ..., by >0, a; + b; > 0 foralliand rank [Z: S “"] =2.
Proof. This follows from Lemma 4.2in[8]. O

Definition 2.2. Suppose that D is a SNC divisor on a variety X, and V is a nonsingular subvariety of X. We say that V makes

SNCs with D at p € X if there exist regular parameters X1, ..., X, in Ox p and e,r < nsuch that x; ---x. = 0 is a local

equation of Dat p and X, (1) = - - - = X,() = 0 is a local equation of V at p for some injectiono : {1,...,r} — {1,...,n}.
We say that V makes SNCs with D if V makes SNCs with D at all points p € X.

Let g € Y and let my be the maximal ideal of Oy 4.
Define W; = {p € X | myOx p is not principal}. Note that the closed subset W; C f~'(g) and that my0Ox p is principal if
and only if mq@x,p is principal.

Lemma 2.3. Forall q € Y, Wy is a union of nonsingular codimension 2 subvarieties of X, which make SNCs with each divisor D;
on U,.

Proof. Let us fixaq € Y and denote W = W. Let Ji be the reduced ideal sheaf of W in X, and let J; be the reduced ideal
sheafof ginY.

Since the conditions that W is nonsingular and has codimension 2 in X are both local properties, we need only check that
forall p € W, 3w , is an intersection of height 2 prime ideals which are regular.

Since X is nonsingular, 3,0x = Ox(—F)J where F is an effective Cartier divisor on X and { is an ideal sheaf such that the
support of @x/4 has codimension at least 2 on X. We have W = supp(©9x/4). The ideal sheaf of W is Jyy = +/4.

Let p € W.We have thatp € U; forsome 1 <i < m.

Suppose first that ¢ ¢ E;. Then f is smooth at p because it is locally toroidal. This means that there are regular
parameters u, v at ¢ which form a part of a regular sequence at p. So we have regular parameters x4, ..., X, in Ox,, such
thatu = x1, v = Xx;.

J3q0x,p = (U, v)Ox p = (X1, X2)Ox p. It follows that Ty , = (X1, X2)Ox . This gives us the lemma.

Suppose now that q € E;.

Since p € W,, there exist regular parameters xq, ..., X, in @X,p and u, v in Oy 4 such that one of the forms (1) or (3) holds.

Suppose that (1) holds. Since D; is a SNC divisor, there exist regular parameters y1, ..., ¥, in Ox , and some e such that
Y1---Ye = Ois alocal equation of D;.
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Since x1 - - - X, = 0 is a local equation for D; in @x,p, there exists a unit series § € @x,p such thaty;---y. = X1+ Xxx.
Since the x; and y; are irreducible in @x,p, it follows that e = k, and there exist unit series §; € @X,p such that x; = §;y; for
1 <i < k, after possibly re-indexing the y;.

Note that y1, ..., Yk, Xk+1, Yk+2, - - - » Yn 1S @ regular system of parameters in @XYP, after possibly permuting Y1, - - - ¥n-

So the ideal (y1, ..., Yk Xktr1s Vit2s - - - ,yn)@x,p is the maximal ideal of @x,p- Since x,p1 = v €  Oxp,
Y1, ooy Yo Xk15 Vit 25 - - - » Yo g€Nerate anideal ] in Ox p. Since @x,p is faithfully flat over Ox p, and]@x,p is maximal, it follows
that ] is the maximal ideal of Ox ,. Hence y1, ..., Yk, Xk41, Yit2, - - - » Yn is a regular system of parameters in Oy p.

Rewriting (1), we have u = y;%1 - - - y, %, where § is a unit in Oy .

Since § = W 8 €QF (Oxp) N @X,p, where QF (Ux ) is the quotient field of Ox ,. By Lemma 2.1 in [4], it follows
that § € Ox .

Since § is a unit in Oy p, it is a unit in Ox .

We have

Jwp = V3q0xp = U, 1)Oxp = V1 -+ i, Xie1)
= V1, Xk1) N Y2, Xe1) NN Vi Xier1)

as required.
We argue similarly when (3) holds atp. O

Let Z be a nonsingular codimension 2 subvariety of X such that Z C W, for some q. Let r; : X; — X be the blowup of Z.

Denote by (W), the set {p € X; | mq@X1 _p is not invertible}.
Given any sequence of blowups X, — X;_1 — --- — X; — X, we define (W;), for each X; as above.

Definition 2.4. Let q € Y. A sequence of blowups X, — X;_1 — --- — X; — X is called a permissible sequence with respect
to q if for all i, each blowup X;; — X; is centered at a nonsingular codimension 2 subvariety Z of X; such that Z C (W}),.

We will often write simply permissible sequence without mentioning q if there is no scope for confusion.

Lemma 2.5. Let f : X — Y be a locally toroidal morphism. Let 71 : X; — X be a permissible sequence with respecttoaq € Y.
I Suppose that 1 <i<mandp € (f o 1)~ '(q) N7, '(U;) and q € E;. Then I.A and 1.B as below hold.

LA. There exist regular parameters X1, . . ., X, in Ox, p and (u, v) in Oy 4 such that one of the following forms holds:

1<k <n—1:u=0isalocal equation of E;, x; - - - x; = 0is a local equation of 7;~'(D;) and

b b
u=x"-x% v =x" 0 Xy, (4)
where b; < a.
1<k <n-—1:u=0isalocal equation of Ej, X; - - - XgXx+1 = 0 is a local equation of 71~ '(D;) and
a a a b b, b,
U=x1" X KK, v =X R R (5)
whereb; < a;fori=1,...,kand b1 < ays1.
1<k <n-—1:u=0isalocal equation of E;, x; - - - x; = 0is a local equation of 7~ '(D;) and
a [ b b,
u=x"-x% v=x"" K (R + @), (6)

where b; < qg; foralliand 0 # o € K.
1<k <n—1:uv = 0is alocal equation for E;, X1 - - - x, = 0 is a local equation of 71~ (D;) and

u=(x"---x"" v= (X X ) (o A K1) (7)
whereaq, ...,a,, m,t > 0and @ € K — {0}.
2 <k < n:uv = 0is a local equation of E;, X1 - - - Xy = 01is a local equation of 7;~'(D;) and
u=x"--x%, v =x01xg D (8)
whereay, ..., a, by, ..., bx > 0,a; + b; > 0 foralli and rank [g: o Z’;] =2
LB. Suppose that py € (W1). There exist regular parameters X1, . .., X, in @Xl,p and (u, v) in Oy q such that one of the following

forms holds:
1<k <n—1:u=0isalocal equation of E;, x; - - - x; = 0is a local equation of 7;~'(D;) and

a a b b,
U =x;"" - x", V=2Xp ' X K X1, (9)

where b; < a; and b; < a; for some i. Moreover, the local equations of (W1)q are X; = X1 = 0 where b; < a;.
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2 < k < n:uv = 0is a local equation of E;, X1 - - - x, = 0 is a local equation of 71~ (D;) and

ap | by

u=x1"x%, v=x" X0 (10)

whereay, ..., ax, by, ..., b, > 0,a;+ b; > 0 foralli, udoes not divide v, v does not divide u, and rank [Z: S a"] =2

Moreover, the local equations of (W1)q are x; = x; = 0 where (a; — b;)(b; — a;) > 0.

IL Suppose that 1 <i<mandp € (f o my)~'(q) N7~ (U;) and q & E;. Then ILA and ILB as below hold.

ILA. There exist regular parameters X, . . ., X, in Ox, p and (u, v) in Oy 4 such that one of the following forms holds:
U=X,V=2Xp (11)
uU=2x1,v=x1(x; +a) forsomea €K. (12)
U= X1X3, V=X (13)

ILB. Suppose that p; € (W1)q. There exist regular parameters X, . . ., X, in @XN, and (u, v) in Oy 4 such that the following form

holds:
u=xi, vV =X). (14)

The local equations of (Wq)q arex; = x; = 0.
IIL (W) is a union of nonsingular codimension 2 subvarieties of Xj.

Proof. 1. We prove this part by induction on the number of blowups in the sequence 7; : X; — X.In X the conclusions
hold because of Lemma 2.3 and f is locally toroidal. Suppose that the conclusions of the lemma hold after any sequence of |
permissible blowups where [ > 0.

Let 71 : X; — X be a permissible sequence (with respect to q) of | blowups. Let 7, : X, — X; be the blowup of a
nonsingular codimension 2 subvariety Z of X; such thatZ C (W;),.

Letp € my Y~ (U)) N (f o 1 0 3) "' (q) for some 1 < i < m.

If p; = m,(p) & Z then 7, is an isomorphism at p and we have nothing to prove. Suppose then thatp; € 7~ '(U) NZ C
WU N (Wh)g.

Then by induction hypothesis (I.B) p; has the form (9) or (10). Suppose first that it has the form (9).

Then the local equations of Z at p; are x; = X¢,q = 0 for some 1 < i < k. Note that b; < a;.

As in the proof of Lemma 2.3, there exist regular parameters y1, ..., Yk, Xk+1, Yk+2, - - - » Yo i Ox, p, and unit series
S € @x] py Suchthaty; = dix;for1 <i <k

Then Oy, , has one of the following two forms:

— Xkt1
(a) 0X2,p - (9X1,p1[ ;i ](yiyx)}%]ia)

b) Ox,, =0 S ,
() X2.p Xl’pl[x"+1](xk+1=xlil+1)

for some o € K, or

e _ Xkt1 = ; %) —
In case (a), set yy+1 = S T Then y1, ..., Yk, Yk+1> Y425 - - - » Yo are regular parameters in Oy, , and so Ox, , =

k[[yh . a)’k75_’k+1,}’k+2, . 7yn]]'
Let ¢ # 0 be the constant term of the unit series §;.

Then evaluating §; in the local ring Ox, , we get,

8iV1s - ooy Vio Xkt 15 Yier2s - - Yn) = i1, -« o, Yios YilVk1 + @), Vi1, -+ -5 Yn)
=c+ A1J/1 +---+ Ak.Vk + Ak+2.Vk+2 +--+ Anyn

for some A; € Oy, p.

Set @ = ca. Note that % —a= aixky:l —ca = 8i(Vrq1 + @) — ca = 8iFry1 + (8 — O)ar.

Since y1, ..., Yk» Yk+1> Yk+2, - - - » Yn are regular parameters in Oy, , the above calculations imply that xq, ..., X, Betr _

Xi

Q, Yk42, - - -, Yn are regular parameters in Ox, p.

i " >
Set X1 = ’;:‘ —a.

We getu =x;1 -+ x%, v =x,"1 - X" 0P Ry y + ).

This is the form (6) if « # 0 and form (4) if« = 0.

- _ y - . A _
In case (b), set yy+1 = Xk+ll' Then y1, ..., Yk, Yk+1, Yk+25 - - - » Yn are regular parameters in Oy, , and so Ox,, =
kI, -« s Yio Vet 15 Yi2s - - - Ynll-
Xj . I S X
Thenxq, ..., Xk, wey Yier2s oo yn are regular parameters in Oy, p. Set X; = e

u= X]al .. .)?iai .. 'XkakX]H,]ai, V= x]bl .. .)Zibf+1 .
This is the form (5).

By the above analysis, when p; = m,(p) has form (9), if p € (W), then it also has to be of the form (9).

b,
Xk KXt 1
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Suppose now that p; has the form (10). Then the local equations of Z at p; are x; = x; = O forsome 1 <i,j < k.

Then as in the above analysis there exist regular parameters yq, ..., ..., ¥, in Oy, p, and unit series §; € @Xl,pl such that
yi=dx;forl1 <i<k.

Then Oy, , has one of the following two forms:

(@) Ox,p = Ox, p,[%] ,  forsomea €K, or
Yj (yj,yf;fa)
— Y
(b) Oxyp = @Xhm[yi](yi’ﬁ)'
Yj
Arguing as above in case (a) we obtain regular parameters xi, ..., X;, . .., X, in Oy, , S0 that
U=2x" X+ a)-- .xjﬂi+ﬂj ceexy K v=x". X+ a)bi .. .iji+bj cx Dk

This is the form (8) if @« = 0.
If « # 0, we obtain either the form (8) or the form (7) according as rank of

ap R 1 O < S R« FE Y
[b1 L bikb . by b . by is=2or<2.
Again arguing as above in case (b) we obtain regular parameters x4, . .., Xj, . . ., X, in Ox, p so that
U=x" XYY X, v =X P

This is the form (8).

By the above analysis, when p; = 7, (p) has the form (10), if p € (W,),, then it also has to be of the form (10).

This completes the proof of LA for X,. Now LB is clear as the forms (9) and (10) are just the forms (4) and (8) from LA.
II. We prove this part by induction on the number of blowups in the sequence 71 : X; — X.

Since g ¢ E; and f is locally toroidal, f is smooth at any point p; € f~!(q). This means that the regular parameters
at g form a part of a regular sequence at p. So we have regular parameters x1, ..., X, in éx,m and u, v in Oy 4 such that
U = X1, v = X,. This is the form (11). Thus the conclusions hold in X. Suppose that the conclusions of the lemma hold after
any sequence of | permissible blowups where | > 0.

Let m; : X; — X be a permissible sequence (with respect to q) of I blowups. Let 7, : X, — X; be the blowup of a
nonsingular codimension 2 subvariety Z of X; such thatZ C (Wy),.

Letp € my~'(m "YW (U)) N (f o 11 0 m2) "1 (q) for some 1 < i < m.

If p; = mo(p) & Z then , is an isomorphism at p and we have nothing to prove. Suppose then thatp; € 7; "' (U) NZ C
T (Up) N (Wh)g.

Then by induction hypothesis (IL.B) p; has the form (14). Then the local equations of Z at p; are x; = x, = 0.

There exist regular parameters X1, X, in @Xz,p such that one of the following forms holds:

X1 = X1, X = X1 (X + ) for some o € K or x; = X1X,, X, = X,. These two cases give the forms (12) and (13).

Now ILB is clear as the form (14) is just the form (11) from ILA.

IIL Since {71 ~(U;)} for 1 < i < m is an open cover of X; and ;= '(U;) N (W1)q is a union of nonsingular codimension 2
subvarieties of X; for all i by I and II, (W;), is a union of nonsingular codimension 2 subvarieties of X;. O

3. Principalization

Let f : X — Y be a locally toroidal morphism from a nonsingular n-fold X to a nonsingular surface Y with respect to
open coverings {Uy, ..., Uy} and {Vq, ..., V;;} of X and Y respectively and SNC divisors D; and E; in U; and V; respectively.

In this section we fix an i between 1and mandaq € Y.

Let ;1 : X; — X be a permissible sequence with respect to g. Our aim is to construct a permissible sequence 77, : X; — Xj
such that 7, o 7ty : X, — X is a permissible sequence and 7, ' (7t~ (U;)) N (W>), is empty.

First suppose that q & E;. If p € ;7' (U;), then by Lemma 2.5 one of the forms (11) and (12) or (13) holds at p.

Theorem 3.1. Let 1 : X; — X be a permissible sequence with respect to q € Y. Let i be such that q & E;. Then there exists a
permissible sequence 1, : X, — X; with respect to q such that >~ (7~ 1(U;)) N (W3), is empty.

Proof. If 7,7 1(U) N (W,), is empty, then there is nothing to prove. So suppose that T~ N(U) N (W3)4 # 9. By Lemma 2.3,
it is a union of codimension 2 subvarieties of 1 ~!(U;).

LetZ C 717! (U;) N (W), be a subvariety of 7r;~!(U;) of codimension 2.

Let 71, : X, — X; be the blowup of the Zariski closure Z of Z in X;. Let Z; C 7, ~'(Z) be a codimension 2 subvariety of
71'2_] (7'[1_1 (Uy)) such that Z; C 712_1 (74 -1 ) N (Wz)q.

By the proof of Lemma 2.5 it follows that Z; N (W,), = @.

The theorem now follows by induction on the number of codimension 2 subvarieties Z in 7r; =1 (U;) N Wyq D

Now we suppose that q € E;.
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Remark 3.2. Suppose that 71 : X; — X is a permissible sequence with respect to some q € E;.Let 1, : X, — X; bea
permissible blowup with respect to q. Let py € 72! (7171 (Uy)) N (W5),. Then clearly p = m2(p1) € 71~ ' (Up) N (Wy),
Suppose that p; is a 1 point. Then the analysis in the proof of Lemma 2.5 shows that p also is a 1 point.
Suppose that pq is a 2 point where the form (10) holds. Then the analysis in the proof of Lemma 2.5 shows that pisa 2 or
3 point where the from (10) holds.

Suppose that 71 : X; — X is a permissible sequence with respect to q € E;.

Letp € 7y L (U) N (W1)4 be a 1 point. By Lemma 2.5, there exist regular parameters X1, . .., X, in @Xl,p and u, vin Oy 4
such that u = x;%, v = x;°x, wherea > b.

Define £2;(p) =a—b > 0.

LetZ C 71~ (U;) N (Wy), be a codimension 2 subvariety of 7r; =1 (Uj).

Define £2;(Z) = £2;(p) if there exists a 1 point p € Z. This is well defined because £22;(p) = £2;(p’) for any two points
p,p €Z.

If Z contains no 1 points, we define £2;(Z) = 0.

Finally, define

Qi(f o) = max{$2i(2)|Z c 77 U) N (W1)q is an irreducible subvariety of 1,71 (U;) of codimension 2}

Theorem 3.3. Let w1 : X; — X be a permissible sequence with respect to q € E;. There exists a permissible sequence
15« Xo — Xy with respect to q such that 2;(f o w1 o ) = 0.

Proof. Suppose that £2;(f o ;) > 0.LetZ C ;"' (U;) N (W;), be a subvariety of r; = (U;) of codimension 2 such that
Qi(f o) = $2(2). _

Let m, : X, — X; be the blowup of the Zariski closure Z of Z in X;. Let Z; C 7, '(Z) be a codimension 2 subvariety of
7~ (N (Uy) such that Z; C o~ (1 (Uy) N (W5)q. We claim that 2i(Z7) < 2i(2).

If there are no 1 points of Z; then we have nothing to prove. Otherwise, let p; € Z; be a 1 point. Then 771(p;) = pisal
point of Z by Remark 3.2. R

There are regular parameters X1, ..., X, in Ox, p and u, v in Oy g such that u = x%, v = x1°x,. There exist regular
parameters X1, Xa, ..., Xp in @Xz,p] such that x, = x;(x; + «).

u=x%v=x""(x, + ). Since p; € (W,)4, @ = 0.

2iZ) =R2i(P1)=a—b—1<a—b=22).

The theorem now follows by induction on the number of codimension 2 subvarieties Z in 7r; ~1(U;) N (W1)q such that
i(f omy) = £2;(Z) and induction on £2;(f o 7). O

Let 7r; : X; — X be a permissible sequence with respect to q € E;.

LetZ C m~1(U) N (W;)4 be a codimension 2 subvariety of w1 ~1(U;). Let p € Z be a 2 point where the form (10) holds.

There exist regular parameters x1, . .., X, in @Xl,p and u, v in Oy g such thatu = x;"x,”2 and v = xqP1x,02,

Define w;(p) = (a; — b1)(by — az). Then since p € (W;)q, wi(p) > 0.

Now define w;(Z) = w;(p) if p € Z is a 2 point where the form (10) holds. If there are no 2 points of the form (10) in Z
define w;(Z) = 0. Then w;(Z) is well-defined.

Finally, define

wi(f o 1) = max{w;(2)|Z C 77 (U) N (W1)q is an irreducible subvariety of 77171 (U;) of codimension 2}.

Theorem 3.4. Let 1 : X; — X be a permissible sequence with respect to q € E;. Suppose that £2;(f o w1) = 0. There exists a
permissible sequence 1, : X, — X; with respect to q such that 2;(f o w1 o ) = 0 and w;(f o 1 0o mR) = 0.

Proof. Since £2;(f o 1) = 0, there are no 1 points in ;= (U;) N (W1)q. Let X, — X be any permissible blowup. Then by
Remark 3.2 it follows that 7, (7r; 7' (U;)) N (W>), has no 1 points. Hence $2;(f o 771 o m3) = 0.

Suppose that w;(f o 1) > 0.LetZ C ;7' (Up) N (W1)q be a codimension 2 irreducible subvariety of 1~ 1(U;) such that
wi(f o) = wi(2). _

Let 5 : X, — X; be the blowup of the Zariski closure Z of Z in X;. Let Z; C m,~'(Z) be a codimension 2 subvariety of
7" (w7 (Uy) such that Zy C =1 (r = 1(Uy)) N (Wa),. We prove that wi(Z1) < wi(Z) = wi(f o 7).

If there are no 2 points of the form (10) in Z; then w;(Z;) = 0 and we have nothing to prove. Otherwise let p; € Z; be a
2 point of the form (10).

By Remark 3.2, p = m,(p1) € Z is a 2 or 3 point of form (10).

Suppose that p € Z is a 2 point. There exist regular parameters xy, . . ., X, in Ox, , and u, v in Oy 4 such that u = x;%1x,®
and v = x;%1x,2. Also the local equations of Z are x; = x, = 0.
Then there exist regular parameters X, X, X3 ..., X, in Ox, , such that X, = xx; and u = X T 2x%2 and v =

X1b1+b2X_2b2.
wi(Z1) = wi(p1) = (a1 +a; — by — by) (b, — ap)

= (a7 — by)(by — az) + (az — by)(by — a3)
< (a1 — b)) (b — @) = wi(p) = wi(Z) = w;i(f o 7y).
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Suppose that p € Z is a 3 point. There exist regular parameters X1, ..., X, in éxl,p and u, v in Oy ¢ such that u = x;91x,%2x3"
and v = x;"1x,2x553. After permuting x;, x,, x5 if necessary, we can suppose that the local equations of Z are x; = x3 = 0.

Then there exist regular parameters xy, X, X3 - - - , X, in Oy, p, such that x3 = x, (X3 + &) and u = x;"1x,2 T3 (X3 + )™
and v = x;21x,22753 (x5 4 o).

Since p; is a 2 point, we have o # 0 and a;(b, + b3) — by(a; + a3) # 0. After an appropriate change of variables x1, x,
we obtain regular parameters xi, X3, X3, X4, . .., X, in @Xzypl.

u= X—1a1x—202+a3 and v = X_lblx_2b2+b3.

Since the local equations of Z C ;7' (U;) N (Wy)q are x, = x3 = 0, b, — a, and b; — a3 have different signs. So a; — b,
has the same sign as exactly one of b, — a, or b3 — as. Without loss of generality suppose that (a; — b1)(b, — a;) > 0 and
(a; —b1)(bs —a3) < 0.

Let Z' be the codimension 2 variety whose local equations are x; = x, = 0 defined in an appropriately small
neighborhood in 7r;~1(U;). Then the closure Z' of Z' in ;- 1(U;) is an irreducible codimension 2 subvariety contained in
T (Up) N (Wh),.

wi(Z1) = wi(p1) = (a1 — by)(by + b3 —a; — a3)
= (a1 — by)(by — @) + (a4 - b1)(bs — a3)
< (ay — b)) (by — az) = wi(Z') < wi(f o my).

The theorem now follows by induction on the number of codimension 2 subvarieties Z in 7;~1(U;) N (Wy)4 such that
wi(f o 1) = w;(Z) and induction on w;(f o 7). O

Remark 3.5. Let 71 : X; — X be a permissible sequence with respect to q. Leti be such that 1 <i < m.
If q € E;, then it follows from Theorems 3.3 and 3.4 that there exists a permissible sequence m; : X, — X; with respect
to q such that £2;(f o w1 o 13) = 0 and w;(f o w1 o 13) = 0.

Theorem 3.6. Let f : X —> Y be a locally toroidal morphism between a nonsingular n-fold X and a nonsingular surface Y. Let
qgevy.
Then there exists a permissible sequence my : Xy — X with respect to q such that (Wy)4 is empty.

Proof. First we apply Theorem 3.1 and Remark 3.5to X andi = 1.
Suppose that g € E;. Then by Theorem 3.1, there exists a permissible sequence 71 : X; — X with respect to g such that
-1 _

1 (U) N (Wy)g = 0.

Now suppose that g € E;. It follows from Remark 3.5 that there exists a permissible sequence 1 : X; — X with respect
to g such that £21(f o r1) = 0 and w1 (f o 1) = 0. So there are no 1 points or 2 points of the form (10) in 7z =1 (Uy) N (Wy),.
ButifZ C 7y~ 1(Uy) N (Wj)4 is any codimension 2 irreducible subvariety of 4 ~1(U;), then a generic point of Z must either
be a 1 point or a 2 point of the form (10). It follows then that 7r;~'(U;) N (Wq)4 is empty.

Now we apply Theorem 3.1 and Remark 3.5 to the permissible sequence 771 : X; — X andi = 2.

If q & E,, then by Theorem 3.1, there exists a permissible sequence 7, : X, — X such that 7, =1 (71 ~1(Uy)) N Wy)q =90.

If g € E,, then as above there exists a permissible sequence 7, : X, — Xj such that 7, (71,71 (U)) N (W5)q is empty.

Notice that we also have 7, (7t 7' (Uy)) N (W3)q = 0.

Repeating the argument for i = 3, 4, ..., m we obtain the desired permissible sequence. O

4. Toroidalization

Theorem 4.1. Let f : X —> Y bealocally toroidal morphism from a nonsingular n-fold X to a nonsingular surface Y with respect
to open coverings {Uy, ..., Uy} and {Vy, ..., Vy} of X and Y respectively and SNC divisors D; and E; in U; and V; respectively.
Let w : Yy — Y be the blowup of a point q € Y.

Then there exists a permissible sequence 1 : X; — X such that there is a locally toroidal morphism f; : X; — Y; such that
T Of] =f O TTq.
Proof. By Theorem 3.6 there is a permissible sequence 7r; : X; — X such that there exists a morphism f; : X; — Y; and
T Of] =f O TTq.

Let p € X;. Suppose that p € ;7' (U;) for some i such that 1 < i < m.If 71(p) & f~'(q) then we have nothing to prove.
So we assume that 771 (p) € f~1(q).

Suppose first that g ¢ E;. Then by Lemma 2.5 one of the forms (12) or (13) holds at p. So there exist regular parameters

X1, ..., X, in Ox, p and u, v in Yy ¢ such that
u==x, v=2x1(x; + @) forsomec« € K, oru = x1y1, v = X5.
Let fi(p) = q;. There exist regular parameters uq, v1 € Oy, ¢, such that
u=u, v=u(vi+a) or u=1uv, vV=1

according as the form (12) or the form (13) holds. In either case, we have u; = x;, v; = X5, and f; is smooth at p.
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Now suppose that q € E;.

By Lemma 2.5 there exist regular parameters xq, . . ., X, in @th and u, v in Oy 4 such that one of the forms (4)-(7), or (8)
of Lemma 2.5 holds. R )
Suppose first that the form (4) holds. Then since m; Oy, , is invertible, there exist regular parameters x1, ..., X, in Ox,

and u, vin Oy g such that u = x;" - - - %%, v =X - - - %% X1 forsome 1 <k <n-— 1.

Further x; - - - x, = 0 is a local equation of w; ~1(D;) and u = 0 is a local equation for E;.

Let fi(p) = q;. There exist regular parameters (u1, v1) in Oy, ¢, such that u = u; and v = uyv;. Hence the local equation
of r~1(E) at gy isu; = 0.

up =X xi V1 = Xgt1-
This is the form (1). R
Suppose now that the form (5) holds at p for f o 7. There exist regular parameters x4, ..., X, in Ox, p and u, v in Oy 4
and 1 < k < n — 1such thatu = 0 is a local equation of E;, X1 - - - X¢X¢1 = 0 is a local equation of r;~'(D;) and
u=x1" X%, v =x" K
where b; < g;jfori=1,...,kand by11 < Qy1.

Let fi(p) = q;. There exist regular parameters u, vq in Oy, 4, such that u = uyv; and v = v;. Hence the local equation
of 7 ~1(E;) at q; is uqv; = O.

by b1

a;—b ag—Db, ag+1—b b
Up =X KT R T =X X Rk

This is the form (3). Note that the rank condition follows from the dominance of the map f;.
Suppose now that the form (6) holds. There exist regular parametersxs, ..., X,inOx, pandu, vin Oy gand 1 < k < n—1
such that u = 0 is a local equation of E;, X1 - - - x, = 0 is a local equation of 7r; ~!(D;) and
l,l:)(la1...xka’<7 U:X1b1"'Xkbk(Xk+1+(¥),

where b; < g; foralliand 0 # « € K.
Let fi(p) = qi. There exist regular parameters u, v1 in Oy, 4, such that u = uyv; and v = v4. Hence the local equation

of m~1(E;) at q; is ugv; = 0.

Uy = x0T (g )7 vy = X2 xR (e + ).

If rank [01,;11” s a";kb"] = 2 then there exist regular parameters Xi,...,X, in @pr such that u; =

x b g %

bk yy = %31 -+ %% This is the form (3).
If rank [al ,;1 b1 C a",;{b"] < 2 then there exist regular parameters Xi, ..., X, in @x] p such that uy =
XM - MM v = (" - x5 (X1 + B), with B8 # 0. This is the form (2).
Suppose that the form (7) holds. There exist regular parameters Xy, ..., X, in Ox, pand u,vinYygand 1 <k <n-—1
such that uv = 0 is a local equation for E;, x; - - - x; = 0 is a local equation of 7;~1(D;) and
u=(x"---x"", v= (4" ) (@ + X)),
where aq,...,a,m,t >0and @ € K — {0}.
Suppose that m < t. There exist regular parameters uy, vy in Oy, ¢, such thatu = u; and v = u; (v, + ) for some 8 € K.
up = (" - x )M, vy = (X" - x ) T (o A+ Xigr) — B

Ifm < t then B = 0.So u;v; = 0is a local equation of w ~'(E;) and we have the form (2). If m = t thena = 8 # 0 and
uy is a local equation of 7 = (E;). In this case we have the form (1).
Suppose that m > t. Then there exist regular parameters uy, vq in Oy, ¢, such thatu = uqv; and v = vs.

up = (4" x4 i) vr = (X" -0 ) (@ F Xerr).
We obtain the form (2). R
Finally suppose that the form (8) holds. There exist regular parameters xy, ..., X, in Ox, pandu, vin Oy gand2 <k <n
such that uv = 0 is a local equation of E; and x; - - -x, = 0 is a local equation of 777 '(D;) and u = x;%1---x%, v =
X121 - - - %P where rank Z; o gi =2.

We have either a; > b; for all i or a; < b; for all i. Without loss of generality, suppose that a; < b; for all i.
Let fi(p) = q;. There exist regular parameters u, vq in Oy, 4, such that u = u; and v = u;v;. Hence the local equation

of ~1(E;) at q; is uyv; = 0.

bi—a bk—a,
11 1. k k.

w=x"-x% v =x - X

a . . ag _ P
Further, rank [b] “a . be— ak] = 2. This is the form (1). O
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Now we are ready to prove our main theorem.

Theorem 4.2. Suppose that f : X —> Y is a locally toroidal morphism between a variety X and a surface Y. Then there exists a
commutative diagram of morphisms

X #yl

X———>Y

where 7, 7y are blowups of nonsingular varieties such that there exist SNC divisors E, D on Yy and X; respectively such that
Sing(f;) C D, fi~'(E) = D and f; is toroidal with respect to E and D.

Proof. Let E' = E; + - - - + E,;, where E; is the Zariski closure of E; in Y. There exists a finite sequence of blowups of points
7 Yy — Y such that w ~'(E’) is a SNC divisor on Y;.

By Theorem 4.1, there exists a sequence of blowups 7; : X; — X such that there is a locally toroidal morphism
f1 X1 —> Y Withfoﬂ.'] =T Of1.

LetE = 7~ '(E')and D = f; "' (E).

We now verify that E and D are SNC divisors on Y; and X; respectively and that f; : X; — Y; is toroidal with respect to
DandE.

Let p € X; and let ¢ = f1(p).

Suppose that p ¢ D, so that q ¢ E. There existsi suchthat 1 <i <mandp € m;7'(U;)).Thenq ¢ E=n"Y(E) = q ¢
7 (E). Sop ¢ fi”' (w1 (Ep)) = 7y~ '(Dy). Then fi is smooth at p because fi |, -1y, is toroidal.

Thus Sing (f;) C D.

Suppose now that p € D. Let p € m;~!(U;) for some i between 1 and m. If ¢ ¢ 7 ~'(E;) then f; is smooth at p and then
D = f;~(E) is a SNC divisor at p. We assume then that q € 7~ 1(E).
Case1q € Eisa 1 point.

qis necessarily a 1 point of 7 ~1(E;).

Then 7 ~!(E;) and E are equal in a neighborhood of q. Hence 7;~!(D;) and D are equal in a neighborhood of p. Since
71~ 1(D;) is a SNC divisor in a neighborhood of p, D is a SNC divisor in a neighborhood of p.

Since f; |r,~1(; s toroidal there exist regular parameters u, v in Oy, 4 and regular parameters X1, ..., X, in @Xl,p such
that the the form (1) holds at p with respect to E and D.
Case 2 q € E is a 2 point.

q is either a 1 point or a 2 point of 7 ~1(E;).

Case 2(a) g is a 1 point of 7 ~1(E;).

There exists regular parameters u, v in Oy, ¢ and regular parameters Xy, ..., X, in @sz such that the form (1) holds at
p. There exists ¥ € Oy, 4 such that u, v are regular parameters in Oy, q, uv = 0 is a local equation for E at q, u = 0 is a local
equation of 7 ~!(E;) at q, and

|7[1

v = au + Bv + higher degree terms in u and v,
for some 8 € K with 8 # 0.

Since m;~1(D;) is a SNC divisor in a neighborhood of p, there exist regular parameters X, ..., X, in Ox, p such that
X1---Xx = 01is a local equation of 7r;~'(D;) at p. Since x; - - - x, = 0 is also a local equation of 71 ~1(D;) at p, there exist
units &y, ..., 8 € O, p such that, after possibly permuting the x;, x; = §;X; for 1 < j < k.

v = au + Bv + higher degree terms in u and v

= ax1" - %% + Bxiq + higher degree terms in u and v
= a8 - 8] X + Pxir1 + higher degree terms in u and v

Let m be the maximal ideal of Ox, , and let h = méxw be the maximal ideal of @an-

Since B8 # 0, X3, ..., X v are linearly independent in f/m? = m/m?, so that they extend to a system of regular
parameters in Oy, .

Sayx'l, e ,X_k, ﬁ,f(k_;_z, e ,;(n.

uv = Xy --- X0 = 0is alocal equation of D at p, so D is a SNC divisor in a neighborhood of p, and u, v give the form (3)
with respect to the formal parameters X1, .. ., X, U, Xki2, - - - , Xn.

Case 2(b) q is a 2 point of 7 ~1(E)).

Then 7 ~!(E;) and E are equal in a neighborhood of q. Hence 7;~'(D;) and D are equal in a neighborhood of p. Since
71~ 1(D;) is a SNC divisor in a neighborhood of p, D is a SNC divisor in a neighborhood of p.

Since f; |r,~1(; is toroidal there exist regular parameters u, v in Oy, 4 and regular parameters X1, ..., X, in éxl,p such
that the one of the forms (2) or (3) holds at p with respect toE and D. O



K. Hanumanthu / Journal of Pure and Applied Algebra 213 (2009) 349-359 359
Acknowledgment

I am sincerely grateful to my advisor Dale Cutkosky for his continued support and help with this work.

References

[1] D. Abramovich, K. Karu, Weak semistable reduction in characteristic 0, Invent. Math. 139 (2000) 241-273.

[2] D. Abramovich, K. Karu, K. Matsuki, J. Wlodarczyk, Torification and factorization of birational maps, JAMS 15 (2002) 531-572.

[3] S. Akbulut, H. King, Topology of Algebraic Sets, in: MSRI Publications, vol. 25, Springer-Verlag, Berlin.

[4] S.D. Cutkosky, Local Monomialization and Factorization of Morphisms, in: Asterisque, vol. 260, Societe Mathematique de France, 1999.

[5] S.D. Cutkosky, Monomialization of Morphisms From 3-folds to Surfaces, in: Lecture Notes in Mathematics, vol. 1786, Springer Verlag, 2002.

[6] S.D. Cutkosky, Toroidalization of Dominant Morphisms of 3-folds, in: Memoirs of the American Mathematical Society, vol. 190, Amer. Math. Soc., 2007,
Number 890.

[7] S.D. Cutkosky, O. Piltant, Monomial resolutions of morphisms of algebraic surfaces, Commun. Algebra 28 (2002) 5935-5959.

[8] S.D. Cutkosky, O. Kascheyeva, Monomialization of strongly prepared morphisms from nonsingular n-folds to surfaces, J. Algebra 275 (2004) 275-320.

[9] G. Kempf, F. Knudsen, D. Mumford, B. Saint-Donat, Toroidal Embeddings I, in: Lecture Notes in Mathematics, vol. 339, Springer-Verlag, Berlin,
Heidelberg, New York, 1973.



	Toroidalization of locally toroidal morphisms from N-folds to surfaces
	Introduction
	Permissible blowups
	Principalization
	Toroidalization
	Acknowledgment
	References


