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Abstract

In this paper we generalize Bor’s result by using the correct definition of absolute summability.
© 2007 Elsevier Ltd. All rights reserved.
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Recently Bor [1] generalized a result of Sulaiman [3]. Unfortunately he used an incorrect definition of absolute
summability. In this paper we obtain the corresponding result for a lower triangular matrix using the correct definition
(see, e.g. [2]). We obtain the correct form of [1] as a corollary.

Let T be a lower triangular matrix, {s,} a sequence. Then we put

n
T, = Z thySy.
v=0

A series Y _ ay, is said to be summable |T|¢, k > 1, if
o
>N = T [ < o0, (M
n=1

We may associate with T two lower triangular matrices T and T defined as follows:

n
f_m;:Ztnr, n,v=0,1,2,...,
r=v
and
v =Ty — In—1vs n=1,2,3,....
We may write

n v n n n
T, = Zanv Zai?»i = Zaiki Zav = Zc_lmai?»i-
v=0

i=0 i=0 V=i i=0
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Thus

n n—1
Ty —Thy = Zﬁm’aili - Zﬁn—l,iaiki

i=0 i=0

n n

= Zc_lniai?»i - Zfln—l,iai)»i
i=0 i=0
n

=Y (@i — @n—1,)aiki

i=0
n n

=Y aniaiki =) aniki(si = si1)
i=0 i=1

n n
= Zani/\isi - E Qi AiSi—1
i=1

i=1

n—1 n
= E api\iSi + AppAnSp — E nidiSi—1

i=1 i=1

n—1 n—1
= Z&ni)‘isi + anprnsn — Z&n,i+lki+lsi
i=1 i=0

n

= Z(&ni)\i - &n,i+l)¥i+l)si + apnAnSy.

i=1
We may write
(Gniki — Gpiv1his1) = Qniki — Qpip1hig1 — Qnit1hi + v
= (Ani — Qn it DA + dnivt1(Ai — Xig1)
= AiAjdni + ani+1AMA;.

Therefore
n—1 n—1
Ty =Ty = Z Ajdnidisi + Zfln,iJrlA)»iSi + annAnSn
i=0 i=1

=Ty + T+ Ty3, say.

A triangle is a lower triangular matrix with all nonzero main diagonal entries.

Theorem 1. Let A be a lower triangular matrix with nonnegative entries satisfying

(1) anOZ 1,n=0,1,...,
(ii) apn—1,v = a;waVI’l >v+1, and
(iii) na,, = O(1).

Let {X,} be given sequence of positive numbers and let s, = O(X,) asn — 00. If (Ay)n>0 is a sequence of
complex numbers such that

@iv) Zzozl ann(|)\n|Xn)k < 00, and
V) 302 XulAhyl < 00,

then the series _ anhy is summable |Aly, k > 1.
Proof. To prove the theorem it will be sufficient to show that

o
an_llan|k <oo, forr=1,2,3.

n=1
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Using Hélder’s inequality, (iii), and (iv),

m+1 m+1 k
Lo=Y n Nl <an ' Z|A,an,||x||sl|
n=1 i=0
m+1 n—1 n—1 -1
< Yo D 1A 1 F DR ) D 18]
n=1 i=0 i=0
From (ii)
Ai&nv = &ni - &n,i-ﬁ—l
= dpj — dp—1,i — An,i+1 + an—1,i+1
=ap —ap-—1,i = 0.
Thus, using (i),
n—1 n—1
Z |Ai&ni| = Z(an—l,i —api) =1—1+anw, = au.
i=0 i=0
Using (iv),
m+1
O(I)Zmam)" 1DA ani |71 (X"
m+1
= 0(1)Z<X DS Y (@) | Avdini]
n=i+1
= 0(1)Za,-i(|xi|xi)’<
i=0
= 0(1).
By Hoélder’s inequality, (iii) and (v),
m+1 m+1 n—1
L= n Tl < an : Z%mAx
n=1 i=0
m—+1 n—1 k
< Y D D lanialianlls]
n=1 i=0
m+1 n—1 n—1 k=1
< D D D N 1ARX ) | D 1A il AR X
n=1 i=0 i=0

From the definition of A and A, and using (i) and (ii),

Qi+l = Apit1 — Apn—1,i+1

n n—1
E apy — E ap—1,v

v=i+1 v=i+1

I_Zanv_l+zan L
i

= Z (anfl,u - an,v) > 0.
v=0

1047
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Using (i)
i
&n,i+1 = Z (an—l,v - an,v)
v=0
n—1
= Z (an—l,v - an,v)
v=0
=1—14an. 3)
Therefore
m+1 n—1
L= 0)) (nam)* ™Y anip1lAr]X;
n=1 i=0
m m—+1
= O Y 1ANIX; Y (nann)*'anisi,
i=1 n=i+1
m m+1
= O() Y |AMIXi Y At
i=1 n=i+1
From (2)
m+1 i i m+l
5 (zmn],u—an») S i —
n=i+1 \v=0 v=0n=i+1
i
= Z(ai,u — dm+1,)
v=0
i
<) a=1 )
v=0
Hence

m
L= 0() ) |AxIXi,
i=1

= 0(1).
Using (iii) and (iv),
m+1 m+1
Z nk=! |Tn3|k =< Z nk_l|ann)\nsn|k
n=1 n=1

= 0(1) Y _nan)* " awn (1| X0)*

n=1

= 0() Y ann(Xal2n D",
n=1
— o). O

Corollary 1. Let {p,} be a positive sequence such that P, ==Y ;_, px — 09, and satisfies

(1) npp, = O(Py).
Let {X,,} be given sequence of positive numbers and let s, = O(X,) asn — 00. If (Ap)n>0 is a sequence of
complex numbers such that

(i) Y02y B (Al X" < oo, and
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(i) %%, X, |Ad,| < 00,
are satisfied, then the series y_ ayhy is summable |ﬁ, Pnlic, k> 1.

Proof. Condition (iii) of Corollary 1 is condition (v) of Theorem 1. Conditions (i) and (ii) of Theorem 1 are
automatically satisfied for any weighted mean method. Conditions (iii) and (iv) of Theorem 1 become, respectively,
conditions (i) and (ii) of Corollary 1. O

It should be noted that, in [1], an incorrect definition of absolute summability was used. Corollary 1 gives the
correct version of Bor’s theorem.
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