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Abstract

The addition of a Bessel drift % to a Brownian motion affects the lifetime of the process in the interval

(0, 00) in a well-understood way. We study the corresponding effect of a power —xi,, B #0,p>0) of
the Bessel drift. The most interesting case occurs when 8 > 0. If p > 1 then the effect of the drift is not
too great in the sense that the exit time has the same critical value g for the existence of gth moments
(g > 0) as the exit time of Brownian motion. When p < 1, the influence is much greater: the exit time has
exponential moments.
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1. Introduction

For any real-valued process Z;, let tg(Z) be the first hitting time of R by Z:
tr(Z) =inf{t > 0: Z, = R}.

It is well-known that Brownian motion W; will exit the interval (0, co) in finite time and in fact,
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Pelzo(W) > 1) = —— /XM e /% du (1.1)
Var Jo
(Feller [10]). The addition of the drift —f;} yields the Bessel process B; with dimension § =
1-28:
dB, =dW, — BB ' dt, t < 1o(B).
It is known (G6ing-Jaeschke and Yor [11]) that for § < 2,

2572 xad 1-8 —u?/2
P B )= ——— e d 1.2
©(t0(B) > 1) ra—sp )y “© u (1.2)
and for § > 2,
Pi(10(B) = 00) = 1.

Also see DeBlassie [9] and Bafiuelos and Smits [4] for other derivations.
In this article we will study the effect of changing the drift to —Xﬁp for B #0and p > 0:

dX, =dw, — BX; 7 dt, t < 10(X). (1.3)
If B < 0, it is easy to show

Pi(tg(X)=00)=1 forp>1

I > Pi(10(X) =00) >0 forp < 1.

Consequently, we will concentrate on the case 8 > 0. Our main results are the following
theorems.

Theorem 1.1. For B > Oand p > 1,

Edn(X) <00 ifq < %

Ew(X) =00 ifq> %

Let

1
B(a, b) =/ 71— b lar
0
denote the Beta function.

Theorem 1.2. For 8 > 0Qand p < 1,

I-p

lim ¢t~ 7 log P (1o(X) > t) = —y(p, B)

t—0o0

where:

( ,3)—] 712/7])/3% B 1 1—-p B
vip, —217 2 2p
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Here is some intuition concerning our results. Clearly, since 8 > 0, 79(X) < 7o(W). Since
we are computing the chance that X takes a long time to exit (0, 00), it is plausible that for this
event to occur, the process must spend a lot of time away from 0. Thus the behaviour of the drift
far away from O ought to have the most influence. Now for 8 > O and p < 1, forany o < 1,

_ ﬁ - o — 1’
xP = 2x
and we expect X will exit sooner than a Bessel process B of any dimension @ < 1. By (1.2),
P.(t9(B) > t) = ct@=2/2 g by varying o < 1, we see 79(X) ought to have all gth moments
finite (¢ > 0). Theorem 1.2 tells us 79(X) even has exponential moments.
Notice:

x large

,82
lim y(p,B) = — and (1.4)
p—0t 2
lim y(p, ) = oo. (1.5)
p—1

When p = 1 we get a Bessel process and so for some g > 0, Py(79(X) > t) &~ t~4. Thus for p
close to 1 and ¢ large, we expect:

1—
Yy~ T log Py (t0(X) > t) =~ —1 -logt 9,

which is huge, consistent with (1.5). On the other hand, when p = 0, we get a Brownian motion
2

with drift (X; = W; — Bt) and it is known that log Py (t9(X) > ) = —%t (Borodin and

Salminen [5]). Thus for p close to 0 and ¢ large, we expect:

. 2 2
—y & T log Py (10(X) > t) ~ 17! (—%t) = _E
consistent with (1.4).
Asfor B > 0and p > 1,if ¢ < 1 then
_ ﬁ - o — 1’
xP = 2x
Thus we expect X to exit later than a Bessel process of dimension « close to 1. On the other
hand, 7o(X) < 79(W), and X exits sooner than W. Since W is a Bessel process with dimension
1 (at least up to time 7o(W)), we see to(X) and 7o(W) are about the same in the sense that they
have the same gth moments. Theorem 1.1 shows this intuition is correct.
Our results and techniques have implications for some other problems. For example, the
family of square root diffusions:

x large.

dX, = c/|X:|dW, + (a + bX,) dt, (1.6)

which includes the squared Bessel processes, has been the subject of much research. Aside from
applications in various areas of probability and the intrinsic interest it has generated, the family
of these diffusions has found an important niche in mathematical finance and economics. See the
survey article of Going-Jaeschke and Yor [11]. For example, in the seminal paper of Cox et al.
[6], the family of square root diffusions was used to model short-term interest rates:

dr, = o /r AW, + k(0 — ;) dt. (1.7)
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Justification for the use of this model includes the following empirically relevant facts:

1. interest rates are always nonnegative;

2. if the rate reaches 0, it can become positive later;

3. the infinitesimal variance of the interest rate increases as the interest rate increases;
4. there is a steady-state distribution for the interest rate.

Going-Jaeschke and Yor [11] point out the following relationship between squared Bessel
processes and square root diffusions (1.6). If Y; is a squared Bessel process with dimension
8= i—’;, that is:

dY[ = 2\/ |Y[|dW[ +8Yldt,

then the solution to (1.6) can be represented by

X, =ely (ﬁ(l - e—b’)>
e 4b '

Thus in the context of (1.7) we can write

02
rn=e Yy (-(e“ — 1)) , (1.8)
4k

where Y; is a squared Bessel process with dimension %‘9. Instead of using the Bessel process:

dB; = dW, — BB, ! dt,

(where B is chosen so that ¥; = Btz) one could use the perturbed Brownian motion

dB; = dW,; — c¢B; " dt, (1.9)

for some p # 1.
In order to ensure properties 1 and 2 above carry through, we use B,2 in place of Y; when

2p(p+1D)
([2

p < 1 and B/ in place of Y; when p > 1, where ¢ > p + 1 is chosen so large that < 1.

Moreover, under these circumstances, properties 3 and 4 will also hold.

To help decide whether or not this is a reasonable change, one could ask how long it takes
the interest rate to reach 0. Then empirical data could be used to decide which process gives a
better model. In light of the identity (1.8), we see the finding when the process reaches 0 comes
down to seeing how long the perturbed Brownian motion (1.9) takes to hit O—this is precisely
the content of our results.

To describe another situation in which our work has implications, we review some known
results. Let W € R? be a wedge with angle 6. If Ty is the exit time of Brownian motion from
W, then Bafiuelos and Smits [4] have shown that:

Po(tw > 1) ~ C1(x)t 7% ast — oo.
If rﬁ, is the lifetime of Brownian motion in W conditioned to converge to x € d W, then Davis

and Zhang [7] have shown that:

—m/6

Py(ty, > 1) ~ Ca(x, )t ast — oo.

Thus the chance of 7y, being large is much smaller than the chance of 7y being large, and so the
conditioning makes the process die out faster.



D. DeBlassie, R. Smits / Stochastic Processes and their Applications 117 (2007) 629—-654 633

On the other hand, if K € R? is bounded and open, and if tg is the exit time of Brownian
motion from K, then it is known that:

Pi(tg > 1) ~ Ca(x)e ™K' ast — oo,
where Ak is the first Dirichlet eigenvalue of %A on K (Port and Stone [17]). It is also known that:
Pe(t% > 1) ~ C3(x)e "K' ast — oo,

(DeBlassie [8], Kenig and Pipher [13] and Baiiuelos and Davis [2]). In this case, the conditioning
does not make the process die out any faster.
Now consider the ‘parabolic-type’ region:

D={(x,y):x>0,|y| <x},
where 0 < p < 1. Bafiuelos et al. [3], Li [14] and Lifshits and Shi [15] have shown that

1—
lim t71+£ log Py (tp > t) = Cs,
11— 00

where Cs is explicitly known. This situation is intermediate between the case of the wedge W
and the bounded open set K. It would be very interesting to see if conditioning preserves this
ordering. In other words, how does the conditioning affect the lifetime of the process? We do not
know the answer, but our results provide the following insight.

Write

s={en:n<3}

and let F : D — S be conformal with
lim F(x,y) = oo.
X—> 00

Let z € aD correspond to the limiting value of F(x, y) as x — —oo in S. The Martin kernel of
D with pole at z can be written as

h(x,y) = e ReFEY) cog(Im F(x, y))
and the differential operator associated with Brownian motion in D conditioned to converge to z
is
Vh

1
A+ -2V,
22T

Analogous to the intuition described above concerning our results, in order for 7}, to be large,
we expect the process to spend much time away from z. Also, the conditioning keeps the process
away from 9 D \ {z} and so the greatest influence should come from the horizontal component of
the process. Thus:

hx, y) ~ e Rl

and by results of Warschawski [22],

T
Fx,y)~ 2—x1_1’ as x — oo.

(I-p)

We conclude:



634 D. DeBlassie, R. Smits / Stochastic Processes and their Applications 117 (2007) 629-654

Vh T _ 0
— .VA~ _-—_xP—_
h 2 ox
and the operator associated with the conditioned Brownian motion is much like:
19> 7,9
—— —=x P—
209x2 2 0x
This is the operator studied in this article and Theorem 1.2 suggests:

lim t_iTi log Py(tp >t) = —y (p, z) .
t—00 2
Hence we conjecture the conditioning does not affect the lifetime very much, just as in the case
of K bounded.
Here is the organization of the article. In Section 2 we use a comparison argument much
like that described above to prove Theorem 1.1. The method is not precise enough to decide the

critical case ¢ = % In Section 3 we make an A-transform to eliminate the first order term in the
. . 2 . .
differential operator %% — pxP % corresponding to X. The resulting operator takes the form

%% + V(x), where the potential V' is singular. This transformation lets us reduce consideration

to study of a Feynman-Kac type functional to which techniques of large deviations apply. In
Sections 4 and 5 we use the techniques to obtain lower and upper bounds and we show the
bounds coincide. The common value is given by the solution of a singular variational problem
which we solve in Section 6.

2. Proof of Theorem 1.1
Throughout this section we will assume 8 > 0 and p > 1. Let ¢ < 1 be very close to 1 and
suppose B; is a Bessel process with dimension «:

1 —
dB, = dW, + T“B,—l dt, 1t < 10(B).

Choose M > 0 so large that:
B o 1

CxP T 2x
Then by the Comparison Theorem for Itd processes (Ikeda and Watanabe [12]),
Pyu(up(X) > 1) = Py(typ2(B) > 1). 2.1

The Laplace transform of 77,2 (B) is known (Gding-Jaeschke and Yor [11]) to be

K_,(M~/21)
K_(MJA]2)

x> Mj2.

Eplexp(—Atya(B)] =277

where

@ ! 2.2)
v=—=—-1<—= .
2 2

is very close to —% and K, is the modified Bessel function. Using this identity, after an integration
by parts, the measure

n(A) = _/; Py (ty/2(B) > 1)de
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has Laplace transform:

0= L1 =g KooMV2)
P =3 K (MJi2) |
Using the identity:
Ko = 1@ =L@
2 sin vt

and the series expansion

= 22k
o= (3) 2 e
(Abramowitz and Stegun [1] page 375), one can show that for some ¢, p:
(L) ~ CV,M)\_”_I as A — 0.
Then since the density of u is monotone, by Feller’s Tauberian Theorem (Feller [10], Theorem
4 on page 446):

Cy,M v

—t t . 2.
To+ D) ast — 00 2.3)

Py(tmp(B) > 1) ~

Now we can prove Theorem 1.1. Let x > 0. By making M larger if necessary, it is no loss to
assume M > x. Then by the strong Markov property, with

n = 10(X) A Ty (X)),
we have:

Pi(to(X) >1) = Py(Xy =M, 10(X) > 1,07 <1)
Px(Xn = M) Py (to(X) > 1)
Pe(Xy = M) Py (Tt 2(X) > 1)

Py(Xy = M) Py (ty/2(B) > 1)

IV IV IV IV

(by (2.1)). Since v < —% in (2.2) can be made arbitrarily close to —%, we get that
. 1
E[tp(X) =00 ifg > X
Note by the trivial bound
Py(to(W) > 1) = Py (t0(X) > 1)
and (1.1), we get
. 1
E [t0(X)?] <00 ifg < 5

This completes the proof of Theorem 1.1.
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3. Transformation of the problem

For the rest of the paper, we will assume § > 0 and 0 < p < 1. In this section an A-transform
is used to convert the problem into one involving large deviations. Denote the differential operator
associated with the process X; by:

_1d Bd
C2dx? xPdx

and write p(t, x, y) for the transition density of the process killed upon striking 0:

P.(X; e A, 19p(X) >1) = / p(t, x, y)dy.
A

Let:
Vix) = ,Bpx_l P4 B2, x>0 3.1
1 d2
L) = C) +V, and 3.2)
h(x) = exp <— xlp) , x>0. (3.3)
l—p

Note 4 is Li-harmonic: Lih = 0. The h-transform L}l’ of L is defined by

h 1
Lif = b (hf).
Then it is a simple matter to show
Lh=1L. (3.4)

Let Y; be the process associated with L1, killed upon reaching 0. This process exists because
the potential V (x) appearing in L is nonpositive. By (3.4), if p1 (¢, x, y) is the transition density
of Y;, then

p(t,x,y) = pi1(t, x, y)h(y)/h(x)

(Pinsky [16], Theorem 4.1.1 on page 126). By the Feynman-Kac formula, for one-dimensional
Brownian motion By,

P(to(X) > 1) = /0 p(t, x, y)dy
1 o0
= M/o pi(t, x, y)h(y)dy

1
= MEX [h(Y[)ITO(Y)>t]

1 t
= MEX [exp </o V(Bs)ds) h(Bt)I,O(B)N} . 3.5)
Let:

Co = {w: [0,1] — R | w is continuous, w(0) = 0}



D. DeBlassie, R. Smits / Stochastic Processes and their Applications 117 (2007) 629—-654 637

and equip Co with the sup norm. If @ € Cy is absolutely continuous (with respect to Lebesgue
measure) denote its derivative by @ or «’. Then set:

1
Ko = {a) € Co: / [y )Pdu < oo}.
0

With

12
- _ d
1 2,3 an

o= 1 (3.6)

for w € K define

! -2 1—- Lt 2
F(w) =c lw@)|"Pdu + c2lo(D)] P + 3 [o(u)]"du, 3.7
0 0
if the first integral is finite; otherwise, set F(w) = oo.

Theorem 3.1. For any x > 0,

I t
lim ¢~ T log E, [exp (/ V(Bs)ds> h(B,)I,O(B)>,] — —inf Flw). O
0 wekKy

t—0o0
Notice the infimum exists and so by (3.5) this theorem will prove the existence of the limit in
Theorem 1.2.

4. Proof of Theorem 3.1: Lower bound

In this section we prove:

t—0o0

- t
liminft_ﬁ log Ex |:exp (/ V(Bs)ds) h(Bf)ITO(B)>fi| > — ian F(w). “.1)
0 weK()

>0

Forx < Oset Vi(x) =0,i = 1,2, 3 and for x > 0 define

1
Vi(x) = ppx~' "
Va(x) = c1x 2P
V3(x) = cox' 72,
where ¢ and ¢ are from (3.6) and we take é = 00. Notice the following scaling identities hold:
Vitrx) = r~ 7PV (x)
Va(rx) = r2PVy(x)
Va(rx) = r' P Va(x).
Moreover, for w > 0

1

1
F(w) = f Va(wm))du + Va(w(1)) + %/ [ (u)])*du 4.2)
0 0
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and for 7o(B) > t,

t t
/ V(By)ds — %Btl_p = —/ [Vi(By) + Va(By)lds — V3(By).
0 -p 0

Thus:

t
Ey [GXP (fo V(Bs)dS) h(Bt)ItO(B)>ti|

t
= Ex |:€XP <_/(; [Vi(Bs) + Va(By)lds — V3(Bt)> 1T()(B)>t:|
1
=E; |:6XP <_/O [Vi(Biu) + Va(Bp)]t du — V3(Bt)) ITO(B)>I:|

1
=E /i |:6Xp (-/O [Vi(¥/t By) + Va(/t Bt du — V3(\/t Bl)) 110(3)>1j|

(Brownian scaling)

t 1
=E, i [exp (—t“'”/z /0 Vi(Bu)du —t'7P /0 Vz(Bu)du—r“Psz(Bl))

X Iro(B)>lj| (4.3)
(scaling properties of V1—V3).
Now let g € K¢ be such that g > 0 and F(g) < oo. Consider any ¢ > 0 and define

Z, =By _g(u)/\/E
n=r19(Z) =inf{u > 0: Z, =0}.

Note that for Zy > 0,
n>1=r1(B)>1 and 4.4
n>1= Vi(g)/e) > Vi(B,) forallu<1,i=1,2. “4.5)

Lemma 4.1. For § > 0 and ¢ = t—(1=p)/(1+Dp)

P 10(B) > 1 t<1—l’>/2\/(19)+L 1 "(u)dB - =o(P., /(to(B) > 1))
x//1 | 10 ) 3(b1 7z Jo 8 u e x//1\T0

ast — oQ.

Proof. In what follows, ¢ will be a number whose exact value might change from line to line, but
it will always be independent of ¢. Under P, IVE the random variable fol g’ (u)dB, is Gaussian

with mean 0 and variance fol (¢’ (u)]*du. Hence

1
NG [GXP (/(; g/(u)dBu):|
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is independent of 7. Using this together with the fact that
g~ V/U=p)=1/2 — =172,

we have fort > 1,
(1-p)/2 8
Px/ﬁ 0(B) > 1,¢t V3(B1) —|— — g (u)dB > —
(1-p)/2 8
—Px/ﬁ o(B) > 1,t V3(B])>Z
1)
2/e
§ 1
<P, (B > ce V=P =1/2) 4 exp <—§8_1/2> E. i|exp / g (w)dB,
0

1)
< exp(—ce ]/Z)Ex f(eB‘)+cexp< 2 ]/2)

1
+P i (ro(B) > 1,/ g (w)dB, >
0

8
= cexp(—c,s_l/2 +xt7?) + cexp (—58_1/2)

< cexp(—ce‘lﬂ). 4.6)
From (1.1),

Py i(to(B) > 1) = —— f M ity
T > = — € u
/i (T =,

o2 X haep/aep) @

V2m i

ast — oo. Here f1(t) ~ fa(t) ast — oo means Lo}

0]

- 1
Poyyi (0(B) > 1.10-P2V3(B)) + & [} ¢/ 0dB, > 2) _ cemploas)
Py, si(t0(B) > 1) = (Vo) U+p/0=p)

—~ 0 ast— oo,sincee — 0V ifft — oco. O

— 1 ast — oo. Hence for ¢ large,

Corollary 4.2. For e = t~(1=P)/(+p)

I 8
liminfelog P/ (ro(B) > 1,t97P2y3(B) + — / g w)dB, < —) > 0.
8 0 &

t—00

Proof. Writing A = t(1=P/2v3(B;) + \/Lg fol g (u)dB,, we have

S 8
P i <‘E()(B) >1,A< E) =P si(w(B)>1)—P, 5 (TO(B) >1,A> g)

P, yi(to(B) > 1,4 > %)
P, yi(to(B) > 1)

= P, i(t0(B) > 1) [1 -
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Take the logarithm of both sides, multiply by ¢ and let t+ — oo. Then by Lemma 4.1, and
4.7

o ) .
htrll)égfslog Px/ﬁ (‘L’()(B) >1,A< E) > lzrgg}fslog Px/ﬁ(ro(B) > 1)
=0 O

Lemma 4.3. For ¢ = t—1=p)/(+p),

1 1
L 1-p)/2 2
lltﬂggfslog Ex/ﬁ[exp(—t( 2 Vi(Z1) I>1] = —5/0 (' ()] du.

Proof. By the Cameron—Martin—Girsanov Theorem, for any § > 0,

E,; yilexp(—t""P2V3(Z 1)) 1]
_ 1! 1 !
=E, /i |:110(B)>1 exp (-l(l PI2yy(By) — ﬁ/o g (w)dB, — g./o [g/(u)]zdu)]

1 ! )
>exp|—=— / [g' (w)]*du — —
2¢e Jo £
P B) > 1,t9=P/2y,(B Ly dB <O
X P s 0(B) > 1,1 3( 1)+$Og(u) u_g .

Hence by Corollary 4.2,

1 1
liminfelog E, , slexp(—t"=P/2V3(Z 1) 1211 = —5/ (¢ (u)]*du — 6.
0

—0o0

Lets — 0T to finish. O

Now we can prove (4.1). Since 0 < p < 1, Va(a + b) < V3(a) + V3(b). Then by definition
of Z, with ¢ = ¢~ (I=P)/(+p),

E,, ilexp(—1""PPVs(BI) La1] = E, slexp(—11 P PV3(Z) + g(1)//6)) I=1]
> exp(—t'"P2Va(g(1) /) E, , jilexp(—t" P PV3(Z1) 1o 1]
= exp(—11 7P 2e= =Py (g () E, ) silexp(—1 ' P2 V3(Z1)) 111

(by the scaling property of V3)

= exp(—& ' V3(g(D)E,, silexp(—1' =P 2V3(Z1) I-1] 4.8)

(by choice of €).
Also, by scaling properties of V; and V>, and choice of ¢:
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1 1
exp <—t<1p>/2 /0 Vi(g(u)/v/e)du — =P /0 Vz(g(u)/x/g)du>
1 1
= exp (r<1—f’>/2e<1+1’>/2/ Vi(g(u))du —tl_psp[ Vz(g(u))du)
0 0
1 1
= exp (— /0 Vi(g(u))du — &~ ! /0 Vz(g(u))du). 4.9)
Then:
t
Ex [eXp (/0 V(Bs)ds) h(BT)I‘L’o(B)>t:|
1 1
=E, [exp (—r“‘”/z | s | vz(Bu>du—r“—">/2v3<Bl>)
0 0
X 1r0(3)>1:|

(by (4.3))

1 1
zexp(—r“"’”2 fo Vi(g(u)//e)du — ¢ =P /O vz(g(u)/ﬁ)du)

-E, ) yilexp(—t" =P 2V3(B)) 12 1]

(by (4.4) and (4.5))

1 1
> exp (—/0 Vi(gu))du — 8‘1/0 Vz(g(u))du)

cexp(—e~ ' V3(g()E, silexp(—t" P2 V3(Z1) I-1]

(by (4.9) and (4.8)). By Lemma 4.3 and our choice of ¢, this yields

t
liminf¢~(1=P)/0+p) log E |:exp </ V(Bs)ds) h(Bf)IfO(B)>fi|
0

t—0o0

1 1 1
> —/ Va(g(u))du — V3(g(1)) — E/ [¢'())*du.
0 0

Taking the supremum over all g € Ko such that g > 0 and F(g) < oo and using (4.2) gives
4.1).
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5. Proof of Theorem 3.1: Upper bound

In this section we derive an upper bound that matches the lower bound from the previous
section. To this end, we first show:

t
limsup ¢ ~1=P/1+P) 105 E [exp (/ V(Bs)ds) h(Bt)I,0(3)>ti|
0

—>0o0

1
< — inf |:J(a)) + %/ [d)(u)]zdu] (5.1)
0

weKy

where
1
J(w) = /0 Va(w(u))du + Vi(w(1))

if the integral is finite; otherwise set J (w) = oo.
Let Q°f be the law on C ([0, 00), R) of /¢ B under Py, where

¢ = —1=p)/(1+p)

as usual. Then by (4.3) and scaling properties of Vi — V3, writing f(¢) = xg!/(0=P),

t
E, [CXP (/0 V(Bs)ds) h(Bz)Iro(B)>ti|
= Ey | ex —t(l_p)/Z/lV <B +i>du—t1—l’flv (B +i)du
= Lo Y ) 1 u \/; o 2 u \/;
—1=p)2y, (Bl + %)) I (ro (B + %) > 1>}
1 1
=Ep [eXp <—/ Vi(We By + f(e))du — ™! f Va(VeBy + f(€))du
0 0
—e'V3(Je B + f(8))) 1 (fo <B + i) > 1)]
Jt
1 1
< E? [exp (— / Vitwu + f(e))du — &~ / V(o + f(e))du
0 0
— e 'Wa(wr + f(e))ﬂ

QE 1
—E |:exp <—gjs(w)>] (5.2)

1

1
Je(w) = 8/ Vi(wu + f(e))du + / Va(wy + f(e))du + Vi(w1 + f(e))
0 0

where

if the integrals are finite; otherwise, J;(w) = 00.
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Notice J is lower semicontinuous on Cy and if w, — w in Cy as € — 0, then

liminf J (wn) > J (@).
e—07T

Hence by Varadhan’s theorem (Varadhan [21], Theorem 2.3)
: 0 1 . Ll
limsupelog E exp | ——Je(w) < — inf | J(w)+ = [w(u)]~du
e—0t & weCy 2 0

1
= — inf |:J(a))+l / [d)(u)]zdu].
wekKy 2 0

A

Using this in (5.2) gives (5.1).
Next we show the lower bound from (4.1) matches the upper bound from (5.1):

25 )
>0

If ® > 0 then by (4.2),

1
inf F(w)= inf |:J(a))+l / [d)(u)]zdu:|. (5.3)
weK 2 Jo

1
F(w) = J(w) +1 / [o@w)]*du.
2 Jo

Hence it is clear that

1
inf F(w)> inf [J(w)Jrl / [d)(u)]zdu:|.
w;foo wek) 2 Jo

For the opposite inequality, consider any @ € Kg. Then we can write {u: w(u) > 0} =
U, (@n, by) as a disjoint union of a countable collection of open intervals. Notice on (a,, by),
*, where @t = max(0, w). Then since |J,{an, by} is countable, w™ is absolutely

continuous on [0, 1] and is 0 almost everywhere on {u#: w(u) < 0}. Thus

w = w

v

1 1
f Vap)du + Va(@?) + f (@) Pdu
0 0

= F(o™h)
> inf F(®).

>0
ek

1
J(w)+l [ [(u)]*du
2 Jo

Taking the infimum over w € Ky yields the desired inequality and the proof of (5.3) is complete.
To finish the proof of Theorem 3.1, just note an argument like that for (5.3) shows

25 )
>0

inf F(w) = wiEnIl; F(w).
0

6. Solution of the variational problem

The main result of this section is the explicit solution of the variational problem arising in
Theorem 3.1. Combined with Theorem 3.1, it will complete the proof of Theorem 1.2.
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17
3 1—p gL 1+ 5
2" 2p 2 2p '

We break up the proof into several steps, eventually reducing the problem to elementary calculus.
For 6 > 0, define:

Theorem 6.1. We have:

inf Fw)= +p Top |B(L 12P) 1B
in w) = = -, —
weko 2P 2" 2p

1 1 1
Fo(w) = ¢ / [ () + 0177 du + c2|w(1)|' 7P + 5 / [o(u)]*du
0 0

if the last integral exists and take it to be oo otherwise. We will often write

1
lwll2 = ,//O [ow)]? du .

The following lemma is on page 75 in Riesz and Sz.-Nagy [18].

Lemma 6.2. A function w: [0, 1] — R is the integral of a function F in L? iff

m

_ 2
supz [w(t) — o(t-1)] o

k=1 fie = Tk

’

where the supremum is taken over all partitions 0 =ty < t; < --- < t, = 1 of [0, 1]. Moreover,
the supremum is exactly || F||%. ([l

Lemma 6.3. For 6 > 0, inf,ck, Fy(w) is attained.

Proof. Choose w, € Ko such that Fp(w,) — inf,eck, Fo(w). Then a, = Fy(wy) is a bounded
sequence and so by nonnegativity of all the terms in Fy, ||@y |2 is a bounded sequence. By passing
to a subsequence if necessary, we can assume for some y,

lopllo <2y forallm and |wullo — ¥y asn — oo.

The set {w € Ko: |w|l2 < 2y} is a compact subset of Cy (Strassen [20], Section 1). Then by
passing to a subsequence, it is no loss to assume for some x € Kg with ||x]2 < 2y, we have
w, — x in Cy. In fact,

lxll2 < v,

as we now show. If 0 =7y < 1] < --- < 1, = 0 is any partition of [0, 1], then by Lemma 6.2

m

[wn (tx) — @n (tr—1)1?

=2
— < llaon3.

]

Letn — oo to get

i [x (k) — x(te—1)]? <y

k=1 le = Te=1

Apply Lemma 6.2 again to see ||x ||% < y2, as claimed.
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To finish, observe by Fatou’s lemma that:

. _ ! 2 —p 1-p 1 ! . 12
inf Fyp(w) < Fy(x) = ¢y [x;, + 01 Pdu + c2]x1] + = [x,]°du
wekKy 0 2 0
1
= Cl/ lim [wﬁ(u)—i—@]_pdu—i—cz lim |o, (1|7
0 n—>0oo n—-oo
1 ! 1 ! 1
. . 2 . . 2 =12
+ — lim / [, (u)]"du — = lim / [w, (w)]"du + =1 x]15
2 n—00 0 2 n—00 0 2
< lim F. L, 1 .5
= lim o(wn) — 3 + EIIXIIQ
< lim Fy(wn)
= mf Fy(w).
wekKy

Thus F@ (x) = infweKO Fg (a)) [l

Lemma 6.4. There is a sequence (6,, w;,) € (0, 00) x Ko and x € Kq such that 6, — 0, w,, > 0
is a minimizer of Fg, on Ko, lim,_ o0 ||y |2 exists, o, — x in Co and x is a minimizer of F on
K.

Proof. Since inf,ck, Fy(w) is decreasing in 6,

sup inf Fp(w) = hm inf Fy(w).
00 @€Ko weKy

Also, for each 0 > 0, F(w) > Fy(w) and so:

inf F(w) > sup inf Fy(w). 6.1)

w€eKy 0>0 @€Ko
Next, choose 6, — 0 such that

1nf Fg,(w) — sup inf Fyp(w) asn — oo.
6>0w€Ko

By Lemma 6.3 there exist w, € Ko, n = 1,2, ..., such that

inf Fy,(w) = Fy, (wn).
wekKy

Notice from the form of Fp, it is no loss to assume w,, > 0. Since inf ¢k, F'(w) < oo, by (6.1)
Fy, (wy) 1s a bounded sequence. Then we can argue exactly as in the proof of Lemma 6.3, passing
to a subsequence if necessary, to get that for some: x € Ky,

gl — v
wp, —> x inCy

lxll2 < y.
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Thus all conclusions of the lemma, except the last one, follow. Moreover:

inf F(w) < F(x)
weKy
! 1
— C]f lim [w? (1) + 6,17Pdu + 3 lim |w, (D' 4+ = lim [|an|3
o n—o0 n— 00 2 n—o00

11. R SR
=5 Jimllon 3+ 113
< lim Fy,(w,)

n—0oo
= lim inf Fyp ()

n—o00 weky
= sup inf Fy(w)

0~0wEKy

inf F(w)

wekKy

IA

(by (6.1)). Thus equality holds throughout and x is a minimizer of F on Kg. [

Our goal is to derive an explicit expression for the minimizer x from Lemma 6.4. This will
be done by showing x solves a second order differential equation which has an explicit solution.
The idea is that from the calculus of variations, w, from Lemma 6.4 solves a certain differential
equation. Letting n — oo gives the equation for x.

Lemma 6.5. Let 6 > 0 and suppose y > 0 is a minimizer of Fy on Ko. Then
2perly? @) + 01777y + @) =0 on [0, 1] (6.2)
and for any ug € [0, 1]

(2 (o) +6)P — (y*(u) + 0)F
(2(uo) + 0)P (y2(u) + 6)P

Proof. Observe that for a = y;

$2(u) = 2¢ + 9% (ug), u €10, 1]. 6.3)

1
. _ U I
inf Fg(w) = Fe(y)=61/ [y2 + 617 Pdu + c2a’ P+5||y||%
0

wekKy
! 1
> inf 01/ [w2 4+ 01 Pdu+ ~||l@l3: o1 =ai +ca' P
weKy 0 2
! 1
> inf c1/ (w2 4+ 017 Pdu + c2lo1|' P + <o)} w1 =a
weKy 0 2

= inf {Fy(w): wi = a}
weKy

v

inf Fy(w).

weKy

In particular, equality holds throughout and so for:
by - L.
Go(w) =c1 | o, +6]"Pdu+ Sllol;,
0

we see infy,ek,{Gg: wi = a}istakenonat y.
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Define || - ||k, to be the natural norm on Kj:
lollk, = sup || + [[@ll2.
[0,1]
If K is a functional on Ky, write § K for the variation of K:
d
6K(w, 7) = gK(U) + £2)|e=0-

Then by the Lagrange Multiplier Theorem (Smith [19]), for K (w) = wi, there is a real A such
that

8Gy(y,z) = MK (y,z) forall z € Kp.
That is,

1 1
—2pcy f [yg + 6’]_p_1yuzu du +/ YuZy du —Az; =0 forall z € Kp.
0 0

Integration by parts in the first integral yields:

1 1 1
f |:—2pcl / [y2 4617 P ys ds + )')u:| Zu du —/ Az du =0 forall z € K.
0 u 0

In particular:

1
—2pcy / [ys2 + 0]7”71)13 ds+y,—2=0. (6.4)
u

Thus we see y, is continuous and differentiable on [0, 1] and A = y;. Differentiation of (6.4)
yields (6.2). Finally, multiplying (6.2) by y, and then integrating from uq to u gives (6.3). [

Lemma 6.6. The minimizer x from Lemma 6.4 satisfies the following properties:

(I) x >00n(0,1);
@) 2pcixa PN+ %, = 00n (0, 1);
(3) for any vy € (0, 1),

.0 Xvg — Xu .2
X, =2c 5 25 +x,, uE€ ©, 1).
Xup X

Proof. Let 6, and w, be from Lemma 6.4. By Lemma 6.5, w, is concave on (0, 1); that is, for
any 0 < A < 1,

wp(Au + (1 — A)v) > Aw,(u) + (1 — Vw, (v), u,v e (0,1).

Let n — oo to see x is also concave on (0, 1). Hence if x,, = 0 for some u € (0, 1), then x =0
on (0, 1) and so F(x) = oo, contrary to x minimizing F. Thus x > O on (0, 1).

By (1) and Lemma 6.5, for any [a,b] € (0, 1), &, is Cauchy on Cla, b], the space of
continuous functions on [a, b] equipped with the sup norm. Moreover,

sup sup |@,| < oo.
n la,b]
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Thus by the Mean Value Theorem the family {@,: n > 1} is equicontinuous on [a, b]. Once
we show the family is pointwise bounded on [a, b], by Ascoli’s Theorem there is a subsequence
of w, that converges uniformly on [a, b]. By diagonalizing we get a subsequence of w, that
converges uniformly on compact subsets of (0, 1). Thus by passing to a subsequence, it is no
loss to assume @, converges uniformly on compact subsets of (0, 1). The grand conclusion is
that we can replace y and 6 in (6.2) and (6.3) by w, and 6,, respectively, and then let n — oo to
get (2) and (3).

All that remains is to verify pointwise boundedness of {w, } on [a, b]. We will show for every
u € la,bl,

sup @ (u) < oo. (6.5)
n
By (6.3), with y = w,, and 6§ = 0,,,

(@5 (B) 4 0)P — (w0 (1) + 6,)”
(@F(b) + On)P (07 () + 6,)P

2 (u) = +az(b), u€la,bl (6.6)

Since w,, — x in Cy and since x > 0 on (0, 1), once we show
sup cb,%(b) < 00, 6.7)
n

(6.5) will follow.

To prove (6.7), assume it is false. By passing to a subsequence, it is no loss to assume:
d),%(b) — 00. Then by (6.6), d),% (u) — oo forall u € [a, b]. By Fatou’s lemma this yields:

o0 = [ hmlnfa) (u)du

n— o0

< liminf / @2 (u)du
n—>0oo 0

— 1 -2

= lim [o,ll3
n—>oo

< 00,

by Lemma 6.4; contradiction. Thus (6.7) must hold. [

We need one more property of the minimizer x from Lemma 6.4. By Lemma 6.6, x is strictly
concave on (0, 1), hence one of the following must hold:

(C) for some unique uq € (0, 1], X (ug) = 0 and x(ug) = supx
OR

(D) x is strictly increasing on [0, 1] and x(1) > 0.

Lemma 6.7. The case (D) is impossible and thus (C) holds for x.
Proof. Suppose (D) holds. Let v < 1 be very close to 1 and define

_fx), O<u<vw
) =V )+ iU —v). veu<l.
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Then g € K and since x > 0 is decreasing on (0, 1) (by Lemma 6.6(2)), |g| < |x|. Hence

1 1
F(g)—F(x) = |:/ [xy + %1 (u — v)] " du —/ xu_2p du:|

Foal(xy 4+ 51 (1 —v)' 7 — x| 7]

= A+ B, say.
It is easy to show
A
v—>1— (1 — U)2
B 1-— P 1—p

Since x is strictly increasing, x; # 0, and by Lemma 6.6, X; < 0. Thus by making v < 1
sufficiently close to 1, F(g) — F(x) < 0, contrary to x being a minimizer. [

Now we are in a position to show minimizing F on Ky is the same as minimizing over a
certain smaller set S, which we now define.
Consider any b > 0 such that:

1 1 b
- < b"f PP =272z < 1. 6.8
2 - «/201 0 ( ) - ( )
Then
1 b 2 2p\—1/2 1 b 2 2
bp/ P (P — 7°P)” dz—i——bp/ PP —z7P)dz > 1
«/261 0 \/26’1 0
b
> b? / P (b*P — 2P)dz,
~2c1 0
and this implies there exists a unique a = a(b) € [0, b] such that
1 b 2 2p\—1/2 1 b 2 2
b”f PP — 7Py edz + b”/ PP —z°P)dz = 1. (6.9)
A2c1 0 2cq a
Define:
1 g 2 2p\—1/2
fw) = b | @ —zP)"dz, O0<u<bh
V2c 0
1 b (6.10)
g(w) = f(b) + ——b" / PP — 24, a<u<b,
V2c1 u

Then f is strictly increasing, g is strictly decreasing and
0< fb) =gla=1,
by (6.9). Denote their respective inverses by:

F71 10, £(B)] — [0, b]
g [f ), 11— [a, bl
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and then define:
N0, 0<1< f),
g '), f)y<t=<1.

Let S be the set of all such w. It is easy to check that w is continuous, w(0) = 0, w(1) = a,
® > 0on (0, 1) and fol @2 du < oo. In particular:

wr =

S C Ko. 6.11)

Lemma 6.8. We have

inf F(w) = inf F(w).
weK weS

Proof. With x from Lemma 6.4, it suffices to show x € S. Let ug be from case (C) just before

Lemma 6.7 and set a = x(1), b = x(up). Then by Lemma 6.6(3),

2
B b2p_xup
xu=26‘1ﬁ, O<u<l.
b*Px,

Since x, > 0 on (0, ug) and x,, < 0 on (ug, 1),

Separation of variables leads to the solution:

'), 0<i< fo),
T, f)<r<1

where f and g are from (6.10) with our choice of @ = x(1) and b = x(up). Thus x € S, as
desired. [

For elements w € S, F(w) takes on a very explicit form. Let

y
By(p.q) =/ A -0, 0<y <1
0
be the incomplete Beta function. Notice

Bi(p,q) = B(p,q),

the Beta function.

. 2p
Lemma 6.9. For w € Swithy =1— (%),

11— 11— 4 1
F@ = Lor[p (2 20) v, (2 20) 4 2oy
4p 2 2p 2 2p 1-p

31— 31—
+B(2.—L)+B, (2. —L)|.
2 2p 2 2p
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Proof. Recall for w > 0 that

1 _ _ 1 1
F(w) =c / Wy 2p du + Cza)]l p + E/ a)i du (6.12)
0 0
where

B B
cl=— = —".

6.13
2’ 1- ©.13)

Letw € Sandtake y = 1 — (
for u € (0, ug) and u = g(v)

b, "oy b,
/a)upduz/ a)u"du—i—/a)u”du
0 0 ug

b? /b— 2 2py—1/2 b— 2 2py—1/2
= — v P[bP — vP] /dv+/vp[bp—vp]/dv.
\/261|:0 a

Changing variables w = (%)21’ then gives

1 1-
b'~P 1 1- 11—
/ a)u p du [B (_’ _p> + By <_’ _p>] .
0 2p+/2cy 2 2p 27 2p

A similar argument shows

1 pl-r 31— 31—
[Man— vt [a (3 50) em (2 50)]
0 2p 2 2p 2" 2p

To finish, substitute these into (6.12), use (6.13) and the fact that

IR

p
) Now for ug = f(b), using the change of variables u = f (v)
oru € (ug, 1), we have

’—h

1- B _
o, [
1—p

1f bl p(b)l '

1—
_ P pra—yF. o
l—p

Because of Lemma 6.9, computing inf,cs F (w) reduces to ordinary calculus.

1—
3 1—p gL 1+p =
27 2p 2 2p '

Theorem 6.10. We have

1 1 1-p
1nf F(w) = 5P 1+P,BI+P -, — |+ B
2 2p

Proof. Let w € S and by Lemma 6.9 write
F(w) = g(b)

where

,3 I 1 1-p 1 1—p 4p 1—p
b b P ) +B (= |+ —U -
g(b) = > 25 +By (3 T +1_p( y)

31— 31—
+B(2.—2)+8, (2. =2
2 2p 2" 2p
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withy =1 — ( )2p Let I = [by, by] be the set of all b satisfying (6.8). Hence by Lemma 6.9,
fF = inf g(b).
nf Fl@) = [t g (®)

Below we will show g is increasing on /. Taking this for granted, we get

inf F(w) = g(by).
weS
Making the change of variables w = (%)2P in (6.8) converts it to

1_ pitr B(l 1+p>
2p«/2c T 2p -

and so we see by is given by

1+p
1 b 11
1_ b, <_, ﬂ) . (6.14)
2 2pJ2c 2p
Similarly, (6.9) gets converted to
pltp 11 11 2
—[B(—,—+p>+B},<—,—+p>i|:], y=1_(f)p. (6.15)
2p~/2ct 2 2p 2 2p b

Plug b = b into (6.15) and use (6.14) to see
11 11
B, (L 1EP) Zp (L 1P,
2 2p 2° 2p
which forces y = 1. Thus

_ 11
g(by) = ﬁb} P [23 (— —) +2B
4p 2’ 2p

and by (6.14) we get

b= 2p gt B (L 12P) g
gb)) = 3p > 3

1—
3 1—p G 1+p =
2’ 2p 2" 2p ’
as desired.

It remains to show g is increasing on /. By (6.15)

d .
dly7 —2pv/2er (14 p)b~ 2Pyl 2(1 — yy
Then using (6.15)
B 11+ L 14+p\T"
§'(b) = 3y [ (§,ﬁ>+3y <§,Tf’>} b2 g1 () (6.16)
where

m=0-mle(l 122 (1122 4P ()5
gy =0—-p T 373, U
31— 31—
+B(2. =) +B, (2. =2
2 2p 2 2p

—(+p) A=y 4y [B (l’ H—p> + By (l : H)} '
2 2p p
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Since y € [0, 1], to show g is increasing on I, it suffices to show g; > 0 on [0, 1]. Now

) =y 20+ yYH2g ()

where

o) =0 -7 A= p)++p)
L 1 1+4p 1 14p
T e (350) 0 (35,0

/ 1/2 op
S =U+p)(1+y "HA -y >0,

and so g» is increasing on [0, 1]. Thus its minimum value is

Furthermore,

1 1
220)=—2p+(1+ p)B (5, %) . 6.17)
P

If this is nonnegative, then we will have that g > 0, and g is increasing on [0, 1]. This yields

_ 1 1—-p 4p 3 1—p
§10) = 210) = (1 - p) [B (E,W)ﬁuﬂw(i,j)}

—(1+ p)B (l’l-l-_p)

2 2p
=4p >0,
using the identities
I'a) (b
B(a,b) = LOL®)
I'(a+b)

xI'x)=TI(x+1).

Hence by (6.16), g’(b) > 0, and g is increasing.
To see that g2(0) in (6.17) is nonnegative, write

I 11
2(0) =2p [—1 + %B (— ﬂ)]

and use the identities above together with the fact that F(%) =Jr. O
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