
Ž .Journal of Mathematical Analysis and Applications 243, 47]63 2000
doi:10.1006rjmaa.1999.6650, available online at http:rrwww.idealibrary.com on

The Asymptotic Behavior of a Transport
Equation in Cell Population Dynamics

with a Null Maturation Velocity

M. Boulanouar and H. Emamirad

Laboratoire de Modelisation Mecanique et de Mathematiques Appliquees, Unï ersite de´ ´ ´ ´ ´
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ŽIn this paper we complete the study of Rotenberg’s model M. Rotenberg, 1983,
.J. Theoret. Biol. 103, 181]199 describing the growth of a cell population and

Žtreated partially by M. Boulanouar and H. Emamirad Differential Integral Equa-
Ž . .tions, 13 2000 , 125]144 . In contrast to our previously cited treatment, here we

impose the condition that the maturation velocity for any cell can become null.
This consideration implies that the cell population never completely leaves its
initial distribution, because at every time we can find some cells of initial cell
population that are not divided. In this case, the generated semigroup is not
compact. To surmount this difficulty, after studying the irreducibility of the
generated semigroup, we calculate explicitly its essential type and we show the
asymptotic convergence of the generated semigroup to a projection of rank 1.
Q 2000 Academic Press

1. INTRODUCTION

w xThis paper is the continuation of 4 in which we distinguish any cell by
Ž .its degree of maturity m g I s 0, 1 and its maturation ¨elocity ¨ g J s

Ž .0, b . By taking the degree of maturity between 0 and 1, we mean that the
Ž .cells are born at m s 0 and divide at m s 1. We denote by r m, ¨ , ¨ 9 the

transition rate at which cells change their velocities from ¨ to ¨ 9. If we
Ž .denote by f s f m, ¨ , t the density of this cell population with respect to

the degree of maturity m and maturation velocity ¨ , then this density
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satisfies the following partial differential equation:

­ f ­ f b
q ¨ s y r m , ¨ 9, ¨ d¨ 9 fŽ .H

­ t ­m 0

b
q r m , ¨ , ¨ 9 f m , ¨ 9, t d¨ 9. 1.1Ž . Ž . Ž .H

0

w xThis model is proposed by Rotenberg 10 and can be considered as one
of the models of structured population dynamics with inherited properties.
Inherited properties models do allow memory of generation time and
among such models are the age]time and maturity]time models of prolif-
erating cell populations with inherited cycle length of Lebowitz and

w xRubinow 7 . These models are based on the assumption that the duration
of the cycle from cell birth to cell division is determined at birth. Lebowitz
and Rubinow proposed that the birth law can be considered as a boundary
condition and has the form of an integral equation on the trace space. The
transition probability kernel of this equation is determined by the correla-
tion between generation times of mother]daughter pairs in proliferating
cell populations. Although it is controversial, many researchers have
claimed that such correlations do exist. The recent analysis of Sennerstam

w xand Stromberg 11 has even shown that it might be possible for a¨
near-zero mother]daughter generation time correlation to accord with
epigenetic and genetic inheritance transferred from mother to daughters.
This remark justifies the main objective of this paper to put ¨ near 0.

An important experimentally observed property of proliferating cell
populations is their dispersion of various physical characteristics as time
evolves. This property is known as asynchronous exponential growth. A
rigorous mathematical treatment of the Lebowitz]Rubinow model can be

w xfound in 15, 16 . In these papers Webb proved that asynchronous expo-
nential growth occurs provided that the transition kernel satisfies certain
smoothness and positivity conditions.

Let p G 0 be the average number of viable daughters per mitosis and let
Ž .k ¨ , ¨ 9 be the positive correlation between velocities of mother and

w x w xdaughter cells. In 10 , Rotenberg proposed as in 7 that the reproduction
rule is given by the boundary condition

b
¨f 0, ¨ , t s p k ¨ , ¨ 9 ¨ 9 f 1, ¨ 9, t d¨ 9. 1.2Ž . Ž . Ž . Ž .H

0

To ensure the current continuity he imposed the normalization condition

b
k ¨ , ¨ 9 d¨ s 1. 1.3Ž . Ž .H

0
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Ž . Ž .We show that the Cauchy problem 1.1 and 1.2 with initial condition

f m , ¨ , 0 s w m , ¨ 1.4Ž . Ž . Ž .
� tTp4is generated by a C -semigroup e . To study the asymptotic behavior0 t G 0

of this semigroup we will use an operator-theoretic formulation of asyn-
� tTp4 w xchronous exponential growth of e which is given in 17 . Thist G 0

formulation is based on three facts about this C -semigroup. The semi-0
Ž .group should be positive and irreducible and its essential type v Tess p

Ž .should be strictly less than its exponential growth bound v T , where0 p

y1 w t A xv A s lim t ln a eŽ .ess
tª`

w x Ž w x.and a is the measure of noncompactness see 17 . To establish the
main inequality

v T - v TŽ . Ž .ess p 0 p

w xwe have imposed in 4 that the minimum maturation velocity of all cells is
Ž . Ž .positive. That is, J s a, b with a ) 0. This implies that v T s y`.ess p

Ž w x.Since this assertion is biologically unjustifiable see 11 , our main aim in
this paper is to remove this assertion and recover the asynchronous
exponential growth of the generated semigroup with a new treatment. If
we impose that the maturation velocity of every cell may vanish, then at
any moment one can find some cells of the initial cell population that are
not divided. So this cell population never goes out of the initial evolution
phase and this may explain the noncompactness of the generated semi-
group in this case.

w xIn this paper we adopt the notation of 4 and we will show that, in spite
w xof the noncompactness of the generated semigroup, the conclusion of 4

on asymptotic behavior holds. In the next section we give a new expression
Ž .of the resolvent of the unperturbed operator i.e., r s 0 . This expression

is used to prove that the consideration a s 0 does not spoil the generation
theorem and positivity of the C -semigroup for this model. In Section 3 we0
recover the irreducibility of the generated semigroup either by using the
irreducibility of the boundary operator or by imposing an appropriate
assumption on the kernel r. In the last section, the boundedness of the
kernel k permits us to calculate explicitly the essential type of the

Ž .semigroup generated without perturbation i.e., r s 0 . The essential type
of globally generated semigroup is also calculated explicitly under an
assumption on the kernel r. Finally, we show that the generated semigroup
converges asymptotically to a projection of rank 1 in the operator norm

w x w xtopology. Some of these results are announced in 1 . Here we complete 1
by stating some new results and outlining the proofs. The case b s ` is

w xdiscussed partially in 2 .
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2. A NEW FORMULATION OF THE GENERATED
SEMIGROUP

Ž . Ž .Let V s 0, 1 = 0, b s I = J with 0 - b - `. We begin by introduc-
1Ž . 5 5ing the Lebesgue space L V with its natural norm denoted by ? and1

1Ž . � 1Ž . < Ž . 1Ž .4the partial Sobolev space W V s w g L V ¨ ­wr­m g L V and
1Ž . 1Ž . 1Ž .correspondence trace space L J, ¨ d¨ . W V and L J, ¨ d¨ are the

Banach spaces endowed with the norms

­w b
1 15 5 5 5 5 5 < <w s w q ¨ and g s ¨ g ¨ d¨ .Ž .W ŽV . 1 L Ž J , ¨ d¨ . H

­m 01

w xIn 4, Theorem 3.1 , we have shown that the trace mappings

g : w ¬ w 0, ? ,Ž .0

g : w ¬ w 1, ?Ž .1

1Ž . 1Ž .are linear continuous from W V on L J, ¨ d¨ , and we have character-
Ž .ized the boundary condition 1.2 by introducing the multiplying boundary

operator K defined byp

p b
K c ¨ ' k ¨ , ¨ 9 ¨ 9c ¨ 9 d¨ 9.Ž . Ž . Ž .Hp ¨ 0

1Ž .This operator is positive from the Banach lattice L J, ¨ d¨ into itself.
Ž .Furthermore the relation 1.3 implies that

b b 1¨K c ¨ d¨ s p ¨c ¨ d¨ for any c g L J , ¨ d¨ .Ž . Ž . Ž .H Hp
0 0

Thus

5 5 1K s p. 2.1Ž .LL ŽL Ž J , ¨ d¨ ..p

If, for any p G 0, one defines the operator T byp, 0

­w
T w m , ¨ ' y¨ m , ¨ ,Ž . Ž .p , 0 ­m

with domain

1 <D T s w g W V g w s K g w ,Ž .Ž . � 4p , 0 0 p 1

Ž . � 1Ž . < 4the operator T on D T s w g W V g w s 0 generates a0, 0 0, 0 0
strongly continuous positive contraction semigroup given by

etT0 , 0w m , ¨ s x m , ¨ , t w m y ẗ , ¨ ,Ž . Ž . Ž .
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where

1 if m G ẗ ,
x m , ¨ , t sŽ . ½ 0 if m - ẗ ,

and, for l ) 0, we have

mr¨y1 yl tl y T w m , ¨ s e w m y ẗ , ¨ dt.Ž . Ž . Ž .H0, 0
0

Ž .y1 Ž .y1The operators l y T and g l y T are obviously bounded0, 0 1 0, 0
and strictly positive. That is,

y1 1 1� 4 � 4l y T L V _ 0 ; L V _ 0 2.2Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .0, 0 q q

and
y1 1 1� 4 � 4g l y T L V _ 0 ; L J , ¨ d¨ _ 0 . 2.3Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .1 0, 0 q q

Now, let us define the operator K byp, l

K s g e K ,Ž .p , l 1 l p

where
m

e m , ¨ s exp yl . 2.4Ž . Ž .l ž /¨

� 4THEOREM 2.1. For any l ) max 0, b ln p , the resol̈ ent operator of Tp, 0
is a positï e operator gï en by

y1y1 y1 y1
l y T s e K I y K g l y T q l y T .Ž . Ž .Ž . ž /p , 0 l p p , l 1 0, 0 0, 0

2.5Ž .

� 4 w xProof. Let l ) max 0, b ln p . We know from 4 that

y1 y1 y1 y1
l y T s e I y K K g l y T q l y T ,Ž . Ž .Ž . Ž .p , 0 l p , l p 1 0, 0 0, 0

2.6Ž .

where the operator K is given byp, l

K c s K g e c 2.7Ž . Ž .p , l p 1 l

1Ž . Ž . Ž .y1for all c g L J, ¨ d¨ . To obtain the new expression 2.5 of l y T0, 0
it suffices to show that

y1 y1
K I y K s I y K K .Ž .ž /p p , l p , l p
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1Ž . Ž .Since the operators K and K are positive on L J, ¨ d¨ , from 2.1p, l p, l

we have

1 15 5 5 5K - 1 and K - 1LL ŽL Ž J , ¨ d¨ .. LL ŽL Ž J , ¨ d¨ ..p , l p , l

� 4for all l ) max 0, b ln p . On the other hand, for any n g N we have

n nK K s K K ,p p , l p , l p

which implies that

y1
nK I y K s K KÝž /p p , l p p , l

nG0

s K n KÝ p , l p
nG0

y1s I y K K .Ž .p , l p

Ž .y1The positivity of the operator l y T follows from the positivity ofp, l
y1 y1Ž . Ž .the operators l y T , g l y T , and K .0, 0 1 0, 0 p

Ž . Ž .The coincidence between 2.5 and 2.6 implies that Theorems 3.5 and
w x3.6 of 4 are valid, even if a s 0. As consequence we have

Ž w x. 1Ž .LEMMA 2.1 see 4 . The operator T generates on L V a stronglyp, 0
� tTp, 04continuous semigroup e satisfyingt G 0

Ž . tT0, 0 tTp, 01 e F e ;
Ž . tTp, 0 t b ln q tTp r q, 02 e F qe e if p G 1 and all q ) p;
Ž . 5 tTp, 0 53 e F 1 if p - 1;1, 1

Ž . 5 tTp, 0 54 e s 1 if p s 1;1, 1

Ž . 5 tTp, 0 55 e G 1 if p ) 1;1, 1

Ž .6 when p - 1, this semigroup is expressed by

etTp , 0w m , ¨ s etT0 , 0w m , ¨ q A t w m , ¨ , t G 0, 2.8Ž . Ž . Ž . Ž . Ž .

with

m
A t w m , ¨ s x m , ¨ , t K g exp t y tT w ¨ 2.9Ž . Ž . Ž . Ž . Ž .p 1 p , 0ž /¨

and

x s 1 y x , 2.10Ž .
5 5 5 5 1where ? ' ? .1, 1 LL ŽL ŽV ..
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Ž y1 .When t g 0, b , we give the following expression of the semigroup
� tTp, 04e for all p G 0.t G 0

Ž y1 .THEOREM 2.2. If t g 0, b , then for all p G 0 we ha¨e

exp tT w m , ¨Ž .Ž .p , 0

m
s exp tT w m , ¨ q x m , ¨ , t K g exp t y T w ¨ .Ž . Ž . Ž . Ž .0, 0 p 1 0, 0ž /¨

Ž y1 . 1Ž .Proof. Let t g 0, b and w g L V . We define the following func-
tion

f t x , yŽ . Ž .
m

s exp tT w m , ¨ q x m , ¨ , t K g exp t y T w ¨ .Ž . Ž . Ž . Ž .0, 0 p 1 0, 0ž /¨

w xIf t ) 0 is small then the same calculation of 4, Theorem 4.5 gives us

tT w0 , 0f t y w ­w e y w ­wŽ .
lim q ¨ s lim q ¨ s 0.

t ­m t ­mtª0 tª01 1

Ž . Ž . tT0, 0 Ž .Furthermore, if w g D T then we have g f t s K g e and g f tp, 0 0 p 1 1
tT0, 0 Ž y1 . Ž . Ž .s g e , because t g 0, b . Thus f t g D T . Consequently, the1 p, 0

function f is a strong solution of the Cauchy problem

df¡
s T f ,p , 0~ dt¢ f 0 s w .Ž .

But etTp, 0 is another solution of the same Cauchy problem. By uniqueness
we complete the proof.

Next we define the absorption operator T and the transport operatorp, 1
T byp

T s T q S and T s T q S q R s T q R ,p , 1 p , 0 p p , 0 p , 1

where the operators R and S are given by

b
Rw m , ¨ s r m , ¨ , ¨ 9 w m , ¨ 9 d¨ 9Ž . Ž . Ž .H

0

and

b
Sw m , ¨ s y r m , ¨ 9, ¨ d¨ 9 w m , ¨ .Ž . Ž . Ž .H

0
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1Ž .For the boundedness of these operators in L V we assume that

r is a measurable positive function,¡
~ bH1Ž . M s ess sup r m , ¨ 9, ¨ d¨ 9 - `.Ž .H¢ 0Ž .m , ¨ gV

In the following lemma we announce some facts concerning the perturbed
w xoperator T , which is used later. This lemma is proved in 4 for a ) 0, andp

the same proof is valid for a s 0.

Ž .LEMMA 2.2. Under hypothesis H1 , yS and R are positï e linear bounded
1Ž .operators on L V . Furthermore, the operators T and T with the domainp p, 1

Ž . Ž . Ž . 1Ž .D T s D T ' D T generate on L V the positï e C -semigroupsp p, 1 p, 0 0
� tTp4 � tTp, 14e and e satisfying for all p G 0 the following assertations:t G 0 t G 0

Ž . tT0, 1 tTp, 11 e F e , t G 0;
Ž . yM t tTp, 0 tTp, 1 tTp, 02 e e F e F e , t G 0;
Ž . tTp, 1 tTp3 e F e , t G 0;
Ž . 5 tTp 54 if p - 1, then e F 1, t G 0;1, 1

Ž . 5 tTp 5 t b ln p5 if p G 1, then 1 F e F pe , t G 0.1, 1

3. IRREDUCIBILITY

� tTp4The main result of this section is to show that the semigroup e ist G 0
w xirreducible. The proof of irreducibility given in 4, Lemma 6.1 is not valid

here, because we cannot find a constant c ) 0 such that the function el

Ž . Ž .given by 2.4 satisfies g e ¨ G c ) 0 for all ¨ g J. Consequently, the1 l

inequality K G cK is no longer valid in the present context and thisp, l p
forces us to choose a new treatment. For the irreducibility of etTp, we have
two alternatives: either we can impose the appropriate conditions on the
boundary operator K or we can endow the function r with some condi-p
tions as it is defined in the sequel. First assume that the kernel of the
operator K satisfies the following conditionp

H2 k ¨ , ¨ 9 d¨ 9 d¨ ) 0,Ž . Ž .HH
0 J_A

Ž .where A is a measurable subset of J such that meas A ) 0 and
Ž .meas J _ A ) 0.

Ž .By the standard argument assumption H2 implies the irreducibility of
1Ž . Ž w x.the operator K on L J, ¨ d¨ see 18 .p
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Ž .LEMMA 3.1. Under assumption H2 , the operator K is irreducible forp, l

� 4all l ) max 0, b ln p .

� 4Proof. Let l ) max 0, b ln p and let M be a closed ideal of the trace
1Ž .space L J, ¨ d¨ such that

K M ; M . 3.1Ž . Ž .p , l

1Ž . Ž w x.By the characterization of the closed ideal in L J, ¨ d¨ see 9 , there
exists a measurable subset v ; J such that

1 <M s c g L J , ¨ d¨ c ¨ s 0 for a.e. ¨ g v . 3.2� 4Ž . Ž . Ž .

Ž . Ž .If g g K M , then there exists c g M such that g s K c and g e g sp p 1 l

Ž . Ž . Ž . Ž .g e K c s K c . Thus by 3.1 we obtain g e g g M and 3.2 im-1 l p p, l 1 l

Ž .plies that K M ; M. Finally, the irreducibility of the operator Kp p
1Ž .implies that M s B or M s L J, ¨ d¨ and this completes the proof.

Ž . � tTp, 04THEOREM 3.1. Under assumption H2 , the semigroup e is irre-t G 0
ducible.

� 4Proof. Let l ) max 0, b ln p and let g be a strictly positive function
1Ž . Ž . Ž .y1 1Ž .in L V . According to 2.3 the function g l y T g g L J, ¨ d¨ is1 0, 0

also strictly positive and from the irreducibility of the operator K , itp, l

follows that there exists an integer m ) 0 such that

y1mK g l y T g ) 0 a.e. in J .Ž .p , l 1 0, 0

y1Ž .The positivity of the operator l y T and the inequality K G K0, 0 p p, l

imply that

y1y1 y1
l y T g G e K I y K g l y T gŽ .Ž . ž /p , 0 l p p , l 1 0, 0

y1ns e K K g l y T gŽ .Ýl p p , l 1 0, 0
nG0

y1my1G e K K g l y T gŽ .l p , l p , l 1 0, 0

y1ms e K g l y T g . 3.3Ž . Ž .l p , l 1 0, 0

Thus the resolvent operator of T is irreducible, which is equivalent top, 0
tTp, 0� 4 Ž w x w x.irreducibility of the semigroup e see 5 or 4, Lemma 2.1 .t G 0

Ž . Ž .THEOREM 3.2. Suppose that hypotheses H1 and H2 hold. Then the
� tTp4semigroup e is irreducible.t G 0
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Ž . Ž .Proof. By using assertions 2 and 3 of Lemma 2.2, we obtain

etTp G eyM tetTp , 0 , t G 0.

� tTp4Now the irreducibility of the semigroup e follows immediately fromt G 0
the previous theorem.

When K is not irreducible, we impose the following hypothesis:p

¡There exists a9 and b9 0 F a9 - b9 F b such thatŽ .
~r m , ¨ , ¨ 9 ) 0 a.e. on 0, 1 = J = a9, b9Ž . Ž . Ž .Ž .H3Ž . ¢ j 0, 1 = a9, b9 = J .Ž . Ž .Ž .

w xThe proof of 4, Theorem 6.4 is valid and establishes the following lemma.

Ž . Ž . � tTp4LEMMA 3.2. Under hypotheses H1 and H3 , the C -semigroup e0 t G 0
is irreducible.

� tTp44. ASYMPTOTIC BEHAVIOR OF THE SEMIGROUP e t G 0

In this section we describe the asymptotic behavior of the semigroup
� tTp4e under some hypotheses on the functions k and r. We note thatt G 0

Ž . Ž . Ž .from points 2 and 3 of Lemma 2.2 and point 1 of Lemma 2.1 we get

eyM tetT0 , 0 F eyM tetTp , 0 F etTp , 1 F etTp , t G 0.

� tT0, 04 � tTp4Since the semigroup e is not compact, the semigroup e ist G 0 t G 0
Ž w x. w xneither see 6, Prop. 2.1 . Consequently, we cannot use the method in 4
Ž .that v T s y`. To obtain this result we apply a new treatment,ess p

assuming that

H4 k g L` J = J .Ž . Ž .

This assumption permits us to calculate explicitly the essential type of the
� tTp, 14semigroup e .t G 0

Ž .LEMMA 4.1. Suppose that assumption H4 holds. Then, for all 0 - t -
by1 and s G 0, the operator

w tTp , 0 tT0, 0 x sT0 , 0 w tTp , 0 tT0 , 0 xL t , s ' e y e e e y eŽ .

1Ž .is weakly compact on L V .
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Ž 1Ž .. y1Proof. Let w g L V . If 0 - t - b , it follows from Theorem 2.2q
Ž .and hypothesis H4 that

exp tT y exp tT w m , ¨Ž . Ž .Ž .p , 0 0, 0

x m , ¨ , t mŽ . b
5 5F p k ¨ 9g exp t y T w ¨ 9 d¨ 9Ž .` H 1 0, 0ž /¨ ¨0

x m , ¨ , t m mŽ . b
5 5s p k ¨ 9x 1, ¨ 9, t y w 1 y t y ¨ 9, ¨ 9 d¨ 9.` H ž / ž /ž /¨ ¨ ¨0

Let s G 0. Then

L t , s w m , ¨Ž . Ž .
x m , ¨ , t mŽ . b

5 5F p k ¨ 9g exp t q s y T` H 1 0, 0ž /¨ ¨0

= exp tT y exp tT w ¨ 9 d¨ 9Ž . Ž .� 4Ž .p , 0 0, 0

x m , ¨ , t mŽ . b
5 5s p k ¨ 9x 1, ¨ 9, t q s y` H ž /¨ ¨0

m
= exp tT y exp tT w 1 y t q s y ¨ 9, ¨ 9 d¨ 9Ž .Ž .p , 0 0, 0 ž /ž /¨

x m , ¨ , t mŽ . b b22 5 5F p k ¨ 0 x 1, ¨ 9, t q s y` H H ž /¨ ¨0 0

m
= x 1 y t q s y ¨ 9, ¨ 9, tž /ž /¨

m 1
= x 1, ¨ 0 , 2 t q s y yž /¨ ¨ 9

m 1
= w 1 y 2 t q s y y ¨ 0 , ¨ 0 d¨ 0 d¨ 9.ž /ž /¨ ¨ 9

The following change of variables

m 1¡
m9 s 1 y 2 t q s y y ¨ 0 ,ž /¨ ¨ 9

2u~d¨ 9 s y dm9,
¨ 0

y11
y1where u s u t , s, m , ¨ , m9, ¨ 0 s 2 t q s y m¨ q m9 y 1Ž . Ž .¢ ¨ 0
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implies that

x m , ¨ , tŽ .22 5 5L t , s w m , ¨ F p kŽ . Ž . ` ¨
` m 1b

= x 1, ¨ 0 , 2 t q s y yH H ž /¨ uŽ .0 1y 2 tqsymr¨y1rb ¨ 0

= u2x 1, u , t q s y m¨y1Ž .
m

= x 1 y t q s y u , u , t w m9, ¨ 0 dm9 d¨ 0 .Ž .ž /ž /¨
4.1Ž .

Replacing u by its value, a simple calculation gives
y1 y1x 1, u , t q s y m¨ x 1 y t q s y m¨ u , u , tŽ . Ž .Ž .

1 if 1 y ẗ 0 - m9 F 1,s ½ 0 elsewhere,

Ž y1 y1.and 0 F u F b and in any case x 1, ¨ 9, 2 t q s y m¨ y u s 1. Thus
Ž .relation 4.1 becomes

x m , ¨ , tŽ . b 122 2 5 5L t , s w m , ¨ F p b k w m9, ¨ 9 dm9 d¨ 9Ž . Ž . Ž .` H H¨ 0 0

' H w m , ¨ .Ž .t

Ž Ž . .Since H x m, ¨ , t r¨ dm d¨ - `, the operator H is of rank 1 and,V t
1Ž . Ž .consequently, weakly compact on L V . Further, so is the operator L t, s

Ž w x.which is dominated by H see 6, Prop. 2.1 .t

Ž .LEMMA 4.2. Suppose that assumption H4 holds. Then the operator

w tTp , 1 tT0 , 1 x sT0 , 1 w tTp , 1 tT0 , 1 xe y e e e y e
1Ž . y1is weakly compact on L V for all 0 - t - b and s G 0.

Proof. To show this lemma, it suffices to note that the operator Tp, 1
Ž . Ž .resp. T is a perturbation of the operator T resp. T by the0, 1 p, 0 0, 0
bounded operator S. Duhamel’s formula gives us

ttT tT Ž tys.T sTp , 1 p , 0 p , 0 p , 1e s e q e Se dsH
0

and
ttT tT Ž tys.T sT0 , 1 0 , 0 0 , 0 0 , 1e s e q e Se ds.H

0
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Ž .The positivity of the operator yS and 1 of Lemma 2.1 implies that

t ttT tT tT tT Ž tys.T sT Ž tys.T eTp , 1 0 , 1 p , 0 0 , 0 p , 0 p , 1 0 , 0 0 , 1e y e s e y e q e Se ds y e Se dsH H
0 0

ttT tT Ž tys.T sT sTp , 0 0 , 0 0 , 0 p , 1 0 , 1w xF e y e q e S e y e dsH
0

F etTp , 0 y etT0 , 0 .

Consequently,

w tTp , 1 tT0 , 1 x sT0 , 1 w tTp , 1 tT0 , 1 x w tTp , 0 tT0 , 0 x sT0 , 0 w tTp , 0 tT0 , 0 xe y e e e y e F e y e e e y e .

w tTp, 1 tT0, 1 x sT0, 1w tTp, 1 tT0, 1 xOnce more, the fact that the operator e y e e e y e is
1Ž .dominated by a weakly compact operator in L V implies that it is weakly

compact.

Ž . Ž . Ž .LEMMA 4.3. If assumption H4 holds, then v T s v T .ess p, 1 ess 0, 1

Proof. Let 0 - t - by1. Then by the previous lemma the operator

yn w tTp , 1 tT0 , 1 x ntT0 , 1 w tTp , 1 tT0 , 1 x2 e y e e e y e

is weakly compact for all n g N. Consequently, the following operator
m

y1 tT tT yn ntT tT tTp , 1 0 , 1 0 , 1 p , 1 0 , 1w x w x2 e y e 2 e e y eÝ
ns0

� tT0, 14is also weakly compact for any m g N. Since e is a contractiont G 0
Ž 1Ž ..semigroup, the last sum converges in LL L V to the operator

y1tT tT tT tT tTp , 1 0 , 1 0 , 1 p , 1 0 , 1w x w xe y e 2 y e e y e ,Ž .
1Ž .which becomes weakly compact. The Dunford]Pettis property of L V

Ž w x.see 8 implies the compactness of

4y1tT tT tTp , 1 0 , 1 0 , 1e y e 2 y e .Ž . Ž .

w xAccording to 12, Corollary 1.4 , this implies that the spectral radius
Ž tT0, 1. tT0, 1 Ž tTp, 1.r e of e and r e are the same. We complete the proof ofess ess

Ž tTp, 1. tv essŽTp, 1.the lemma by recalling that for all t G 0 we have r e s eess
tT tv ŽT .0, 1 ess 0, 1Ž . Ž w x.and r e s e see 5 .ess

� tTp4To calculate the essential type of the semigroup e , we have tot G 0
assume that

r m , ¨ , ¨ 9Ž .
` 2H5 r s r m , ¨ , ¨ 9 s g L I = J .Ž . Ž . Ž .1 1 m
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Ž . Ž . Ž . Ž . Ž .LEMMA 4.4. If H1 , H4 , and H5 hold, then v T s v T .ess p ess p, 1

Ž 1Ž ..Proof. Let t ) 0. If p - 1, then for any function w g L V rela-q
Ž .tion 2.8 gives us

RetTp , 0 Rw s RetT0 , 0 Rw q RA t Rw ,Ž .

Ž . Ž . Ž .where the operator A t is defined in 2.9 . If hypothesis H5 holds, then
the kernel r is bounded and by a simple calculation we obtain

5 5 2r `tT0 , 0Re Rw F w m9, ¨ 9 dm9 d¨ 91, 4.2Ž . Ž .Ht V

1Ž .where 1 g L V is the function equal to 1 on V. By using assumptions
Ž . Ž .H4 and H5 we obtain

b b
5 5 5 5RA t Rw m , ¨ F k r mx m , ¨ 9, tŽ . Ž . Ž .` `H H1

0 0

= y1exp t y m¨ 9 T Rw 1, ¨ 0 ¨ 0 d¨ 9 d¨ 0 .Ž .Ž . p , 0

The change of variables s s t y m¨ 9y1 implies that

mb tymrb
5 5 5 5RA t Rw m , ¨ F k r x m , , tŽ . Ž . ` `H H1 ž /t y s0 y`

2m
sTp , 0= e Rw 1, ¨ 0 ¨ 0 ds d¨ 0 .Ž .

t y s

Ž Ž . .Since x m, mr t y s , t s 0 for s - 0,

b t2 sTp , 05 5 5 5RA t Rw m , ¨ F b k r e Rw 1, ¨ 0 ¨ 0 ds d¨ 0 .Ž . Ž . Ž .` `H H1
0 0

As there exists an integer n such that n F bt - n q 1, we have

RA t Rw m , ¨Ž . Ž .
n

b Ž .iq1 rb2 5 5 5 5F b k r exp sT Rw 1, ¨ 0 ds d¨ 0Ž .Ž .Ý` ` H H1 p , 0
0 irbis0

n ib 1rb2 5 5 5 5s b k r exp s q T Rw 1, ¨ 0 ds d¨ 0Ž .Ý` ` H H1 p , 0ž /b0 0is0

n ib 1rb2 5 5 5 5s b k r exp sT exp T Rw 1, ¨ 0 ds d¨ 0 .Ž .Ž .Ý` ` H H1 p , 0 p , 0ž /b0 0is0
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y1 sTp, 0 Ž . sT0, 0 Ž .When 0 F s F b , by Theorem 2.2 we obtain e w 1, ? s e w 1, ?
and

RA t Rw m , ¨Ž . Ž .
n ib 1rb2 5 5 5 5F b k r exp sT exp T Rw 1, ¨ 0 ds d¨ 0 .Ž . Ž .Ý` ` H H1 0, 0 p , 0ž /b0 0is0

� tT0, 04Using the definition of semigroup e we gett G 0

RA t Rw m , ¨Ž . Ž .
n ib 1rb2 5 5 5 5F b k r x 1, ¨ 0 , s exp TŽ .Ý` ` H H1 p , 0ž /b0 0is0

= Rw 1 y s¨ 0 , ¨ 0 ds d¨ 0Ž .
n ib 12 5 5 5 5F b k r exp T Rw m9, ¨ 0 dm9 d¨ 0 .Ž .Ý` ` H H1 p , 0ž /b0 0is0

ŽŽ . . ŽThe contraction of the linear operator exp irb T , i s 0, . . . , n y 1 seep, 0
.Lemma 2.1 , and the boundedness of the positive operator R yield that

2 5 5 5 5 5 5RA t Rw m , ¨ F n q 1 b k r R w m9, ¨ 0 dm9 d¨ 0 .Ž . Ž . Ž . Ž .` ` 1, 1H1
V

Thus

2 5 5 5 5 5 5RA t Rw m , ¨ F bt q 1 b k r R w m9, ¨ 9 dm9 d¨ 9 1.Ž . Ž . Ž . Ž .` ` 1, 1H1
V

4.3Ž .

Ž . Ž .Now relations 4.2 and 4.3 give us

25 5r `tT 2p , 0 5 5 5 5 5 5Re Rw F q bt q 1 b k r RŽ . ` ` 1, 11t

= w m9, ¨ 9 dm9 d¨ 9 1.Ž .H
V

1Ž . Ž . 1Ž .As the operator w g L V ¬ H w m9, ¨ 0 dm9 d¨ 0 1 g L V is rank 1,V

w x tTp, 0then by 6, Prop. 2.1 , we obtain the weak compactness of Re R for all
Ž .t ) 0. Finally, the same result holds for p G 1 see Lemma 2.1 . We

w x Ž w x.achieve this proof by applying the main result of 14 see also 4 .
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� tTp4To describe the asymptotic behavior of the semigroup e wet G 0
introduce the following assumption

H6 m s ess inf r m , ¨ 9, ¨ d¨ 9 ) 0.Ž . Ž .H
Ž .m , ¨ gV V

w xThe following theorem is a simple application of Lemma 2.3 in 4 and
� tTp4describes the asymptotic behavior of the semigroup e for p ) 1. Int G 0

Ž .fact, only in this case does the density of cells increase see Lemma 2.2 ,
which is the biologically meaningful case.

Ž . Ž . Ž . Ž . Ž .THEOREM 4.1. Suppose that hypotheses H1 , H4 , H5 , H6 , and H2
Ž . Ž . Ž . Ž . Ž .or H1 , H4 , H5 , H6 , and H3 hold. Then there exists e ) 0 such that,

Ž . Ž . 1Ž .for all h g 0, e , there exists M h G 1 such that, for all w g L V and
t G 0, we ha¨e

5 yv ŽTp. t tTp ² U: 5 yh t 5 5e e w y w , w w F M h e w .Ž .1 10 0

Ž . Ž . Ž . Ž .Proof. By using hypotheses H1 , H4 , H5 , and H6 and Lemmas 4.3
and 4.4 we get

v T s v T s v T F v T .Ž . Ž .Ž . Ž .ess p ess p , 1 ess 0, 1 0 0, 1

w x Ž .Following the arguments given in 13 hypothesis H6 yields

v T F ym - 0.Ž .0 0, 1

Thus

v T F ym - 0.Ž .ess 0, 1

Ž .Claim 5 of Lemma 2.2 gives us

v T G 0,Ž .0 p

and thus from previous relations we infer that

v T - v T .Ž . Ž .ess p 0 p

Ž . Ž .Now either one of the hypotheses H2 or H3 implies the irreducibility of
the semigroup generated by T and the proof is completed by using thep

w xmain theorem of 17 .
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