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1. Introduction

For a real or complex parameter «, the generalized Bernoulli polynomials Bfla) (x), are defined by means of the following
exponential generating function (see [1-4]):

t * NN
(ef—1) et:;B;)(")E (|t < 27). (1)

The classical Bernoulli polynomials B, (x) and the Bernoulli numbers B, are

B,(x) =B"(x), B, =B,(0),

respectively.

As a natural generalization of the Bernoulli polynomials and numbers, the Apostol-Bernoulli polynomials and numbers
were first defined by Apostol [5] when he studied the Lipschitz-Lerch zeta functions. Luo and Srivastava introduced the
generalized Apostol-Bernoulli polynomials which are defined as follows (see [6-9]).

Definition 1.1. For arbitrary real or complex parameters « and X, the generalized Apostol-Bernoulli polynomials %,5“) (x; A)
are defined by the following generating functions:

t o o0 tn
< ) X = Zggrﬁ"‘)(x, AN— ([t +1logh| < 2m). (2)
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The Apostol-Bernoulli polynomials %, (x; A) and the Apostol-Bernoulli numbers %, ()) are given by

Bu( 1) = BV (K1), () = 2,0, 1) (n € No), (3)

respectively.

The Bernoulli polynomials and numbers have numerous important applications in combinatorics, number theory and
numerical analysis. As imitations of important properties of the Bernoulli polynomials and numbers, Luo and Srivastava
studied systematically these polynomials [6-9]. Recently, Wang, Jia and Wang [10] also established two relationships
between the generalized Apostol-Bernoulli and Apostol-Euler polynomials.

For eachinteger k > 0,S,(n) = Z?:O i is called sum of integer powers, or simply power sum. The exponential generating
function for Si(n) is

00 tk e+t _ 4
Zsk(n)—:1+e‘+e2t+~--+e"t:7. (4)
p k! el —1
k=0
Now, we define the generalized sum of integer powers as follows:

Definition 1.2. For an arbitrary real or complex parameter A, the generalized sum of integer powers .#,(n; 1) is defined by
the following generating functions:

o0 tk )\.e(n+1)t -1
Fe(n; A)kj =— (5)

= ret —1

£

It is easy to see that
Fi(n; 1) = Se(n).
Similarly, for each integer k > 0, My(n) = Z:':O(—l)iik is called sum of alternative integer powers. The exponential
generating function for M (n) is
1— (—eb)mtD

s 6
el +1 (6)

© tk
ZMk(n)j =1—e4+eX4...4 (=D =
k=0 k!

and we can define the generalized sum of alternative integer powers as follows:

Definition 1.3. For an arbitrary real or complex parameter A, the generalized sum of alternative integer powers .%(n; A) is
defined by the following generating functions:

e tk 1— )L(_et)(n+l)
MM L) — = ——— . 7
; k( )k! rel +1 @)

It is easy to see that

A(n; 1) = My (n).

2. Some symmetric identities on the Apostol-Bernoulli polynomials

In 2006, Garg, Jain and Srivastava [11] derived an explicit representation of these generalized Apostol-Bernoulli
polynomials and proceeded to establishing a functional relationship between the generalized Apostol-Bernoulli
polynomials and the Hurwitz zeta function. Following closely, Lin, Srivastava and Wang [12] presented a systematic
investigation of expansion and transformation formulas for several general families of the Hurwitz-Lerch zeta functions.

The purpose of this paper is to give several symmetric identities on the generalized Apostol-Bernoulli polynomials by
applying the generating functions. These results extend some known identities in [13-16].

Theorem 2.1. For all integersa > 0,b > 0,andn > 0, m > 1, A € C, we have the following identity:

n

k
L N m oy k . m-1, .
Z (k) a kbk+193nrfk(bx, A) ; <1) Si(a—1; A)%,ff,. (ay; 1)

k=0

n k
k
=S (Z) bk ™ (ax; 1) Y (1) Hb — 1; 2™V (by; 1), 8)
k=0 i=0
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Proof. Let g(t) = t2™ 1e®(e® — 1)e® /(e — 1)™(reP — 1)™. Note that this expression for g(t) is symmetric in a
and b. In order to prove the theorem we expanded g(t) into series in two ways.

(t) _ t2m—leabxt(keabt _ -l)eabyt
8= e —ym(rebt — 1ym

b -1
— # ait ! eabxt re™ —1 bt " aabyt
~ampm1 \ redt — 1 rebt —1 ) \rett —1

- (Z 2 o ) t)n> (Z snfa— 129 ) (Z A" ay; M(bnt')n)
n=0 n! '

n=0 n=0

1 ° " /n ko /k i
mpm z : (k) anikkaFl’%r(lT)k(bX; A) Z ( ) Sa—1; 1) %Iiml D (ay; \) —'
a £ i
n=0 \k=0 i—0

Using a similar plan, we have

n

B0 = Z (Z( )bn gkt M (gx: DZ( )y,.(b— 1, 028" (by; A)) %

Equating coefficients of (t" /n!) on the right-hand sides of the last two equations gives us (8). O

By setting A = 1in Theorem 2.1, we have a common special case of the identity which is one of the main results of Yang
[16, Egs. (9)]:

Corollary 2.2. For all integersa > 0,b > 0,andn > 0, m > 1,

n k
n m k m—
>~ () BB 00 ) <i>sl(a—1>8< " (ay)
i=0

k=0
/n
= (k) b kg 1B (ax) Z < )S,(b — DB (by). 9)
k=0
Settingy = 0 and m = 1 in Theorem 2.1, we obtain the relation:

Corollary 2.3. For all integersa > 0,b > 0,andn > 0, A € C,

noonN . . "onN . )
3 ( l, ) @D (b ) Fuia— 10 = Y ( : ) b =1a" By (ax; 1) S i(b — 1; ). (10)
i=0 i=0
Setting x = 0 in (10), we have the relation:
Corollary 2.4. For all integersa > 0,b > 0,andn > 0, A € C, we have the following relation:
" /n " /n
Z (l ) (M)A A @ —1;0) = Z ( k) B (Wb 1a" KA (b — 1; 1). (11)
=0 K =0

When A = 1in(11), we get the relation of symmetry between the power sum polynomials and the Bernoulli polynomials
in Tuenter [14]. It is given by

(1) B st = 0 =3 () 6B o - 1. (12)

k=0 k=0
Setting b = 1in (10), we have:

Bolax: ) = Za’ 1( )ﬂ,(x N Fi(@—1: 1), (13)
On the one hand, by setting A = 1in(13), a common special case of the identity is
n
Ba(@) = Y a" (1) Biews, a1, (14)
i=0 i

which can be found in Yang [16, Eqs.(11)].
On the other hand, by setting x = 0 in (13), we have a recurrence on the Apostol-Bernoulli polynomials:
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Corollary 2.5. For . € C and n € Ny, the Apostol-Bernoulli numbers %, (1) satisfy

n

PANESY (:l) a1 BN Fpi(d — 1; M), (15)

i=0

Corollary 2.6. For any positive integer n and any positive integer a > 1, . € C,

1 n—1 n ]
#a(0) = S (0 dam A= 1:2), (16)
a—1 £ i
(- S) B
k=0
Proof. Since S(a — 1; A) = Z;(l, Ak, by simple computing in (15), we have the recurrence relation. O

Setting A = 1 in Corollary 2.6, we have

1 n—1

i n
) ga (l_>B,-Sn_,~(a —1). (17)

Recurrence relation (17) for the Bernoulli numbers have been proved in Deeba and Rodriguez [13] and Gessel [17].

Theorem 2.7. For each pair of positive integers a and b, and all integersn > 0, > € Cand m > 1, we have the following identity:

_ b
AHgk bk g™ (bx+ i A) A" (ay+ L A)

o

a—1 b—1

()X

k= i=0

1M

n n b-1a-1 a b
=y ( ) > abra ™ (ax + —i; k) 2", (by + =i A) : (18)
k=0 k i=0 j=0 b a

Proof. Let h(t) = t2MeX (19! — 1) (Abeb! —1)e®Y! /(Le® —1)™1(LeP —1)™+, then, the expression for h(t) is symmetric
in a and b, and we can expand h(t) into series in two ways to prove the theorem.

theabxt(Aaeabt _ 1)()Lbeabt _ 1)eabyt

h(t) = (heat — 1)m+1()ebt — 1ym+
1 at \" qabe A%e®t — 1 bt \" cabye APedbt — 1
T ambm \ hedt — 1 rebt — 1 Lebt — 1 Jedt — 1
1 at " abxt “ i i
— e )L'eb“ - abyt X] atj
ampm (}\eat _ 1) ; kebf Z
1 f )“i at " (bXeri)at b_Zl )“] bt (ay+%j)bt
= - e a - e
ampm = redt — 1 s aebt — 1
1 a—1 ) fe'] b n bt
= (ST (e 2) ) (S5 o+ 50 2
anb" \'= 1= a n!
1 & (n) aib-t o b a n
_ 3 S atiakpn g™ (bx + —i; A) 2™ (ay + —j /\) —.
amp™m n=0 (k:O k i=0 j=0 a b n!
Separately,
h(t) B t2meabxt()\aeabt _ 1)(Abeabt _ ])eabyt

(Ae“f _ 1)m+l(}\ebt _ )m+l

n

1 00 n n b—1 a—1 b t
= s 2 (S ES wworsa (ors fe) s (o+5) )
ambm i\ = \k b a n!

i=0 j=0

By comparing the coefficients of t"/n! on the right-hand sides of the last two equations we arrive at the desired
results (18). O

By setting . = 1in Theorem 2.7, we have a common special case of the identity:
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Corollary 2.8. For all integersa > 0,b > 0,andn > 0, m > 1,

- b
5 (1) 52 St (e 20 ) (o4
= k= =0 b
n b—1 a—1
b
= (”) 3 b ™ (ax " 91‘) B™ by + -5 ). (19)
= k= =0 b a

Settingy = 0, m = 1in Theorem 2.7, we have:

Corollary 2.9. For all integersa > 0,b > 0,andn > 0, . € C,

n n a—1 b—1 b a
Z ( ) Z Zk'ﬂa"b" ko (bx + - k) Bn_ (fj; A)
par N e ey b
n n b—1 a—1 o a b
— ( ) AHIDk g oz, (ax+ 2 x) B 20 n). (20)
k=0 k i=0 j=0 b a

When b = 1in (20), we have the relationship:

n a—1 . n a—1
Z (’I:) Z)\iak’%‘ <X+ é; )‘) PBn—k(X) = Z (k) Z)‘Jan “Bi (ax; 1) Zn_ k(* A). (21)

k=0 i=0 k=0 j=0

Substituting A = 1in (21), we have the relationship:
n a—1 ]
k —k
Z(I{>Za3k (X+ > n- R_Z<k);an Bk(aX)ank <a> (22)

Theorem 2.10. For each pair of positive integers a and b, and all integersn > 0,1 € C and m > 1, we have the following
identity:

n a—1 b—1
. b
E (Z)E E At gkpn—k ™ <bx+ —i4j; )J,(qm)k(ay; A)

k=0 i=0 j=0

=

n n —1 a—1 o a
- (k) A pkgn—k (™ (ax i+ ) 2™ (by; 1. (23)
k=0 i—0 j

Il
<)
Il
<)

Proof. The proofis analogous to Theorem 2.7, but we need to change the order of the summation of series. On the one hand,

theabxt(kaeabt _ -l)()\beabt _ -l)eabyt
(ke“f _ ])m—H (Aebf _ ])m—H

1 at m aabt Adedbt _ q bt m cabyt Abeabt _ 1
ambm \ redt — 1 Aebt — 1 rebt — 1 At — 1

1 a abxt i bti abyt — atj
= ampm <)Leat ) Z re Aebt 1 Z )L

h(t) =

j=0
—1 b—1
_ 1S i at o(betbiti)a e(abyr)
ampm i = reat — 1 Ae"f 1
1 a—1 b—1 " ( [ee) (bt)n
= i (S oy (b i) ST ) (Lo i G
i—0 j=0 =0 :

0
1 o0 n n a—1 b—1 k) - o
2\m m . v
= anpm Z (k) 2 . Aitgkpn— B, <bx—|— —i47j; )Jn (ay; L) mp
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On the other hand,

theabxt()"aeabt _ 1)(}\’beabt _ 1)eabyt

") = e 1y et — e
1 00 n nb_la_]..k . a () (n
— m . . m
= == (2 () o oMbt ™ (ax+ ci i r) AT oy ) )
n=0 \k=0 i=0 j=0

Equating coefficients of (t"/n!) on the right-hand sides of the last two equations gives us (23). O

By setting . = 1 in Theorem 2.10, we have a common special case of the identity:

Corollary 2.11. For all integersa > 0,b > 0,andn >0, m > 1,

a—1 b—1 n b—1 a—1

1 — b
Z( )Zzakb”*@k’”) (bx+ z+1) B@ =Y () b B (ax -+ 3i+5) B (by)
k=0 Jj=

i=0 k=0 i=0 j=0

Settingy = 0, m = 1 in Theorem 2.10, we have:

Corollary 2.12. For all integersa > 0,b > 0,andn > 0, A € C,

a—1 b—1

n L b
> ( ) DD IRALL tah (bx +it; )\) BV

k=0 i=0 j=0

n b—1 a—1

n ", a
= ( ) YN aba (ax it A) B k().

k=0 i=0 j=0

—_

=~

When b = 1in (25), we have the relationship:

n

n n a—1 ) i n a—1 )
3 (k) Y iidka, (x + A) Fuk(0) = </<) 3 Wk (@ i 1) Bui ().

k=0 i=0 k=0 Jj=0

Substituting A = 1in (26), we have the relationship:
n n a—1 i n n a—1
Z (k) Za"Bk <X + *) Bk = Z (] ) Zaan,k (ax +]) By.
k=0 pary a =0 *’ =0

3. Aremark

(24)

(25)

(26)

(27)

For arbitrary real or complex parameters « and A, the generalized Apostol Euler polynomials oﬂn‘”) (x; 1) are defined
by the following generating functions: ( 2 e’“ = Zn 0 (@n“)(x A) (see [7,8,10]). We can also establish the similar

rel+1

symmetric identities for the generalized Apostol-Euler polynomials. However, the condition is that the integers a and b are
both even integers or odd integers. For example, for each pair of positive even integers a and b, or each pair of positive odd
integers a and b, and all integersn > 0,1 € C and m > 1, completely analogous to the proof of Theorem 2.1, we can

establish the following relation between the generalized Apostol-Euler polynomials and Definition 1.3:

Zn:<k> n— kbk+l£,(m)(bx MZ( )///1(61 1: A)g;m ”(ay; 2

k=0

n

1
(Z) b ka1 6™ (ax; ) Z <;) (b — 1; DET (by; ).
i=0

k=0
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