
Mathematical analysis of cell-target encounter rates
in three dimensions
Effect of chemotaxis

Steven B. Charnick and Douglas A. Lauffenburger
Department of Chemical Engineering, University of Pennsylvania, Philadelphia, Pennsylvania 19104 USA

ABSTRACT Efficient and rapid immune alveolar macrophages (phagocytic leu- system of neutrophils operating in three
response upon challenge by an infec- kocytes on the lung surface). Their dimensions in response to a bacterial
tious agent is vital to host defense. The model showed that macrophage/tar- challenge in connective tissue. Our
encounter of leukocytes (white blood get encounter is likely the rate-limiting results provide a plausible rationaliza-
cells of the immune system) with their step in clearance of bacteria from the tion for both the chemotactic and che-
targets is the first step in this response. lung surface (Fisher, E. S., D. A. Lauf- mokinetic behavior observed in neutro-
Analysis of the kinetics of this process fenburger, and R. P. Daniele. 1988. phils. That is, these cells exhibit in vitro
is essential not only to understanding Am. Rev. Resp. Dis. 137:1129-1134). a greater chemotactic bias and a more
dynamic behavior of the immune We have extended this model to ana- dramatic variation of speed with attrac-
response, but also to elucidating the lyze the effects of cell motility proper- tant concentration than alveolar ma-
consequences of many leukocyte func- ties and geometric parameters on cell- crophages, and our results indicate
tional abnormalities. target encounter in three dimensions. that these behaviors can have a

The motion of leukocytes in the The differential equation governing greater influence in three-dimensional
presence of targets typically involves a encounter time in three dimensions is connective tissue infection situations
directed, or chemotactic component. essentially the same as that in two than in two-dimensional lung surface
These immune cells orient the direction dimensions, except for changed prob- infection cases. In addition, we show
of their motion in the presence of gra- ability values. that encounter apparently is not gener-
dients in chemical attractants gener- Our results show that more highly ally the rate-limiting step in this neutro-
ated by pathogens. Fisher and Lauffen- directed motion is necessary in three phil response. These findings have
burger (1987. Biophys. J. 51:705-716) dimensions to achieve substantially important implications for correlating in
developed a model for macrophage/ decreased encounter times than in two vitro measured defects in cell motility
bacterium encounter in two dimensions dimensions, because of the increased and chemotaxis properties with in vivo
which includes chemotaxis, and ap- search dimensionality. These general functions of host defense against infec-
plied it to the particular system of results were applied to the particular tion.

INTRODUCTION

The immune system is comprised of several interacting the vessels and into the tissue in order to respond to
classes of cells. One such class of immune cell are the localized infections (see Fig. 1) (for further background,
phagocytes, the cells responsible for the elimination of see, for example, Paul [20]).
invading pathogens through intracellular killing. The two Both macrophages and neutrophils have been observed
main types of phagocytic cells are macrophages and to trace a "biased random walk" in space in response to
neutrophils. Along with their phagocytic role, macro- gradients of chemical attractants released by various
phages are responsible for the amplification of the pathogens (1, 29) (see Fig. 2). The binding of these
immune response. They accomplish this amplification chemoattractants to cell surface receptors allows the cell
through the secretion of various growth factors (lympho- to detect a gradient in the attractant and alter its direc-
kines) and through presentation of phagocytosed antigen tion of motion accordingly, in a phenomenon known as
to T lymphocytes. Both phagocytosis and antigen presen- chemotaxis (for an excellent recent review, see Devreotes
tation require cell-target and cell-cell contact. In con- and Zigmond [6]). Defects in macrophage and neutrophil
trast to the macrophages, which are located in specific motility and chemotaxis have been shown to be correlated
tissues and have a wide range of functions, neutrophils are with increased incidence and severity of a number of
constantly circulating in the bloodstream and are pri- infectious diseases (4, 21, 26), including AIDS (7, 23).
marily responsible for the elimination of bacterial chal- Fisher and Lauffenburger (8) developed a two-dimen-
lenges. They must be able to be rapidly mobilized from sional model for the time necessary for alveolar macro-
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An analysis of the effects of chemotaxis and cell motility
parameters on cell-target and cell-cell encounter time in
three dimensions is therefore likely to be helpful in
understanding the dynamics of many immune response
phenomena.

This paper extends the Fisher-Lauffenburger two-
dimensional cell-target encounter time model into three
dimensions. Expressions analogous to those developed for
the two-dimensional case are derived and applied to the
system of neutrophils responding to a bacterial infection
in the tissue. The results are compared to those from the
two-dimensional system to ascertain the effect of
increased dimension on encounter time as well as to
examine the relative importance of chemotaxis and cell
motility parameters in three dimensions.

MATHEMATICAL MODEL

FIGURE i Expanded view of the tissue, with emphasis on vascular
network. Leukocytes circulating in the vessels must normally migrate
into the tissues to combat bacterial infection.

phages to encounter their targets on the lung surface.
Their model was able to show that macrophage-bacte-
rium encounter is likely to be the rate-limiting step in
bacterial clearance from the lungs. Application of this
model to bacterial clearance kinetic data showed that the
rate of clearance could be explained very well by in vitro
measurements of alveolar macrophage motility and che-
motaxis properties (9). However, most immune system
cells, including other tissue macrophages, neutrophils,
lymphocytes, and killer cells, operate in three dimensions.

The development of the three-dimensional model paral-
lels that for the two-dimensional model of Fisher and
Lauffenburger (8). We are modeling the encounter pro-
cess to obtain an equation for the mean time for a cell
moving with chemotaxis in three dimensions to reach a

target. This encounter time is an average over all possible
paths that a cell can take to reach a target from a

particular starting position. The targets are assumed to be
fixed, and are also assumed to be eliminated upon the first
contact with the motile cells. The assumption of fixed
targets is warranted when one considers that (a) not all
bacteria are freely motile, and (b) those bacteria that do
exhibit motility are severely slowed in the tissue matrix
relative to the cells seeking them out. A target is elimi-
nated when the centers of the cell and the target are a

distance A apart (see Fig. 3). This distance A is defined as

a contact radius, or the sum of the radii of cell and target.
For relatively small bacterial targets, A can be approxi-
mated by the cell radius, or the effective radius of the
moving cell as it extends a pseudopod in the direction of
motion.
The region of infection will be modeled as a series of

unit spheres of radius R (see Fig. 3), each with a target

arget

Chemotactic Index = X/L
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FIGURE 2. Typical cell path. Dotted line represents the cell path; solid line represents straight line distance between cell and target. The chemotactic
index is equal to the length of Xover the length of L. The time of a step is defined as T (directional persistence time); the size of a step, 6, is the product
of T and s, the cell speed.
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A = contact radius

FIGURE 3 Diagram of the unit sphere. A cell's position relative to a
target is described in spherical coordinates by r, the radial distance
between the cell and target, and 0 and , the angular components of the
cell's position relative to some arbitrary plane containing the target. The
target is eliminated when the distance between its center and the center
of the cell is equal to A, the contact radius.

located at its center. We assume a uniform target distri-
bution, and thus can calculate the radius of each unit
sphere by the following: If there are T targets per unit
volume, then the number in a unit sphere, 1, is equal to
the product of T and the volume of a unit space,

1 = T( 7rR3)or R = (4T) (1)

where T can be obtained from experimental data. The
assumption of uniform target distribution is warranted
when one considers an analogous situation described by
Berg and Purcell (2), that of a current of molecular
ligands to cell surface receptors. They found that this

m

m

current, when assuming a uniform target distribution, is
only minimally different from the current obtained when
assuming a random distribution. We will further restrict
our attention to cases in which the immune cell density is
considerably less than the target density, so that cell
competition for targets can be neglected.

For simplicity, we allow a cell to step in any one of the
six perpendicular directions available to it in three dimen-
sions, with a probability assigned to each direction (see
Fig. 4). As Fig. 3 shows, the position of the cell relative to
the target is described in spherical coordinates by r, 0, and
0. Motion directly towards or away from the target
changes r by the step size, 6, which is defined as the
product of the characteristic persistence time, T, and the
cell speed, s. As the persistence time does not depend on

the presence of a gradient (18) or the direction of the cell
relative to a gradient if present (19), T is assumed to be
constant. We will neglect any chemokinetic effects which
would change the cell speed, s, so we may assume

constant cell speed. Therefore step size is assumed to be
constant.

While the perpendicular steps mainly represent
changes in 0 and 0, they also slightly change r. Fisher and
Lauffenburger (8) showed that this small change, dr, is
equal to 62/2r for a perpendicular step. By spherical
symmetry, this equation holds for steps in any of the four
perpendicular directions available to the cell in three
dimensions.

Although the probabilities of motion in the six direc-
tions can be estimated using experimental data, they
depend on the particular type of attractant or gradient
used. We will therefore focus on the effect of varying the
probabilities on encounter time, rather than on a particu-
lar set of probabilities for a given system. The probabili-
ties can be related to other measurable quantities that
describe the directedness of the cell's motion; among

them, the chemotactic index, CI. The chemotactic index
is defined as the net path length traversed by a cell
towards a source divided by the total distance travelled
(17) (see Fig. 2). A CI of zero (averaged over many cells)
would correspond to purely random motion, whereas a CI
of one would correspond to perfectly directed motion. A
cell taking N steps will take pN steps toward the target,
qN steps away from the target, and 4mN steps perpendic-

target

p+q + 4m =1
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FIGURE 4 Probabilities of motion in three dimensions. Each of the six perpendicular directions has a probability assigned to it.
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ular to the target. If we assume that the perpendicular
steps cancel over large N, we calculate the net number of
steps toward the targets as

(p- q)N, (2)

and the chemotactic index can therefore be related to the
probabilities as:

Cl = p - q. (3)

It should be emphasized that the chemotactic index does
not uniquely describe the cell path, as it is independent of
m.

A difference equation for the encounter time of a cell
(with a chemotactic component to its motion) reaching a

target as a function of the initial distance between them
can be derived using a modification of a method used by
Berg and Purcell (2). The encounter time, W, for a cell at
a given position is equal to the time elapsed as the cell
moves to a new position (the persistence time) plus the
weighted average of the encounter times associated with
the possible new positions. The weighting factors in our

case are the probabilities, p, q, and m, of the cell moving
to the new positions.

In the limit as step size, 6, becomes much smaller than
R, the radius of the unit sphere, and for step times, i,

much smaller than the observation time of the system, the
difference equation yields the following differential equa-

tion for encounter time as a function of initial position.

d2W [2(q - p) (1 - p - q) dW -2
dr2 [6(p + q) r(p + q) J dr s2r(p + q), (4)

with the boundary conditions,

W(A) = 0

dW/dr (R) = 0,

where s is cell speed, -r is persistence time, 6 is step size
(equal to sr), R is the radius of the unit sphere, and A is
the contact radius. The encounter time does not depend
on the initial angular components of the distance between
cell and target relative to some plane. This is a result of
the radial symmetry of the concentration profile of the
attractants being produced by the target. If we assume

low cell and target densities, then this profile will be
unaffected by the presence of other cells or targets, and
the condition that W is independent of 0 and 0 will hold.
For this reason, the angular dependences were neglected
in the above derivation.

This equation is analogous to that developed by Fisher
and Lauffenburger (8) for the encounter time in two
dimensions. The only difference between the two equa-

tions lies in the fact that the probabilities change for a

given degree of directed motion in going from two dimen-

sions to three dimensions. For example, if CI = 0, in two
dimensions, p = q = m = 0.25, whereas in three dimen-
sions p = q = m = 0.17. As a result, the solution of the
differential equation for encounter time in three dimen-
sions is identical to that of the Fisher and Lauffenburger
equation for encounter time in two dimensions (except for
the differences in probabilities).
The boundary condition at r = A follows from the

assumption that a target is eliminated immediately when
the distance between its center and that of the phagocytic
cell is equal to the contact radius, A. The second boundary
condition follows from symmetry, and is most easily
understood by noting that the volume of infection is
comprised of many adjacent, identical unit spheres. We
thus require that the encounter time be continuous from
one unit sphere to the next.

Simplification of the analyses to follow is accomplished
through dedimensionalization of the encounter time
equation. Encounter time is scaled to the cell speed rather
than the persistence time, as we expect that T will be much
smaller than W in the limiting case for which the above
differential equation was derived. Although there are

other choices of scaling factor for W (8), we will use cell
speed as it is a measured characteristic of individual cells.
The step size, contact radius, and starting distance will all
be scaled to the radius of the unit sphere.
The resulting dedimensionalized equation for the

encounter time is

d%w (q - p) (1 - p - q) dw -2
dp2

2
(p +q) p(p ) dp (p +q)' (5)

with the boundary conditions

c(A/R) 0

dco/dp(l) 0,

where w is dimensionless encounter time (equal to Ws/
R), p is r/R, and e is 3/R. Note that the effects of cell
speed and persistence time are now incorporated into the
single parameter E.

This inhomogenous, second-order linear equation can

be solved using a variation of parameters method (3). The
result is a closed form solution made up of three integrals
that must be evaluated numerically for most values of the
parameters (e, p, and q) involved. The final equation for
dimensionless encounter time as a function of starting
position is

c,,=2p-[Lp + q) fLe/
-krb fekss-bds d.

AIR

+ ( f/ks bds fekr.bd~)1 (6)
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where

k
2(p - q)
E(p + q)

b = 1 -_.
(p + q)

These integrals can be evaluated using the IMSL quadra-
ture routines DBLIN or DMLIN, depending on the form
of the integrand.

Certain sets of the probabilities, p, q, and m, permit an

exact solution of this differential equation to be obtained.
The case of one-dimensional motion (m = 0) was

described by Fisher and Lauffenburger (8). Clearly, as

the model equation of Fisher and Lauffenburger for
two-dimensional encounter differs from our model equa-
tion only in the values for the parameters p, q, and m, our

model reduces to the same result in one dimension. A
second simplifying case, in which p = q, is slightly
different in three dimensions.
The solution of Eq. 5 when p = q = m 1/6 corresponds

to purely random motion of a cell. The result obtained is
exactly the same as that obtained by Berg and Purcell (2)
for their description of random particle motion,

I {2R3- 2RJ +A2 r2). (7)
52T\ A r/

However, if p and q are equal but not equal to 1/6, we
obtain the following equation for encounter time:

o = -|-[rc (A/R)c] + [(AIR") p (8)
EC2

where

C= 2--.
2px

As expected, this is the same result obtained by Fisher

and Lauffenburger (8) for the case where the chemotactic
index is zero (p = q), but p and q are not equal to '/4.
To facilitate the analyses to follow, we can eliminate

the dependence of encounter time on position by taking its
average over all possible distances between the cell and
target:

3 w(p)p2 dp
AIR

1--(A/R)3

RESULTS

We now have an expression for the cell-target encounter
time as a function of cell speed and persistence time (cell
motility parameters), the probabilities of motion towards
and away from the target (directional bias parameters),
and the dimensions of the volume over which the cell
searches for its target (unit sphere parameters).
To evaluate the effects that each of these parameters

have on encounter time, we must obtain reasonable
estimates for each parameter, so as to hold constant all of
the parameter values save that which we are studying.
Table I presents the parameter values used by Fisher and
Lauffenburger (8) to model the system of alveolar macro-
phages, as well as the values used in this analysis to model
the system of neutrophils operating in the tissues. We
performed two sets of studies: (a) the effect of dimension
alone on encounter time, and (b) the combined effect of
dimension and parameter changes on encounter time.
The first study was performed by applying the three-

dimensional model with the parameters used by Fisher
and Lauffenburger to model the alveolar macrophages.
This is equivalent to the hypothetical case of placing these
macrophages in a three-dimensional setting where they
would perceive bacterial volume densities that yield a unit

(9)

TABLE I Parameter estimates

Parameter Alveolar macrophage/lung surface Neutrophil/connective tissue References

R 500um 50Am 8, 14*
6 IO,um lOI,m 8t

0.02 0.2 1

s (wide range) I-lO,um/min 2-10,m/min 8, 11-13, 17
s (small range) 1-3 Am/min 2.5-7.5,um/min 8, 11-13, 17
T 1-10 min (5 min) 1-5 min (2 min) 8, 11-13, 28
A 10,um 1OAm 81

*Fisher and Lauffenburger calculated R from bacterial densities on the lung surface; we calculate R from bacterial densities in the tissue (see
Eq. 1).
tFisher and Lauffenburger calculate 6 = St = (2 ,gm/min)(5 min) = 10 ,um, for ease of comparison, we choose (5.0 Am/min)(2 min) = 10Im.
Recall that - 6/R.
I"As the contact radius varies, for ease of comparison we choose its value to be that utilized by Fisher and Lauffenburger. Note in the text that the exact
value of A does not noticeably affect the results, so the value here is not an unreasonable choice for neutrophils.
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FIGURE 5 (continued)

sphere radius equal to the unit circle radius obtained from
the bacterial surface densities on the lung surface. The
second study involved applying the three-dimensional
model to the system of neutrophils operating in the
tissues, and thus all three parameter types correspond to
those of neutrophils operating in the tissues. For compari-
son, in each parametric analysis, the figures from Fisher
and Lauffenburger (8) are shown, followed by figures
reflecting the two studies described above.
We first examined the effects of cell speed and persis-

tence time on encounter time (Fig. 5). The speeds and
persistence times shown in the figure are characteristic
for neutrophils (11-13, 18, 29). In all three systems an

increase in either speed or persistence time decreases the
encounter time. Encounter time for purely random
motion is more sensitive to changes in cell speed and
persistence time than encounter time for perfectly
directed motion. In going from two to three dimensions,
the encounter time increases by an order of magnitude.
This effect is also more pronounced in the limit of purely
random motion, for, as the chemotactic index approaches
unity (perfectly directed motion), the cell's path toward
the target approaches a straight line. As this is the case

regardless of dimension, the effect of an increase from two
to three dimensions is not seen to effect the encounter
times for perfectly directed motion, whereas the effect on

purely random motion is noticeable.

Note also that when the intrinsic neutrophil/tissue
parameters are applied, the model predicts encounter
times orders of magnitude lower than for the macro-

phage/surface parameters. This is primarily due to the
reduction in the size of the unit sphere radius, R. Observe
that at specified values of both speed and persistence
time, the neutrophil/tissue encounter time is much lower
than that for the alveolar macrophages (at CI = 0). Thus,
only a unit space parameter could have produced this
effect.

Another important observation is that whereas for the
macrophage/surface case increases in cell speed (at
Cl = 0) do not bring the encounter times close to that for
purely directed motion, in the neutrophil/tissue case

increases in cell speeds can produce much of the same

beneficial effect as purely directed motion. Neutrophils
can exhibit cell speeds even higher than those in the range
of Fig. 5. Clearly, high cell speeds for CI = 0 (purely
random motion) can decrease the encounter time to that
predicted at lower cell speeds for CI = 1 (perfectly
directed motion). Fig. 9, which will be discussed in
greater detail later, also presents the effect of cell speed
nicely. Even moderate cell speeds (on the neutrophil
speed scale) at CI = 0 can reduce the encounter time to
that predicted at lower cell speeds for CI = 1. For great
initial target densities, increases in cell speed may even

decrease the encounter time for purely random motion to

Charnick and Lauffenburger Cell-Target Encounter Rates
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a value below that predicted at lower cell speeds for CI =

1. Clearly, increases in cell speed in response to patho-
genic challenges are of extreme benefit in the neutrophil/
tissue situation. This was not the case for the macro-

phage/surface situation.
The cell motility parameters clearly have a pronounced

effect on the encounter time. The directional bias param-
eters show a substantial effect on encounter time as well.
Consider Fig. 6, in which the encounter time is plotted
versus the probability of motion directly toward the
target, p. The curves are parameterized in values of
chemotactic index ranging from zero to one. The encoun-

ter time is seen to be more sensitive to changes in p at
lower values of Cl than at values of CI corresponding to
more directed motion. Fig. 6 A represents both the 2-D
and 3-D case with alveolar macrophage/lung surface
parameters, as a given value of CI (equal top - q) and p,
as well as constant values for the cell motility parameters,
completely determines the encounter time. Fig. 6 B dif-
fers solely as a result of changes in the unit space radius.
Fisher and Lauffenburger (8) noted that there were

dramatic decreases in encounter time with increased CI
up to a value of -0.2. Fig. 6 B shows that this beneficial
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z

Lu
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z
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effect on encounter time for the neutrophil/tissue case is
not realized until the value of CI approaches -0.6-0.8.

By selecting the value of m, one can reduce the problem
of describing the cell's motion from having two degrees of
freedom to one. Following the arguments of Fisher and
Lauffenburger (8), we choose the value of m to be equal
to that of q. They base this decision on the fact that
choosing m to be equal to q reduces the number of degrees
of freedom in describing cell motion from two to one.

Having done this, we can now analyze the effect of
chemotactic index on encounter time. In Fig. 7, we plot
the ratio of encounter time to that encounter time corre-

sponding to purely random motion. For alveolar macro-

phages operating in 2-D, an increase in chemotactic index
from 0 to 0.2 brings about a two-orders-of-magnitude
decrease in encounter time. Note that to obtain the same
two orders of magnitude decrease in encounter time
obtained by alveolar macrophages at CI = 0.2, the
neutrophils must exhibit CI values of 0.6-0.8, which is the
range of values obtained experimentally (12, 18, 28).
Once again, this appears to be primarily due to the
reduction of the unit space radius, R. In Fig. 8, which will
be further described shortly, we note that at the higher

CHEMOTACTIC INDEX

Cell-Target Encounter Rates 1017

FIGURE 7 Effect of chemotactic index on relative dimensionless average encounter time. Curves representing both alveolar macrophage/lung surface
parameters and neutrophil/connective tissue parameters are plotted as the ratio of dimensionless average encounter time to that dimensionless
average encounter time corresponding to purely random motion versus chemotactic index.
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values of R dealt with by the lung macrophages, a

two-orders-of-magnitude decrease in encounter time can

be achieved with an increase in CI from 0 to 0.2 (which is
in their experimental range [24]). For values ofR charac-
teristic of target densities encountered by neutrophils, this
decrease is not achieved until values of CI = 0.6-0.8.
Because all other parameters have been held constant for
these figures, this effect can only be a result of the
reduction in unit space radius, R.
We have now seen that both cell motility parameters as

well as directional bias parameters can have substantial
effects on the encounter time. We now turn our attention
to the unit space parameters. We intuitively expect that
the encounter time will increase with increasing starting
distance from the target. Although encounter time is
fairly sensitive to changes in starting distance, this is not
the case for contact radius. Motile cells ruffle their
membranes and extend pseudopods in the direction of
their motion (1); this, as a result, slightly changes the
effective contact radius. Although the encounter time
decreases with increased contact radius, this effect is
small compared with that of the other parameters dis-
cussed. Thus the assumption of constant contact radius
should apply even though this parameter varies for mov-

ing cells. Variations in contact radius do not dramatically
affect our results (computations not shown).

Fig. 8 shows the effect of unit sphere radius on encoun-

ter time. Encounter time increases with unit sphere radius
(decreased target density), and decreased radius actually
can provide much of the same beneficial effect on encoun-
ter time in three dimensions as cell speed, i.e., a decrease
in R for purely random motion can bring the encounter
time down to a value comparable with that for directed
motion.
We have thus examined the effect of each parameter

type on encounter time. Most of the parameters have
substantial effect on the encounter time, with the excep-
tion of contact radius, A, which has a relatively minor
effect. Clearly, increased speed or persistence, increased
directional bias, and decreased unit sphere radius have
the greatest beneficial effect on encounter time.

DISCUSSION

Fisher and Lauffenburger (8) derived a model for cell-
target encounter times in two dimensions. Their model
showed that encounter could be considered the rate-
limiting step in the immune response of these macro-
phages, and that the rate of clearance of bacteria by the
macrophages could be explained by measured motility
and chemotaxis properties (9). We have extended the
Fisher-Lauffenburger model into three dimensions and
applied it to the system of neutrophils operating in the
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tissue, a three-dimensional system. The equation which values of the probabilities of motion towards and away
describes three-dimensional encounter time as a function from the target, p and q.
of starting distance from the target has exactly the same The encounter time was found to increase by an order

form as the equation for two-dimensional encounter time. of magnitude with the increase in dimensionality, all

The difference between the two equations lies in the other parameters being held constant. This effect was
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most pronounced near the limit of purely random motion,
as near the limit of perfectly directed motion, the cell path
toward the target becomes more one-dimensional, and the
effect of increased dimensionality is thus lessened.
The results shown in Fig. 9 help provide a plausible

rationalization for the strong chemokinetic behavior (i.e.,
dependence of speed on attractant concentration)
observed for neutrophils (30). Note that the highest
target density, 8 x I 07/cm3, corresponds to a volume
fraction of 5.24 x 10-3 (assuming an average bacterial
radius of 5 ,um), so the assumption that target density is
small is valid even at the highest target density in Fig. 9.
Fig. 9 C shows that, in three dimensions, with target
densities in the range that neutrophils might encounter in
the tissues, increased cell speed can provide much of the
same beneficial effect as nearly perfect directed motion.
That is, the curve for speed equal to 7.5 ,um/min and CI =

0 almost superimposes with the curve for speed equal to
2.5 ,um/min at CI = 1, except for low target densities. Fig.
9 A, in contrast, shows that this is not the case for alveolar
macrophages, which do not show as strong a chemokinetic
response (1O).
The model also provides a basis for the physiological

utility of the relatively high chemotactic indices exhibited
by neutrophils of -0.6-0.8 (12, 18, 28). This increase in
Cl is necessary to achieve the same beneficial effect (two
orders of magnitude decrease in encounter time) in three

dimensions that alveolar macrophages achieve in two
dimensions with CI = 0.2 (which, interestingly, is roughly
that experimentally observed for these lung cells [24]).
Neutrophils undergo a three-dimensional search for their
targets in the tissue. The path toward a particular target
may involve passage through the tissue matrix as well as

crawling along vessel walls or between tightly packed
regions of tissue. Although the mechanism of movement
in each of these cases may differ considerably, the model
predicts that the chemotactic index in either case should
fall between 0.6 and 0.8, as this is the CI necessary to
obtain a two-orders-of-magnitude decrease in encounter
time for a neutrophil searching for its target in three
dimensions regardless of the mechanism used to find this
target. This is indeed the case. Buettner et al. (5), using
the millipore filter assay in which the neutrophils migrate
in three dimensions through a nitrocellulose filter,
obtained a value for the chemotactic sensitivity, Xo, of 6 x

10-6 cm. Tranquillo et al. (25) used the linear under
agarose migration assay, in which the neutrophils migrate
in two dimensions on a glass slide under an agarose slab,
to determine a value for Xo = 4 x 10-6 cm. As the
chemotactic sensitivity can be related to CI (22), these
results together show that the neutrophils do exhibit
similar values of CI regardless of the mechanism of
movement used to find their targets in the three-
dimensional tissue matrix. As alveolar macrophages are
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specialized for elimination of targets in a two-dimensional
space, they beneficially exhibit the lower value of CI
predicted by the model. One might then expect macro-
phages specialized for target elimination within tissue
spaces to exhibit values for CI which would provide the
two-orders-of-magnitude decrease in encounter time
given values for their particular cell speed and persistence
time. Unfortunately, rigorous quantitative data on speed,
persistence time, and chemotactic orientation bias are
not, to our knowledge, available for phagocytic cells other
than the alveolar macrophages and neutrophils we have
discussed here.
Our model predicts shorter encounter times for the

neutrophil/tissue case than for the macrophage/surface
case, dur primarily to the greater bacterial densities (and
thus lower unit sphere radii) encountered in the tissue by
neutrophils. This leads to an important observation: that
encounter might not be a rate-limiting step in neutrophil
response as it is for alveolar macrophage response (8).
Fig. 9 shows the effect of target density on encounter
time. The curves are parameterized in cell speeds charac-
teristic for the respective cell types in question (8, 11-13,
18). Fisher and Lauffenburger (8) concluded that even at
maximum cell speed and with perfectly directed motion,
alveolar macrophage encounter time was still much
greater than the phagocytosis times for these cells,
roughly a few minutes (1 5). This is confirmed in Fig. 9 A.
The characteristic phagocytosis time for neutrophils is
somewhat lower, on the order of I min (1 5), but the
encounter times are also much lower, except at low target
densities. As some neutrophils can exhibit speeds roughly
two times the maximum speed shown in Fig. 9 C (1 1-1 3,
18), we see that encounter times for neutrophils are
actually of about the same order of magnitude as phago-
cytosis times. Encounter apparently can therefore not be
considered the rate-limiting step in the neutrophil
response. Our finding here that encounter may not be
rate-limiting for neutrophil phagocytosis of bacteria in
typical infectious challenges has possibly important
implications for correlating in vitro measured defects in
motility and chemotaxis properties with in vivo functions
of host defense against infection. That is, a quite severe
cell motility defect, which increases the encounter time by
at least an order of magnitude, may be necessary for the
inflammatory response to be noticeably impaired. In
addition, it would be reasonable to expect defects in the
mechanism of chemotaxis to be more detrimental to
function of alveolar macrophages, for which encounter is
rate-limting, than to tissue macrophages or neutrophils,
for which encounter is apparently not as likely to be
rate-limiting. It must be emphasized, though, that the
target (bacterial) density can greatly affect these conclu-
sions. The lower the target density, the more likely
encounter will be rate-limiting (see Fig. 9).

As a result of the fact that encounter may not be the
rate-limiting step in neutrophil response, a model includ-
ing both the encounter time component presented here as
well as a component based on data available for the
phagocytosis rate of neutrophils in response to various
infections (16, 27) would have to be developed to study
the overall dynamics of neutrophil response in a way
similar to that used by Fisher et al. (9) to study lung
clearance by alveolar macrophages. The encounter time
calculated here would be inverted to obtain a rate con-
stant for the encounter process, which would then give the
encounter rate as the product of this rate constant and the
cell volume density at any time, t. By then including rate
expressions for the phagocytic component of this dynamic
model, one could predict the target density as a function
of time during the initial stages of infection. As men-
tioned earlier, modifications would have to be made to the
encounter time model if one wished to model the later
stages of infection. At that point, the cell density may
approach the target density (14), or surpass it, requiring
the unit spheres to be based on the cells rather than on the
targets. In addition, during the later stages of infection,
competition between cells for targets may not be negligi-
ble.

Finally, it must be pointed out that for the smaller unit
spaces analyzed here in some of the computations, the
ratio of unit space radius to cell step size is not large. In
this regime, the limit taken to obtain the differential form
of the model (Eq. 4) from the difference form may break
down. In such a regime, direct solution of the difference
form, or alternatively, computer simulations of the mov-
ing cells, may yield more exact numerical results. Given
the level of approximation involved in the overall model,
however, we believe that the results presented here are a
very useful first step.
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