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Abstract 

Koester, G., On 4-critical planar graphs with high edge density, Discrete Mathematics 98 

(1991) 147-151. 

Four problems of Grtinbaum concerning 4-critical planar graphs with only vertices of valence 

higher than three are treated 

Let G = G(V, E) be a simple graph (without loops and without multiple 

edges), and let V and E be the vertex set and the edge set respectively with 

u = IVJ and e = IEl. The edge density of G is the ratio d(G) = e/v. G is called 

k-critical if x(G) = k and x(G’) s k - 1 for every proper subgraph G’ of G (x(G) 

is the chromatic number of G). For a planar graph G let f be the total number of 

faces, f; be the number of faces bounded by an i-gon, and vi be the number of 

vertices with valence i (i 2 3). S and L will denote the supremum and the limes 

superior of d(G) respectively, taken over all 4-critical planar graphs G. 

An old conjecture of Gallai [2] that every 4-critical planar graph G contains 

e 5 2v - 2 edges (that means d(G) d L d S c 2) was recently disproved by the 

present author [4] giving a 4-critical planar graph G* with 40 vertices and 80 

edges (G* is 4-valent, see Fig. 1). Therefore S 2 2 holds. In his paper (31, 

Griinbaum showed that L = S s g (=2.02564 . . .), and that the bounds S and L 

are not attained. Furthermore, he mentioned the following problems: 

(i) To find nontrivial upper bounds for S, as well as improved lower bounds. 

(ii) Does every 4-critical planar graph contain some vertices of valence ~4? 

(iii) Do there exist 3-connected 4-critical planar graphs with e/v > 2? 

(iv) Do there exist arbitrarily large 4-valent 4-critical planar graphs? 
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Grtinbaum conjectured, that the answers to questions (ii), (iii) and (iv) are 

affirmative. Recently, the present author [5] gave a construction of arbitrarily large 

4-valent 4-critical planar graphs, providing an affirmative answer to question (iv). 

This construction is described at the end of the present note. 

The following results, concerning the problems (i), (ii), (iii), will be established 

by using the well-known Hajos construction and the following recent result of 

Stiebitz. 

Theorem 1. (a) $$ = 2.0526 * * . s S c 2.5. 

(b) Every 4-critical planar graph contains vertices of valence ~4; more 
precisely, 2v3 + v4 2 9 is valid for all such graphs except the complete graph Kq. 

(c) There are infinitely many 3-connected 4-critical planar graphs with d = 
e/v > 2. 

The Haj6s construction 

Let Gr, G2 be k-critical graphs and H = G, n G2 be the complete graph Kh with 

h vertices (h c k - 2). Further let P be a vertex of H and for i = 1, 2 let Qj be a 

vertex of G, - H which is adjacent to all vertices of H. Let _e = (Q,, Q2) be a new 

edge. Call H = Kh the ‘center’ and ej = (Qi, P) the ‘removable edges’ of the 

construction. The graph 

G = G, H G2 

with V(G) = V(G,) U V(G,) and E(G) = E(G,) U E(G,) U {g}-{e,, ez} is k- 
critical (see [l]). Let e(‘) and v@) denote the numbers of edges and vertices of G,; 
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respectively (i = 1, 2), then 

e=e (‘I + e(*) - h(h - 1)/2 - 1, 

u = r+‘) + u(2) - h. 
(1) 

Let G(h, k, 2) denote a Hajos construction with the center H = K,,, and with Gi 

and G2 two copies of the same k-critical graph G, and let 

G(h, k, I) = G H G(h, k, r - 1) for r s 3. 

If we choose G = G* (Fig. 1) then we get two types of 4-critical planar graphs, 

namely G*(l, 4, r) and G*(2, 4, r). From (1) it follows that d(G*(h, 4, r)) > 2 for 

h = 1, 2. Furthermore, G*(l, 4, r) is 2-connected and G*(2, 4, r) is 3-connected. 

This establishes Theorem l(c). 

From (1) follows also the result of Grunbaum, 

lim d(G*(l, 4, I)) = $$ d L = S, (2) r-s 

and the improved result (Theorem l(a), lower bound) 

lim d(G*(2, 4, r)) = g 6 L = S. 
r-c-= (3) 

The trivia1 upper bound S < 3 follows from the planarity of G. The less trivial 

upper bound S ~2.5 (Theorem l(a)) is a result of the following. 

Theorem 2 (Stiebitz [6]). A 4-critical graph with v vertices contains no more than 
v triangles. 

This result can be slightly improved for planar graphs. 

Corollary 3. A 4-critical planar graph G with v 2 5 vertices has no more than 
v - 1 triangles. 

Proof. Let t be the number of triangles of G, and _e be an edge which does not 

belong to more than one triangle of G. Such an edge must exist because 

otherwise G contains an s-wheel (s a 3) as a proper subgraph which contradicts 

the 4-criticality of G. If e belongs to one triangle, then we consider a Hajos 

construction G(2, 4, 2) with two copies of _e as removable edges. Then G(2, 4, 2) 

has 2t - 1 triangles and 2~ - 2 vertices. In the other case, if _e does not belong to 

any triangle, a Hajos construction G(l, 4, 2) with two copies of _e as removable 

edges has 2t triangles and 2v - 1 vertices. In both cases from Theorem 2 follows 

tsv-1. cl 

Remark. The bound v - 1 is attained by the odd wheels (v > 4). 
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Fig. 2. 

From the Euler formula u +f - e = 2 and from Corollary 3 it follows that 

2e - 4v + 8 = 2 (4 - i)f Sf ,=SV-1, (4) 
i=3 

hence 

2e S 5v - 9. (5) 

This proves S s 2.5 (Theorem l(a)). Finally 

cc 

9c5v-2e=x (5-i)vi~2v,+v, 
i=3 

establishes Theorem l(b) and this completes the proof of Theorem 1. 0 

The following construction generates (by repetition) two infinite families of 

4-valent 4-critical planar graphs [4]. For the first family we need an auxiliary 

graph from Fig. 2, called 3-crown. Let G be a 4-valent 4-critical planar graph and 

Tan arbitrary face of G bounded by a triangle. We remove the bounding edges of 

T and get the reduced graph G’. Now we unite G’ with the 3-crown by 

identifying the (2-valent) vertices of T with the 2-valent vertices of the 3-crown. 

The resulting graph is 4-valent, 4-critical and planar, too. 

For the construction of the second family we use the 5crown of Fig. 2 and G* 

from Fig. 1. Removing the edges of the outside-bounding 5-gon of G* and (like 

above) identifying the 2-valent vertices of the reduced graph G*’ with suitable 

2-valent vertices of the 5-crown we get a new 4-valent 4-critical planar graph G** 

with an outside-bounding 5-gon. Now we combine G** with the 5-crown etc., 

which gives the second family. 
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