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Abstract.  The problem of estimating the mean function of a compound cyclic Poisson
process with linear trend is considered. An estimator of this mean function is constructed
and investigated. The cyclic component of intensity function of this process is not assumed
to have any parametric form, but its period is assumed to be known. The slope of the linear
trend is assumed to be positive, but its value is unknown. Moreover, we consider the case
when there is only a single realization of the Poisson process is observed in a bounded
interval. Asymptotic bias and variance of the proposed estimator are computed, when the
size of interval indefinitely expands.
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1. INTRODUCTION

Let {N(¢),t > 0} be a Poisson process with (unknown) locally integrable intensity
function A which is assumed to consist of two components, namely, a periodic or cyclic
component with period 7 > 0 and a linear trend component. In other words, for any point

* Corresponding author.
E-mail addresses: bonno1818 @gmail.com (B.A. Wibowo), wayan.mangku@gmail.com (I.W. Mangku),
siswadimathipb @gmail.com (Siswadi).

Peer review under responsibility of King Saud University.

FLSEVIER Production and hosting by Elsevier

http://dx.doi.org/10.1016/j.ajmsc.2016.08.004
1319-5166 (© 2016 The Authors. Production and Hosting by Elsevier B.V. on behalf of King Saud University. This is an open access
article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Please cite this article in press as: B.A. Wibowo, et al., Statistical properties of an estimator for the mean function of a compound
cyclic Poisson process in the presence of linear trend, Arab J Math Sci (2016), http://dx.doi.org/10.1016/j.ajmsc.2016.08.004



https://core.ac.uk/display/82694393?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
mailto:bonno1818@gmail.com
mailto:wayan.mangku@gmail.com
mailto:siswadimathipb@gmail.com
http://dx.doi.org/10.1016/j.ajmsc.2016.08.004
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/

2 B.A. Wibowo et al.

s > 0, the intensity function A can be written as
A(s) = Aels) + as,

where \.(s) is a periodic function with (known) period 7 and a denotes the slope of the linear
trend which is assumed that a > 0. We do not assume any (parametric) form of A.(s) except
that it is periodic, that is, the equality

Ac(8) = Ac (s + k7)

holds for all s > 0 and k € N, where N denotes the set of natural numbers.
Let {Y(t),t > 0} be a process with

)
Y(t)=Y X (1)
=1

where { X;, i > 1} is a sequence of independent and identically distributed random variables
with mean 1 < oo and variance 02 < oo, which is also independent of the process
{N(t),t >0 }. The process {Y (t),t > 0} is said to be a compound cyclic Poisson process
with linear trend. The model presented in (1) is an extension of the model presented in [4].
We refer to [1,3,5,6] for some applications of the compound Poisson process.

Suppose that, for some w € {2, a single realization N(w) of the process {N(¢),¢t > 0}
defined on probability space ({2, F,P) with intensity function A is observed, though only
within a bounded interval [0, n]. Furthermore, suppose that for each data point in the observed
realization N (w)NI0, n], say ith data point, i = 1,2, ..., N ([0, n]), its corresponding random
variable X is also observed.

The mean function (expected value) of Y'(¢), denoted by (), is given by:

P(t) = E[N@®)] E[X1] = A(t)p
with A(t) = fot A(s)ds. Let t, =t — | L] 7, where for any real number z, |z| denote the
largest integer that less than or equal to z, and let also k., = HJ Then, for any given
real number ¢, we can write t = ky .7 + t,, with 0 < ¢, < 7.Let = L [ X(s)ds is the
global intensity of the cyclic component of the Poisson process {N(¢),¢ > 0}. We assume
that @ > 0. Then, for any given ¢t > 0, we have

2

At) =k 10+ A (t) + a%

which implies

2
W(t) = (kwa AL () + a’;) .
An estimator for the mean function ) (¢) of the process {Y (¢),t > 0} using the observed
realization have been constructed. Our goal in this paper is to compute asymptotic bias and
variance of an estimator for the mean function ) (¢) of the process {Y (¢),t > 0} .
The rest of this paper is organized as follows. The estimator and main results are presented
in Section 2, some technical lemmas are presented in Section 3, and the proofs of the main
results are given in Section 4.
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2. THE ESTIMATOR AND MAIN RESULTS

Letky, , = [ﬂ The estimator of the mean function ¢ (¢) using the available data set at
hand is given by

~

~ 2\
¢n(t) = (kt,TTen + Ac,n (tf) + dn) Mo s

2
where
. 2N [0,n]
ap = 2 )
n
7 1 i N([(k—1) 7 kT]) 5 kp.r T
" In(kp,)T Pt k "\In(k,,) 2/’
) - SN (k=) 7, (k= 1) 7 +,])
S I (k) Pt k
~ kn Tty (t72“ - QtTT)
—an ’ + )
In (k. -) 2
and
1 N([0,n])

o~

Mn = N([O,n]) ; Xi7

with the understanding that i, = 0 when N ([0,n]) = 0. Thus, zzn(t) = 0 when
N ([0,n]) = 0.

Our main results are presented in the following theorem. The Theorem is about asymptotic
approximation to the bias of @n(t) and about asymptotic approximation to the variance of

P ().

Theorem. Asymprtotic approximation to the bias of Un (t):

{)Z;n(t):| _ (kt,TT (20y — aty) + 27 A, (t) + ay (tf _ QTtT)> ,

bias | 210 (b r)

1
e (hl (kn,‘r)) ’ @)

and asymptotic approximation to the variance of {b\n(t)
2
> _ Y 2 2.,
var [wn(t)] = b ((k‘mr) (a+26°y — atby)
n (am + 2 (Ao (t))% + ayAe (t,) (£ — 2m))

ok <Ac (tr) (207 — aty) + 0 (2vAc (tr) + ay (82 — 27t,)) + 2at7.>

2
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2a0y — GQT’)/) L < (2adc (tr) v + a?y (82 — 27t,)) )

ki 7t?
th’T( 2 2

(1) 2 X
=0 (ke (207 = am9) + 294 (1) 0 (1~ 2m))> +o (m(kzm)> 3)

asn — oo, where v = 0.577 . .. is an Euler’s constant.
3. SOME TECHNICAL LEMMAS
In this section, we present some lemmas which are needed in the proofs of our theorem.
Lemma 1. Asymptotic approximation to the bias of a,,:
E[an]=a+29+0(12) “4)
n n
and asymptotic approximation to the variance of a,,:

Var[dn]—i(;JrO(l) )

n3
asn — oQ.

Proof. We refer to [2].

Lemma 2. Asymptotic approximation to the bias of Zcm (t,)

E [Zc,n (tr)} = A (tr) +

2
2yAc (tr) + ay (2 — 27t,) ‘o <ln (1 ) ©)

210 (k) o)
and asymptotic approximation to the variance of 716," (t,)

_att, N 212 A, (t,) + am? (t% — 2Ttr> + 12att,~y
 In(kn,r) 12 (In (ky 1))

"\ 0 (o r))?

asn — oo, where v = 0.577 ... is an Euler’s constant.

Var [Zc,n (t,«)}

Proof. The expected value of Zcm (t,-) can be computed as follows:

k

~ 1 = E[N(k-1)7,(k—1)7+t,])]
_ <1’;n(k:t) G _22’57'7)) El,). ®)
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A simple calculation shows that

kz"fE[N([(k—l)ﬁ(k—l)T—i-tT])] . (t)+at§—27tr
K et 2
k=1
A (t )’y—l—cw b 1 aky, ot
* (o) - O

By substituting (4) and (9) into the r.h.s. of (8), we obtain (6).
The variance of A, ., (t,) can be computed as follows:
Let

nor N(((k=D)7,(k=1)T +1t,]) _ 4 Kn, w7t (7 -2t07)
An = ln(kn ) Zk: & and Bn = Qp, <1n(kn,q—) + 3 .
So

Var {ch (tT)} =Var[A,] + Var|[B,] —2Cov (A,, By) . (10)

First, we compute

1 g
Var[A,] = m ; ﬁVar [N([(k—1)7,(k—1)7+t])]
1 kn,r

E[N([(k=1)7,(k—1)7+t.])]. (11)

|
%) -

T A W2
(In (kn,'r)) k=1
A simple calculation shows that

!L‘r

Z = F ~ )7, (k= )7 +t,])

to — 27t,
= (/1c (tr) + aQT) & +art, In(ky ;) + att,y 4+ 0(1) (12)

as n — oo. By substituting (12) into the r.h.s of (11), we have

2_or r 71'2
art, (/1C (t;) + a%) & tartyy
Var[A,] = + 5
In (k) (In (kp )

1
13
+o0 ((ln(k:n,r))2> , (13)
asn — 0o.

Next, we compute

2
kp Tty 2 —2t,7 R
Var[B,] = <1n"(’k ) + ( 5 )> Var [ay]

B ( (knrtty)? horte (82— 2t,7) . (2 — 2t,7)°

(In (kn,r))’ n (kn) 1 )VC“" (). (14)
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By substituting (5) into the r.h.s of (14), we have
2 (k. 7t,)> 40 (kn,7ty)° 20k, Tt (12— 2t,7)
n2 (I (kn-))? 03 (0 (kn.r))° n?In (ky,-)
40k, - 7t, (£2 — 2t,7)
n3ln (kn.r)

2_2 2 2_2 2
+a(tT t,7) +9(t, trT) +O(1)7

Var[B,] =

2n? n3 (15

asn — oo.
Last, we compute

2Cov (An, Br)
B N 2m)>

(In (kp.-))? T (kn,7)
En,r

 Cov Z N ([(k — 1)7,]£k - 1)T+tr])7&n

k=1
_ 4k, Tty N 2 (t2 —2t,7)
A\ n2(n(kn.))? n?n(knr)
XN (k= 1)1, (k —1)7+8])
x Cov kz::l A , N [0,n]

_ Ak, Tt, +2(152—215,.7)
A\ n2(n(k,.)? n?n(kns)

kn,+
XE:VmwNu@—liwk—nT+um
=1

B ( ey 27ty 2 (2 - 2tr7')>

n2 (In (kn))*  n?In(kn,r)

En,-
X;Ewmmwzwﬂwwm.
=1

(16)

By substituting (9) into the r.h.s. of (16), we have

da (kp-7t,)? 2k 7ty (24 (t) +a (82 — 2t,7))
n2 (In (k. +))* n21n (ky )

N 2k 7t (24 (tr) v + ay (82 — 2t,7)) o dkp Tty
n2 (In (kn.,))* n? (In (kn.))° )’

2Cov (An, By) =

a7

as n — oo. By substituting (13), (15) and (17) into the r.h.s. of (10), we obtain (7). This
completes the proof of Lemma 2.
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Lemma 3. Asymptotic approximation to the bias of é\n

~ 20y — aty 1
£[6,] =0 !
{ } T k) ° (ln(km)) "

and asymptotic approximation to the variance of 0,

~1 a 2072 4+ a (1277 — ’7'7T2) 1
Var |f.] = 1 o)~ 12 (n(knn)? O ((m (km))Q)

asn — oo, where v = 0.577 ... is an Euler’s constant.

Proof. To prove Lemma 3, note that,

On=—=Aen(1).

T )

Since @L is (almost) special case of chn (t,) with ¢, = 7, the proof of Lemma 3 is similar
(and simpler) than the proof of Lemma 2. Hence, it is omitted.

Lemma 4. Asymptotic approximation to the bias of 0,,a,,

~ 2060y — a®1y — 12a6 1
E - - 1
(Buiin) = a0+ == O (m (knﬁ)) (19)

and asymptotic approximation to the bias of A, (t;) Gn

~ . _ (2a/1¢ (tr)y + a2'y (t? — 2Ttr)) 1
E (An (tr) an) = ale (t) + Y, Yo (m(km)> (20)

asn — oo, where v = 0.577 ... is an Euler’s constant.
Proof. The value of F <§n&n) can be computed as follows:

kn,r

~ N 2 N ([(k = 1) 7, k7))
E <9nan) ~ nZln (k,M)TE kZ:l k N{0,n]
kn T T
_ n,T - _\E ~2 . 21
<ln (Fnr) 2) (42) &8
A simple calculation shows that
2N (k= 1) 7 k)
E(Y . 5T w10, m)
k=1
_a?nky .77 e ar?\ an’In (kn ) N an® (97— - %) v
2 2 2 2
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2 2
+ afnk, .7 + (07’ — a;‘) Onln (k, -) + (97 - a72') Ony

2 2
+akn,7—7'2 + (97 — (172') In(k, )+ (97 — a72'> v+o(l), (22)

asn — oo.
Now note that, by Lemma 1, we have

A n2) 2 4a6 1
E((an))—a +n+o(nQ>, (23)

as n — oo. By substituting (22) and (23) into the r.h.s of (21), we obtain (19).
The value of E/ (ch (t,) dn) can be computed as follows:

~ . 2 N(k=17,(k—1)7+t.])

I Ac n(tr)an) = —57—F—F N ’
( n (tr)a ) n2ln (ky r) kX::l k (0.}
kp,+Tty (t% — QtTT) 9
_ (hl(k:nﬁ) + 5 ) E (an) . (24)
A simple calculation shows that
k,
"N ([(k=1)7,(k—1)7 +t,])

E N[0,n

; ’ [0, 7]

2 2kn’r tr t272t7" 21 kn‘r
= L0 Tl 2’7 +(Ac(tr)+a(r . T ))cm n2( )

avy (tf — 27'1%)) an?

+ (Ac (tr)y + 5

t2 — 2rt,
+ abnk, -1t + (/1C (t-) + a(r27)> Onln (k. )

22
+ (Ac(tT)7+W) On

t2 — 27t,
+ aky ot + (Ac (t,) + a(’“T)> In (kn.r)

2_9
+ (AC (t,) v + w> +o(1), (25)

as n — o0. By substituting (23) and (25) into the r.h.s of (24), we obtain (20). This completes
the proof of Lemma 4.
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Lemma 5. Asymptotic approximation fo the bias of @flcn (t)

E (Bu e (1)) = 04, (t)

Ac (tr) (207 — aty) + 0 (2vAc (t) + ay (82 — 27¢,)) + 2at,
_|_
21n (k)

1
o (m <kn,7>> (26

asn — oo, where v = 0.577 ... is an Euler’s constant.

Proof. To compute £/ (@\n 710,,1 (t,.)) we argue as follows.

Let
_ c 1 N ([(k— 1) 7+, k7))
Aen(tr) = 15— ; 2
—a <kn,r7' (r—1t) _ (T_tr)2>
"\ I (kyr) 2 '

So

0, = % (Zc,n (t) + Acn (tr)C) .

~ ~ c
Note that Ay, (t,) and A.p, (t,) are independent random variables.
Hence,

E (5,1710,” (tr)>

Cov (B A (t)) + E () B (Acin (1))

= 2000 (Aen (1) Ao (1)) + 2000 (A (1) T (1))
vE (én) E (710,” (tr)>

- %Var (Ae (0)) + B (80) B (Ao (1)) @7

By substituting (6), (7) and (18) into the r.h.s of (27), we obtain (26). This completes the
proof of Lemma 5.

4. PROOF OF THEOREM

In this section, we present the proofs of our theorem. Asymptotic approximation to the
bias of 1, (¢) can be computed as follows:
First, we compute the expected value of v,,(t) as follows:

E[bu(t)] = E [E [Dn(®IN (0,n])]|
Z [@u(®IN (0.1)) = m] P (N ((0,n]) = m)
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= i (k”ve + A (t )+antj>
E(é}j&)PWﬂ&@:ww
=1
- (k;t,TTE (én) +E (Zm (tr)) + B () t;)

Xy P(N([0,n]) =m). (28)
m=1

By substituting (4) of Lemma 1, (6) of Lemma 2 and (18) of Lemma 3 into the r.h.s. of (28),
and after some algebras, we obtain that

B ['(Zn(t):| _ <¢(t) n (k’t,rT (297 —aty) + 274, (tr) + ay (t? - 2Ttr)

2In (kp,7)

o)) 6,

A simple calculation shows that

A(n):E[N(OJL)]:6‘n+a7712+0(1), (30)

as n — 00. By substituting (30) into the r.h.s. of (29) and after some simplification, we obtain

P [&n(t)} _ () + (ktJT (20 — aty) + 2vAc () + ay (82 — QTtr)> ,u

2ln (ky )

1
+O(m@%»>’ Gl

as n — oo. By (31), we obtain (2). Asymptotic approximation to the variance of zZn (t) can
be computed as follows:

-~ 2
First we compute [(ﬁ’n(ﬂ) ] as follows:

2| ()] = £[2](3.0)" ¥ 0.0

~ ~ +2 2
kt,TTa'IL + Ac,n ( ) + an— D) )

(5 pesio |
:<ktTTE<< )A> (( Cn(tr)>2>+t4E(( )2>

+ 2k, 7E (e () + o702 (i)

I
K
Iy

A/~ <
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+ 2E (Zc,n (t,) an>)

xZE( ZX) N ([0,n]) = m). (32)

m=1

Since {X;, 4 > 1} is a sequence of independent and identically distributed random variables
with mean p and variance o2, a simple calculation shows that

2
E izm:X- = 2+U—2 (33)
m = L B m’
Now note that, by Lemma 2 we have
~ 2 )
B ((Aen )") = (e )

tr 4 27 (A, (t))? Ao () (12 — 27t,
Lo v (Ae (8:))° + ayAe (tr) (¢2 T)JFO 1
In (k. ;) In (ky,,-)

(34)

and by Lemma 3 we have

~\2\ o a+20%y —arby 1
E«%>>‘9+ n (k) +0Qmmn> o

as n — oo. By substituting (23), (33), (34), (35), Lemma 4 and Lemma 5 into the r.h.s. of
(32), after some simplification, we have

E {(@n(t)ﬂ - <<<kmﬂ9 FAL(t) + at;> M)Q

+ L ((kt 7)? (a+20%y — atfy)
In (k. ) T

+ (CLTtT + 29 (A, (7§T))2 +avyA. (L) (t% — QTtr))

o <Ac (t,) (207 — aty) + 6 (27/102 () + ary (2 = 271,)) + 2at, )

+ kot <2‘1072‘1277) L2 ( (2a4. (t:)y + a;W (t2 —27t,)) ) >>
x (gl P (N ([0’ 7’LD = m)) + <<kt,‘r7—0 + A, (tr) + at22>

1 2 2
+ m ((kt,TT) (a + 29 Y — m’@’y)
+ (aTtT + 27 (Ae (t:))* + avAe (t,) (t2 - 27'tr))

ok <Ac () (207 — av) + 0 (29 A, (t.) + ay (12 — 27t,)) + 2%)

2
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+ kgt (25”97@2”) L ((QGAc (tr)y + a2y (£ = 211,)) ) ))

2 2

02 >
x 2 (Z %p(zv([om}) - m)> +O<ln(k1,”)>

x <Z P(N([0,n]) =m)+ > %P(N([Om]) = m)) . (36)

The first term on the r.h.s. of (36) is equal to

) + ey (k) (o 267y — ard)

n (am 42y (Ao ()2 + avde () (£ — 2m))

ok (Ac (tr) (207 — ary) + 0 (274, (t,) + axy (2 — 27t,)) + MT)

2

+ ko7t (2“97“2”) L <(2a/16 (t) v +a®y (7 —21t,)) >>

2 2
+0 () (37)

as n — oo, while its second term can be simplified as

(w(t))? O

+ (aTtT + 27 (A, (tr))2 + ay A (t) (tf — 2Ttr))

ok (Ac (tr) (20y — aty) + 0 (274 () + ay (82 — 27t,)) + Qatr>

((kt’ﬂ-)2 (a +26%y — CLT@’Y)

2

b (BT ((mc (tr)y+ %y (12 - zm»)))

2 2
(nm(g))
On + 45~ n
1 . 1 1
JrO(ln(/%;)) <1+O(6 )+9n+‘”212+0(n2)>

as n — oo. By substituting (37) and (38) into the r.h.s. of (36), then we have
2

E [(&n(ﬂ)z] = () + ln(lltcinT) ((kt,TT)Q (a+ 20%y — atfy)

n (am 42y (Ao ()2 + avde () (12 — Qm))
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Ac (tr) (20 — aty) + 0 (2vA4c (t) + ay (82 — 27¢,.) ) +2at,
2

2a0y — azT’y 9 (2@/10 (tr> v+ 0,2’}/ (tz — QTtT))
2 +t 2

+ thﬂ—T

+ ko t? <

1
+o <1n (kn7)> ) (39)

asn — oo. By (31) and (39) we obtain (3). This completes the Theorem.
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