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INTRODUCTION

We consider the initial boundary value problems for the following quasi-linear hyperbolic equa-
tion:

. ( (do + 1ve™?) g;) fhw, VW) = flw),  ceQ t>0,  (H)
=1 ? 1

and the following quasi-linear parabolic equation:

up = Z aii ((do + |Vu|m~2) g;‘) + h{u, Vu) = f(u), zeq, t>0, (P)
=1

where m > 2 is a given number, h and f are continuous functions, and € is a bounded domain
in R™ with sufficiently smooth boundary 0. We assume that

(f(w),u) > 2(a + )G(u), Yue€ Lo(Q), a>0, G(u):/ﬂ(/ouf(s)ds> dr,  (F)

and

b, < C (™ +1p™?),  C>0, YueR!, VpeRm (@)

Here and below (.,.) is the Ly(£2) inner product and ||.|| is the L2(2) norm. Our aim is to find
sufficient conditions for global nonexistence of solutions to initial boundary value problems for
equations (P) and (H). Global nonexistence theorems for equations (P) and (H), when h = 0
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and f(u) = u®*!, ¢ > 1 is proven in [1] (see also [2]). Sufficient conditions of global nonexistence
of solutions to equations (P) and (H) when m = 2 are obtained in {3]. A global nonexistence
theorem for (P when h caticfiee the condition
b (P} when h satisfies the condition

|h(u,p)] < C(lul + |p|]), Yue R V¥peR, C>0 (Gy)

is established in [4].

HYPERBOLIC EQUATION

Consider the problem

m—2\ Ou
s - Z - (Ao 190™%) 22 i, V) = (), )
u(z,0) = uplz), wi(z,0) = us(x), z €, (2)
u{z,t) =0, zed, t>0. (3)

We assume that in Theorems 1 and 2, ug, u1, h, and f are sufficiently smooth functions, so that

problem (1)-(3) has a local in time strong solutlon (about the local existence theorems; see, for
example, [5,6]). Let us note that our results are also true for the corresponding weak solutions of

(1)-(3) with ug € Wg”’l(Q) and u; € Lo(§2) and the weak solutions of (15)—(17) with ug € W(;"’l.
THEOREM 1. Let u be the solution of problem (1)—(3). Assume that h satisfies condition (G),
f satisfies condition (F), and the following conditions are valid:
m— 2 . U
o > 7 m > 2, Hu0||2>0, (u,uo) > (Va+2+1+a) A “ 2”
where
[ 021+ Am)m [, IVw(z)|™ dz

A, = intf J0 Y50 9T
" wewlmg) Jq lw(z)|mde

A= )
\/ 22+ a)(2a0 —m +2)
1 A? A
10) = 5 lI=Muo +wi]]* = /ﬂ Vuo|™ dz — %= ||uo]| = 5 | Vuo]|” + G(uo) 2 0
Then |lu(.,t)]] — oo ast —» t;, where
4 I e SR Ny, on2 o,y \
1 (Va+2—-1-a)Aljuell” + a(uy, ug)

2Va + 2 In (—Va+2-1-a)A ]!u0||2 + aluy, ug)

PROOF. In order to prove this theorem, we will use the following lemma.

t1 <tp =

T ragnsa 1 1
LIVIMA L. ( [ -/

the ineq uaht

where a; > 0, My, My > 0. If ¥(0) > 0, ¥'(0) > —y2a7 '¥(0), and My + Mz > 0, then T(t)
tends to infinity as

1 71 ¥(0) + oy ¥(0)

1

In ,
M2+ oMy  72¥(0) + a1 P'(0)

t—t) <tz =

where y1 3 = ~M; F /M? + a1 My. If ¥(0) > 0, ¥/(0) > 0, and My = Mo = 0, then ¥(t) — oo
ast — t; <te = T(0)/a1¥'(0).
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Let us consider the function v(z,t) = e~**u(z, t), where u is the solution of problem (1)-(3).

Then we can rewrite problem (1)—(3) as follows:

Vit 4 22y + A2v — doAv — ™D iy (|Vo|™ 2 V) + A(t,v, V) = f(t,v),
v(z,0) = vo(x), v (z,0)=w(z), xTe€Q, (4)
v(z,t) =0, z € O

Here f(t,v) = e~ f(e*w), h(t,v, Vo) = e~ h(e*v, e Vo). By using (F),(G), we can easily see
that f and G(t,v) = e~ G(etv) satisfy

[ht,0,70)| < Celtm=2/2¢ (jofm/2 4 [upms2) (5)
( ,v) 2(a + 1)G(t, v), (6)
LG 0, m) = (flto)vr). (7)
& 8(e,0(,1) = G (1,006 + (Ft,0),v0) ®
Gy(t,v) > 22aG(t,v). (9)

Taking Lo(2) inner product of both sides of (4) with v; and using the relations

__1d 2 i (m=-2) — m
(Av,v) = — 2dt/ Vvl dz and /lev (!VU| Vv)v de = — nE/ |Vo|™dx,
we get
X d
o el 2 ol 5 o 4 20 g2
elm=2)At 4 . (10)
— / (Vo™ dz + (h(t v, Vo), ut) - (f(t,v),vt).

By using (5),(8), we can obtain from (10), the following inequality:

do d
th || AP+ 2 7 || I +—5§HV u))?

(m—2)At d d
: / (Vo™ dz — £G(tv) < 2wl + 260

m

ol: foL; (m=2)At
+4—e<m‘2)“/ lo|™ do + =5
€0 0

v /Q]Vv] dx — Gy(t,v).

By using the Poincaré inequality

/ [v]™ dz < )\m/ Vo™ dx
0 0

and (9) in the last inequality, we get
d c? -2 .
—I(t) > 2(A — €) ||v,[|2 - [——(1 + Am) + m—)\] e(m_Q)’\t/ Vo™ dz + 2aA\G(t,v), (11)
t 460 m Q

where
/\2

_ 1 2 2 do m -
I(t) = =g llell” = 5 lloll” =~ 5 dz + G(t,v).




588 D. ERDEM AND V. K. KALANTAROV

Equation (11) implies the following inequality:

d 1 5 22 2 do 2 elm=2)At m -
- > - - R —
(1) = 20 [ 5 lvell™ = 5 lloll” = - [Vl — /QIWI dz + G(t,v)
+ o + 22 = €0)] [l ]| + aAdo|| Vo2 (12)
200 A(m -2 2
+ [i _AMm=2) Q—(1 + )\m)} e(m‘2)’\‘/ |Vu|™ de.
m m 4eq Q

Choosing in (12},

Mo+ 2) _ C?(1+ Apn)m
and Aﬁ\/2(2+a)(2a——m+2)’

we obtain %I(t) > 2aAI(t), that is, %{e‘za’\tI(t)} > 0. Thus, we have I(t) > e2**[(0). Since
I(0) > 0, we see that I(t) >0,Vt>0.
Let us multiply equation (4) in Ly(Q2) with v,

(Veg, VH2A (v, VA (v, v) —do (A, v)—elm=2At (div [Vv]m_2 V, ’U) +h((t,v, Vv),v) = f({t, v),v).

By using the equalities

/div(|Vv|m'2Vv)vd:1:: —/ [Vou|™ dz, /vAvdx: —/ |Vo|? dz,
Q Q Q Q

and conditions (5),(6), we can easily get
d m
(s ) 2 A ol = 2 ol = do [ Vol = -2 [ 90]™ e
— Cellm=220)/2 / IVu|™? vdz — Cel(m=220)/2 / o|™? v dz + ( f(t,v),v) :
Q Q

or

d
(vetv) 2 =A oll? = A2 ||vl|® - do | Vo]f® — e<m—2>*f/ Vo™ d
0
13)
C? m o2 (m—2)At m 5 (
_—e<m—2>”/ ™ dz — 2 |Jv])* - e———/ |Vu|™ dz + 2(a + 1)G(t,v).
461 Q deg Q

By using the Poincaré inequality, we obtain from (13), the following inequality:

d
(vee,v) 2 =A [lol* = A2 [lv])* — do | V)l

2 ~
- [1 +(1+ ,\m)i—] e<m-2>“/ [Vo|™ dz — 21 ||v]]? + 2(a + 1)G(t, v),
1 Q

1 A? d
(o) = (o + D ol 2 2+ 1) =5 ol = - ol = 19

e(m-?)/\t

/ |Vu|™ dx + é(t,v)] + (aX? = 2¢;) o? + ado || Vv)?
Q

m

2(a +1) c? (m-2)At m d 2
+[ - —(1+)\m)E—1]e /QIVU| dm—)\dtnvll ,

(wi0) — (@ + 1) Juell® > 20+ DI(E) - 222 o]l = A% o2,
at
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where €; = m(1 + M\n)C?/(8(a + 1) — 4m). We know that I(t) > 0. So we have the following
inequality:
2 22 29 o2
(vet,v) = (e + D fluefl” 2 =237 fjol]” = A= [lo]f”. (14)

Let us show that the function ¥(t) = ||v(.,t)||? satisfies all hypotheses of Lemma 1 with a; = a/2.
Since W'(t) = 2(v,v¢) and W7 () =2 ||vt||2 + 2(vy, v), we have

V(T() - (en +1) (T @) = [2uel® + 20, )] o]l = 4as + 1)(w,0)°
= 4(aa + 1) [lurl ol = (0, v)?] + 29(8) [ vy v) = @ + 1) el
Due to (14) and the Schwarz inequality, we get
() (t) — (1 + ) ('(1))° > —4A2W2(t) — 200 (1) T(¢).

T/ (0) > —vaa] 'W(0) is also true, since (uy,uo) > (Va + 2+1+a)A(||ugl|?/a), that is, conditions
of Lemma 1 are satisfied. So ¥(t) tends to infinity as ¢ tends to ¢;.

PARABOLIC EQUATION
Consider the problem

n - P
up — ; 61 ((do + |Vu| 2) 6_;2> + h(u, Vu) = f(u), (15)
u(z,0) = up(x), x € €1, (16)
u(z,t) =0, z €0, t>0, (17)

where © is a bounded domain in R™ with sufficiently smooth boundary 9.

THEOREM 2. Suppose that conditions (F) and (G) are satisfied for the functions f. Let u be the
solution of problem (15)—(17). Assume that the following conditions are valid:

a>m;2, m> 2, do > 0,
d I - A
I(O)E——29||u0||2—;n-/(2|Vuo| dz = 5 ljuol* + Glus) > 0,
2
)\ C*1+An)1+a)m G e0a).

2a—-B)2a+2-m)’
Then fot (. $)ll ey ds—o0 as

200+2-m K,

-t < = e In—
tohsh=g ey,

where

Ki =420 +2-m) (\/1 . 1)2 (e + 1)1(0),
Ko = K1 — (14 8)(1 + An)C?mluol> >0,  |ug|| > 0.

PROOF. The proof of this theorem is similar to the proof of Theorem 1. Here we prove that if
u is a solution of problem (15)-(17) then the function ¥(¢) = f(; llu(., s)||? ds + ¢1, with suitable
chosen ¢; satisfies the conditions of Lemma 1.
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