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Abstract

We investigate the size of clone sets in representable matroids.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Recently clones have become important in the study of matroid representability [3–6]. We show that a sufficiently
connected matroid that is representable over a small field does not have a large clone set.

The terminology follows [3,4,7]. Elements e and f in a matroid M are clones if interchanging e and f and fixing all
other elements is an automorphism of M. A clonal class of M is a maximal set X ⊆ E(M) such that each pair of
elements of X are clones. Clonal classes of M include its set of loops, its set of coloops, each parallel class, and each
series class. Such clonal classes are called trivial clonal classes. A clone set of M is a subset of a nontrivial clonal class
that contains at least two elements. The clone sets of M and M∗ coincide. If there is no single-element extension of
M by e′, so that {e, e′} is a clone set, then e is fixed in M. We say that e is cofixed in M if it is fixed in M∗. Clone sets
contain neither fixed nor cofixed elements.

The starting point for our research is the following result of Geelen et al. [3, Lemma 5.6].

Theorem 1.1. A 2-connected binary matroid has no clone sets.

We generalize Theorem 1.1 and give several consequences, the first of which was conjectured by Whittle (private
communication). We conjecture that Theorem 1.2 holds for all q.

Theorem 1.2. For q �5, if M is a 3-connected GF(q)-representable matroid that contains a clone set X with at least
q − 1 elements, then M is uniform.

Corollary 1.3. If M is a 3-connected GF(3)-representable matroid that contains a clone set, then M�U2,4.
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Corollary 1.4. If M is a 3-connected GF(4)-representable matroid that contains a clone set with at least three elements,
then M is isomorphic to one of U2,4, U2,5, U3,5, and U3,6.

Corollary 1.5. If M is a 3-connected GF(5)-representable matroid that contains a clone set with at least four elements,
then M is isomorphic to one of U2,4, U2,5, U2,6, U3,5, U3,6, and U4,6.

2. The proofs

We define several matroids, give preliminary results, and prove Theorem 1.2 in this section. The matroids P6, Q6,
and �+

3 pictured have largest clone sets of size three, two, and two, respectively. These matroids are not representable
over fields with fewer than five, four, and four elements, respectively. Hence none of these matroids is a counterexample
to Theorem 1.2 (Fig. 1).

The rank-k free spikes �k and free swirls �k , for k�3, are matroids on ground set {a1, b1, a2, b2, . . . , ak, bk}.
The nonspanning circuits of �k are the sets {ai, bi, aj , bj } for distinct i and j in {1, 2, . . . , k}. The nonspanning
circuits of �k are the sets {ai, bi, ei+1, ei+2, . . . , ej−1, , aj , bj } where e� ∈ {a�, b�} for distinct i and j in {1, 2, . . . , k}
and {i, i + 1, . . . , j − 1, j} �= {1, 2, . . . , k} (subscripts modulo k). Note that �3��3�U3,6. If k�4, then the sets
{ai, bi} are the clone sets of �k and �k . These spikes and swirls are not counterexamples to Theorem 1.2 as they
are not ternary.

The simplification and cosimplification of M are denoted by si(M) and co(M). Let N be a 3-connected minor of a
3-connected matroid M with |E(N)|�4. Consider the following four conditions on e ∈ E(M).

(1) If co(M\e) is 3-connected with an N-minor, then e is not fixed in M.
(2) If si(M/e) is 3-connected with an N-minor, then e is not cofixed in M.
(3) If co(M\e) is 3-connected, then e is not fixed in M.
(4) If si(M/e) is 3-connected, then e is not cofixed in M.

If M satisfies conditions (1) and (2) for all e ∈ E(M), then M is a totally free expansion of N. If M satisfies conditions
(3) and (4) for all e ∈ E(M), then M is totally free. We next give some preliminary results beginning with a powerful
extension of Seymour’s Splitter Theorem [8].

Theorem 2.1 (Geelen et al. [4, Theorem 9.1]). Let N be a 3-connected minor of a 3-connected matroid M with
|E(N)|�4. If M is not a wheel or a whirl and M is not a totally free expansion of N, then there is an element e of E(M)

such that either M\e is 3-connected with an N-minor and e is fixed in M, or M/e is 3-connected with an N-minor and
e is cofixed in M.

Corollary 2.2 (Geelen et al. [4, Corollary 8.6]). A matroid M is totally free if and only if it is a totally free expansion
of U2,4.

Lemma 2.3 (Geelen et al. [4, Proposition 4.3]). If e and f are clones in a matroid M, then e and f are clones in any
minor of M that contains them.

Theorem 2.4 (Implicit in Geelen et al. [3]). A GF(3)-representable matroid M is totally free if and only if M is
isomorphic to U2,4.

Fig. 1. Rank-3 geometries.
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Theorem 2.5 (Geelen et al. [4, Theorem 2.5]). A GF(4)-representable matroid M is totally free if and only if M is
isomorphic to one of U2,4, U2,5, U3,5, or �r for some r �3.

Theorem 2.6 (Geelen et al. [4, Theorem 2.7]). A GF(5)-representable matroid M is totally free if and only if M is
isomorphic to one of U2,4, U2,5, U2,6, U3,5, U4,6, P6 or �r for some r �3.

Proof of Theorem 1.2. Let M be a GF(q)-representable matroid that is a minimal counterexample to the theorem
statement. If M is binary, then the result is vacuously true by Theorem 1.1, so q �= 2. The matroids listed in Theorems
2.4, 2.5, and 2.6 are not counterexamples to Theorem 1.2, so M is not totally free. Moreover, by Corollary 2.2, M is not
a totally free expansion of U2,4.

The matroid M contains a clone set and so is neither a wheel nor a whirl. It follows from applying Theorem 2.1 with
N�U2,4 and Corollary 2.2 that M is either an extension or a coextension of a 3-connected nonbinary matroid T by an
element e that is either fixed or cofixed, respectively, in M. Evidently e /∈ X as clone sets do not contain fixed elements.
It follows from Lemma 2.3 and T being 3-connected that X is a clone set of T. The choice of M implies that T is uniform.

We may assume that M\e = T by duality. If r(T ) = 2, then r(M) = 2, so M is uniform; a contradiction. Hence
r(T )�3. Let S(�) be the set of uniform matroids with rank exceeding two that are 3-connected, GF(�)-representable,
and nonbinary. Then T ∈ S(q). The set S(3) = ∅, so q �= 3. Suppose q = 4. The set S(4) = {U3,5, U3,6}. The only
3-connected nonuniform GF(4)-representable extensions of these matroids are Q6 and �+

3 ; a contradiction. Thus,
q �= 4. Hence q = 5. The set S(5) = {U3,5, U3,6, U4,6}. The only 3-connected nonuniform extensions of the first two
matroids in this list are P6, Q6, P +

6 , Q+
6 , and �+

3 where the matroids P +
6 and Q+

6 are obtained by freely adding an
element to P6 and Q6, respectively. The matroid P +

6 is not GF(5)-representable [4, Lemma 11.1], while the other
matroids do not have sufficiently large clone sets. Thus M is an extension of U4,6. Hence M∗ is a coextension of
U2,6 that contains a clone set of size at least four. There is a line L of M∗ that contains at least three points as this
matroid is nonuniform. Either X is contained in L or not. In the former case, M∗ is a rank-three matroid that is the
union of the four-point line L and three free points. However, this matroid is not GF(5)-representable [2]. In thelatter
case, M∗ is a rank-three matroid that is the union of a three-point line and four free points. Hence M∗�P +

6 ; again
a contradiction. �

A longer proof of Theorem 1.2 that avoids the use of Theorem 2.1 may be given using Bixby’s [1] result that if e is
an element of a 3-connected matroid M, then either si(M/e) or co(M\e) is 3-connected.

Acknowledgment

We thank Geoff Whittle for helpful correspondence on this paper.

References

[1] R.E. Bixby, A simple theorem on 3-connectivity, Linear Algebra Appl. 45 (1982) 123–126.
[2] T.H. Brylawski, An affine representation for transversal geometries, Stud. Appl. Math. 54 (2) (1975) 143–160.
[3] J. Geelen, J. Oxley, D. Vertigan, G. Whittle, Weak maps and stabilizers of classes of matroids, Adv. in Appl. Math. 21 (2) (1998) 305–341.
[4] J. Geelen, J. Oxley, D. Vertigan, G. Whittle, Totally free expansions of matroids, J. Combin. Theory Ser. B 84 (1) (2002) 130–179.
[5] J. Geelen, B. Gerards, G. Whittle, On Rota’s conjecture and excluded minors containing large projective geometries, preprint, February 2004.
[6] J. Oxley, C. Semple, D. Vertigan, Generalized � − Y exchange and k-regular matroids, J. Combin. Theory Ser. B 79 (1) (2000) 1–65.
[7] J.G. Oxley, Matroid Theory, Oxford Science Publications, The Clarendon Press, Oxford University Press, New York, 1992.
[8] P.D. Seymour, Decomposition of regular matroids, J. Combin. Theory Ser. B 28 (3) (1980) 305–359.


	A note on clone sets in representable matroids
	Introduction
	The proofs
	Acknowledgment
	References


