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set P(f) of periodic points of f, then there exists a positive integer p not greater than
the number of points in the set End([CE(v, f)]) — Py (f) such that f? is turbulent, and

Iéij;\;\;o:cisc.urrem point the topological entropy h(f) > (log2)/p. This result generalizes the corresponding results
Chain reachable set given in Block and Coven (1986) [2], Guo et al. (2003) [6], Sun and Liu (2003) [10], Ye
Chain equivalent set (2000) [11], Zhang and Zeng (2004) [12]. In addition, in this paper we also consider metric
Chain movable fixed point spaces which may not be trees but have open subsets U such that the closures U are trees.
Turbulence Maps of such metric spaces which have chain movable fixed points are discussed.

Topological entropy © 2010 Elsevier B.V. All rights reserved.

1. Introduction

Let (X,d) be a metric space. Denote by C%(X) the set of all continuous maps from X to itself. For any f € C°(X) and
x € X, the orbit of x under f, denoted by O(x, f), is the set {f"(x): n=0,1,2,...}, where fO=idx, fl=f, and f" =
fof™1 (n>2) is the n-fold composition of f. Let N be the set of all positive integers. For any n € N, write N, = {1,...,n}.
A point x € X is called a periodic point of f with period n if f"(x) =x and fi(x) #x for 1 <i <n. xe X is called a fixed point
of f if f(x) =x. Let Fix(f) be the set of all fixed points of f, let P,(f) be the set of all periodic points of f with period n,
and let P(f)=J;2; Pn(f). Amap f € C%(X) is called a periodic homeomorphism of period n if Fix(f") = X and Fix(f!) # X
for1<i<n.

For any x, y € X and ¢ > 0, a sequence (xg, X1, ..., Xp) of points in X with n > 1 is called an e-pseudo orbit or an e-chain
of f from x to y if xo =%, x, =y and d(x;, f(xj_1)) < € for each i € N;,. Write

We(x, f) ={w € X: there is an g-chain of f from x to w}, (1.1)

and

W, f)=("{Wex f): e >0}. (12)

W (x, f) is called the chain reachable set of x under f, and every point in W (x, f) is called a chain reachable point of x.
A point x € X is called a chain recurrent point of f if xe W (x, f). Denote by CR(f) the set of all chain recurrent points of f.
A map f e C%(X) is said to be pointwise chain recurrent if CR(f) = X. Two points x and y are said to be chain equivalent
under f if ye W(x, f) and xe W(y, f). Let
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€ X: y is chain equivalent to x under f}, ifx € CR(f);
CEe, fy= |V EXY in equiv. Mo H (13)
@, ifxe X — CR(f).
CE(x, f) is called the chain equivalent set of x under f. A fixed point x of f is said to be chain movable if CE(x, f) — {x} # @.
Evidently, we have

CE(x, fyc W(x, f), foranyxe X. (1.4)

A metric space A is called an arc if there is a homeomorphism h : [0, 1] — A. In this case, the points h(0) and h(1)
are called the endpoints of A, and we write dA = End(A) = {h(0), h(1)}, Int(A) = A — dA. A continuous map f from a
metric space X to itself is said to be turbulent in a subspace Y of X if there exist two arcs A; and A, in Y such that
A1NAy=0A1NdA and f(A1)N f(A2) D A1 U A,.

A connected metric space G is called a graph if there exist finitely many arcs A1, Ay, ..., Ay in G such that G = U?:l Aj
and A;iNAj=0A;NdAj for 1<i< j<n. Let S1 be the unit circle in the complex plane C. A graph C is called a circle if it
is homeomorphic to S'. A graph T is called a tree if it contains no circle. Let G be a graph, x € G, and U be a neighborhood
of x in G such that the closure U is a tree. The number of connected components of U — {x}, denoted by valg (x) or val(x),
is called the valence of x in G. The point x is called an endpoint of G if val(x) = 1. Denote by End(G) the set of all endpoints
of G, and Int(G) = G — End(G). A continuous map from a graph (resp. a tree, resp. an interval) to itself is called a graph
(resp. tree, resp. interval) map.

The study of chain recurrence and turbulence of maps has attracted a lot of attention, and many interesting results were
given, for instance, see [1-9] and [10-12]. In [2], Block and Coven proved that, if an interval map f is pointwise chain
recurrent, then either f2 is the identity map, or f2 is turbulent. Guo, Zeng and Hu [6] proved that, if f is a pointwise chain
recurrent 3-star map, then either f12 is the identity map or f? is turbulent. Sun and Liu [10] studied chain equivalent
sets of tree maps. Ye [11] studied topological entropies of transitive tree maps. In [12], pointwise chain recurrent tree maps
were discussed.

In this paper we will study tree maps having chain movable fixed points. For any finite set V, denote by N(V) the
number of elements in V. For any non-empty subset Y of a tree T, denote by [Y] or [Y]r the least connected closed subset
of T containing Y. Our main result is the following theorem, which is a generalization of the corresponding results given in
[2,6,10-12].

Theorem 4.2. Let f : T — T be a tree map which has a chain movable fixed point v, let P, ( f) be the connected component of P(f)
containing v, and let CE(v, f) be defined as in (1.3). Write u = N(End(P, (f)) — {v}) and m = N(End([CE(v, f)]) — Py (f)).

(1) Ifht.he chain equivalent set CE(v, f) C Py (f), then CE(v, f) = Py(f) C f; Pi(f), and f|CE(v, f) is a periodic homeomor-
phism.

(2) If the chain equivalent set CE(v, f) ¢ Py (f), then there exists p € N, such that fP is turbulent, and the topological entropy
h(f) = (log2)/p.

In addition, in this paper we also consider compact connected metric spaces linked by stars. Maps of such spaces which
have chain movable fixed points are discussed.

2. Chain reachable sets and chain equivalent sets

In this section we discuss some basic properties of chain reachable sets and chain equivalent sets. Let (X, d) be a metric
space. For any non-empty subset Y of X, any x € X and any ¢ > 0, write B(x,&) ={y € X: d(y,x) < ¢}, and B(Y,¢) =
{y € X: d(y,Y) <¢€). Denote by Y and Y the closure and the interior of Y in X, respectively. For any f € C9(X), the subset
Y of X is said to be f-invariant if f(Y) C Y. Write

Vé‘(xv fal):B(f(x)78)7 (21)
VS(xv f1n+1)=B(f(V8(x7 f?n))’s)v (2.2)
We(x, f,n) = Ve, f,i). (2.3)

i=1
Then (J52, We(x, f.n) =Jp2; Ve(x, f,n), and
Wex, fon+1) =We(x, f,n) UB(f(We(x, f,n)), &) foralln>1. (2.4)
Comparing (1.1) with (2.1) and (2.2), we have

Wex, /)= Ve f.n) =B(f(x),8) UB(f(We(x, f)), &). (2.5)

n=1
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The following lemma is obvious, and the proof is omitted.

Lemma 2.1. For any f € C°(X) and any x € X, both the chain reachable set W (x, f) and the chain equivalent set CE(x, f) are
f-invariant closed subsets of X. Furthermore, if X is compact, then W (x, f) = f(W (x, f)) U{f(x)} and CE(x, f) = f(CE(x, f)).

Proposition 2.2. Let (X, d) be a compact metric space, f € C°(X), x € X, Xo = W(x, f) U {x}, and let fo = f|Xo : Xo — Xo. Then
W (x, f) = W (x, fo), that is, the chain reachable sets of x under f and under fqy are the same.

Proof. It suffices to show W (x, f) C W (x, fo) since W (x, fo) C W (x, f) is obvious. By (1.1), we have

We(x, f)DWg(x, f) foranye >¢ > 0. (2.6)
It follows from (2.6) and (1.2) that
W, )= We& ). (2.7)
£>0

For any given ¢ > 0, since X is compact, there exists u = u(¢) € (0, £/3] such that

f(B(y,w)) CB(f(y).€/3) forally e X.
By (2.6) and (2.7), there exists § = §(u(¢)) € (0, u] C (0, £/3] such that

Ws(x, f) CB(W(x, f). j1). (2.8)

For any w € W(x, f), take a §-chain (xp,X1,...,x,) of f from x to w. Note that {x1,...,x;} C Ws(x, f). By (2.8), for
i=1,...,n—1, there is a point y; € W(x, f) such that d(y;, x;) < i. Put yg = xo(=x) and y, = x,(= w). It is easy to check
that (yo, y1,..., yn) is an e-chain in W (x, f) U {x}. Thus we have w € W (x, fp), and hence W (x, f) C W (x, fo). O

Proposition 2.3. Let (X, d) be a compact metric space, and f € C9(X). Then

(1) CR(f) = CR(fICR(f));
(2) CE(x, f) =CE(x, fICE(x, f)) for any x € CR(f).

A proof of (1) of Proposition 2.3 can be found in [1, p. 117], and (2) of Proposition 2.3 can be proved by an argument
analogous to the proof of Proposition 2.2.

Proposition 2.4. Let X be a compact metric space, and f € C%(X). If v is a chain movable fixed point of f, then v is not isolated in the
chain equivalent set CE(v, f).

Proof. Take a point y € CE(v, f) —{v}. For any € € (0,d(y, v)], there exists § € (0, £/2] such that f(B(v,§)) C B(v, &/2). For
any n € N, take a (§/n)-chain (Xon, X1n, . . ., Xk,n) Of f from v to y. Then there is a point wy € {xon, X1n, - - -, Xk} N (B(V, &) —
B(v,8)). Let w be a cluster point of the sequence (w1, wa,...). Then w € CE(v, f)NB(v, &) — B(v, §). Thus v is not isolated
in CE(v, f). O

Proposition 2.5. Let (X, d) be a compact metﬂric space, Y be a non-empty closed subset of X, and f € CO(X). If f(Y) C Y, then, for
any x € Y, the chain reachable set W (x, f) C Y.

Proof. The proposition is trivial if Y = X. We now assume that Y is a proper subset of X. Then f(Y) and X — Y are disjoint
non-empty closed sets. Let &g = d(f(Y),X — Y). Then &9 >0. For any x€ Y and y € W(x, f), let (xo,X1,...,X,) be an
go-chain of f from x to y. Then xg=x€ Y. Forie N, if x;_1 €Y, then d(x;, f(Y)) <d(x;, f(xi_1)) < €0, which implies that
Xi¢ X —Y,ie x;eY. Thus we have y =x, € Y, and hence W(x, f)CY. O

Lemma 2.6. Let (X, d) be a metric space, and f : X — X be a uniformly continuous map. Then, for any n € N, there exists a function
8n 1 (0, 00) — (0, 00) such that

d(xn, f"(x0)) <& forany & > 0 and any 8 (¢)-chain (xo, x1, ..., Xa) of f.

Proof. If n =1 then the lemma holds by taking §; to be the identity map of (0, c0). We now assume that the lemma holds
for some n € N, and the function §, has been chosen. For any ¢ > 0, since f is uniformly continuous, there exists u(¢) >0
such that d(f(x), f(y)) <&/2 for any x, y € X with d(x, y) < u(€). Let p+1(€) = min{d,((€)), €/2}. Then, for any 8,11 (¢)-
chain (xo,X1,...,Xn, Xn41), One has d(xa, f"(x0)) < p(e), and d(xnt1, f™(x0)) < d(¥nt1, f(x)) + d(f(xn), " (x0)) <
dnt1(8)+€/2<e. O
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Lemma 2.7. Let (X, d) be a metric space, and f : X — X be a uniformly continuous map. Then, for any v € Fix(f) and any n € N, we
have

W(v, ff)y =W, f), CE(v, fM)=CE(v, f), and CR(f)=CR(f").

Proof. Let §, : (0, c0) — (0, 0c0) be as in Lemma 2.6.

(1) For any y € W (v, f) and any ¢ > 0, let (xg, X1, ...,Xmn) be a é,(¢)-chain of f from v to y. If m/n ¢ N, we can replace
(X0, X1,...,Xm) by (v, ..., v,X0,X1,...,Xn). Thus we may assume that m/n € N. By Lemma 2.6, (xo, X, X2n, - .., Xm) i an &-
chain of f" from v to y. This means that y € W (v, f"), and we have W (v, f) C W (v, f™). Conversely, W (v, f™) Cc W(v, f)
is obvious. Thus W (v, f™") = W (v, f).

(2) For any y € X and v € Fix(f), it is analogous to show that v € W(y, f™) if and only if v € W(y, f). This with
W (v, ffy =W (v, f) implies CE(v, f™) =: CE(v, f).

(3) Consider any x € CR(f), any &€ > 0 and any 8,(¢)-chain (xo, X1, ...,X,) of f from x to x. Let Xj,4; = x; for every jeN
and i € Ny. Then (Xg, Xn, X2n, - . ., Xkn) iS an e-chain of f" from x to x. Thus CR(f) C CR(f™). Conversely, CR(f™) C CR(f) is
obvious. Hence we have CR(f) =CR(f™). O

3. Maps of spaces linked by stars

_In this section we consider such a metric space X that may not be a tree but has an open subset U of which the closure
U is a tree.

Definition 3.1. Let (X, d) be a metric space which contains an arc A with a homeomorphism A : [0, 1] — A. Let v =A(0) and
J =A — A(1). The semi-open arc ] is called a twig in X and v is called the endpoint of the twig J if d(A([0,t]), X — J) >0
for any t € (0, 1).

Proposition 3.2. Let (X, d) be a compact metric space which has a twig ] with endpoint v, and f € C%(X). Suppose that v is a chain
movable fixed point of f, v ¢ f(X — J), and B(v, &) — Fix(f) # ¢ for any & > 0. Then f is turbulent in J.

Proof. For the convenience of statement, we may assume that | =[0,1), J =[0,1] and v =0. Since 0 ¢ f(X — J), there
exists x1 € (0,1) such that f(X — J)N[0,x;] =#. Since 0 is a chain movable fixed point of f, by Proposition 2.4, there is
vy € (0,x1]NCE(O, f) such that f([0, v3]) C [0, x1]. Noting that v, € W (0, f) and 0 € W (v,, f), from Proposition 2.5 we get

f([0,¢]) ¢ [0,c) foranyc e (0, va] (3.1)
and

f(X=10,0)) ¢ X—1[0,c] foranyc e (0, v2]. (3.2)
Noting that [0, €] — Fix(f) # @ for any ¢ € (0, v2], from (3.1) we obtain

Claim 1. For any ¢ € (0, v3], there exists x € (0, €] such that f(x) > x.

By Claim 1, there exist 0 < y3 < y4 < vy such that f(y3) =ys,

f(x) >x forallx e (ys3, yal,

and max(f([y3, y4])) > max(f([0, y3])). Write y5 = min(f([y4, 11) N J). If y5 > ys, then, for any ¢ € (y3, min{y4, ys}), we
have f(X —[0,c)) € X — [0, c]. But this contradicts (3.2). Thus ys < y3, and there exists yg € (y4, 1) such that f(yg) = y3
and f((y3,¥6)) N 10, y3]1= 0. Write y7 = max(f ([ys, ysl) N[0, 1]). Then y7 > f(y4) > ya.

If y7 < ys, take a point cg € (y7, ¥6). Then we have f([0, col) C [0, y7] C [0, ¢o), which with (3.1) implies v, € [y4, co).
Write ¢y = min(f ([y4, col)). Then ¢y > y3. Take a point ¢y € (y3, min{cq, y4}). Then v; € (¢, co), f([c2, co]) C (c2, co), and it
follows from Proposition 2.5 that W (v3, f) C (c2, ¢cp). But this contradicts that 0 € W (v3, f). Thus y7 > yg, and there exists
ys € (¥3, ¥6) such that f(ys) = ys. Let A1 =[y3, ys], and Ay =[ys, ¥s]. Then A1 and A, are arcs in J, AyNA; =0A1NJAy,
and f (A7) N f(Az) D A1 U A;. Hence, f is turbulent in J. Proposition 3.2 is proven. O

For n € N, write S, = {z€ C: z" € [0, 1]}, and Ents(S,) = {z € C: z" = 1}. The subspace S, of the complex plane C is
called the unit n-star. Let T be a tree. If there exists a homeomorphism h: S, — T, then T is called an n-star, the point h(0)
is called the center of T, and we write

Cent(T) = h(0), Ents(T) = h(Entg(Sn)), Ints(T) =T — Entg(T).

Note that an arc A is also a star, but the center of A is dependent on the choice of h. If an endpoint (resp. an interior
point) of A is chosen to be the center, then A is a 1-star (resp. 2-star). If T is an n-star with n>2 (resp. n=1), then
Ent(T) = Ents(T) (resp. Ent(T) = Ents(T) U {Cent(T)}).
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Definition 3.3. Let X be a compact connected metric space, and T C X be an n-star with n € N. X is called a space linked by
the n-star T if there exists a continuous map A : X — T such that A~1(x) = {x} for all x € T — Ents(T).

Note that each tree can be regarded as a space linked by a star. Thus the following proposition also holds for trees.

Proposition 3.4. Let X be a compact connected metric space linked by an n-star T, n € N, v be the center of T, and f € C°(X).
Suppose that v is a chain movable fixed point of f, and P, (f) is the connected component of U?:] Pi(f) containing v. If f~1(v) =
Py, (f) = {v}, then there exist an arc A C T and p € Ny, such that v ¢ Int(A) and fP is turbulent in A.

Proof. Let the retraction A : X — T be as in Definition 3.3. Suppose that Ents(T) = {y1, ..., yn}. For i € N, let A; be the arc
in T with endpoints v and y;, J; = A; — {y;}, and let Y; = A~1(A;). Then Y; is a compact connected subspace of X, Y; has
a twig J; with endpoint v, and Y;NY; = {v} for 1 <i < j <n. Since v is a chain movable fixed point of f, it follows from
Proposition 2.4 that there exists k € N, such that CE(v, f) N (Jx — {v}) # 0. Because f~1(v) = {v}, there exists the smallest
p € Ny such that fP(Yy) C Yy and v ¢ fP(Yy — Ji). By Lemma 2.7, we have CE(v, f) = CE(v, fP). It is easy to show that
CE(v, fP)N Y, =CE(v, fP|Yy). Hence, v is also a chain movable fixed point of the map fP|Yj :Y) — Y. Since P, (f) = {v},
for any € > 0, we have B(v, &) N Yy — Fix(fP|Yy) # @. Thus, by Proposition 3.2, f? is turbulent in J; C Ay. Let A= Aj. Then
v ¢lInt(A). O

4. Tree maps having chain movable fixed points

Let T be a tree. For any non-empty subset X of T, denote by [X] or [X]r the least connected closed subset of T
containing X. Then [X] is a subtree of T if X contains more than one point. For any x,y € T, write [x, y] = [{x, ¥}],
[x,y) = (v,x] = [x, y] — {y}, and (x,y) = (x, y] — {y}. Since T is compact, for any f € CO(T) and x € T, the set CR(f) of
chain recurrent points, the chain equivalent set CE(x, f) and the chain reachable set W (x, f) are independent of the choice
of metric on T. Thus we may assume that the metric d on T satisfies

dx,y)=d(x,z) +d(y,z) foranyx,y e T andanyze[x,y]. (4.1)

For any finite subset V of T, denote by N(V) the number of points in V.

Lemma 4.1. Let f : T — T be a tree map, v be a fixed point of f, and P, (f) be the connected component of P(f) containing v. If

Py(f) — {v} # 0, then P, (f) is a subtree of T, f(Py(f)) = Py(f) C UL, Pi(f) with x = N(End(Py (f)) — {v}), and f|Py(f):
Py(f) — Py(f) is a periodic homeomorphism.

Proof. Noting that (J72, Fi(Py(f)) is also a connected subset of P(f), we have P,(f) = Uro fi(Py(f)), and hence
f(Pyv(f))=Py(f). Write o = NEnd(P,(f)) — {v}).If P,(f) & U,M:O1 P;i(f), then there exist y € P, (f) with period p > o
and j e Np_q such that O(y, f)N[v,y)=¥ and y € (v, fi(y)). Therefore, there exists wg € (v, y) such that fi(wg) =y.
This means that wg ¢ P(f), and hence v and y are not in the same connected component of P(f). But this contradicts that
y € Py(f). Thus P,(f) C Uf‘z‘)l P;i(f). It follows that P,(f) is a closed subset of T (and hence, is a subtree of T), o = u,
and f|P,(f) is a periodic homeomorphism. O

The main result of this section is the following theorem.

Theorem 4.2. Let f : T — T be a tree map which has a chain movable fixed point v, let P, ( f) be the connected component of P(f)
containing v, and let CE(v, f) be defined as in (1.3). Write 4 = N(End(P, (f)) — {v}) and m = N(End([CE(v, f)]) — Py (f)).

(1) Ifht.he chain equivalent set CE(v, f) C Py(f), then CE(v, f) = P, (f) C Uf;l Pi(f), and f|CE(v, f) is a periodic homeomor-
phism.

(2) If the chain equivalent set CE(v, f) ¢ P (f), then there exists p € Ny, such that fP is turbulent, and the topological entropy
h(f) > (log2)/p.

(For the definition of topological entropy, see [1, p. 191].)

Proof. (1) Note that P,(f) C CE(v, f) is always true. Thus, if CE(v, f) C P,(f), then CE(v, f) = P, (f). Since v is a chain
movable fixed point of f, we have P, (f)—{v}=CE(v, f)—{v}# @. By Lemma 4.1, f|CE(v, f) is a periodic homeomorphism,
and CE(v, f) c UL, Pi(f).

(2) Let the chain reachable set W (v, f) be defined as in (1.2). If CE(v, f) ¢ P,(f), then

W (v, f) = Pv(f) D CE(v, ) = Py(f) D End([CE(v, f)]) — Py(f) # 0.
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For any ¢ >0 and n e N, let V (v, f,n), We(v, f,n) and W.(v, f) be defined as in (2.1), (2.2), (2.3) and (2.5). Since
v € Fix(f), we have v € Wg(v, f,n) = V¢(v, f,n) C V¢(v, f,n+ 1). Since the metric d on T satisfies (4.1), W¢(v, f,n)
and W¢(v, f) are connected open subsets of T. Hence, by Lemma 2.1, W (v, f) = ;.o We(v, f) is a subtree of T, and
fW(v, f)) =W (v, f). There are two cases.

Case 1. There is a point y,, € W (v, f) — Py (f) such that f(yn) € Py(f).

In this case, we have yn, € CE(v, f) — P(f). Take a sufficiently small &9 > 0 such that y, ¢ W¢, (v, f,m+ 1). For any
k € N, write ¢, = 80/2k. Then there exists ny > 2 such that y, € We (v, f,ne +m) but y, & We (v, f,ne +m —1). Let

(Xk, 01 Xk 15 - - - » Xk, +m) D€ an ge-chain of f from v to ym,. Then

Xine+i € We, (v, funmg +10) = We (v, fimg+i—1) fori=0,1,...,m. (4.2)
Since T is compact, there exist integers 1 < k(1) < k(2) < --- and points yg, y1,..., Yym—1 in W (v, f) such that, for each
i€{0,1,...,m— 1}, the sequence (Xk(j),nk(j)+i)joi1 converges to y;. Obviously, we have

fyis)=y; fori=1,....m

and

{y()?yl!""ym}CCE(V’f)_P(f)-

If there exist integers 0 < i < q <m such that yq € [v, y;), then, for large enough j, we have

Yq € [V, Xk(j),nk(]-)+i] C W&‘k(j) (V, fv nk(j) + l)?
which implies that X(j). ;) +m = Ym = M (yq) € We, (v, ity +i+m—q) C W, (v, f,nkgy +m —1). But this con-
tradicts (4.2). Therefore, we have

Yq¢lv,yi) foranyintegersO<i<gq<m,

and hence, since End([CE(v, f)]) — Py(f) has only m points, there exist integers 0 < ig < go <m such that y;; € [v, yq)-
Note that there is a unique point wo € Py (f) such that y;;, € (wo, yq,) and [wo, y¢,1 N Py (f) = {wo}. Let p = max({k(qo —
i0): k€ N} NNp_i,), and let ymip = f#(ym), for all B € N. Then

pPENm_iy CNn, qo+p>m, and fP(yq)) = Ygo+p € Pv(f).

Since 9710 (y;y) = yq,, we have fP710([wg, yjy]) D [Wo. Ygo] D [Wo. ¥i, ], which implies f*@ =) (fwg, y;)1) > [wo, yg,] for
all k € N. Specially, we have fP([wo, y¥i,1) D [Wo, ¥q,]. Hence, there exists a point xg € (wo, ¥i,] such that fP(xg) = yq,. Let
A1 =[wo, Xo], A2 = [X0, Yq,]- Then A1 NAy; =0A1NdAy = {Xp}, and

FP(AD) N fP(A2) D [FP(Wo), Yo ] N [Ya0» Yao+p] D [Wo, ¥go] D A1 N Ag.

This means that fP is turbulent.
Case 2. There is no point y,, € W(v, f) — Py (f) such that f(yn) € Py(f).

In this case, we have f(W (v, f) — Py (f)) Cc W(v, f) — Py (f). Let To =W (v, f), and let fo= f|To: To — To. By Propo-
sitions 2.2 and 2.3, we have W (v, f) = W (v, fo) D CE(v, f) = CE(v, fo) D Py(f) = P,(fo). Hence, for the convenience of
statement, in the following we may assume that W (v, f) =T and fo = f.

We now construct an identification space T* of T as follows. Let v* = P, (f), and let T* = (T — P, (f)) U {v*}. Then T*
is a partition of T. Define a metric d* on T* by, for any x, y € T* — {v*},

(i) d*(x, y) =d(x, y), if x and y are in the same connected component of T — P, (f);
(i) d*(x, y) =d(x, Py (f)) +d(y, Py(f)), if x and y are in different connected components of T — P, (f);
(iii) d*(x, v*) =d(x, Py(f)).

Evidently, under this metric d*, T* is still a tree. Define a map f*:T* — T* by f*(v*) =v* and f*(x) = f(x) for all
xe T* — {v*}. It is easy to check that f* is continuous. Let ¥ : T — T* be the natural projection, defined by 7 (x) = x for
any xe T — P, (f) and 7w (w) = v* for any w € P, (f). Then

d*(m(x), m(y)) <d(x,y) foranyx,yeT, (4.3)

and f*m =m f, that is, the following diagram is commutative.
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f
T bg
T* T*
f*
Consider any sequence (Xg,X1,...,Xxp) of points in T. If d(f(xj_1),%;) < € for some i e N, and some & > 0, then it

follows from (4.3) that d*(f*m (x;_1), w (x;)) < €. Conversely, if d*(f*m (xj_1), T (x;)) <& and v* ¢ [ f*m (Xi_1), 7w (x;)]7*, then
we have d(f(xj_1),x;) =d*(f*m(xi—1), T (x;)) < &. If d*(f*mw(xi_1),7w(x;)) <& and v* € [f*mw (xi_1), 7w (Xi)]r=, then there
exists an ¢-chain (yo, ¥1,...,Yx) of f from x;_; to x; such that {y1,...,yK,—1} C Pv(f). Therefore, for any x,y € T and
any € > 0, there exists an ¢-chain of f* from 7 (x) to 7 (y) if and only if there exists an ¢-chain of f from x to y. Thus we
have CR(f*) =m (CR(f)), and

CE( (x), f*) =7 (CE(x, f)) forany x € CR(f).

Let Py«(f*) be the connected component of P(f*) containing v*. Noting that P(f*) = m(P(f)) also holds, we have
Py« (f*) ={v*}. Since f(W (v, f)—Py(f)) Cc W(v, f)—P,(f), it follows that (f*)*l(v*) = {v*}. Since CE(v, f)—P,(f) #0,
we have

CE(v*, f*) — {v*} =n(CE(v, f)) = (Py(f)) =7 (CE(v, ) — Py(f)) #0.

Thus v* is a chain movable fixed point of f*. By Proposition 3.4, there exist p € Ny, and arcs A}, A5 and Aj in T* such
that A U A5 C A}, v* ¢ Int(A}), and

ATNAS=0ATN3AS, ()P (AN ()7 (A3) D AT U A3

Fori=0,1,2, let A; = 71*1(Af) — Py(f). Then A; is an arc, v ¢ Int(Ag), A1 UAy C Ag, A1 N Ay =0A1NJA,, and fP(A7)N
fP(A2) D A1 U A;. Thus fP is turbulent.

In addition, it is well known that if ¢ is a turbulent tree map then the topological entropy h(¢) > log2. Hence we have
h(fP) >log2, and by [1, Proposition VIII 2], we obtain h(f) > (log2)/p. Theorem 4.2 is proven. 0O

From Theorem 4.2 we obtain the following corollary, which was first given by Sun and Liu [10].

Corollary 4.3. (10, Theorems 2.2 and 2.1]) Let T be a tree with n endpoints, and f € CO(T). Suppose that f has a chain movable fixed
point v.

(1) If[CE(v, /)] —Uiq Pn(f) # 9, then there exist p € Ny such that fP is turbulent.
(2) If[CE(v, fH]— U?:_f Py (f) # @ and v € End([CE(v, f)]), then there exists p € N,_1 such that fP is turbulent.

Proof. Let P,(f), m and u be the same as in Theorem 4.2 and its proof. Let m’ = N(End([CE(v, f)])). Then max{m, u} <
m’' < n, and max{m,u} <m —1<n—1 if veEnd(CE(v, f)]). By Lemma 4.1, we have P,(f) C Uf‘:l Pi(f), which
leads to [CE(v, /)] — Py(f) D [CE(v, /)] — Uy Pi(f) # @, and to [CE(v, /)] — Py(f) D [CE(v, )] — U=} Pi(f) # 0 if
v € End([CE(v, f)]). Hence, by (2) of Theorem 4.2, there exists p € N, C N, (and p € N, € Ny—1 if v € End([CE(v, f)]))
such that fP is turbulent. O

Let n = N(End(T)). In Theorem 4.2, if P,(f) =T, then T C U'f:1 Pi(f). If Py(f) # T but CR(f) =T, then CE(v, f)=T
and 1 <m = N(End(CE(v, f)) — Py(f)) <n. Thus, from Theorem 4.2 we obtain the following corollary, which was given by
Zhang and Zeng [12].

Corollary 4.4. ([12, Main Theorem]) Let T be a tree with n endpoints, B, be the least common multiple of 1,2, ..., n, and let f € CO(T).
If f is pointwise chain recurrent, then one of the following two statements holds:

(1) fTis the identity map of T, for some r € Ng,;
(2) f"is turbulent, for somer € Ng,.

It is well known that every tree map f: T — T has at least a fixed point. If f is transitive (that is, f has an orbit
dense in T), then CE(v, f) =T and P,(f) ={v} for any v € Fix(f). Thus, from (2) of Theorem 4.2 we obtain the following
corollary, which was first given by Ye [11].
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Corollary 4.5. ([11, Theorem 2.4]) Let f : T — T be a transitive tree map, and n = N(End(T)). Let m = n if Fix(f) NEnd(T) = @, and
m=n — 1ifFix(f) NEnd(T) # @. Then there exists p € Ny, such that fP is turbulent, and hence, h(f) > (log2)/m.

In addition, we have the following proposition, which is also a direct corollary of Theorem 4.2.

Proposition 4.6. Let f : T — T be a tree map, v be a fixed point of f, and m = N(End(T) — {v}). If the chain equivalent set CE(v, f)
is not connected, then there exists p € Ny, such that fP is turbulent, and the topological entropy h(f) > (log2)/p.

Example 4.7. Llet f: T — T be a tree map, v be a fixed point of f, and m = N(End(T) — {v}). If End(T) c CE(v, f), and
there exist a subtree To of T and n € N such that f™(Tg) C Int(Tp), then, by Proposition 4.6, there exists p € N, such that
f is turbulent, and the topological entropy h(f) > (log2)/p.

Specially, if f :[0,1] — [0,1] is a continuous map, f(0) =0, 1 € CE(O, f), and there exist 0 <r < s < 1 such that
f([r,s]) C (r,s), then f is turbulent, and the topological entropy h(f) > log2.
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