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In this paper we discuss some basic properties of chain reachable sets and chain equivalent
sets of continuous maps. It is proved that if f : T → T is a tree map which has a chain
movable fixed point v , and the chain equivalent set CE(v, f ) is not contained in the
set P ( f ) of periodic points of f , then there exists a positive integer p not greater than
the number of points in the set End([CE(v, f )]) − P v ( f ) such that f p is turbulent, and
the topological entropy h( f ) � (log 2)/p. This result generalizes the corresponding results
given in Block and Coven (1986) [2], Guo et al. (2003) [6], Sun and Liu (2003) [10], Ye
(2000) [11], Zhang and Zeng (2004) [12]. In addition, in this paper we also consider metric
spaces which may not be trees but have open subsets U such that the closures U are trees.
Maps of such metric spaces which have chain movable fixed points are discussed.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

Let (X,d) be a metric space. Denote by C0(X) the set of all continuous maps from X to itself. For any f ∈ C0(X) and
x ∈ X , the orbit of x under f , denoted by O (x, f ), is the set { f n(x): n = 0,1,2, . . .}, where f 0 = idX , f 1 = f , and f n =
f ◦ f n−1 (n � 2) is the n-fold composition of f . Let N be the set of all positive integers. For any n ∈ N, write Nn = {1, . . . ,n}.
A point x ∈ X is called a periodic point of f with period n if f n(x) = x and f i(x) �= x for 1 � i < n. x ∈ X is called a fixed point
of f if f (x) = x. Let Fix( f ) be the set of all fixed points of f , let Pn( f ) be the set of all periodic points of f with period n,
and let P ( f ) = ⋃∞

n=1 Pn( f ). A map f ∈ C0(X) is called a periodic homeomorphism of period n if Fix( f n) = X and Fix( f i) �= X
for 1 � i < n.

For any x, y ∈ X and ε > 0, a sequence (x0, x1, . . . , xn) of points in X with n � 1 is called an ε-pseudo orbit or an ε-chain
of f from x to y if x0 = x, xn = y and d(xi, f (xi−1)) < ε for each i ∈ Nn . Write

Wε(x, f ) = {w ∈ X: there is an ε-chain of f from x to w}, (1.1)

and

W (x, f ) =
⋂{

Wε(x, f ): ε > 0
}
. (1.2)

W (x, f ) is called the chain reachable set of x under f , and every point in W (x, f ) is called a chain reachable point of x.
A point x ∈ X is called a chain recurrent point of f if x ∈ W (x, f ). Denote by CR( f ) the set of all chain recurrent points of f .
A map f ∈ C0(X) is said to be pointwise chain recurrent if CR( f ) = X . Two points x and y are said to be chain equivalent
under f if y ∈ W (x, f ) and x ∈ W (y, f ). Let
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CE(x, f ) =
{ {y ∈ X: y is chain equivalent to x under f }, if x ∈ CR( f );

∅, if x ∈ X − CR( f ).
(1.3)

CE(x, f ) is called the chain equivalent set of x under f . A fixed point x of f is said to be chain movable if CE(x, f ) − {x} �= ∅.
Evidently, we have

CE(x, f ) ⊂ W (x, f ), for any x ∈ X . (1.4)

A metric space A is called an arc if there is a homeomorphism h : [0,1] → A. In this case, the points h(0) and h(1)

are called the endpoints of A, and we write ∂ A = End(A) = {h(0),h(1)}, Int(A) = A − ∂ A. A continuous map f from a
metric space X to itself is said to be turbulent in a subspace Y of X if there exist two arcs A1 and A2 in Y such that
A1 ∩ A2 = ∂ A1 ∩ ∂ A2 and f (A1) ∩ f (A2) ⊃ A1 ∪ A2.

A connected metric space G is called a graph if there exist finitely many arcs A1, A2, . . . , An in G such that G = ⋃n
i=1 Ai

and Ai ∩ A j = ∂ Ai ∩ ∂ A j for 1 � i < j � n. Let S1 be the unit circle in the complex plane C. A graph C is called a circle if it
is homeomorphic to S1. A graph T is called a tree if it contains no circle. Let G be a graph, x ∈ G , and U be a neighborhood
of x in G such that the closure U is a tree. The number of connected components of U − {x}, denoted by valG(x) or val(x),
is called the valence of x in G . The point x is called an endpoint of G if val(x) = 1. Denote by End(G) the set of all endpoints
of G , and Int(G) = G − End(G). A continuous map from a graph (resp. a tree, resp. an interval) to itself is called a graph
(resp. tree, resp. interval) map.

The study of chain recurrence and turbulence of maps has attracted a lot of attention, and many interesting results were
given, for instance, see [1–9] and [10–12]. In [2], Block and Coven proved that, if an interval map f is pointwise chain
recurrent, then either f 2 is the identity map, or f 2 is turbulent. Guo, Zeng and Hu [6] proved that, if f is a pointwise chain
recurrent 3-star map, then either f 12 is the identity map or f 12 is turbulent. Sun and Liu [10] studied chain equivalent
sets of tree maps. Ye [11] studied topological entropies of transitive tree maps. In [12], pointwise chain recurrent tree maps
were discussed.

In this paper we will study tree maps having chain movable fixed points. For any finite set V , denote by N(V ) the
number of elements in V . For any non-empty subset Y of a tree T , denote by [Y ] or [Y ]T the least connected closed subset
of T containing Y . Our main result is the following theorem, which is a generalization of the corresponding results given in
[2,6,10–12].

Theorem 4.2. Let f : T → T be a tree map which has a chain movable fixed point v, let P v( f ) be the connected component of P ( f )
containing v, and let CE(v, f ) be defined as in (1.3). Write μ = N(End(P v ( f )) − {v}) and m = N(End([CE(v, f )]) − P v( f )).

(1) If the chain equivalent set CE(v, f ) ⊂ P v( f ), then CE(v, f ) = P v( f ) ⊂ ⋃μ
i=1 Pi( f ), and f |CE(v, f ) is a periodic homeomor-

phism.
(2) If the chain equivalent set CE(v, f ) �⊂ P v( f ), then there exists p ∈ Nm such that f p is turbulent, and the topological entropy

h( f ) � (log 2)/p.

In addition, in this paper we also consider compact connected metric spaces linked by stars. Maps of such spaces which
have chain movable fixed points are discussed.

2. Chain reachable sets and chain equivalent sets

In this section we discuss some basic properties of chain reachable sets and chain equivalent sets. Let (X,d) be a metric
space. For any non-empty subset Y of X , any x ∈ X and any ε > 0, write B(x, ε) = {y ∈ X: d(y, x) < ε}, and B(Y , ε) =
{y ∈ X: d(y, Y ) < ε}. Denote by Y and Y̊ the closure and the interior of Y in X , respectively. For any f ∈ C0(X), the subset
Y of X is said to be f -invariant if f (Y ) ⊂ Y . Write

Vε(x, f ,1) = B
(

f (x), ε
)
, (2.1)

Vε(x, f ,n + 1) = B
(

f
(

Vε(x, f ,n)
)
, ε

)
, (2.2)

Wε(x, f ,n) =
n⋃

i=1

Vε(x, f , i). (2.3)

Then
⋃∞

n=1 Wε(x, f ,n) = ⋃∞
n=1 Vε(x, f ,n), and

Wε(x, f ,n + 1) = Wε(x, f ,n) ∪ B
(

f
(
Wε(x, f ,n)

)
, ε

)
for all n � 1. (2.4)

Comparing (1.1) with (2.1) and (2.2), we have

Wε(x, f ) =
∞⋃

Vε(x, f ,n) = B
(

f (x), ε
) ∪ B

(
f
(
Wε(x, f )

)
, ε

)
. (2.5)
n=1
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The following lemma is obvious, and the proof is omitted.

Lemma 2.1. For any f ∈ C0(X) and any x ∈ X, both the chain reachable set W (x, f ) and the chain equivalent set CE(x, f ) are
f -invariant closed subsets of X . Furthermore, if X is compact, then W (x, f ) = f (W (x, f )) ∪ { f (x)} and CE(x, f ) = f (CE(x, f )).

Proposition 2.2. Let (X,d) be a compact metric space, f ∈ C0(X), x ∈ X, X0 = W (x, f ) ∪ {x}, and let f0 = f |X0 : X0 → X0 . Then
W (x, f ) = W (x, f0), that is, the chain reachable sets of x under f and under f0 are the same.

Proof. It suffices to show W (x, f ) ⊂ W (x, f0) since W (x, f0) ⊂ W (x, f ) is obvious. By (1.1), we have

Wε(x, f ) ⊃ Wε′(x, f ) for any ε > ε′ > 0. (2.6)

It follows from (2.6) and (1.2) that

W (x, f ) =
⋂
ε>0

Wε(x, f ). (2.7)

For any given ε > 0, since X is compact, there exists μ = μ(ε) ∈ (0, ε/3] such that

f
(

B(y,μ)
) ⊂ B

(
f (y), ε/3

)
for all y ∈ X .

By (2.6) and (2.7), there exists δ = δ(μ(ε)) ∈ (0,μ] ⊂ (0, ε/3] such that

Wδ(x, f ) ⊂ B
(
W (x, f ),μ

)
. (2.8)

For any w ∈ W (x, f ), take a δ-chain (x0, x1, . . . , xn) of f from x to w . Note that {x1, . . . , xn} ⊂ Wδ(x, f ). By (2.8), for
i = 1, . . . ,n − 1, there is a point yi ∈ W (x, f ) such that d(yi, xi) < μ. Put y0 = x0(= x) and yn = xn(= w). It is easy to check
that (y0, y1, . . . , yn) is an ε-chain in W (x, f ) ∪ {x}. Thus we have w ∈ W (x, f0), and hence W (x, f ) ⊂ W (x, f0). �
Proposition 2.3. Let (X,d) be a compact metric space, and f ∈ C0(X). Then

(1) CR( f ) = CR( f |CR( f ));
(2) CE(x, f ) = CE(x, f |CE(x, f )) for any x ∈ CR( f ).

A proof of (1) of Proposition 2.3 can be found in [1, p. 117], and (2) of Proposition 2.3 can be proved by an argument
analogous to the proof of Proposition 2.2.

Proposition 2.4. Let X be a compact metric space, and f ∈ C0(X). If v is a chain movable fixed point of f , then v is not isolated in the
chain equivalent set CE(v, f ).

Proof. Take a point y ∈ CE(v, f )−{v}. For any ε ∈ (0,d(y, v)], there exists δ ∈ (0, ε/2] such that f (B(v, δ)) ⊂ B(v, ε/2). For
any n ∈ N, take a (δ/n)-chain (x0n, x1n, . . . , xknn) of f from v to y. Then there is a point wn ∈ {x0n, x1n, . . . , xknn} ∩ (B(v, ε)−
B(v, δ)). Let w be a cluster point of the sequence (w1, w2, . . .). Then w ∈ CE(v, f )∩ B(v, ε)− B(v, δ). Thus v is not isolated
in CE(v, f ). �
Proposition 2.5. Let (X,d) be a compact metric space, Y be a non-empty closed subset of X , and f ∈ C0(X). If f (Y ) ⊂ Y̊ , then, for
any x ∈ Y , the chain reachable set W (x, f ) ⊂ Y̊ .

Proof. The proposition is trivial if Y = X . We now assume that Y is a proper subset of X . Then f (Y ) and X − Y̊ are disjoint
non-empty closed sets. Let ε0 = d( f (Y ), X − Y̊ ). Then ε0 > 0. For any x ∈ Y and y ∈ W (x, f ), let (x0, x1, . . . , xn) be an
ε0-chain of f from x to y. Then x0 = x ∈ Y . For i ∈ Nn , if xi−1 ∈ Y , then d(xi, f (Y )) � d(xi, f (xi−1)) < ε0, which implies that
xi /∈ X − Y̊ , i.e. xi ∈ Y̊ . Thus we have y = xn ∈ Y̊ , and hence W (x, f ) ⊂ Y̊ . �
Lemma 2.6. Let (X,d) be a metric space, and f : X → X be a uniformly continuous map. Then, for any n ∈ N, there exists a function
δn : (0,∞) → (0,∞) such that

d
(
xn, f n(x0)

)
< ε for any ε > 0 and any δn(ε)-chain (x0, x1, . . . , xn) of f .

Proof. If n = 1 then the lemma holds by taking δ1 to be the identity map of (0,∞). We now assume that the lemma holds
for some n ∈ N, and the function δn has been chosen. For any ε > 0, since f is uniformly continuous, there exists μ(ε) > 0
such that d( f (x), f (y)) < ε/2 for any x, y ∈ X with d(x, y) < μ(ε). Let δn+1(ε) = min{δn(μ(ε)), ε/2}. Then, for any δn+1(ε)-
chain (x0, x1, . . . , xn, xn+1), one has d(xn, f n(x0)) < μ(ε), and d(xn+1, f n+1(x0)) � d(xn+1, f (xn)) + d( f (xn), f n+1(x0)) <

δn+1(ε) + ε/2 � ε. �
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Lemma 2.7. Let (X,d) be a metric space, and f : X → X be a uniformly continuous map. Then, for any v ∈ Fix( f ) and any n ∈ N, we
have

W
(

v, f n) = W (v, f ), CE
(

v, f n) = CE(v, f ), and CR( f ) = CR
(

f n).
Proof. Let δn : (0,∞) → (0,∞) be as in Lemma 2.6.

(1) For any y ∈ W (v, f ) and any ε > 0, let (x0, x1, . . . , xm) be a δn(ε)-chain of f from v to y. If m/n /∈ N, we can replace
(x0, x1, . . . , xm) by (v, . . . , v, x0, x1, . . . , xm). Thus we may assume that m/n ∈ N. By Lemma 2.6, (x0, xn, x2n, . . . , xm) is an ε-
chain of f n from v to y. This means that y ∈ W (v, f n), and we have W (v, f ) ⊂ W (v, f n). Conversely, W (v, f n) ⊂ W (v, f )
is obvious. Thus W (v, f n) = W (v, f ).

(2) For any y ∈ X and v ∈ Fix( f ), it is analogous to show that v ∈ W (y, f n) if and only if v ∈ W (y, f ). This with
W (v, f n) = W (v, f ) implies CE(v, f n) =: CE(v, f ).

(3) Consider any x ∈ CR( f ), any ε > 0 and any δn(ε)-chain (x0, x1, . . . , xk) of f from x to x. Let x jk+i = xi for every j ∈ N

and i ∈ Nk . Then (x0, xn, x2n, . . . , xkn) is an ε-chain of f n from x to x. Thus CR( f ) ⊂ CR( f n). Conversely, CR( f n) ⊂ CR( f ) is
obvious. Hence we have CR( f ) = CR( f n). �
3. Maps of spaces linked by stars

In this section we consider such a metric space X that may not be a tree but has an open subset U of which the closure
U is a tree.

Definition 3.1. Let (X,d) be a metric space which contains an arc A with a homeomorphism λ : [0,1] → A. Let v = λ(0) and
J = A − λ(1). The semi-open arc J is called a twig in X and v is called the endpoint of the twig J if d(λ([0, t]), X − J ) > 0
for any t ∈ (0,1).

Proposition 3.2. Let (X,d) be a compact metric space which has a twig J with endpoint v, and f ∈ C0(X). Suppose that v is a chain
movable fixed point of f , v /∈ f (X − J ), and B(v, ε) − Fix( f ) �= ∅ for any ε > 0. Then f is turbulent in J .

Proof. For the convenience of statement, we may assume that J = [0,1), J = [0,1] and v = 0. Since 0 /∈ f (X − J ), there
exists x1 ∈ (0,1) such that f (X − J ) ∩ [0, x1] = ∅. Since 0 is a chain movable fixed point of f , by Proposition 2.4, there is
v2 ∈ (0, x1]∩ CE(0, f ) such that f ([0, v2]) ⊂ [0, x1]. Noting that v2 ∈ W (0, f ) and 0 ∈ W (v2, f ), from Proposition 2.5 we get

f
([0, c]) �⊂ [0, c) for any c ∈ (0, v2] (3.1)

and

f
(

X − [0, c)
) �⊂ X − [0, c] for any c ∈ (0, v2]. (3.2)

Noting that [0, ε] − Fix( f ) �= ∅ for any ε ∈ (0, v2], from (3.1) we obtain

Claim 1. For any ε ∈ (0, v2], there exists x ∈ (0, ε] such that f (x) > x.

By Claim 1, there exist 0 � y3 < y4 � v2 such that f (y3) = y3,

f (x) > x for all x ∈ (y3, y4],
and max( f ([y3, y4])) > max( f ([0, y3])). Write y5 = min( f ([y4,1]) ∩ J ). If y5 > y3, then, for any c ∈ (y3,min{y4, y5}), we
have f (X − [0, c)) ⊂ X − [0, c]. But this contradicts (3.2). Thus y5 � y3, and there exists y6 ∈ (y4,1) such that f (y6) = y3
and f ((y3, y6)) ∩ [0, y3] = ∅. Write y7 = max( f ([y3, y6]) ∩ [0,1]). Then y7 � f (y4) > y4.

If y7 < y6, take a point c0 ∈ (y7, y6). Then we have f ([0, c0]) ⊂ [0, y7] ⊂ [0, c0), which with (3.1) implies v2 ∈ [y4, c0).
Write c1 = min( f ([y4, c0])). Then c1 > y3. Take a point c2 ∈ (y3,min{c1, y4}). Then v2 ∈ (c2, c0), f ([c2, c0]) ⊂ (c2, c0), and it
follows from Proposition 2.5 that W (v2, f ) ⊂ (c2, c0). But this contradicts that 0 ∈ W (v2, f ). Thus y7 � y6, and there exists
y8 ∈ (y3, y6) such that f (y8) = y6. Let A1 = [y3, y8], and A2 = [y8, y6]. Then A1 and A2 are arcs in J , A1 ∩ A2 = ∂ A1 ∩∂ A2,
and f (A1) ∩ f (A2) ⊃ A1 ∪ A2. Hence, f is turbulent in J . Proposition 3.2 is proven. �

For n ∈ N, write Sn = {z ∈ C: zn ∈ [0,1]}, and EntS(Sn) = {z ∈ C: zn = 1}. The subspace Sn of the complex plane C is
called the unit n-star. Let T be a tree. If there exists a homeomorphism h : Sn → T , then T is called an n-star, the point h(0)

is called the center of T , and we write

Cent(T ) = h(0), EntS(T ) = h
(
EntS(Sn)

)
, IntS(T ) = T − EntS(T ).

Note that an arc A is also a star, but the center of A is dependent on the choice of h. If an endpoint (resp. an interior
point) of A is chosen to be the center, then A is a 1-star (resp. 2-star). If T is an n-star with n � 2 (resp. n = 1), then
Ent(T ) = EntS(T ) (resp. Ent(T ) = EntS(T ) ∪ {Cent(T )}).
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Definition 3.3. Let X be a compact connected metric space, and T ⊂ X be an n-star with n ∈ N. X is called a space linked by
the n-star T if there exists a continuous map λ : X → T such that λ−1(x) = {x} for all x ∈ T − EntS(T ).

Note that each tree can be regarded as a space linked by a star. Thus the following proposition also holds for trees.

Proposition 3.4. Let X be a compact connected metric space linked by an n-star T , n ∈ N, v be the center of T , and f ∈ C0(X).
Suppose that v is a chain movable fixed point of f , and P v( f ) is the connected component of

⋃n
i=1 Pi( f ) containing v. If f −1(v) =

P v( f ) = {v}, then there exist an arc A ⊂ T and p ∈ Nn such that v /∈ Int(A) and f p is turbulent in A.

Proof. Let the retraction λ : X → T be as in Definition 3.3. Suppose that EntS (T ) = {y1, . . . , yn}. For i ∈ Nn , let Ai be the arc
in T with endpoints v and yi , J i = Ai − {yi}, and let Yi = λ−1(Ai). Then Yi is a compact connected subspace of X , Yi has
a twig J i with endpoint v , and Yi ∩ Y j = {v} for 1 � i < j � n. Since v is a chain movable fixed point of f , it follows from
Proposition 2.4 that there exists k ∈ Nn such that CE(v, f ) ∩ ( Jk − {v}) �= ∅. Because f −1(v) = {v}, there exists the smallest
p ∈ Nn such that f p(Yk) ⊂ Yk and v /∈ f p(Yk − Jk). By Lemma 2.7, we have CE(v, f ) = CE(v, f p). It is easy to show that
CE(v, f p) ∩ Yk = CE(v, f p|Yk). Hence, v is also a chain movable fixed point of the map f p |Yk : Yk → Yk . Since P v( f ) = {v},
for any ε > 0, we have B(v, ε) ∩ Yk − Fix( f p|Yk) �= ∅. Thus, by Proposition 3.2, f p is turbulent in Jk ⊂ Ak . Let A = Ak . Then
v /∈ Int(A). �
4. Tree maps having chain movable fixed points

Let T be a tree. For any non-empty subset X of T , denote by [X] or [X]T the least connected closed subset of T
containing X . Then [X] is a subtree of T if X contains more than one point. For any x, y ∈ T , write [x, y] = [{x, y}],
[x, y) = (y, x] = [x, y] − {y}, and (x, y) = (x, y] − {y}. Since T is compact, for any f ∈ C0(T ) and x ∈ T , the set CR( f ) of
chain recurrent points, the chain equivalent set CE(x, f ) and the chain reachable set W (x, f ) are independent of the choice
of metric on T . Thus we may assume that the metric d on T satisfies

d(x, y) = d(x, z) + d(y, z) for any x, y ∈ T and any z ∈ [x, y]. (4.1)

For any finite subset V of T , denote by N(V ) the number of points in V .

Lemma 4.1. Let f : T → T be a tree map, v be a fixed point of f , and P v( f ) be the connected component of P ( f ) containing v. If
P v( f ) − {v} �= ∅, then P v( f ) is a subtree of T , f (P v( f )) = P v( f ) ⊂ ⋃μ

i=1 Pi( f ) with μ = N(End(P v( f )) − {v}), and f |P v( f ) :
P v( f ) → P v ( f ) is a periodic homeomorphism.

Proof. Noting that
⋃∞

i=0 f i(P v( f )) is also a connected subset of P ( f ), we have P v( f ) = ⋃∞
i=0 f i(P v( f )), and hence

f (P v( f )) = P v( f ). Write μ0 = N(End(P v( f )) − {v}). If P v( f ) �⊂ ⋃μ0
i=1 Pi( f ), then there exist y ∈ P v( f ) with period p > μ0

and j ∈ Np−1 such that O (y, f ) ∩ [v, y) = ∅ and y ∈ (v, f j(y)). Therefore, there exists w0 ∈ (v, y) such that f j(w0) = y.
This means that w0 /∈ P ( f ), and hence v and y are not in the same connected component of P ( f ). But this contradicts that
y ∈ P v( f ). Thus P v( f ) ⊂ ⋃μ0

i=1 Pi( f ). It follows that P v( f ) is a closed subset of T (and hence, is a subtree of T ), μ0 = μ,
and f |P v( f ) is a periodic homeomorphism. �

The main result of this section is the following theorem.

Theorem 4.2. Let f : T → T be a tree map which has a chain movable fixed point v, let P v( f ) be the connected component of P ( f )
containing v, and let CE(v, f ) be defined as in (1.3). Write μ = N(End(P v ( f )) − {v}) and m = N(End([CE(v, f )]) − P v( f )).

(1) If the chain equivalent set CE(v, f ) ⊂ P v( f ), then CE(v, f ) = P v( f ) ⊂ ⋃μ
i=1 Pi( f ), and f |CE(v, f ) is a periodic homeomor-

phism.
(2) If the chain equivalent set CE(v, f ) �⊂ P v( f ), then there exists p ∈ Nm such that f p is turbulent, and the topological entropy

h( f ) � (log 2)/p.

(For the definition of topological entropy, see [1, p. 191].)

Proof. (1) Note that P v( f ) ⊂ CE(v, f ) is always true. Thus, if CE(v, f ) ⊂ P v( f ), then CE(v, f ) = P v( f ). Since v is a chain
movable fixed point of f , we have P v( f )−{v} = CE(v, f )−{v} �= ∅. By Lemma 4.1, f |CE(v, f ) is a periodic homeomorphism,
and CE(v, f ) ⊂ ⋃μ

i=1 Pi( f ).
(2) Let the chain reachable set W (v, f ) be defined as in (1.2). If CE(v, f ) �⊂ P v( f ), then

W (v, f ) − P v( f ) ⊃ CE(v, f ) − P v( f ) ⊃ End
([

CE(v, f )
]) − P v( f ) �= ∅.
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For any ε > 0 and n ∈ N, let Vε(v, f ,n), Wε(v, f ,n) and Wε(v, f ) be defined as in (2.1), (2.2), (2.3) and (2.5). Since
v ∈ Fix( f ), we have v ∈ Wε(v, f ,n) = Vε(v, f ,n) ⊂ Vε(v, f ,n + 1). Since the metric d on T satisfies (4.1), Wε(v, f ,n)

and Wε(v, f ) are connected open subsets of T . Hence, by Lemma 2.1, W (v, f ) = ⋂
ε>0 Wε(v, f ) is a subtree of T , and

f (W (v, f )) = W (v, f ). There are two cases.

Case 1. There is a point ym ∈ W (v, f ) − P v( f ) such that f (ym) ∈ P v( f ).

In this case, we have ym ∈ CE(v, f ) − P ( f ). Take a sufficiently small ε0 > 0 such that ym /∈ Wε0(v, f ,m + 1). For any
k ∈ N, write εk = ε0/2k . Then there exists nk � 2 such that ym ∈ Wεk (v, f ,nk + m) but ym /∈ Wεk (v, f ,nk + m − 1). Let
(xk,0, xk,1, . . . , xk,nk+m) be an εk-chain of f from v to ym . Then

xk,nk+i ∈ Wεk (v, f ,nk + i) − Wεk (v, f ,nk + i − 1) for i = 0,1, . . . ,m. (4.2)

Since T is compact, there exist integers 1 � k(1) < k(2) < · · · and points y0, y1, . . . , ym−1 in W (v, f ) such that, for each
i ∈ {0,1, . . . ,m − 1}, the sequence (xk( j),nk( j)+i)

∞
j=1 converges to yi . Obviously, we have

f (yi−1) = yi for i = 1, . . . ,m

and

{y0, y1, . . . , ym} ⊂ CE(v, f ) − P ( f ).

If there exist integers 0 � i < q � m such that yq ∈ [v, yi), then, for large enough j, we have

yq ∈ [v, xk( j),nk( j)+i] ⊂ Wεk( j) (v, f ,nk( j) + i),

which implies that xk( j),nk( j)+m = ym = f m−q(yq) ∈ Wεk( j) (v, f ,nk( j) + i + m − q) ⊂ Wεk( j) (v, f ,nk( j) + m − 1). But this con-
tradicts (4.2). Therefore, we have

yq /∈ [v, yi) for any integers 0 � i < q � m,

and hence, since End([CE(v, f )]) − P v( f ) has only m points, there exist integers 0 � i0 < q0 � m such that yi0 ∈ [v, yq0 ).
Note that there is a unique point w0 ∈ P v( f ) such that yi0 ∈ (w0, yq0) and [w0, yq0 ] ∩ P v( f ) = {w0}. Let p = max({k(q0 −
i0): k ∈ N} ∩ Nm−i0 ), and let ym+β = f β(ym), for all β ∈ N. Then

p ∈ Nm−i0 ⊂ Nm, q0 + p > m, and f p(yq0) = yq0+p ∈ P v( f ).

Since f q0−i0 (yi0) = yq0 , we have f q0−i0 ([w0, yi0 ]) ⊃ [w0, yq0 ] ⊃ [w0, yi0 ], which implies f k(q0−i0)([w0, yi0 ]) ⊃ [w0, yq0 ] for
all k ∈ N. Specially, we have f p([w0, yi0 ]) ⊃ [w0, yq0 ]. Hence, there exists a point x0 ∈ (w0, yi0 ] such that f p(x0) = yq0 . Let
A1 = [w0, x0], A2 = [x0, yq0 ]. Then A1 ∩ A2 = ∂ A1 ∩ ∂ A2 = {x0}, and

f p(A1) ∩ f p(A2) ⊃ [
f p(w0), yq0

] ∩ [yq0 , yq0+p] ⊃ [w0, yq0 ] ⊃ A1 ∩ A2.

This means that f p is turbulent.

Case 2. There is no point ym ∈ W (v, f ) − P v( f ) such that f (ym) ∈ P v ( f ).

In this case, we have f (W (v, f ) − P v( f )) ⊂ W (v, f ) − P v( f ). Let T0 = W (v, f ), and let f0 = f |T0 : T0 → T0. By Propo-
sitions 2.2 and 2.3, we have W (v, f ) = W (v, f0) ⊃ CE(v, f ) = CE(v, f0) ⊃ P v( f ) = P v( f0). Hence, for the convenience of
statement, in the following we may assume that W (v, f ) = T and f0 = f .

We now construct an identification space T ∗ of T as follows. Let v∗ = P v( f ), and let T ∗ = (T − P v( f )) ∪ {v∗}. Then T ∗
is a partition of T . Define a metric d∗ on T ∗ by, for any x, y ∈ T ∗ − {v∗},

(i) d∗(x, y) = d(x, y), if x and y are in the same connected component of T − P v( f );
(ii) d∗(x, y) = d(x, P v( f )) + d(y, P v( f )), if x and y are in different connected components of T − P v( f );

(iii) d∗(x, v∗) = d(x, P v ( f )).

Evidently, under this metric d∗ , T ∗ is still a tree. Define a map f ∗ : T ∗ → T ∗ by f ∗(v∗) = v∗ and f ∗(x) = f (x) for all
x ∈ T ∗ − {v∗}. It is easy to check that f ∗ is continuous. Let π : T → T ∗ be the natural projection, defined by π(x) = x for
any x ∈ T − P v( f ) and π(w) = v∗ for any w ∈ P v ( f ). Then

d∗(π(x),π(y)
)
� d(x, y) for any x, y ∈ T , (4.3)

and f ∗π = π f , that is, the following diagram is commutative.
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T T

T ∗ T ∗

�

�
��

f

f ∗

ππ

Consider any sequence (x0, x1, . . . , xn) of points in T . If d( f (xi−1), xi) < ε for some i ∈ Nn and some ε > 0, then it
follows from (4.3) that d∗( f ∗π(xi−1),π(xi)) < ε. Conversely, if d∗( f ∗π(xi−1),π(xi)) < ε and v∗ /∈ [ f ∗π(xi−1),π(xi)]T ∗ , then
we have d( f (xi−1), xi) = d∗( f ∗π(xi−1),π(xi)) < ε. If d∗( f ∗π(xi−1),π(xi)) < ε and v∗ ∈ [ f ∗π(xi−1),π(xi)]T ∗ , then there
exists an ε-chain (y0, y1, . . . , yki ) of f from xi−1 to xi such that {y1, . . . , yki−1} ⊂ P v( f ). Therefore, for any x, y ∈ T and
any ε > 0, there exists an ε-chain of f ∗ from π(x) to π(y) if and only if there exists an ε-chain of f from x to y. Thus we
have CR( f ∗) = π(CR( f )), and

CE
(
π(x), f ∗) = π

(
CE(x, f )

)
for any x ∈ CR( f ).

Let P v∗ ( f ∗) be the connected component of P ( f ∗) containing v∗ . Noting that P ( f ∗) = π(P ( f )) also holds, we have
P v∗ ( f ∗) = {v∗}. Since f (W (v, f )− P v ( f )) ⊂ W (v, f )− P v ( f ), it follows that ( f ∗)−1(v∗) = {v∗}. Since CE(v, f )− P v( f ) �= ∅,
we have

CE
(

v∗, f ∗) − {
v∗} = π

(
CE(v, f )

) − π
(

P v( f )
) = π

(
CE(v, f ) − P v( f )

) �= ∅.

Thus v∗ is a chain movable fixed point of f ∗ . By Proposition 3.4, there exist p ∈ Nm and arcs A∗
1, A∗

2 and A∗
0 in T ∗ such

that A∗
1 ∪ A∗

2 ⊂ A∗
0, v∗ /∈ Int(A∗

0), and

A∗
1 ∩ A∗

2 = ∂ A∗
1 ∩ ∂ A∗

2,
(

f ∗)p(
A∗

1

) ∩ (
f ∗)p(

A∗
2

) ⊃ A∗
1 ∪ A∗

2.

For i = 0,1,2, let Ai = π−1(A∗
i ) − P v( f ). Then Ai is an arc, v /∈ Int(A0), A1 ∪ A2 ⊂ A0, A1 ∩ A2 = ∂ A1 ∩ ∂ A2, and f p(A1) ∩

f p(A2) ⊃ A1 ∪ A2. Thus f p is turbulent.
In addition, it is well known that if ϕ is a turbulent tree map then the topological entropy h(ϕ) � log 2. Hence we have

h( f p) � log 2, and by [1, Proposition VIII. 2], we obtain h( f ) � (log 2)/p. Theorem 4.2 is proven. �
From Theorem 4.2 we obtain the following corollary, which was first given by Sun and Liu [10].

Corollary 4.3. ([10, Theorems 2.2 and 2.1]) Let T be a tree with n endpoints, and f ∈ C0(T ). Suppose that f has a chain movable fixed
point v.

(1) If [CE(v, f )] − ⋃n
i=1 Pn( f ) �= ∅, then there exist p ∈ Nn such that f p is turbulent.

(2) If [CE(v, f )] − ⋃n−1
i=1 Pn( f ) �= ∅ and v ∈ End([CE(v, f )]), then there exists p ∈ Nn−1 such that f p is turbulent.

Proof. Let P v( f ), m and μ be the same as in Theorem 4.2 and its proof. Let m′ = N(End([CE(v, f )])). Then max{m,μ} �
m′ � n, and max{m,μ} � m′ − 1 � n − 1 if v ∈ End([CE(v, f )]). By Lemma 4.1, we have P v( f ) ⊂ ⋃μ

i=1 Pi( f ), which

leads to [CE(v, f )] − P v( f ) ⊃ [CE(v, f )] − ⋃n
i=1 Pi( f ) �= ∅, and to [CE(v, f )] − P v( f ) ⊃ [CE(v, f )] − ⋃n−1

i=1 Pi( f ) �= ∅ if
v ∈ End([CE(v, f )]). Hence, by (2) of Theorem 4.2, there exists p ∈ Nm ⊂ Nn (and p ∈ Nm ⊂ Nn−1 if v ∈ End([CE(v, f )]))
such that f p is turbulent. �

Let n = N(End(T )). In Theorem 4.2, if P v( f ) = T , then T ⊂ ⋃n
i=1 Pi( f ). If P v( f ) �= T but CR( f ) = T , then CE(v, f ) = T

and 1 � m = N(End(CE(v, f )) − P v( f )) � n. Thus, from Theorem 4.2 we obtain the following corollary, which was given by
Zhang and Zeng [12].

Corollary 4.4. ([12, Main Theorem]) Let T be a tree with n endpoints, βn be the least common multiple of 1,2, . . . ,n, and let f ∈ C0(T ).
If f is pointwise chain recurrent, then one of the following two statements holds:

(1) f r is the identity map of T , for some r ∈ Nβn ;
(2) f r is turbulent, for some r ∈ Nβn .

It is well known that every tree map f : T → T has at least a fixed point. If f is transitive (that is, f has an orbit
dense in T ), then CE(v, f ) = T and P v( f ) = {v} for any v ∈ Fix( f ). Thus, from (2) of Theorem 4.2 we obtain the following
corollary, which was first given by Ye [11].
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Corollary 4.5. ([11, Theorem 2.4]) Let f : T → T be a transitive tree map, and n = N(End(T )). Let m = n if Fix( f ) ∩ End(T ) = ∅, and
m = n − 1 if Fix( f ) ∩ End(T ) �= ∅. Then there exists p ∈ Nm such that f p is turbulent, and hence, h( f ) � (log 2)/m.

In addition, we have the following proposition, which is also a direct corollary of Theorem 4.2.

Proposition 4.6. Let f : T → T be a tree map, v be a fixed point of f , and m = N(End(T ) − {v}). If the chain equivalent set CE(v, f )
is not connected, then there exists p ∈ Nm such that f p is turbulent, and the topological entropy h( f ) � (log 2)/p.

Example 4.7. Let f : T → T be a tree map, v be a fixed point of f , and m = N(End(T ) − {v}). If End(T ) ⊂ CE(v, f ), and
there exist a subtree T0 of T and n ∈ N such that f n(T0) ⊂ Int(T0), then, by Proposition 4.6, there exists p ∈ Nm such that
f is turbulent, and the topological entropy h( f ) � (log 2)/p.

Specially, if f : [0,1] → [0,1] is a continuous map, f (0) = 0, 1 ∈ CE(0, f ), and there exist 0 < r < s < 1 such that
f ([r, s]) ⊂ (r, s), then f is turbulent, and the topological entropy h( f ) � log 2.
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