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Let K be any field of characteristic #2. Let L| K be a Galois extension
with Galois group isomorphic to a subgroup G of the alternating group
A,, with n>4. We give explicitly the solutions to a solvable embedding
problem of the type G — G ~ Gal(L | K), where G is the preimage of G in
the double cover 4, of 4,. This generalizes a result of Witt [9, Section V1]
and answers a question raised by Serre in [5].

Let E | K be a separable extension of K of degree n. Let K be a separable
closure of K; let L be the Galois closure of E in K If (u,, u,, .., u,) is a
K-basis of E and &= {s,, s5,, .., 5,} denotes the set of K-embeddings of E
into K, the matrix

M=), 1<ij<n, (1)

satisfies
M'M= (Trg, K(uiuj))' (2)

Let Q be the standard quadratic form of K", Q the quadratic form
x = Try, «(x?) attached to E| K, and let us denote by C(Q) and C(Q;)
their Clifford algebras. For a Clifford algebra C, we denote by C* and
C~ its even and odd part, respectively. The decomposition C=C*+*@C~
gives C a Z/2Z-graded algebra structure. We denote by f the only
antiautomorphism of C whose restriction to the vector space is the identity;
we define the spin norm of an element x in C by N(x) = B{(x)x.

We choose in L" the canonical tasis (e, e, .., €,), in E® . L the basis
(uy, 3, ..., u,), and consider the isomorphism

fIL">E®,L

* The work in this paper is a part of my Ph.D. thesis supervised by Dr. Pilar Bayer. I thank
her for suggesting this subject to me and for her constant help and support.
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attached to the matrix M ! in these bases. Let v, = f(e;), 1 <i< n. Because
of (2}, it gilts Q4 f(x))= Q(x) for each vector x in L" and, therefore, f
extends to an isomorphism from C,(Q)=C(Q)®L into C,(Q;)=
C(Qf) ® ¢ L that will also be denoted by f.

For an element s in G and a morphism ¢ from L" into E ® , L, we define
¢" as usual by

¢ (x)=[d(x*")]), for xelL”

If 4 is the matrix attached to ¢, 4° is then the matrix attached to ¢°.
A representative of the element in H'(G, O,(K)) associated to O is the
1-cocycle s = f~'f*, and we have

T Ned=eq  1<i<n (3)
According to [5, 2.3], we can view 4, as a subgroup of
Spin,(K) ~ {xe CH(O)*/x(K")x ' K" and N(x)=1}
and, furthermore, a set of representatives x, of G in G satisfies
x.ex; ' =ey, 1<ign. 4
We choose a fixed x, with x, =1 and take the corresponding factor set
a,,=x.x,x;". (5)
A solution to the embedding problem will be a field L(y'?) for an
element y in L* satisfying
P’ =b2y, for segG,
where b, lies in L* and b,b5b;' =a,,.

The general solution is then L((ry)"2), where r runs through K*/K*?,
The following result is taken from [7, Theorem 4.2].

PROPOSITION 1. If the embedding problem G — G ~ Gal(L | K) is solvable,
then there exists an invertible element ¢ in C;(Q ) such that

hie;~ ¢ '

defines a Z/2Z-graded algebras isomorphism from C(Q) into C(Q ).

Proof. We may find elements b, in L* such that

bbb =a,,.

1+ 51
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So s—b,'x, is a l-cocycle of G with values in C;}(Q)* Now, as
HY(G, C;(Q)*)=0 [6, X, Section 1, Exercise 2], we get b 'x,=oaa"* for
a certain element o in C;(Q)*.

Now, because of {3) and (4), we have

af (Xt =a T (x)a

for each x in C,(Q ), and so the isomorphism ¥ from C,(Q) into C,(Q)
defined by

Plx)y=a'f" (x)a, xe C(Qg),

takes G-invariant elements into G-invariant elements, ie., restricts to an
isomorphism

#:C(Qp) - C(Q).

The element « being even, ¥ maps C*(Q;) into C*(Q) and C~(Q;) into
C~(Q). By putting c= f(a) !, we get

FT-Ye)=c 'vc. |

PROPOSITION 2. If the embedding problem G -—G~Gal(L|K) is
solvable, there exists a Z/2Z-graded algebras isomorphism g from C(Q) into
C(Qy) such that the element z of C;(Qg),

z= Y ovF---0Twi o wiwl, 6)
6{:0,1

where w; = g(e,), 1 <i<n, is invertible and satisfies
N(z)*=b; N(2),

where b, lies in L* and b b3b;,' =a,,, for the 2-cocycle a, , chosen above.

Proof. Let g be a Z/2Z-graded algebras isomorphism from C(Q) into
C(Qg); let w,=gle;), 1 <i<n If the element z defined in the proposition
is 0, let us change w, to —w, and form z again. If the new z is also zero,
we will have

v';z e Uf;'wf"’ PP W;l = O_
&=0,1
We change then w, to —w, and repeat the process. By iteration we would
get v,w, =0, which is not possible as v, and w, are both invertible. We
reach then a nonzero z by changing as many w; as necessary to —w,.
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From (6), we get
viz=zw;,  1<i<n (7)

Now let ¢ and A be as in Proposition 1. If n is even, we can apply the
Skolem—Nother theorem to C(Qf) [3,V, 2.5] and get

h(e;)=a 'gle)a, 1<i<n,

for an invertible element @ in C(Qj). Then zac ' lies in the center of
C,(QF) and so in L. As z is nonzero, it is invertible. When » is odd [3, V,
2.47, we deal with the restrictions of & and g to C*(Q).

Let y,= f(x,), for se G. From (7) and taking into account that w}=w,,
we now get

yolrwe= (i) vz (8)
Further, Relation (3) and the fact that e, is G-invariant yield
vi=vg, I<i<n ©)

—1_5

Hence y, 'z°w;=v,y; 'z’. Together with (7), this implies that the element
b,=y 'z°z7! lies in the center of C,(Q) and so in L [4,54:47]. The
identity

(zz7"Wzz ") (zz7) ' =1
gives rise to
bbby =y "y Y
From (4) and (9) we get

Yy ¥y =y;

and so

bbb l=a

t~ st s,

Taking into account N(y,)=1, from z°z !

= b, y, we get the equality
N(z)*=b*N(z). 1

Since the basis {wi'---wi} _. | of C,(Qf) is G-invariant, we may now
state:

THEOREM 3. Any nonzero coordinate y of N(z) in the basis
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(Wit wer a=01 0f C (Qg) provides a solution to the solvable embedding
problem G - G ~ Gal(L | K).

Let us now assume that Q. is K-equivalent to a quadratic form of the
type
Q,=—(XT+X3+ - + XD+ X2, + - + X1

The embedding problem is then solvable if and only if =0 (mod 4).
We shall see now that, in this case, an element y providing the general
solution to the embedding problem can be calculated in terms of matrices,
Let us examine first the case @~ Q over K.

THEOREM 4. If Qg is K»equivalent to the standard quadratic form Q, then
there exists a matrix P in GL{(n, K) such that

P(Trg x(uu))P=1 and  det(MP+1)#0.
Then y =det(MP + I) provides a solution to the embedding problem.
Proof. Let Pin GL(n, K) be such that
P(Trp (luu))P=1

and let us denote by g the isomorphism from K” into E attached to P and
the extended Z/2Z-graded algebras isomorphism from C(Q) into C(Qg).
Let w,= g(e;) and assume P is chosen so that z is nonzero.
Let us see first that N(z) lies in L*, Because of the f-invariance of w, and
v;, we get from (7)
w N(@z)w;=wB(z) zw;= B(zw;) zw;
= B(v;z) v,z = B(z) viz = N(2),
so that N(z) lies in L* [4, 54:4].
Let us now calculate N(z). Using (7) again, we get
N2 =B2)z=F wi - wiwy---viz
=Y Wi wrzwd Wil
Each summand in this last term has the same L-component as z and so
N(z) = 2"(L-component of z).
Now, each summand of z has the shape

Vs Vs Uy Wy oo Wi Wiy, 1<€ij<iy--- <ip<n,



CONSTRUCTION OF A, TYPE FIELDS 457

and its L-component is the minor of MP corresponding to the rows and
columns indices i, i, .., i,. (Just take into account that the columns of
MP are the coordinates of w,, w,, ..., w, in the basis (v,, v,, ..., v,)}. Thus

N(z)=2"det(MP+1I). |}

For n=4, 5, the condition @~ Q over K is equivalent to the solvability
of the embedding problem [35, 3.2].

ExaMPLE. Let E be a biquadratic extension of a field K of characteristic
#2. We write E= K(u,,u,,u;) with u}=qa,eK* i=1,2,3, and
uuu; =1, The Galois group Z/2Z x Z/2Z of E | X is isomorphic to a sub-
group G of 4, and we have G ~ H,, the quaternion group [5, 3.2]. The
embedding problem associated to Hy —» G ~ Gal(E | K} is solvable if and
only if J is K-equivalent to the standard quadratic form Q. By taking the
K-basis {ug=1, u,, u,, u,) of E, this last condition is in turn equivalent to
the existence of a matrix P=(p;), ., ;<, such that

a 0 0
P" 0 02 0 1_)=I.
0 0 a,

We write down the matrix M associated to (1, u,, u,, 4;) (cf. (1)). On the
other hand, the matrix W given by

1 6 0 0O
0 u 0 O
=210 o u, 0
0 0 0 u;

satisfies W'W = (Tr(u;4,))o<, ;<4 and MW ™' is a matrix with entries in K.
Hence, the matrix P defined by the relation

0 0 O
2PMW =

a

1
0
0
0

lies in GL(4, K) and satisfies P/(Tr(u,u;))P=1
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A solution to the embedding problem is then provided by the element

u;, 0 O
det(MP+I)=2det| P 0 u, O [+1
0 0 u,

=4(1 + pyu; + prtir + pistis),

or, equivalently, by y =1+ p,,u; + pastty + Pa3iis.
We recover then the solution given by Witt to this embedding problem
[9, Section VI].

We consider now the case when Q@ is K-equivalent to Q, for any ¢=0
(mod 4).

THEOREM 5. If Qp.~ Q, over K, there exists a matrix P in GL(n, K) such
that

, = } 0
P(TrEIK(uiuj))P=[ Oq Infq]

and the element y of L defined above is nonzero.
We build up y as

y=Y (=1 det C,
C

where C runs through a set of submatrices k x k-of MP+ J, with n—q <

k<nand
0 o0
J‘[O 1]

This set includes all matrices C which contain the n—gq last rows and
columns of MP + J and a number of the remaining rows and columns accord-
ing o the following rules:

(1) The rows of MP + J with indices 1 to q appearing in C satisfy the
following condition: if all 4 rows with indices 4i+1 1o 4i+4 of MP+J
appear in C for a certain number of i’s with 0<i<q/4— 1, then there is
exactly the same number of i’s in this range such that none of the 4 rows
4i+1 to 4i+ 4 appear in C.

(2) For every i, where 0<i<q/4— 1, the columns of MP+J with
indices between 4i+ 1 and 4i + 4 appearing in C are determined by the row
indices in the same range in the following way:
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(a) If only one value appears among the row indices, the same one
value appears among the column indices.

(b) If two values appear among the row indices, the two others are
the column indices.

(¢} If three values appear among the row indices, the same three
values are the column indices.

(d) If none of the four values appears among the row indices (resp.
all four appear), then all four appear among the column indices (resp. none
appears).

For 6(C), we have 6(C)=37*," 5(i), where 6-(i)=0 in cases (a) and
(d) and in case (b) if the row indices are 4i+ j, and 4i + j, with (j,, j,) =
(1,2), (2,3), or (3,4) and 6 -(i)= +1 in all other cases.

This nonzero vy then provides a solution to the embedding problem.

Proof. Let P be a matrix in GL(n, K) such that

, —1, 0
P(TrElK(u,-uj-))Pz[ 0" I";q:l.

The isomorphism from K” into E attached to P extends to an isomorphism
from C(Q,) into C(Qg). Let ¢, be the image of e, under this isomorphism
for 1 <k <n. Define elements w, in C(Q), for 1 <k <n, by

Waip 1 =lgiv2fai43%4i 54
Waiv2=laiv1laiv3laita

Wair3=lgiv1laivalaiva
Waiva=lgiv1taiv2lais3s 0<i<

Wi =ly, g+1<k<n

Then e; —» w; defines a Z/2Z-graded algebras isomorphism from C(Q) into
C(Qg)- We can make z nonzero and so invertible by multiplying by (—1)
as many columns of P as necessary. Now, from (7), we get

N(z) = B(w;) N(z)w;
and so

(N(z)wq---wl)w,=w,-(N(z)wq---Wl), I<ign (10)
Thus N(z)w, ---w, lies in L* [4, 54:4]. Applying (7) and (10), we get

ﬁ(z)zwq...wl= Z Well...wﬁ"(zwq...wl)Wfl"...w‘il
=01
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and hence
N(z)w, - w = 2", (1)

where y = L-component of zw, ---w,. Writing down this element in terms
of v/s and 1s, we obtain a sum of terms such as

ivi’...v‘.k( Z ”jl"'”ﬂ‘j,“‘fjl) ti,'(,"'ti’l’
g+1<ji< - <jisn
where 1<i, < --<i<qg and I<ii<---<ip<q If k=k', the
L-component of such a term is the determinant of the submatrix of MP+J
including the rows iy, ..., iy, ¢+ 1, ..., n and the columns 7\, .., i, ¢+ 1, ., 7
if k#k’, it is then zero. By taking into account which are the terms with
k=K', we obtain the formation rules for the matrices C. The corresponding
sign gives the value of §(C).

Finally, from (11), we get N(z)=2"yw,---w, and Theorem 3 yields the
result stated above. |}

Remark. The number of matrices C appearing in the formula from

Theorem 5 is
[k/2] ' k—i
Yy 14+ (k>( ) l), where k =1
o i i 4

When K = Q), the embedding problem being considered is solvable if and
only if Qp~Q,, over Q and r,=0 (mod 4), where 2r, is the number of
nonreal embeddings of E in C. Theorem 5 applies then to any solvable
embedding problem of type G — G=~Gal(L| Q). Examples of such
solvable problems are known with G=4,, where n=0, 1,2 or 3 (mod 8),
G=As,G=A,, G=M,, G=PSL(2,7) (cf [1,2,8,10]).!

ExaMpPLE. We will now write down the 14 minors appearing in the
formula giving the element y in the case G = A,.

Let x be a root of a polynomial fe Q[X] with Galois group Ag. Let
E = Q(x) and denote by L, as before, the Galois closure of E in Q. Assume
that the embedding problem A; — 4y~ Gal(L | Q) is solvable; we have
then r, =4 (cf. [8]).

The matrix of the trace form Q in the Q-basis (1, x, ..., x”) of E can be
calculated by means of the Newton formulas. Let P be a matrix in
GL(8, @) such that

o —f, O
P‘(Trgs@(x‘+j)0<é,j<7)1)=[ 4 :l
0 I

! Examples of such solvable embedding problems with G = 4,,, for all values of n, have been
provided recently by J. F. Mestre (“Extensions réguli¢res de Q(7T") de groupe de Galois 4.,

to appear).
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If x, =X, X,, .., Xz are the 8 roots of the polynomial f in Q, let M = (x{),
1<i<8,0<,/<7. Let us denote by A4 the matrix MP + J, where J=[g [ 1.
We have then

1 2 3 4
r=alyralo]+als)+ 4l
12 13 14 23 24 34
I R B R P R A R b SR B
123 124 134 234
- - ~ -4
4 [123] 4 [124] A [134] [234]’
where A[ ] denotes the minor of the matrix 4 whose row indices are the
ones appearing in the upper row in brackets and, in addition, 5, 6, 7, and

8; and whose column indices are the ones appearing in the lower row in
brackets and, in addition, S, 6, 7, and 8.
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