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Assume that S is a semigroup generated by {x,,...,x,}, and let Z be the
multiplicative free commutative semigroup generated by {u,..., u,}). We say
that S is of I-type if there is a bijective v:% — S such that for all a € Z,
{v(ua), ..., v(u,a)} = {xw(a),..., x,v(a)}. This condition appeared naturally in
the work on Sklyanin algebras by John Tate and the second author. In this paper
we show that the condition for a semigroup to be of I-type is related to various
other mathematical notions found in the literature. In particular we show that
semigroups of I-type appear in the study of the set-theoretic solutions of the
Yang-Baxter equation, in the theory of Bieberbach groups, and in the study of
certain skew binomial polynomial rings which were introduced by the first author.
© 1998 Academic Press

1. INTRODUCTION

In the sequel k will be a field. Our starting point for this paper are
certain semigroups which were introduced in [3]. Let X = {x,,...,x,} be a
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set of generators. In [3] the first author considers semigroups S of the
form (X; R) where R is a set of quadratic relations

R={xjxi=uij|i=1,...,n;j=i+1,...,n}

satisfying
Condition (*). (D) u;; = x,x;, 1" <j',i" <J.
(2) As we vary (i, j), every pair (i, j') occurs exactly once.

(3) The overlaps x,x;x; for k>j>i do not give rise to new
relations in S.

The motivation for (*) is developed in [3]. Condition (*)(1) says that the
semigroup algebra kS is a binomial skew polynomial ring, so the theory of
(non-commutative) Grobner bases applies to it. Condition (*)(3) says that
as sets

S ={x{x - xi1(ay,...,a,) € N5
Furthermore it is shown in [3, Theorem I1] that (*)(2) is equivalent with kS
being noetherian (assuming (*)(1), (3)).

However, conditions (*)(1), (2), (3) are also natural for intrinsic reasons.
There are exactly as many monomials x;x; with j>i as there are
monomials x;x, with i’ <j'. This provides the motivation for imposing
(*)(2). Furthermore, it follows from [3, Theorem 3.16] that (*)(1), (2), (3)
imply j, j' > i,i’ for the relations in R. Thus conditions (*)(1), (2), (3) are
actually symmetric, in the sense that if they are satisfied by § = (X; R)
then they are also satisfied by S°.

The purpose of this paper is to show that the semigroups defined in the
previous paragraphs are intimately connected with various other mathe-
matical notions which are currently of some interest. In particular we show
that they are related to

(1) Set theoretic solutions of the Yang—Baxter equation [2].

(2) Bieberbach groups [1].

(3) Rings of I-type [6].
We will now sketch these connections. We start by proving the following
proposition.

THEOREM 1.1.  Assume that R satisfies (*)(1), (2), (3). Definer: X> - X?
as follows: r is the identity on quadratic monomials and if (x;x; = x;x;) € R
then r(x;x;) = xpx;, r(x;x;.) = x;x;. Then r satisfies

(1) I’Z = idXZ.
(2)  r satisfies the set-theoretic Yang—Baxter equation. That is, one has
FiFyly = FaliFy,

where as usual r;: X™ — X is defined as idyi-1 X r X id ym-i-1.
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(3) Given a,b € {1,...,n} there exist unique c, d such that
r(x.x,) =x4%,.

Furthermore if a = b then ¢ = d.

In view of this theorem it is natural to consider semigroups of the form
(X; X X; = r(xl-xj)> where r is a set-theoretic solution of the Yang—Baxter
equation. We will show that some of these are of “I-type” [6]. Being of
I-type is a technical condition which is very useful for computations. Let us
recall the definition here. We start with a set of variables u,,...,u, and
we let Z be the free commutative multiplicative semigroup generated by
u,...,u, Let S be asemigroup generated by X = {x,,...,x,}. S is said
to be of (left) I-type if there exists a bijection v : % — § (an I-structure)
such that v(1) = 1 and such that for all a € ¥

{v(uya),...,v(u,a)} = {xw(a),...,x,v(a)}. (1.1)

It is clear that if S is of I-type then kS is of I-type in the sense of [6].

Assume that S is of I-type with [-structure v. Equation (1.1) implies
that for every a € %, i € {1,...,n} there exists a unique x,; € X such
that

x,,v(a) =v(au;)
and {x,;li=1,...,n} = X.

ExAMPLE 1.2. Let S be the semigroup {x, y; x? = y?) and consider the
following double infinity graph.

LN )
x y
x y x
oo
y X
y Xt y
LN ]
x y

Define v(u{tuj?) as one (or all) of the paths from (0, 0) to (a,, a,), written
in reverse order (for example, v(u?u,) = xy?> = x* = y®x). Then it is clear
that this v defines a I-structure on S.
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We have the following result

THEOREM 1.3.  Assume that S is of I-type. Define r: X*> — X? by

r(x, jX,;)=x

U] X1,

u,,i J*

Then r satisfies the conclusions of Theorem 1.2. Conversely if r: X? — X2
satisfies Theorem 1.1(1)—(3), then the semigroup S = {X; x,x; = r(x;x,)) is
of I-type.

From Theorems 1.1 and 1.3 it follows that semigroups defined by
relations satisfying (*)(1), (2), (3) are of I-type. The proof of the following
result is similar to the proof of [6, Theorems 1.1, 1.2].

For a cocycle c¢:S? — k* we use the notation k.S for the twisted
semi-group algebra associated to (S,¢). Thus k.S is the k-algebra with
basis S and with multiplication x -y = ¢(x, y)xy for x,y € S.

THEOREM 1.4. Assume that S is of I-type and let A = k.S for some
cocycle ¢ : S? — k*. Then

(1) A has finite global dimension.

(2) A is Koszul.

(3) A is noetherian.

(4) A satisfies the Auslander condition.

(5) A is Cohen—Macaulay.

(6) If c is trivial then kS is finite over its center.

For the definition of “Cohen—Macaulay” and the “Auslander condition”
see [4].

COROLLARY 1.5.  Assume that S is a semigroup of I-type. Then k_S is a
domain, and in particular S is a cancellative.

This corollary follows from [4].

Let S be a semi-group of I-type with I-structure v:% — §. Since S is a
cancellative semigroup of subexponential growth, it is Ore. Denote its
quotient group by S. We identify # in the natural way with N”, and in this
way we embed it in R”. We will prove the following

THEOREM 1.6. Assume that S is of I-type with I-structure v : % — S. Let
S act on the right of % by pulling back under v the action of S on itself by right
translation. Then this action extends to a free right action of S on R" by
Euclidean transformations and for this action [0, 11" is a fundamental domain.
In particular S is a Bieberbach group.
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ExampLE 1.7. If we take for § the semigroup of Example 1.2 then
using (5.3) one checks that x and y act on R2 by glide reflections along
parallex axes. Hence R?/S is the Klein bottle!

2. PROOF OF THEOREM 1.1

In this section we prove Theorem 1.1. The notations will be as in the
Introduction. So § is a semigroup of the form {X; R) where R is a set of
relations satisfying (*). It is clear that Theorem 1.1(1) is true by definition.
So we concentrate on Theorem 1.1(2), (3).

Below we denote the diagonal of X™ by A,,. Clearly

ri(A3) = Ag, r(As) = A,
Furthermore it follows from the “cyclic condition” [3, Theorem 3.16] that
(A, X X) =X X A,. (2.1)
LEMMA 2.1.  The relation
r(zt) =xy

defines bijections between X ? and itself given by

(1,y) & (2.0) © (x.y) © (2.2).

Proof. That (z,1) < (x, y) defines a bijection is clear. Now consider
the map which assigns (¢, y) to (z, ). We claim that it is an injection. If this
is so then by looking at the cardinality of the source and the target (which
are both X?) we see that it must be a bijection.

To prove the claim we compute r,r,(xy?) = r,(zty) = z? = where the last
equality follows from (2.1). Thus r(fy) =z = and hence z is uniquely
determined by ¢, y. This proves the claim.

That (z,1) < (z, x) is a bijection is proved similarly.

Note that Lemma 2.1 contains Theorem 1.1(3) as a special case. Hence
we are left with proving Theorem 1.1(2).

Let us call w,w’ € (X ) equivalent if they have the same image in S.
Notation: w ~ w'. Clearly w ~ w’ iff

wi=rr,
for some p,iy,... 0,
Concerning the structure of the equivalence classes there is the follow-
ing easy lemma.
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LEMMA 2.2.  Every equivalence class for ~ in X™ contains exactly one
monomial of the formx, - x, ,a, < -+ <a,,.

Proof. This is a consequence of the Bergman diamond lemma. |

After these preliminaries we prove the Yang—Baxter relation for r. The
proof is based upon a careful examination of the equivalence classes in
X3, together with a counting argument.

Let D be the infinite dihedral group {r,,r,;r? = r? = e). D acts on X3
and it is clear that the equivalence classes correspond to D-orbits. Let O
be such an orbit. There are three possibilities.

(A) 0N A;= . In this case clearly |O| = 1.

B ON(A, XX UX XA\ A, # . In this case it follows from
(2.1) that [0] = 3.

© ONA, XXUXXA)=C Now O ={w,rwr,rw,...}.
Thus a general member of O is of the form (r,r)*w or r(r,r)*w.

We claim that (r,r)*w # r,(r,r))’w for a, b € Z. To prove this, assume
the contrary and define

a+b
rl(rzrl)l 2 Jw if a + b is odd

1

la+bJ
(r,ry) 2w if a + b is even.

Thus r;w, = w, or ryw; = w; (depending on whether a + b is even or
odd), whence w, € A, X X U X X A,, contradicting the hypotheses.
Let p be the smallest positive integer such that (r,r,)?w = w. Then

0= {W' (rar)w, ..., (”z”l)pilwl row, r(rr)w, .., rl(rzrl)pflw},

In particular |O] = 2p is even. We claim |O| = 6. To prove this we have to
exclude |O| = 2,4. The case |0|= 2 is easily excluded using Theorem
1.2(3). Hence we are left with |O] = 4. This means that O looks like

T2
XqXpXe XqXqX,

n &

2
Xfxgxc i Xthxe
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which implies that R contains relations

XpX, =X X, (2.3)
XoXp = XpX, (2.4)
X Xy = XpX) (2.5)
X X, =XyX,. (2.6)

Now in a relation x,x, = x,,x, the couples (u,v) and (v, t) determine
each other (Lemma 2.1). So looking at (2.4), (2.5) we find b =d, g = h.
This implies that (2.3) is actually of the form x,x, = x,x,, which is a
contradiction. Hence 0] > 6.

An alternative classification of these orbits goes through the elements they
contain of the form x,x,x,, a <b < c. A unique such element exists in
every orbit by Lemma 2.2.

If O contains an element of the form x,x,x., a <b < c then it is of
type (C) because if not, it contains an element of the form x,x,x, or
x4x,x, With d > e. Using (2.1) and (*)(1) such elements are equivalent to
elements of the form x,x,x,, x,x,x, with f <g, a contradiction.

If O contains an element of the form x, x,x, or of the form x_ x,x,
with a < b then O is clearly of type (B). Finally O is of type (A) iff it
contains an element of the form x,x,x,.

Thus we find that there are n orbits of type (A), n(n — 1) orbits of type
(B), and n(n — 1)(n — 2) /6 orbits of type (C). From the equality

c?

n(n—1)(n - 2)

IX}=n*=1-n+2-n(n—1) +6- 8

we deduce that the orbits of type (C) contain exactly 6 elements.

Now Yang—Baxter easily follows. If w has orbit of type (C) then from
(2.2) we deduce that (r,r)°w =w. If the orbit is of type (B) then
(r,r,)*w = w follows directly from (2.1). Finally if the orbit is of type (A)
then r,w = r,w = w and there is nothing to prove.

This concludes the proof of Theorem 1.1.

3. PROOF OF THEOREM 1.3

In this section we prove Theorem 1.4. One direction is trivial, so we
concentrate on the other direction. That is, given r satisfying Theorem
1.1(1)—(3), we will construct v:# — S and x,,€X for be?, i=
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{1,...,n} in such a way that

(a) v is a bijection.

() v(u;b) =x, v(b)

© {x,;li=1...,n}={x;,...,x,}

(d) r(xbuj,ixb,j) = Xbu, jXb, i
The construction is inductive. To start we put v(1) = 1 and v(u;) = x,;
for an arbitrary element o of Sym,. From here on everything will
be uniquely defined. Assume that we have constructed v(b) for deg b <
m—1, x,,; for degb <m — 2 satisfying (a)-(d). We will define x,;
for deg @ = m — 1 such that (c), (d) hold.

Case 1. a #u}'"*. S0 a = bu;, j # i. Computing v(bu,u;) in two ways
(as a heuristic device, since v(bu,u;) is still undefined) we find that x,
must be defined by

r(xa,ixb,j) = K Xp e (3.1)

This indeed defines x, ; uniquely thanks to Theorem 1.1(3). However, one
still must deal with the possibility that the x,; might depend on j. To
analyze this assume k # i, a = du;u,. Put b = duy, ¢ = du;, e = du;. We
now define p,q, p', q’ by

r(be,j) =4gXp (3.2)
r(p,xc,k) zq,xc,i' (33)

We have to show p = p’. By induction we have the identities

r(xb,jxd,k) =XckXa,j (3.4)
r(xb,ixd,k) = Xe kXa,i (3.5)
r(xc,ixd,j) =X jXa,i (3.6)

We can now construct a ‘“Yang—Baxter diagram”

&t
PXp X — QXp i Xq k

rzl l’z
PXc kXa,j QX kXa,i

rll lrl

2
XYx,;, — XZx,,

with X, Y, Z unknown so far.
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Comparing r(Yx, ;) = Zx,; with (3.6) yields Y =x_,, Z =x, ;.
So we find that

r(pxc,k) = )Gcc,i

and comparing this with (3.3) yields p = p’.
Hence we can now legally define x, ; = p. Furthermore (3.2) can also be
read as

r(qxb,i) = PXp, -

Since obviously bu; # uj"~ ! we obtain ¢ = X,,, - We conclude that with
our present deflnltlons we have for j # i, deg b<m-—2,

r(xbuj,ixb,j) = Xbu,, j%b,i- (3.7)

We claim that this relation holds more generally under the hypotheses that
deg b <m — 2 and bu; # u}"~* (or equivalently bu; + u"~*).

The only case that still has to be checked is i =j, degb =m — 2,
b # u" 2. In this case we may put b = cu,, k # i. We construct again a
Yang—Baxter diagram

Ty
xcu,-uk,ixcuk,ixc,k xcuiuk,inc,k

| o

X 'xcul-,kxc,i X 'xcui,kxc,i

cuuy, i cuuy,i

o Tn

2

xcu,z,kxcu,v,ixc,i xcuz kxcu-,ixc,i'

From the relation
r(xcui,kxc,i) = Yxc,k

we deduce Y =x,, ,. Looking at the top row of (3.8) finishes the proof of
(3.7) under the hypotheses that bu; # u}'~*.

Now we claim that if dega = - Li#jand a+#ul " ul'" " then

X,; * X, ;- Assume the contrary and write a = bu,. Then by (3.7) we have

r(xbu,,ixb,l) = Xpu;, 1Xp,i
(3.9)

r(xbu,,ij,l) = Xbu;1%p,

Since the left-hand sides of (3.9) are the same and this is not the case with
the right-hand sides we obtain a contradiction.
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Case 2. a =u!""'. In this case we take x, ; different from x, o] F L
This defines x, unlquely, and obviously (c) is satlsfled ifdegb <m — 1.

Now we prove (3.7) in th remaining case b = u" %, i =j.

Since we already know (c) we can write

r(xbztk,lxb,k) = Xpu,,i%p,i

for some k, [ and we have to show k = [ = i. Assume on the contrary that
k # i or |l # i. By what we know so far we have

r(xbuk,lxb,k) = Xpu, kXb, 1

But then k =/ =i, a contradiction.
So up to this point we have defined x, ; and we have proved (c), (d) for
degb <m — 1. Now if a = bu; has length m then we define

v(a) =x, v(b) (3.10)

so that (b) certainly holds. That (3.10) is well defined follows easily from
(d).

Hence to complete the induction step it suffices to show that (a) holds.
That is, v should define a bijection on words of length m. Let U =
{u,,...,u,} and let U™ be the words of length m in U. Furthermore let
r;:U™ — U™ be given by exchanging the (i,i + 1)st letter. Define a map
U™ - X™ by

U(uil uim) =x1412 Uiy xu,-milu,m,im,zxu,vm,im,lxl,im'
By (c), U is clearly a bijection.
From (d) we obtain the commutative diagram

um L xm
rll lri
um L xm

So 7 defines a bijection between the orbits U”/Sym,, and X" /Sym,,.
We have

%, =U"/Sym,,, S,=X"/Sym,,

where %,,, S,, are the elements of degree m in # and S, respectively.
Furthermore the map #%,, — S,, induced by 7 is precisely v. This finishes
the proof of Theorem 1.3.
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4. SEMIGROUPS OF I-TYPE

Below S will be a semigroup of I-type, with I-structure v:% — S (as
defined in the Introduction). In this section we will give some properties
of §, and in particular we will prove Theorem 1.4.

First observe that every element of (X ) can be written uniquely in the
form

X

Uy

. X X o
1 bm ui i1 0y

Two different elements w,w’ in X2 have the same image in S iff there
exist i # j such that

W=x, X, wh=x,

The following lemma summarizes some observations in [6], translated into
the language of semigroups.

LEMMA 4.1. (1) The natural grading by degree on % induces via v a
grading on S such that deg(x;) = 1.

(2) The map s — sv( ) fora given u € % induces a bijection between
S and {v(ap) | a € #}.
(3) S is right cancellative.

(4) Sis a quotient of (X ) by n/(n — 1) /2 different relations in degree
2 given by

Xy %10 = Xy iXe s j>i.

If o € Sym, then we extend o to % via
U iy U

LEMMA 4.2. Every bijection w:% — S, satisfying (1.1), is of the form
voo, o€ Sym,.

Proof.  Clearly there exist o € Sym,, such that w and v o take the
same values on {u,,...,u,}. Hence to prove the lemma we have to show
that a map v satisfying (1.1) is uniquely determined by the values it takes
on {uy,...,u,}. This was part of the proof of Theorem 1.3. |I
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Now we want to develop some kind of calculus for semigroups of I-type.
Consider the arrows

§ 220 (ab) | b € %)

Tl:(ub)
T
b

74

It is clear that the vertical map is a bijection and so is the horizontal map
by Lemma 4.1. Thus we may define a bijection w: % — § which makes
(4.1) commutative. Furthermore w obviously satisfies (1.1), so according to
Lemma 4.2, w = v o ¢(b) where ¢(b) € Sym,. We view ¢ as a map from
% to Sym, . Expressing the fact that w completes (4.1) to a commutative
diagram yields

v(ab) = v(p(b)(a))v(b). (42)
If we now compute v(abc) in two ways we find
v(abe) = v(d(b(c)(b))(b(c)(a)))v(d(c)(b))v(c)
and
v(abe) = v(d(be)(a))v(b(c)(b))v(c).
Using the fact that S is right cancellative we obtain
d(¢(c)(b))(b(c)(a)) = ¢(bec)(a)
or put differently
((d(c)(b)) > d(c))(a) = $(bc)(a).
Since this is true for all a we obtain
d(bc) = ¢(P(c)(b))° d(c). (43)

Let us define ker ¢, im ¢ in the usual way (even though ¢ is clearly not a
semigroup homomorphism),

ker¢p = {a € | ¢p(a) = id}
im¢ = {¢(a) lac).

To simplify the notation we put P = ker ¢, G = im ¢.
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Then (4.2), (4.3) yield the following lemma.
LEMMA 43. (1) If b € P then

$(ab) = ¢(a) (4.4)
v(ab) = v(a)v(b). (4.5)

(2) Pis a saturated subsemigroup of % (a € P = (ab € P & b € P)).
(3) G is a subgroup of Sym,, (note that a finite subsemigroup of a group
is itself a group).
(4) Ifbe Ganda < P then b(a) € P.
LEMMA 4.4. There exist t,,...,t, > 0 such that ui € P.

Proof. Since Sym,, is finite there exist r, <s, such that

d(ui') = d(u;"). (4.6)

Put a =TI, ufi, t; =5, — 13
Now if qb(p) d(q) then (4.3) implies that ¢(rp) = ¢(rq). Applying
this with p =u", g=u" and r=1TI,,,uj vyields ¢(a) = dlau’) =

d(d(a)ul))p(a) and thus
d(a)(u;)" € ker ¢.

Now ¢p(a)(u;) =ty SO if we put ¢, = 1),y then ¢(u;) =id. |
COROLLARY 4.5.  Let P, be the subsemigroup of % generated by u'i. Then
(1) v(Py) is a free abelian subsemigroup of S, generated by v(ul).
2 §= U p(@v(Py).
where the union runs over those a = uf* -~ uf» with 0 <p, <t, — 1.

Proof.  The corresponding statements for % are obvious. To obtain
them for S one applies v and uses (4.5). |

Proof of Theorem 1.4. This is entirely similar to the proof of [6,
Theorems 1.1, 1.2] so we content ourselves with a quick sketch. Note that
by [6, Corollary 3.6] an algebra of I-type is automatically Koszul and has
finite global dimension, so we only have to prove Theorem 1.4(3)—(6).

Note that the equations of k.S are given by x, ;x,;, =d;x, ;x;; for

ij uj, i
some d;; € k*. We first assume that the (d;));; are roots of unity. Then
(using (4.5)) we can take P, so small that U(Po) is commutative in k_S.
Thus by Corollary 4.5, k.S is finite on the left over a commutative ring,

and hence is PI. This proves in particular (6) and using the same results of
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Stafford and Zhang [5] as in the proof of [6, Theorem 1.1] also yields
(2)—(5) in this case.
The general case is now proved using reduction to a finite field as in [6].

5. PROOF OF THEOREM 1.6

In this section we use the same notations and assumptions as in the
previous sections.

Since S is cancellative (Corollary 1.5) and has subexponential growth it
is (left and right) Ore. For an Ore semigroup T denote by T its quotient
group.

We now extend v, ¢ to maps

teo(u)u(p)

&% > Sym,1upt > (u)d(p)

D:??—)f:up’

where p € P. This is well defined because of (4.4), (4.5) and the fact that it
is clear from Lemma 4.4 that every element of % can be written as up ™,
pEP,CP.

LEMMA 5.1. (1) If s € S then there exists t € S such that ts € v(P),
st € v(P).

(2) U is a bijection.

Proof. (1) Assume t = v(c). We have to find b € # such that

b0 (v(b)v(c))) = d(b)d(c) =
$(v7 (v(c)v(D))) = d(c)$(b) = id.

It is clear that this is possible since im ¢ is a group.

(2) 1t is easy to see that o is an injection, and from (1) we deduce
that it is also a surjection. 1

One verifies that o satisfies (1.1) and it is also clear ker ¢, im ¢ have the
same properties as ker ¢, im ¢ (Lemma 4.4). Furthermore ker ¢ is now
actually a group and im ¢ =im ¢. We deduce the following slight
strengthening of Lemma 4.4 (and generalization of [3]) which is however
not needed in the sequel.
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PROPOSITION 5.2.  For all i, u™ € ker ¢.

Proof. Let p be the smallest positive integer such that u? € ker ¢.
Then p divides I?//ker ¢| Now ¢ defines a bijection (not a group homo-
morphism) between #/ker ¢ and im ¢. Thus p divides im ¢| which in
turn divides [Sym,| = n! |

S acts on itself by right and left multiplication. If we transport this
action to % through v we obtain commuting left and right actions of S on
7% given by the formulas

YVaeS,be?, a-b=0*(av(b)) (5.1)

YVacZ,beS, a-b=0Y0(a)b). (5.2)

In the previous sections we have concentrated on the action (5.1). Now we
will say something about the action (5.2). B
Using (4.2) we deduce that for a € %, b € S,

= 3(071(b)) (@)D 1(b).

Proof of Theorem 1.6. By permuting the x; we may and we will assume
that v(u,) = x,. Consider the map

7" > U (ay,...,a,) > ult e ouln,
Fora € 7", b € S we write
a-b=y(y(a) b)

and we put ¢(c) = ¢(c)e i, J;, = $(ui). We find for (ay,...,a,) € 7",

(ay,....a,) x; = (agay - a5 + 1., a5,). (5.3)

We conclude that (x;),, and hence all of S acts on the right of Z" by
Euclidean transformations. Keeping the formula (5.3) we can extend this
action to an action on R” and it is then clear that [0, 1[" is a fundamental
domain. Furthermore if the action were not free then there would be a
fixed point (a,...,a,) € R" for some element s of S. But then
(la,),...,la,D € Z" is also a fixed point for s. This is impossible since by
construction the action of S on % and hence on Z” is free. |
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