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1. Introduction

Thermoviscoelastic mixtures of solids is a subject which has
deserved much attention in recent years. The first works on the
continuum theory of mixture were the contribution by Truesdell
and Toupin (1960), Green and Naghdi (1965, 1968) or Bowen
and Wiese (1969). Presentations of these theories can be found
in the articles Atkin and Craine. (1976), Bedford and Drumheller
(1983) or the books by Bowen (1976), Rajagopal and Tao (1995).

The theory of viscoelastic mixtures has been investigated by
several authors (see, e.g., Ies�an and Quintanilla, 2002; Ies�an and
Quintanilla, 2007; Ies�an and Nappa, 2008 and references therein).
In (Ies�an and Quintanilla, 2007; Ies�an and Nappa, 2008), the
authors derive the basic equations of a nonlinear theory of heat
conducting viscoelastic mixtures in Lagrangian description. They
assume that the constituents have a common temperature and that
every thermodynamical process which takes place in the mixture
satisfies the Clausius-Duhem inequality. In this paper we want to
emphasize the study of the decay of solutions to the case of a
one-dimensional beam composed by a mixture of two thermovi-
scoelastic solids and we want to know when we can expect expo-
nential stability for our system. The model considered has been
treated by Ies�an and Quintanilla (2007), Ies�an and Nappa (2008)
and Alves et al. (2009b). In what follows, we briefly describe this
model.
ll rights reserved.
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We consider a mixture of two interacting continua that occu-
pies the interval ð0; LÞ. The displacements of typical particles at
time t are u and w, where u ¼ uðx; tÞ;w ¼ wðy; tÞ; x; y 2 ð0; LÞ. We
assume that the particles under consideration occupy the same po-
sition at time t ¼ 0, such that x ¼ y (see, e.g., Bedford and Stern,
1972). The temperature deviation(difference to a fixed constant
reference temperature) in each point x and the time t is given by
h ¼ hðx; tÞ. We denote by q1 and q2 the mass densities of the two
constituents at time t ¼ 0. T; S the partial stresses associated with
the constituents, P the internal diffusive force, H the entropy den-
sity, Q the heat flux vector and T0 is the absolute temperature in
the reference configuration. In the absence of body forces and heat
sources the system of equations which governs the linear theory
consists of the equations of motion

q1utt ¼ Tx � P; q2wtt ¼ Sx þ P;

the energy equation

qT0Ht ¼ Qx;

where q ¼ q1 þ q2, and the constitutive equations. From the one-
dimensional linear theory established in (Ies�an and Quintanilla,
2007), it results that in the absence of porosity, the constitutive
equations are the following

T ¼ a11ux þ a12wx þ b11uxt þ b12wxt � b1h;

S ¼ a12ux þ a22wx þ b21uxt þ b22wxt � b2h;

P ¼ aðu�wÞ þ a1ðut �wtÞ þ a2hx;

qH ¼ b1ux þ b2wx þ ch;

Q ¼ Khx þ K1ðut �wtÞ;
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where c;a;K;K1;ai; bi; aij; bij ði; j ¼ 1;2Þ are constitutive coefficients.
The Clausius-Duhem inequality reduces to

b11x2 þ ðb12 þ b21Þxyþ b22y2 þ a1z2 þ ða2 þ K1T�1
0 Þz‘þ KT�1

0 ‘2 P 0;

for all x; y; z and ‘. This inequality and the above constitutive equa-
tions can be found also in (Ies�an and Nappa, 2008). If we assume
that b12 ¼ b21 and a2 þ K1T�1

0 ¼ 0 and substitute the constitutive
equations into the motion equations and the energy equation, we
obtain the system of field equations

q1utt � a11uxx � a12wxx � b11uxxt � b12wxxt þ aðu�wÞ
þ a1ðut �wtÞ þ b1hx ¼ 0;

q2wtt � a12uxx � a22wxx � b12uxxt � b22wxxt � aðu�wÞ
� a1ðut �wtÞ þ b2hx ¼ 0;

cht � jhxx þ b1uxt þ b2wxt ¼ 0;

ð1Þ

with 0 < x < L; t > 0;j ¼ KT�1
0 ; b1 ¼ b1 þ a2, and b2 ¼ �b2 þ a2. We

assume that q1;q2; c;j, and a are positive constants, a1 P 0 and
b2

1 þ b2
2 – 0. The matrix A ¼ ðaijÞ is symmetric and positive definite

and B ¼ ðbijÞ– 0 is symmetric and nonnegative definite, that is,

a11 > 0; a11a22 � a2
12 > 0;

b11 P 0; b11b22 � b2
12 P 0:

We study the system (1) with the following initial conditions:

uð : ;0Þ ¼ u0; utð : ; 0Þ ¼ u1; wð : ;0Þ ¼ w0;

wtð : ; 0Þ ¼ w1; hð : ;0Þ ¼ h0; ð2Þ

and the boundary conditions:

uð0; tÞ ¼ uðL; tÞ ¼wð0; tÞ ¼wðL; tÞ ¼ hxð0; tÞ ¼ hxðL; tÞ ¼ 0 in ð0;1Þ:
ð3Þ

Our purpose in this work is to investigate the stability of the
solutions to system (1)–(3). The asymptotic behavior as t !1 of
solutions to the equations of linear thermoelasticity has been stud-
ied by many authors. We refer to the book of Liu and Zheng (1999)
for a general survey on these topics.

We recall that very few contributions have been addressed to
study the time behavior of the solutions of nonclassical elastic theo-
ries. In this direction we mention the works (Quintanilla, 2005; Quin-
tanilla, 2005; Martínez and Quintanilla, 1995; Alves et al., 2009a). In
(Quintanilla, 2005), the author deal with the theory of elastic mix-
tures. He proved the exponential decay of solutions of the equations
of motion of a mixture of two linear isotropic one-dimensional elastic
materials when the diffusive force is a function which depends on the
point and can be localized. The paper (Quintanilla, 2005) deal with the
theory of mixtures of viscoelastic solids. The author states the linear
equations of the thermomechanical deformations and studies several
suitable conditions to guarantee the exponential stability of solutions.
Onthe other hand, the exponential stability for the case of the thermo-
elastic mixtures (when B ¼ 0;a1 ¼ 0 in (1)) has been studied at
(Martínez and Quintanilla, 1995; Alves et al., 2009a). In (Martínez
and Quintanilla, 1995), the authors prove (generically) the asymptotic
stability. In (Alves et al., 2009a), the authors prove that the semigroup
associated is exponentially stable if and only if

b2ðb1q2a11 þ b2q1a12Þ–b1ðb2q1a22 þ b1q2a12Þ ð4Þ

and

n2p2

L2 –
a ðq1b

2
2 � q2b

2
1Þ þ b1b2ðq1 � q2Þ

� �
b1b2ðq2a11 � a22q1Þ � a12ðb2

1q2 � b2
2q1Þ

; ð5Þ

holds for all n 2 N.
We note that we can not expect that this system always decays in a

exponential way. For instance, in case when b1 þ b2 ¼ 0;q2ða11

þa12Þ ¼ q1ða12 þ a22Þ and b11 þ b12 ¼ b12 þ b22 ¼ 0 we can obtain
solutions of the form u ¼ w and h ¼ 0. These solutions are undamped
and do not decay to zero. These are very particular cases, but we will
see that there are some other cases where the solutions decay, but the
decay is not so fast to be controlled by an exponential.

Our main result is to establish conditions to guarantee the expo-
nential stability of the semigroup associated with (1)–(3). Fora1 > 0,
the semigroup associated is exponentially stable if and only if

b11–� b12 or b22–� b12 or b1–� b2; ð6Þ

or

q2ða11 þ a12Þ–q1ða22 þ a12Þ: ð7Þ

Moreover, for a1 ¼ 0, the semigroup associated is exponentially sta-
ble if and only if

fðb11;b12Þ;ðb1;b2Þg or fðb12;b22Þ;ðb1;b2Þg is linearly independent;

ð8Þ

or (4) and (5) hold.
We want to emphasize that in a certain way, due to papers

(Quintanilla, 2005; Alves et al., 2009a), the conditions (4), (5) and
(7) are expected to guarantee the exponentially stable of the semi-
group. However, we do not know any paper that indicates the same
for conditions (6) and (8).

This paper is organized as follows: Section 2, outlines briefly the
notation and the well-posedness of the system is established. In Sec-
tion 3, we show the exponential stability of the corresponding semi-
group. In Section 4 we show the lack of stability exponential of the
semigroup provided a1 ¼ 0; ðb11; b12Þ; ðb12; b22Þ and ðb1; b2Þ are col-
linear and (4) does not hold; or a1 > 0; b11 ¼ b22 ¼ �b12; b2 ¼ �b1

and (7) does not hold. Finally, in Section 5, we give some numerical
examples to show the asymptotic behavior of the solution.

Our main tool is the theorem given by Gearhart (1978), Huang
(1985), Pruss (1984) as well as the spectral arguments.

Finally, throughout this paper C is a generic constant, not neces-
sarily the same at each occasion (it will change from line to line),
which depends in an increasing way on the indicated quantities.
2. Existence and uniqueness of the solutions

In this section we study the setting of the semigroup and we
establish the well-posedness of the system. To study the initial
boundary value problem by the semigroup theory, we introduce
new variables

ut ¼ v and wt ¼ g; 8t > 0: ð9Þ
Replacing (9) in (1) we have

ut ¼ v ;
wt ¼ g;

v t ¼
1
q1

a11uþ a12wþ b11v þ b12gð Þxx �
a
q1
ðu�wÞ

� a1

q1
ðv � gÞ � b1

q1
hx;

gt ¼
1
q2

a12uþ a22wþ b12v þ b22gð Þxx þ
a
q2
ðu�wÞ

þ a1

q2
ðv � gÞ � b2

q2
hx;

ht ¼ �
b1

c
vx �

b2

c
gx þ

j
c

hxx:

ð10Þ

Then, the initial boundary value problem (1)–(3) is reduced to the
following abstract initial value problem for a first-order evolution
equation

d
dt

UðtÞ ¼AUðtÞ; Uð0Þ ¼ U0; 8t > 0 ð11Þ



M.S. Alves et al. / International Journal of Solids and Structures 46 (2009) 4151–4162 4153
where UðtÞ ¼ ðu;w;ut;wt ; hÞT ;U0 ¼ ðu0;w0; u1;w1; h0ÞT and

A

u

w

v
g
h

0BBBBBB@

1CCCCCCA

¼

v
g

1
q1

a11uþa12wþb11vþb12gð Þxx� a
q1
ðu�wÞ� a1

q1
ðv�gÞ� b1

q1
hx

1
q2

a12uþa22wþb12vþb22gð Þxxþ a
q2
ðu�wÞþ a1

q2
ðv�gÞ� b2

q2
hx

�b1
c vx� b2

c gxþj
c hxx

0BBBBBBB@

1CCCCCCCA
: ð12Þ

We define L2
� ð0; LÞ ¼ fh 2 L2ð0; LÞ :

R L
0 hdx ¼ 0g the Hilbert space with

the usual inner product and norm of L2ð0; LÞ and consider

H ¼ H1
0ð0; LÞ � H1

0ð0; LÞ � L2ð0; LÞ � L2ð0; LÞ � L2
� ð0; LÞ

equipped with the inner product given by

ðu;w;v ;g; hÞ; orðeu; ew; ev ; eg; ehÞD E
H

¼
Z L

0
a11uxeux þ a12ðux ewx þwxeuxÞ þ a22wx ewx

� �
dxþ a

Z L

0
ðu�wÞ

� ðeu � ewÞdxþ q1

Z L

0
v evdxþ q2

Z L

0
gegdxþ c

Z L

0
hehdx:

and the norm induced k � kH. We can show that the norm k � kH is
equivalent to usual norm of H. We also consider the Hilbert space
V ¼ fu 2 H2ð0; LÞ \ L2

� ð0; LÞ : ux 2 H1
0ð0; LÞg with norm kukV ¼

kuxxkL2ð0;LÞ.

Instead of dealing with (10) we will consider (11) with the oper-
ator A : DðAÞ �H!H, with domain

DðAÞ¼ U¼ðu;w;v;g;hÞ 2H : v; g2H1
0ð0;LÞ; a11u

n
þa12wþb11vþb12g2H2ð0;LÞ;a12uþa22wþb12vþb22g2H2ð0;LÞ; h2V

o
dense in H.

Firstly, we show that the operator A generates a C0-semigroup
of contractions on the space H.

Proposition 2.1. The operator A generates a C0-semigroup SAðtÞ of
contractions on the space H.

Proof:. We will show that A is a dissipative operator and
0 2 qðAÞ, the resolvent set of A. Then our conclusion will follow
using the well known the Lumer-Phillips theorem. We observe that
if U ¼ ðu;w;v ;g; hÞ 2 DðAÞ then

AU;Uh iH ¼ a11

Z L

0
vxuxdxþ a12

Z L

0
vxwxdxþ a

Z L

0
vudx

� a
Z L

0
vwdxþ a12

Z L

0
gxuxdxþ a22

Z L

0
gxwxdx

� a
Z L

0
gudxþ a

Z L

0
gwdx�

Z L

0
½a11ux þ a12wx þ b11vx

þ b12gx�vxdx�
Z L

0
b1hxvdx�

Z L

0
½a12ux þ a22wx

þ b12vx þ b22gx�gxdx�
Z L

0
b2hxgdx� a

Z L

0
uvdx

þ a
Z L

0
wvdxþ a

Z L

0
ugdx� a

Z L

0
wgdx�

Z L

0
ðb1vx

þ b2gx � jhxxÞhdx� a1

Z L

0
jv � gj2dx:
Taking the real part we obtain

Re AU;Uh iH ¼ �jkhxk2
L2ð0;LÞ � b11kvxk2

L2ð0;LÞ � b22kgxk
2
L2ð0;LÞ

� 2b12Re
Z L

0
vxgxdx� a1kv � gk2

L2ð0;LÞ: ð13Þ

Case I. b11 > 0 implies b22 ¼ b2
12=b11. Then in (13) we have

Re AU;Uh iH ¼ � jkhxk2
L2ð0;LÞ �

1
b11
kb11vx þ b12gxk

2
L2ð0;LÞ

� a1kv � gk2
L2ð0;LÞ 6 0: ð14Þ

Thus the operator A is dissipative.
Case II. b11 ¼ 0 implies b12 ¼ 0. Then in (13) we have

Re AU;Uh iH ¼ � jkhxk2
L2ð0;LÞ � b22kgxk

2
L2ð0;LÞ � a1kv � gk2

L2ð0;LÞ 6 0:

Thus A is also dissipative.
On the other hand, we show that 0 2 qðAÞ. In fact, given

F ¼ ðf ; g;h; p; qÞ 2H, we must show that there exists a unique
U ¼ ðu;w;v;g; hÞ in DðAÞ such that AU ¼ F, that is,

v ¼ f in H1
0ð0; LÞ; ð15Þ

g ¼ g in H1
0ð0; LÞ; ð16Þ

ða11uþ a12wþ b11v þ b12gÞxx � aðu�wÞ � a1ðv � gÞ
� b1hx ¼ q1h in L2ð0; LÞ; ð17Þ

ða12uþ a22wþ b12v þ b22gÞxx þ aðu�wÞ þ a1ðv � gÞ
� b2hx ¼ q2p in L2ð0; LÞ; ð18Þ

� b1vx � b2gx þ jhxx ¼ cq in L2
� ð0; LÞ: ð19Þ

Replacing (15) and (16) in (19) we have

jhxx ¼ cqþ b1fx þ b2gx 2 L2
� ð0; LÞ: ð20Þ

It is known that there is a unique h 2 V , satisfying (20). Moreover,
given the continuous and coercive sesquilinear form

B ðu;wÞ; ðu;wÞð Þ ¼ a11

Z L

0
uxuxdxþ a12

Z L

0
uxwxdxþ a12

Z L

0
wxux

þ a22

Z L

0
wxwxdxþ a

Z L

0
ðu�wÞðu� wÞdx;

for ðu;wÞ; ðu;wÞ 2 H1
0ð0; LÞ � H1

0ð0; LÞ and the functional G : H1
0ð0; LÞ

�H1
0ð0; LÞ ! C,

Gðu;wÞ ¼ �
Z L

0
ðb11v þ b12gÞxuxdx� q1

Z L

0
hudx� b1

Z L

0
hxudx

�
Z L

0
ðb12v þ b22gÞxwxdx� q2

Z L

0
pwdx� b2

Z L

0
hxwdx

� a1

Z L

0
ðv � gÞðu� wÞdx;

we have using the Lax-Milgram theorem that there exists a unique
vector function ðu;wÞ in H1

0ð0; LÞ � H1
0ð0; LÞ such that

Bððu;wÞ; ðu;wÞÞ ¼ Gðu;wÞ; 8 ðu;wÞ 2 H1
0ð0; LÞ � H1

0ð0; LÞ:

ThusZ L

0
ða11uxþa12wxþb11vxþb12gxÞuxdx

þa
Z L

0
ðu�wÞudxþb1

Z L

0
hxudxþa1

Z L

0
ðv�gÞudx¼�q1

Z L

0
hudx;Z L

0
ða12uxþa22wxþb12vxþb22gxÞwxdx

�a
Z L

0
ðu�wÞwdxþb2

Z L

0
hxwdx�a1

Z L

0
ðv�gÞwdx¼�q2

Z L

0
pwdx;
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8u;w 2 H1
0ð0; LÞ. It follows that a11uþ a12wþ b11v þ b12g and

a12uþ a22wþ b12v þ b22g belong to H1
0ð0; LÞ \ H2ð0; LÞ and the Eqs.

(17) and (18) are verified. Moreover, it is easy to show that
kUkH 6 CkFkH, for a positive constantC. Therefore, we conclude
that 0 2 qðAÞ.

From the Proposition 2.1 we can state the following result (see
Pazy, 1983). h

Theorem 2.2. For any U0 2H there exists a unique solution
UðtÞ ¼ ðu;w;ut ;wt ; hÞ of (1)–(3) satisfying

u;w 2 Cð½0;1½: H1
0ð0; LÞÞ \ C1ð½0;1½: L2ð0; LÞÞ;

h 2 Cð½0;1½: L2
� ð0; LÞÞ \ L2ð�0;1½: H1ð0; LÞÞ:

However, if U0 2 DðAÞ we have

u;w 2 C1ð½0;1½: H1
0ð0; LÞÞ \ C2ð½0;1½: L2ð0; LÞÞ;

a11uþ a12wþ b11ut þ b12wt 2 Cð½0;1½: H2ð0; LÞÞ;
a12uþ a22wþ b12ut þ b22wt 2 Cð½0;1½: H2ð0; LÞÞ;
h 2 Cð½0;1½: VÞ \ C1ð½0;1½: L2

� ð0; LÞÞ:
3. Exponential stability

In this section the first result that we are going to present is
about the necessary and sufficient conditions of exponential stabil-
ity of a C0-semigroup on a Hilbert space. This result was obtained
by Gearhart (1978), and Huang (1985), independently (see also
Pruss, 1984).

Theorem 3.1. Let SðtÞ be a C0-semigroup of contractions of linear
operators on Hilbert space H with infinitesimal generator B. Then SðtÞ
is exponentially stable if and only if

(i) iR � qðBÞ.
(ii) lim supjbj!þ1kðibI �BÞ�1kLðHÞ <1.

Lemma 3.2. Let A be defined in (12). Assume that

(a) a1 > 0 and

(a.1) condition (6) holds.
(a.2) b11 ¼ b22 ¼ �b12; b1 ¼ �b2 and (7) holds.
(b) a1 ¼ 0 and

(b.1) condition (8) holds.
(b.2) ðb11; b12Þ; ðb12; b22Þ andðb1; b2Þ are collinear and (5)

holds.
Then the set iR ¼ fik : k 2 Rg is contained in qðAÞ.

Proof. Following the arguments given in Liu and Zheng (1999), the
proof consists of the following steps:

Step 1. Since 0 2 qðAÞ, for any real number k with kkA�1k < 1,
the linear bounded operator ikA�1 � I is invertible, there-
fore ikI �A ¼ AðikA�1 � IÞ is invertible and its inverse
belongs to LðHÞ, that is, ik 2 qðAÞ. Moreover,
kðikI �AÞ�1k is a continuous function of k in the interval
ð�kA�1k�1

; kA�1k�1Þ.
Step 2. If supfkðikI �AÞ�1k : jkj < kA�1k�1g ¼ M <1, then for

jk0j < kA�1k�1 and k 2 R such that jk� k0j < M�1, we have
kðk� k0Þðik0I > �AÞ�1k < 1, therefore the operator

ikI �A ¼ ðik0I �AÞðI þ iðk� k0Þðik0I �AÞ�1Þ
is invertible with its inverse in LðHÞ, that is, ik 2 qðAÞ. Since k0 is
arbitrary we can conclude that fik : jkj < kA�1k�1 þM�1g � qðAÞ
and the function kðikI �AÞ�1k is continuous in the interval
ð�kA�1k�1 �M�1; kA�1k�1 þM�1Þ.
Step 3. Thus, it follows by item (ii) that if iR � qðAÞ is not true,

then there exists x 2 R with kA�1k�1
6 jxj such that

fik : jkj < jxjg � qðAÞ and supfkðikI �AÞ�1k : jkj < jxjg ¼
1. Therefore, there exists a sequence of real numbers
ðknÞ with kn ! x, jknj < jxj and sequences of vector func-
tions Un¼ðun;wn;vn;gn;hnÞ2DðAÞ;Fn¼ðfn;gn;hn;pn;qnÞ2H,
such that ðiknI �AÞUn ¼ Fn and kUnkH ¼ 1 and Fn ! 0 in
H when n!1, that is,
iknun � vn ¼ fn! 0 in H1
0ð0;LÞ; ð21Þ

iknwn �gn ¼ gn! 0 in H1
0ð0;LÞ; ð22Þ

iknq1vn � a11un þ a12wn þ b11vn þ b12gnð Þxx

þa un �wnð Þþ a1ðvn � gnÞþ b1hnx ¼ q1hn! 0 in L2ð0;LÞ; ð23Þ
iknq2gn � a12un þ a22wn þ b12vn þ b22gnð Þxx

�a un �wnð Þ� a1ðvn � gnÞþ b2hnx ¼ q2pn! 0 in L2ð0;LÞ; ð24Þ
iknchn þ b1vnx þ b2gnx �jhnxx ¼ cqn! 0 in L2

� ð0;LÞ: ð25Þ

We observe that

RehðiknI �AÞUn;UniH ! 0 as n!1: ð26Þ

Suppose that b11 > 0. Then, using the same idea as (15) we obtain

j
Z L

0
jhnxj2dxþa1

Z L

0
jvn�gnj

2dxþ 1
b11

Z L

0
jb11vnxþb12gnxj

2dx!0

as n!1:

It follows by the Poincaré inequality that hn ! 0 in H1ð0; LÞ and
b11vn þ b12gn ! 0 in H1

0ð0; LÞ. Since ðunÞn2N; ðwnÞn2N are bounded se-
quences in H1

0ð0; LÞ, by the compactness of the embedding of H1ð0; LÞ
in L2ð0; LÞ, there are subsequences, still denoted by ðunÞn2N and
ðwnÞn2N, such that un ! u and wn ! w in L2ð0; LÞ. Using (21) and
(22) we deduce that vn ! v and gn ! g in L2ð0; LÞ.

Integrating (25) from 0 to x we deduce

kb1vn þ b2gnkL2ð0;LÞ ! 0 as n!1: ð28Þ

ðaÞ—ða:1Þ: From (27) and (28) we conclude that v ¼ g ¼ 0 and by
(21) and (22) we have u ¼ w ¼ 0. On the other hand, it follows by
(23) and (24) that the sequences

a11un þ a12wn þ b11vn þ b12wnð Þn2N and
a12un þ a22wn þ b12vn þ b22wnð Þn2N ð29Þ

converge to zero in H1
0ð0; LÞ. Therefore, by (27) we obtain that

a11un þ a12wn ! 0 and a12un þ a22wn ! 0 in H1
0ð0; LÞ. Since ðaijÞ is

positive definite, it follows that un ! 0;wn ! 0 in H1
0ð0; LÞ. Thus

we have a contradiction and the result follows. If b11 ¼ 0 then
b22 > 0 and we can use similar manipulations.
ðaÞ—ða:2Þ: It results by (27) that v ¼ g and then u ¼ w.

Consequently, from (23) and (24) we obtain that the sequences
given in (29) converge in H1

0ð0; LÞ. Using again (27) we obtain that
ða11un þ a12wnÞn2N and ða12un þ a22wnÞn2N converge in H1

0ð0; LÞ. We
can conclude that un ! u, wn ! w, and vn ! v and gn ! g in
H1

0ð0; LÞ. It results by (23) and (24) that

�x2u� a11 þ a12

q1
uxx ¼ 0 and �x2u� a12 þ a22

q2
uxx ¼ 0:

By hypothesis (7) we conclude that u ¼ 0 and hence w ¼ v ¼ g ¼ 0.
The result follows.
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ðbÞ—ðb:1Þ: Suppose that fðb11; b12Þ; ðb1; b2Þg is linearly indepen-
dent. Hence (27) yields

jkhnxk2
L2ð0;LÞ þ

1
b11
kb11vnx þ b12gnxk

2
L2ð0;LÞ ! 0 as n!1: ð30Þ

Using (28) and (30), we conclude that vn ! 0 and gn ! 0 in L2ð0; LÞ.
As in ða:1Þ, it follows that un ! 0;wn ! 0 in H1

0ð0; LÞ. Thus we have a
contradiction. If fðb12; b22Þ; ðb1;b2Þg is linearly independent the pro-
cedure is similar.
ðbÞ—ðb:2Þ: Suppose b11b12–0. By (30) we conclude again that

un ! u;wn ! w;vn ! v and gn ! g in H1
0ð0; LÞ and

b11vx þ b12gx ¼ 0. Therefore b1v þ b2g ¼ 0 and b1uþ b2w ¼ 0. It
results by (23) and (24) that

�x2q1u� ða11uxx þ a12wxxÞ þ aðu�wÞ ¼ 0;

�x2q2w� ða12uxx þ a22wxxÞ � aðu�wÞ ¼ 0:

Since w ¼ � b1
b2

u, it results that

� ðb2a11 � b1a12Þuxx ¼ ðq1b2x2 � aðb1 þ b2ÞÞu
� ðb1a22 � b2a12Þuxx ¼ ðq2b1x2 � aðb1 þ b2ÞÞu:

By hypothesis (5), we conclude that u ¼ 0 and hence w ¼ v ¼ g ¼ 0.
Now, we suppose that b11 > 0 and b12 ¼ b22 ¼ 0. Then b2 ¼ 0 and

by (30) we get that vn ! 0 in H1
0ð0; LÞ and by (21), un ! 0 in H1

0ð0; LÞ.
By (22)–(24) it results that the sequences ða11un þ a12wn þ b11vnÞ
and ða12un þ a22wnÞ converge in H1

0ð0; LÞ, and therefore ðwnÞ con-
verge to w in H1

0ð0; LÞ. Taking the inner product of (23) with
u 2 C10 ð0; LÞwe obtain

iknq1

Z L

0
vnudxþ a11

Z L

0
unxuxdxþ a12

Z L

0
wnxuxdxþ b11

�
Z L

0
vnxuxdxþ a

Z L

0
unudx� a

Z L

0
wnudxþ b1

Z L

0
hnxudx

¼ q1

Z L

0
hnudx;

Taking n!1 in the above equations we get

a12

Z L

0
wxuxdx� a

Z L

0
wudx ¼ 0; 8u 2 C10 ð0; LÞ: ð31Þ

By hypothesis (5) and using (31) we obtain w ¼ 0 and g ¼ 0.
If b11 ¼ 0, then b1 ¼ b12 ¼ 0 and b22 > 0. Using (26) we have

that gn ! 0 in H1
0ð0; LÞ and by (22), wn ! 0 in H1

0ð0; LÞ. We can use
the same procedure as before to get u ¼ v ¼ 0. Thus we have a
contradiction and the proof of the lemma is complete. h

Theorem 3.3. Let A be defined in (12). Assume that

(a) a1 > 0 and

(a.1) condition (6) holds.
(a.2) b11 ¼ b22 ¼ �b12; b1 ¼ �b2 and (7) holds.
(b) a1 ¼ 0 and

(b.1) condition (8) holds.
(b.2) ðb11; b12Þ; ðb12; b22Þandðb1; b2Þ are collinear and (4) and

(5) hold.
Then SAðtÞ is exponentially stable, that is, there exist positive
constants M and l such that

kSAðtÞkLðHÞ 6 M expð�ltÞ:

Proof. By Theorem 3.1 and Lemma 3.2, we must prove that ðiiÞ is true.
Givenk 2 R and F ¼ ðf ; g;h; p; qÞ 2H, let us U ¼ ðu;w;v ;g; hÞ2 DðAÞ
be the unique solution of ðikI �AÞU ¼ F, that is,
iku� v ¼ f in H1
0ð0; LÞ; ð32Þ

ikw� g ¼ g in H1
0ð0; LÞ; ð33Þ

ikq1v � ða11uþ a12wþ b11v þ b12gÞxx

þ aðu�wÞ þ a1ðv � gÞ þ b1hx ¼ q1h in L2ð0; LÞ; ð34Þ
ikq2g� ða12uþ a22wþ b12v þ b22gÞxx

� aðu�wÞ � a1ðv � gÞ þ b2hx ¼ q2p in L2ð0; LÞ; ð35Þ
ikchþ b1vx þ b2gx � jhxx ¼ cq in L2

� ð0; LÞ: ð36Þ

Note that if b11 > 0 (the other case is similarly analyzed)

RehðikI �AÞU;UiH ¼ jkhxk2
L2ð0;LÞ þ

1
b11
kb11vx þ b12gxk

2
L2ð0;LÞ þ a1kv

� gk2
L2ð0;LÞ ¼ RehF;UiH:

Thus

jkhxk2
L2ð0;LÞ þ

1
b11
kb11vxþb12gxk

2
L2ð0;LÞ þa1kv�gk2

L2ð0;LÞ6 kFkHkUkH:

ð37Þ

Taking the inner product in L2ð0; LÞ of (34) with u, (35) with w and
using (32) and (33) we obtain

ða11a22 � a2
12Þ

2a22

Z L

0
juxj2dxþ ða11a22 � a2

12Þ
2a11

Z L

0
jwxj2dx

6 q1

Z L

0
jv j2dxþ q2

Z L

0
jgj2dxþ jb1j

Z L

0
jhxjjujdx

þ jb2j
Z L

0
jhxjjwjdxþ a1

Z L

0
jv � gjju�wjdxþ q1

Z L

0
jvjjf jdx

þ q1

Z L

0
jhjjujdxþ

Z L

0
jb11vx þ b12gxjjuxjdxþ q2

Z L

0
jgjjgjdx

þ q2

Z L

0
jpjjwjdxþ

Z L

0
jb12vx þ b22gxjjwxjdx: ð38Þ

We define uðxÞ ¼
R x

0 ðb1v þ b2gÞðyÞdy. Taking the inner product in
L2ð0; LÞ of (36) with u and integrating by parts we obtain

ikc
Z L

0
hudx�

Z L

0
jb1vþb2gj

2dxþj
Z L

0
hxðb1vþb2gÞdx¼ c

Z L

0
qudx:

ð39Þ

Consider n 2 H2ð0; LÞ solution of the problem nxx ¼ h; nxð0Þ ¼ 0;
nxðLÞ ¼ 0. It follows from (39) that

� ikc
Z L

0
nxðb1v þ b2gÞdx�

Z L

0
jb1v þ b2gj

2dx

þ j
Z L

0
hxðb1v þ b2gÞdx ¼ c

Z L

0
qudx: ð40Þ

On the other hand, multiplying the Eq. (34) by b1
q1

, (35) by b2
q2

and add-
ing the result we obtain

ikðb1v þ b2gÞ ¼ � a
b1

q1
� b2

q2

� �
ðu�wÞ � a1

b1

q1
� b2

q2

� �
ðv � gÞ

� b2
1

q1
þ b2

2

q2

 !
hx þ b1hþ b2p

þ b1

q1
a11uþ a12wþ b11v þ b12gð Þxx

þ b2

q2
a12uþ a22wþ b12v þ b22gð Þxx: ð41Þ

Substituting (41) in (40) and integrating by parts we obtain
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Z L

0
jb1vþb2gj

2dx¼ c
Z L

0
hx

b1

q1
a11þ

b2

q2
a12

� �
uþhx

b1

q1
a12þ

b2

q2
a22

� �
w

� 	
dx

þc
Z L

0
hx

b1

q1
b11þ

b2

q2
b12

� �
vþhx

b1

q1
b12þ

b2

q2
b22

� �
g

� 	
dx

þj
Z L

0
hxðb1vþb2gÞdx�c

Z L

0
qudxþcb1�

Z L

0
nxhdx

þcb2

Z L

0
nxpdx�c

b2
1

q1
þ b2

2

q2

 !Z L

0
nxhxdx

�ca
b1

q1
� b2

q2

� �Z L

0
nxðu�wÞdx

�ca1
b1

q1
� b2

q2

� �Z L

0
nxðv�gÞdx:
Since that
R L

0 jnxj2dx 6 L2 R L
0 jhj

2dx, by the inequalities of Poincaré and
Cauchy-Schwartz together with (37) we can verify that there is a
positive constant C such that

kb1v þ b2gk
2
L2ð0;LÞdx 6 C khxkL2ð0;LÞkUkH þ kUkHkFkH

� �
: ð42Þ

In this point, we analyze the hypothesis ða:1Þ and ðb:1Þ.
ðaÞ—ða:1Þ: If b11–� b12, it results by (37) that there exist a

positive constant C such that

kvk2
L2ð0;LÞ þ kgk

2
L2ð0;LÞ 6 CkUkHkFkH:

Last inequality together with the inequalities of Poincaré and Cau-
chy-Schwartz, (37) and (38) imply

kUkH 6 CkFkH; for a positive constant C: ð43Þ

If b1–� b2, it follows by (42) that there is a positive constant C such
that

kvk2
L2ð0;LÞ þ kgk

2
L2ð0;LÞ 6 C khxkL2ð0;LÞkUkH þ kUkHkFkH

� �
: ð44Þ

Combining of (37), (38) and (44) yields (43). If b22–� b12 the proce-
dure is similar.
ðbÞ—ðb:1Þ: If ðb11; b12Þ and ðb1; b2Þ are linearly independent, by

(37) and (42) we have that (44) holds. Therefore, we can obtain
(43). If ðb12; b22Þ and ðb1; b2Þ are linearly independent the proce-
dure is similar.
ðaÞ—ða:2Þ: By (37) we have

jkhxk2
L2ð0;LÞ þ b11kvx � gxk

2
L2ð0;LÞ þ a1kv � gk2

L2ð0;LÞ 6 CkUkHkFkH;
ð45Þ

for a positive constant C. Hence by (32) and (33) we obtain

kux �wxk2
L2ð0;LÞ 6 CkUkHkFkH; jkj > 1; ð46Þ

for a positive constant C. Taking the inner product of (41) with
b1

a11
q1
� a12

q2

� �
uþ b1

a12
q1
� a22

q2

� �
w, using that iku ¼ v þ f ; ikw ¼ g we getZ L

0

a11

q1
� a12

q2

� �
ux þ

a12

q1
� a22

q2

� �
wx





 



2dx

6 b11
1
q1
þ 1

q2

� �Z L

0

a11

q1
� a12

q2

� �
ux þ

a12

q1
� a22

q2

� �
wx





 



 vx � gxj jdx

þ a
1
q1
þ 1

q2

� �Z L

0
ju�wj a11

q1
� a12

q2

� �
uþ a12

q1
� a22

q2

� �
w





 



dx

þ a1
1
q1
þ 1

q2

� �Z L

0
jv � gj a11

q1
� a12

q2

� �
uþ a12

q1
� a22

q2

� �
w





 



dx

þ
Z L

0
jv � gj a11

q1
� a12

q2

� �
v þ a12

q1
� a22

q2

� �
g





 



dx

þ
Z L

0
jv � gj a11

q1
� a12

q2

� �
f þ a12

q1
� a22

q2

� �
g





 



dx
þ b1
1
q1
þ 1

q2

� �Z L

0
jhxj

a11

q1
� a12

q2

� �
uþ a12

q1
þ a22

q2

� �
w





 



dx

þ
Z L

0
h� pj j a11

q1
þ a12

q2

� �
uþ a12

q1
� a22

q2

� �
w





 



dx: ð47Þ

Using the Cauchy-Schwartz and Young inequalities we obtain

kðq2a11 � q1a12Þux þ ðq2a12 � q1a22Þwxk2
L2ð0;LÞ

6 C kv � gkL2ð0;LÞkUkH þ kUkHkFkH
� �

; ð48Þ

for jkj > 1 and C > 0. By (7), (46) and (48) we have

kuxk2
L2ð0;LÞ þ kwxk2

L2ð0;LÞ 6 C kb1v þ b2gkL2ð0;LÞkUkH þ kUkHkFkH
� �

;

ð49Þ

for jkj > 1 and a positive constant C.
Taking the inner product in L2ð0; LÞ of (34) with u, (35) with w

and using (32) and (33) we obtainZ L

0
jv j2dx ¼ a11

q1

Z L

0
juxj2dxþ a

q1

Z L

0
juj2dxþ a12

q1

Z L

0
wxuxdx

� a
q1

Z L

0
wudxþ b1

q1

Z L

0
hxudx�

Z L

0
vf dx

�
Z L

0
hudxþ 1

q1

Z L

0
ðb11vx þ b12gxÞuxdx

þ a1

q1

Z L

0
vudx� a1

q1

Z L

0
gudx ð50Þ

and

Z L

0
jgj2dx ¼ a12

q2

Z L

0
uxwxdx� a

q2

Z L

0
uwdxþ a22

q2

Z L

0
jwxj2dx

þ a
q2

Z L

0
jwj2dxþ b2

q2

Z L

0
hxwdx�

Z L

0
ggdx

�
Z L

0
pwdxþ 1

q2

Z L

0
ðb12vx þ b22gxÞwxdx

� a1

q1

Z L

0
vwdxþ a1

q1

Z L

0
gwdx ð51Þ

Combining of (45), (49), (50) and (51) yields that

kvk2
L2ð0;LÞ þ kgk

2
L2ð0;LÞ 6 C kb1v þ b2gkL2ð0;LÞkUkH þ kUkHkFkH

� �
;

ð52Þ

for jkj > 1 and a positive constant C. It follows from the estimates
(45), (49) and (52) that

kðikI � AÞ�1FkH 6 CkFkH

when jkj > 1, for a positive constant C.
ðbÞ—ðb:2Þ: By (37) we have

khxk2
L2ð0;LÞ þ kb1vx þ b2gxk

2
L2ð0;LÞ 6 CkUkHkFkH: ð53Þ

Hence by (32) and (33) we obtain

kb1ux þ b2wxk2
L2ð0;LÞ 6 CkUkHkFkH; jkj > 1; ð54Þ

for a positive constant C. Taking the inner product of (41) with
ðb1
q1

a11 þ b2
q2

a12Þuþ b1
q1

a12 þ b2
q2

a22

� �
w, using that iku ¼ v þ f ; ikw ¼ g

and

b1
q1

b11 þ b2
q2

b12

� �
b1

¼
b1
q1

b12 þ b2
q2

b22

� �
b2

¼ c; b1b2–0;
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we getZ L

0

b1

q1
a11 þ

b2

q2
a12

� �
ux þ

b1

q1
a12 þ

b2

q2
a22

� �
wx





 



2dx

6 jcj
Z L

0

b1

q1
a11 þ

b2

q2
a12

� �
ux þ

b1

q1
a12 þ

b2

q2
a22

� �
wx





 



 b1vxj

þ b2gxjdxþ a
b1

q1
� b2

q2





 



 Z L

0
ju�wj b1

q1
a11 þ

b2

q2
a12

� �
u






þ b1

q1
a12 þ

b2

q2
a22

� �
w




dxþ

Z L

0
jb1v þ b2gj

b1

q1
a11 þ

b2

q2
a12

� �
v






þ b1

q1
a12 þ

b2

q2
a22

� �
g




dxþ

Z L

0
jb1v þ b2gj

b1

q1
a11 þ

b2

q2
a12

� �
f






þ b1

q1
a12 þ

b2

q2
a22

� �
g




dxþ b2

1

q1
þ b2

2

q2

 !Z L

0
jhxj

b1

q1
a11 þ

b2

q2
a12

� �
u






þ b1

q1
a12 þ

b2

q2
a22

� �
w




dxþ

Z L

0
b1hþ b2pj j b1

q1
a11 þ

b2

q2
a12

� �
u






þ b1

q1
a12 þ

b2

q2
a22

� �
w




dx: ð55Þ

Substituting u�w ¼ ðf�gÞ
ik þ

ðv�gÞ
ik in (55), using the Cauchy-Schwartz

inequality and the estimate (53) we get

kðq2b1a11 þ q1b2a12Þux þ ðq2b1a12 þ q1b2a22Þwxk2
L2ð0;LÞ

6 C kb1v þ b2gkL2ð0;LÞkUkH þ kUkHkFkH þ
1
jkj kUk

2
H

� �
; ð56Þ

for jkj > 1 and C > 0. From (4), (54) and (56) we have

kuxk2
L2ð0;LÞ þ kwxk2

L2ð0;LÞ 6 C kb1v þ b2gkL2ð0;LÞkUkH þ kUkHkFkH
�

þ 1
jkj kUk

2
H

�
; ð57Þ

for jkj > 1 and C > 0. Therefore, by (50) and (51), with a1 ¼ 0, (53)
and (57) we obtain

kvk2
L2ð0;LÞ þ kgk

2
L2ð0;LÞ 6 C kb1v þ b2gkL2ð0;LÞkUkH þ kUkHkFkH

�
þ 1
jkj kUk

2
HÞ:

ð58Þ

Combining of (53), (57) and (58) yields

kUk2
H 6 C kb1v þ b2gkL2ð0;LÞkUkH þ kUkHkFkH þ

1
jkj kUk

2
H

� �
when jkj > 1, for a positive constant C. Finally, from (53) it follows

1� C
jkj

� �
kUkH 6 CkFkH:

Thus

kðikI � AÞ�1kH 6 C; jkj > maxf1; Cg;

and the proof is complete. h
4. A lack of exponential stability

In this section to simplify the computation, without loss of gen-
erality, we assume L ¼ p. Moreover, we will suppose

b2ðb1q2a11 þ b2q1a12Þ ¼ b1ðb2q1a22 þ b1q2a12Þ: ð59Þ

First of all, note that b1
q1

a11
b1
� a12

b2

� �
is always positive. In fact, the

hypothesis (59) implies that
b1

q1

a11

b1
� a12

b2

� �
¼ b2

q2

a22

b2
� a12

b1

� �
;

and taking, for example, b1 > 0 and b2 < 0, we have that a11
b1
� a12

b2
6 0

implies a22
b2
� a12

b1
P 0. It results that 0 < a11 6

b1
b2

a12 and

0 < a22 6
b2
b1

a12 and therefore a11a22 6 a2
12, but this is contradictory

to our hypotheses over ðaijÞ.
We observe that in order to prove the next theorem, due to The-

orem 3.1, it is sufficient to show that there exists a sequence of real
number ðkmÞ with km !1 and a bounded sequence ðFmÞ in H such
that

kðikmI �AÞ�1FmkH !1; m!1:

Theorem 4.1. Suppose that a1 ¼ 0; ðb11; b12Þ; ðb12; b22Þ and ðb1; b2Þ
are collinear and (59) holds. Then the semigroup SAðtÞ is not
exponentially stable.

Proof. We will restrict our attention to the cases b1b2–0 and
b1 þ b2–0. Consider a; b real numbers such that ab2 � bb1–0. For
each n 2 N, we take Fn ¼ ð0;0;q�1

1 a sinðnxÞ;q�1
2 b sinðnxÞ;0Þ 2H,

and denote by Un ¼ ðun;wn;vn;gn; hnÞ 2 DðAÞ the unique solution
of the resolvent equation

ðikI �AÞUn ¼ Fn; k 2 R: ð60Þ

Due to the boundary conditions, the solutions are of the form
un ¼ An sinðnxÞ;wn ¼ Bn sinðnxÞ and hn ¼ Cn cosðnxÞ and we get the
system

vn ¼ ikun; gn ¼ ikwn;

� q1k
2An þ n2ða11 þ ikb11ÞAn þ n2ða12 þ ikb12ÞBn

þ aðAn � BnÞ � b1nCn ¼ a; ð61Þ
� q2k

2Bn þ n2ða12 þ ikb12ÞAn þ n2ða22 þ ikb22ÞBn

� aðAn � BnÞ � b2nCn ¼ b; ð62Þ
ckCn þ kb1nAn þ kb2nBn � ijn2Cn ¼ 0: ð63Þ

Multiplying (61) by 1
b1

, (62) by 1
b2

, subtracting the equations and
using (59) we obtain

�k2 þ ðb2a11 � b1a12Þn2

q1b2

� �
q1

b1
An �

q2

b2
Bn

� �
þ a

1
b1
þ 1

b2

� �
ðAn � BnÞ

¼ a
b1
� b

b2
:

Taking k ¼ kn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2a11�b1a12

q1b2

q
n ¼ rn in (60) we get

An � Bn ¼
b2a� b1b
aðb2 þ b1Þ

¼ s:

Substituting An ¼ Bn þ s into (61) and (63) we get

Bn ¼
b1b2

ðb1 þ b2Þa12nþ ib2rðb11 þ b12Þn2 Cn

þ ab2 � ab2s� sb1a12n2 � isrb2b11n3

ðb1 þ b2Þa12n2 þ ib2rðb11 þ b12Þn3 ;

and

Bn ¼ �
sb1

b1 þ b2
� ðcr� ijnÞ

rðb1 þ b2Þn
Cn:

Thus,

Cn¼�
rðb1þb2Þðab2�ab2sÞ� isr2b2ðb2b11�b1b12Þn3

ðcr� ijnÞ½ðb1þb2Þa12nþ ib2rðb11þb12Þn2�þrb1b2ðb1þb2Þn
:

Since b11 þ b12–0, then
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lim
n!1
jCnj ¼

srjb2b11 � b1b12j
jjb11 þ b12j

¼ 0:

Therefore

lim
n!1
jBnj ¼

jsb1j
jb1 þ b2j

–0;

and since

lim
n!1
kwnxk2

L2ð0;pÞ ¼ lim
n!1

n2p
2
jBnj2 ¼ 1;

we conclude that

lim
n!1
kUnkH ¼ 1: ð64Þ

Thus, the proof is complete. h

Remark 4.2. In case that b1 or b2 ¼ 0, it follows from (59) that
a12 ¼ 0. Suppose, for example, that b2 ¼ 0. It results by the hypoth-
esis of the Theorem 4.1 that b12 ¼ b22 ¼ 0. We can take in the proof
of this theorem a ¼ 0; b ¼ �1 and k ¼ kn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
a22n2þa

q2

q
. Then it follows

by (62) that An ¼ 1
a. Thus

lim
n!1
kunxkL2ð0;pÞ ¼ 1

and we have (64). When b1 þ b2 ¼ 0, condition (59) implies that
q2ða11 þ a12Þ ¼ q1ða12 þ a22Þ. In this case, adding (61) and (62) we
get

�k2 þ a11 þ a12

q1
n2

� �
ðq1An þ q2BnÞ ¼ aþ b:

We can take k ¼ kn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a11þa12

q1
n2 þ aþ b

q
and obtain q1An þ q2Bn ¼

�1. We can use the same procedure as in the proof of the Theorem
4.1 to get (64).

Theorem 4.3. Suppose that a1 > 0 and b11 ¼ b22 ¼ �b12 and
b1 ¼ �b2 and q2ða11 þ a12Þ ¼ q1ða22 þ a12Þ. Then the semigroup
SAðtÞ is not exponentially stable.

Proof:. For each n 2 N, we take Fn ¼ ð0;0;q�1
1 sinðnxÞ;q�1

2 sinðnxÞ;
0Þ 2H, and denote by Un 2 DðAÞ the unique solution of the resol-
vent Eq. (60). The solutions are of the form un ¼ An sinðnxÞ;wn

¼ Bn sinðnxÞ and hn ¼ Cn cosðnxÞ and we get vn ¼ ikun;gn ¼ ikwn,

� q1k
2An þ n2ða11 þ ikb11ÞAn þ n2ða12 � ikb11ÞBn

þ aðAn � BnÞ þ ia1kðAn � BnÞ � b1nCn ¼ 1; ð65Þ
� q2k

2Bn þ n2ða12 � ikb11ÞAn þ n2ða22 þ ikb11ÞBn

� aðAn � BnÞ � ia1kðAn � BnÞ þ b1nCn ¼ 1; ð66Þ
ckCn þ kb1nAn � kb1nBn � ijn2Cn ¼ 0: ð67Þ

Adding (65) and (66) we get

�k2 þ ða11 þ a12Þn2

q1

� �
q1An þ q2Bnð Þ ¼ 2: ð68Þ

We take k ¼ kn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða11þa12Þn2

q1
þ 2

q
. Hence in (68) we obtain

q1An þ q2Bn ¼ �1 or An ¼
�ð1þ q2BnÞ

q1
ð69Þ

Substituting (69) into (65) and (67) and performing straightforward
calculations we obtain

n2 ð1þ q2BnÞða11 þ a12Þ � ða11 þ ikb11Þ � q2ða11 þ ikb11ÞBn½
þ q1ða12 � ikb11ÞBn� þ 2q1q2Bn � ðaþ ika1Þð1þ ðq1 þ q2ÞBnÞ

þ kb2
1n2ð1þ ðq1 þ q2ÞBnÞ

ijn2 � ck
¼ �q1:
Therefore

lim
n!1
jBnj ¼

1
q1 þ q2

–0;

and we have (64). h
5. Numerical examples

The following numerical examples show the asymptotic behav-
ior of the solution of (10) due to the exponential stability when the
conditions (4) and (5)–(8) are verified, or the conditions (6) and (7)
are verified, and the lack of exponential stability, when they are not
verified.

5.1. Example I. Amplitudes for sample sinusoidal initial condition

We consider here, a similar example of the previous section.
That is, we choose L ¼ p, and we suppose that the solutions are
of the formun ¼ AnðtÞ sinðnxÞ;wn ¼ BnðtÞ sinðnxÞ;vn ¼ An0ðtÞ sinðnxÞ;
wn ¼ Bn0ðtÞ sinðnxÞ, and hn ¼ CnðtÞ cosðnxÞ. In this case, the ampli-
tudes ðAn;Bn;CnÞ verify the following system of ODEs:

q1A00n ¼ �n2 a11An þ a12Bn þ b11A0n þ b12B0n
� �

� aðAn � BnÞ � a1ðA0n � B0nÞ þ nb1Cn;

q2B00n ¼ �n2 a12An þ a22Bn þ b12A0n þ b22B0n
� �

þ aðAn � BnÞ þ a1ðA0n � B0nÞ þ nb2Cn;

cC0n ¼ �nb1A0n � nb2B0n � n2jCn: ð70Þ

Thus, we consider the system (70) with the parameter values
a11 ¼ a22 ¼ 1:0; a12 ¼ 0:0, and q1 ¼ q2 ¼ a ¼ c ¼ j ¼ 1:0.

Figs. 1 and 2 represent the evolution in time of the three ampli-
tudes An;Bn, and Cn, and the derivatives A0n and B0n (which are the
amplitudes of v and g, respectively), for n ¼ 100. For the numerical
simulation, we use the Runge-Kutta-Fehlberg method RKF45, with
the standard solver ode45() of MATLAB. Fig. 1 corresponds to three
different simulations with a1 ¼ 0:0. The case (a) and (b) are simu-
lations for 0 6 t 6 5:0 and the case (c) is a simulation for
0 6 t 6 0:001.

The first picture (a), represents a lack of exponential stability
example when the hypothesis of Theorem 4.1 is verified:

ðb11; b12Þ ¼ ð1;�1Þ; ðb12; b22Þ ¼ ð�1;1Þ and ðb1;b2Þ
¼ ð1;�1Þ; are collinear; and b2ðb1q2a11 þ b2q1a12Þ
¼ b1ðb2q1a22 þ b1q2a12Þ ¼ �1:

The second picture (b), represents an exponential stability example
when the hypothesis of Theorem 3.3 is verified:

fðb11; b12Þðb1;b2Þg ¼ fð1;�1Þ; ð1;1Þg and fðb12; b22Þðb1;b2Þg
¼ fð�1;1Þ; ð1;1Þg; are linearly independent:

The third picture (c), represents again an exponential stable case
with

fðb11; b12Þðb1;b2Þg ¼ fð1;0Þ; ð1;1Þg and fðb12; b22Þðb1;b2Þg
¼ fð0;1Þ; ð1;1Þg; linearly independent:

We observe clearly in this picture (c), that the five amplitudes
AnðtÞ; BnðtÞ;A0nðtÞ; B

0
nðtÞ and CnðtÞ, tend to zero faster than the case

(b), as t !1. The numerical reason of this behavior is because in
this case, which differs from case (b), the matrix B ¼ ðbijÞ is symmet-
ric and positive definite. However both (b) and (c), are exponen-
tially stable.

In the case a1 > 0, if we consider the same values of the param-
eter bij and bi used in the before example, although not shown here,
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Fig. 1. Example I. Different evolution of the amplitudes for case a1 ¼ 0:0: (a) lack of exponential stability (b1 ¼ b11 ¼ b22 ¼ 1:0; b2 ¼ b12 ¼ �1:0); (b) exponential stability
(b1 ¼ b2 ¼ b11 ¼ b22 ¼ 1:0; b12 ¼ �1:0); (c) exponential stability (b1 ¼ b11 ¼ b22 ¼ 1:0; b2 ¼ �1:0; b12 ¼ 0:0).
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it is obtained almost identical behavior to those of Fig. 1. The rea-
son is because the choice of this parameters values gives the expo-
nential stability, or the lack thereof, independent of the value of a1.
However, in Fig. 2, we see a case where the value of a1 affects the
exponential stability of the solution.

In pictures (d), (e) and (f) of Fig. 2, we choose b11 ¼ b22 ¼
b12 ¼ 1:0 and b1 ¼ b2 ¼ 1:0, that is sufficiently conditions for the
lack of exponential stability when a1 ¼ 0:0 (see picture (d)). On
the other hand, the same values b11 ¼ b22 ¼ b12 ¼ b1 ¼ b2 ¼ 1:0,
ensure the exponential stability when a1 > 0:0 (see pictures (e)
and (f)). Also we note for a numerical point of view, that the expo-
nential decay to zero is faster when a1 > 0 is larger (compare pic-
tures (e) and (f)).
5.2. Example II. Asymptotic behavior for a small initial condition

Here, we numerically compute the solution of the system (10),
with L ¼ 1:0; T ¼ 2:0, and the initial condition:
vðx; 0Þ ¼

0 if 0:0 6 x 6 0:4;
10ðx� 0:4Þ if 0:4 6 x 6 0:5;
10ð0:6� xÞ if 0:5 6 x 6 0:6;
0 if 0:6 6 x 6 1:0;

8>>><>>>:
gðx; 0Þ ¼
0 if 0:0 6 x 6 0:4;
20ðx� 0:4Þ if 0:4 6 x 6 0:5;
20ð0:6� xÞ if 0:5 6 x 6 0:6;
0 if 0:6 6 x 6 1:0;

8>><>>: ð71Þ

and uðx;0Þ ¼ wðx;0Þ ¼ hðx;0Þ ¼ 0:0. We remark that the initial con-
dition defined in (71) are two peaks of height 1 and 2, respectively,
and support in ð0:4; 0:6Þ. Additionally, we consider the same param-
eter values of the Example I, a11 ¼ a22 ¼ 1:0; a12 ¼ 0:0, and
q1 ¼ q2 ¼ a ¼ c ¼ j ¼ 1:0.

In order to compare these numerical results with those of
Example I, and the previous Section 4, we assume that

uðx; tÞ ¼
X1
k¼1

AkðtÞ sinðk� 1Þpx; wðx; tÞ ¼
X1
k¼1

BkðtÞ sinðk� 1Þpx;

hðx; tÞ ¼
X1
k¼1

CkðtÞ cosðk� 1Þpx; ð72Þ

and therefore, we extend the initial conditions (71) by odd func-
tions, in the interval ð�L;0Þ. On the other hand, if we discretize
the space dimension ð�L; LÞ ¼ ð�1;1Þ in 2N � 1 subintervals
Ij ¼ ðjdx; ðjþ 1ÞdxÞ, with dx ¼ 1=ð2NÞ, and j ¼ �N; . . . ;N � 1, and
we approximate the solution Uðx; tÞ of the system (10) by piecewise
functions equal to UjðtÞ in each subinterval, then we can take the
Discrete Fourier Transform of the solution:
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Fig. 2. Example I. Different evolution of the amplitudes for case b1 ¼ b2 ¼ b11 ¼ b22 ¼ b12 ¼ 1:0: (d) lack of exponential stability (case a1 ¼ 0:0); (e) exponential stability (case
a1 ¼ 1:0); (f) exponential stability (case a1 ¼ 5:0).
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eUkðtÞ ¼
X2N

j¼1

UjðtÞe�piðk�1Þðj�1Þ=N ; ð73Þ

and we reconstruct the solution by the Inverse discrete Fourier
transform:

UjðtÞ ¼
1

2N

X2N

k¼1

eUkðtÞepiðk�1Þðj�1Þ=N: ð74Þ

We note that if we define eUkðtÞ ¼ ðeujðtÞ; ewjðtÞ; ev jðtÞ; egjðtÞ; ehjðtÞÞT ,
then AkðtÞ ¼ �IðeujðtÞÞ, BkðtÞ ¼ �Ið ewjðtÞÞ, CkðtÞ ¼ RðegjðtÞÞ and the
following system of ODEs is verified:
eu 0k ¼ ev k; ew0k ¼ egk;

q1ev 0k ¼ �p2ðk� 1Þ2 a11euk þ a12 ewk þ b11ev k þ b12egkð Þ
� aðeuk � ewkÞ � a1ðev k � egkÞ � piðk� 1Þb1

ehk;

q2eg0k ¼ �p2ðk� 1Þ2 a12euk þ a22 ewk þ b12ev k þ b22egkð Þ þ aðeuk � ewkÞ
þ a1ðev k � egkÞ � piðk� 1Þb2

ehk;

ceh0k ¼ �piðk� 1Þb1ev k � piðk� 1Þb2egk � p2ðk� 1Þ2jehk: ð75Þ
We make simulations for N ¼ 1024 using in this case the Stiff sol-
verode15s() of MATLAB to compute each one of the 1024 system
of Eq. (75), and we reconstruct the solution by the Inverse discrete
Fourier transform (74).

Figs. 3 and 4 represent the evolution of the solutions
ðu;w;v ;g; hÞ, with the same parameter bij and bi of Example I cases
(d), (e) and (f): b11 ¼ b22 ¼ b12 ¼ 1:0 and b1 ¼ b2 ¼ 1:0. Fig. 3 shows
the lack of exponential stability with a1 ¼ 0:0, and Fig. 4 shows the
exponential stability with a1 ¼ 1:0. In both figures, uðx; tÞ is graph
at top left, wðx; tÞ at top right, vðx; tÞ at bottom left, gðx; tÞ at bottom
right, and hðx; tÞ in the center.

Finally, in Fig. 5 it is represented the norm H of the numerical
solution of (10) for the 5 first cases of Example I ((a), (b), (c), (d) and
(e)). More precisely, we plot the function:

t#

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXN

j¼1

h
ujðtÞ�uj�1ðtÞ

h

� �2

þ wjðtÞ�uj�1ðtÞ
h

� �2

þv2
j ðtÞþw2

j ðtÞþ hjðtÞ�h
X
‘

h‘ðtÞ
 !2

0@ 1A
vuuut :

We observe that in general, the cases of lack of exponential stability
the curves diverge when t !1 ((a) and (d)), and the curves tend to
zero in the exponential stable cases ((b), (c) and (e)).



Fig. 3. Example II. Lack of exponential stability. Numerical solutions u;w; v ;g; h. Case a1 ¼ 0:0;b1 ¼ b2 ¼ b11 ¼ b22 ¼ b12 ¼ 1:0.

Fig. 4. Example II. Exponential stability. Numerical solutions u;w;v ;g; h. Case a1 ¼ 1:0; b1 ¼ b2 ¼ b11 ¼ b22 ¼ b12 ¼ 1:0.
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Fig. 5. Example II. Evolution in time of t#kUð�; tÞkH for: (a) Lack of exponential stability a1 ¼ 0:0; b1 ¼ b11 ¼ b22 ¼ 1:0; b2 ¼ b12 ¼ �1:0; (b) Exponential stability
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a1 ¼ 0:0; b1 ¼ b2 ¼ b11 ¼ b22 ¼ b12 ¼ 1:0; (e) Exponential stability a1 ¼ 1:0;b1 ¼ b2 ¼ b11 ¼ b22 ¼ b12 ¼ 1:0.
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