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Abstract

The following concept is introduced: a subgroup H of the group G is said to be SS-quasinormal
(Supplement-Sylow-quasinormal) in G if H possesses a supplement B such that H permutes with every
Sylow subgroup of B. Groups with certain SS-quasinormal subgroups of prime power order are studied. For
example, fix a prime divisor p of |G| and a Sylow p-subgroup P of G, let d be the smallest generator num-
ber of P and M (P) denote a family of maximal subgroups Py, ..., Py of P satisfying ﬂflzl (P;) =P (P),
the Frattini subgroup of P. Assume that the group G is p-solvable and every member of some fixed M ;(P)
is SS-quasinormal in G, then G is p-supersolvable.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

All groups considered in this paper will be finite, the notation and terminology used in this
paper are standard, as in [7]. Given a finite group G, two subgroups H and K of G are said to
permute if HK = K H, that is, HK is a subgroup of G. A subgroup H of G is said to be S-
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quasinormal in G if H permutes with every Sylow subgroup of G. This concept was introduced
by O.H. Kegel in 1962 and was investigated by many authors, for example, see [1-5,9]. Recently,
in [6], Ballester-Bolinches and Pedraza-Aguilera extended this concept to S-quasinormally em-
bedded subgroups. A subgroup H of G is S-quasinormally embedded in G if, for every Sylow
subgroup P of H, there is an S-quasinormal subgroup K in G such that P is also a Sylow
subgroup of K.

In the present paper, we study another generalization of S-quasinormal subgroup in a new
way. Recall that a supplement of H to G is a subgroup B such that G = H B. There is at least
one such supplement for every subgroup, for instance, let B = G. Based on the above concepts,
we give the following definition:

Definition 1.1. Let G be a finite group. A subgroup H of G is said to be an SS-quasinormal
subgroup (Supplement-Sylow-quasinormal subgroup) of G if there is a supplement B of H to G
such that H permutes with every Sylow subgroup of B.

Obviously, every S-quasinormal subgroup of G is SS-quasinormal and S-quasinormally em-
bedded in G. In general, an SS-quasinormal subgroup need not be S-quasinormally embedded.
For instance, S3 is an SS-quasinormal subgroup of the symmetric group S4, but S3 is not S-
quasinormally embedded and so not S-quasinormal. The converse is also true, for example, a
Sylow 3-subgroup of As is S-quasinormally embedded but not SS-quasinormal. In fact, there
is no inclusion-relationship between the two concepts. In Section 2, we give some properties of
SS-quasinormal subgroups and the following comparisons.

Proposition 1.1.

(i) If every S-quasinormally embedded subgroup of G is also SS-quasinormal in G, then G is
solvable.

(i1) The group G in which every SS-quasinormal subgroup is S-quasinormally embedded need
not be solvable.

On the other hand, in 1980, Srinivasan established an interesting theorem on supersolvable
groups. For convenience, let M(G) denote the family of all maximal subgroups of all Sylow
subgroups of G. Srinivasan [12] proved that a finite group G is supersolvable if every member
of M(G) is S-quasinormal in G. This led a famous topic on group theory, which was to study
the influence of the members of M (G) on the structure of G. This topic had been investigated
by many authors (see [2,3,6] and [15]). More recently, in [6], Ballester-Bolinches and Pedraza-
Aguilera showed that if every member of M(G) is S-quasinormally embedded in G, then G is
supersolvable. Asaad and Heliel [3] extended Ballester-Bolinches’ result to saturated formations
JF containing the class U of all supersolvable groups. They showed that G € F if and only if there
is a normal subgroup H such that G/H € F and every member of M(H) is S-quasinormally
embedded in G. Recall that a formation is a class F of groups satisfying the following conditions:
(1)if G € Fand N < G, then G/N € F,and (ii) if N1, N» < G suchthat G/N1, G/ N, € F, then
G/(N1 N N>) € F. A formation F is said to be saturated if G/®(G) € F implies that G € F.

In the present paper, we consider a subset M;(P) of M(P) for a given Sylow p-subgroup
P of G defined by the following:
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Definition 1.2. Let d be the smallest generator number of a p-group P and My,(P) =
{P1,..., Pg} be a set of maximal subgroups of P such that ﬂle P, =& (P).

Such subset My(P) is not unique for a fixed P in general. We know that [M(P)| = (p¢ —
D/(p—1), [Ma(P)| =d and limg_, oo (p? — 1)/(p — 1)) /d = 00, 50 |M(P)| > | M4(P)|.

In Section 3, we study the influence of the members of some fixed M4(G ) on the structure
of group G. The main results are as follows:

Theorem 1.1. Let p be the smallest prime dividing the order of a group G and P a Sylow
p-subgroup of G. If every member of some fixed My(P) is SS-quasinormal in G, then G is
p-nilpotent.

Theorem 1.2. Let p be a prime dividing the order of a group G and P a Sylow p-subgroup of G.
If NG (P) is p-nilpotent and every member of some fixed My(P) is SS-quasinormal in G, then
G is p-nilpotent.

Theorem 1.3. Let G be a p-solvable group for a prime p and P a Sylow p-subgroup of G.
Suppose that every member of some fixed My(P) is SS-quasinormal in G. Then G is p-
supersolvable.

Theorem 1.4. Let G be a group. If, for every prime p dividing the order of G and P € Syl ,(G),
every member of some fixed M 4(P) is SS-quasinormal in G, then G is supersolvable.

Theorem 1.5. Let F be a saturated formation containing U and let G be a group. Then the
following two statements are equivalent:

(1 GekF.
(ii) There exists a normal subgroup H of G such that G/H € F, for every prime p dividing the
order of H, P € Syl,,(H) and every member of M(P) is §S-quasinormal in G.

Theorem 1.5 would be false if M (P) is replaced by some fixed M (P) in general. We give
the following example.

Example 1.6. There exist a saturated formation F containing U/ and a solvable group G with
a normal p-subgroup P such that G/P € F, and every member of some fixed M;(P) is S-
quasinormal (hence SS-quasinormal) in G, but G ¢ F.

If M is a maximal subgroup of G and H is a maximal subgroup of M, then we call H a
2-maximal subgroup of G. We say the group G is As-free if there are no subgroups in G for
which A4 is an isomorphic image. In Section 4, we prove the following two theorems.

Theorem 1.7. Let p be the smallest prime dividing the order of a group G and P a Sylow p-
subgroup of G. If every 2-maximal subgroup of P is SS-quasinormal in G and G is As-free, then
G is p-nilpotent.

Theorem 1.8. Let F be the class of groups with the Sylow tower property of supersolvable type
and N a normal subgroup of a group G such that G/N € F. If, for every prime p dividing the
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order of N and P € Syl,(N), every 2-maximal subgroup of P is SS-quasinormal in G and, in
addition, G is As-free, then G belongs to F.

2. Preliminaries

Lemma 2.1. Suppose that H is SS-quasinormal in a group G, K < G and N a normal subgroup
of G. We have:

() If H <K, then H is SS-quasinormal in K.

(ii)) HN/N is SS-quasinormal in G/N.
(iii) If N < K and K /N is SS-quasinormal in G/N, then K is SS-quasinormal in G.
@iv) If K is quasinormal in G, then HK is SS-quasinormal in G.

Proof. By definition, H has a supplement B to G such that G = HB and HX = XH, VX €
Syl(B). By the Dedekind identity, we have

K=(HB)NK=H(BNK)=HB,

which shows that Bj is a supplement of H in K. Now, for any T € Syl(B}), thereisa Y € Syl(B)
such that T < Y. By definition, HY = Y H. Thus

(HY)YNK=H(XYNK)=HT,
KN(YH)=(KNY)H=TH.
Hence
HT =TH, VT eSyl(B)).
By definition, H is SS-quasinormal in K. Thus (i) holds.

Now, let us show (ii). It is clear that BN /N is a supplement of HN/N to G/N. For any
prime p, any Sylow p-subgroup of BN /N has the form X N/N, where X is a Sylow p-subgroup
of BN. Further, by [8, VL. 4.7], there exist Sylow p-subgroups B, of B and N, of N such
that Y = B, N,, is a Sylow p-subgroup of BN. Now, both XN/N and YN/N are Sylow p-

subgroups of BN/N, by Sylow’s theorem, XN/N = (YN/N)"N = (B,,N/N)bN = BzN/N
for some b € B. By hypotheses, H permutes with every Sylow subgroup of B, so

b _ pb
HB,=B,H, beB.
We thus get

HN/N-XN/N=H(XN)/N = H(Bf,N)/N
=BYHN/N=XN/N-HN/N,

which shows that H N /N is SS-quasinormal in G/N and hence (ii) is proved.
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We show (iii). By definition, there is a supplement of K/N to G/N, say B/N. Then obvi-
ously B is also a supplement of K to G. For any X € Syl(B), XN/N is a Sylow subgroup of
B/N. Applying the condition, we have

K/N-XN/N=XN/N-K/N.

So KXN = XNK.Moreover, N < K, hence KX = XK holds for all X € Syl(B). By definition,
K is SS-quasinormal in G.

The proof of (iv). By definition, there is a subgroup B such that G = HB and HX = X H for
all X € Syl(B). As K is quasinormal in G, it follows that H K is a subgroup of G and B is a
supplement of HK to G. Thus (HK)X = H(KX)=H(XK)=(HX)K =(XH)K = X(HK)
and HK is SS-quasinormal. O

Lemma 2.2. Let H be a nilpotent subgroup of G. Then the following statements are equivalent:

(i) H is S-quasinormal in G.
(i) H < F(G) and H is SS-quasinormal in G.
(i) H < F(G) and H is S-quasinormally embedded in G.

Proof. (i) = (ii). If H is S-quasinormal in G, then H is subnormal in G by [9], it follows that
H < F(G). Also, an S-quasinormal subgroup is clearly SS-quasinormal. Thus (ii) holds.

(i1) = (iii). Suppose that G satisfies (ii). We need to prove that H is S-quasinormal in G and
thus (iii) follows. Let p be a prime dividing |H| and let H, be a Sylow p-subgroup of H. By
hypothesis, there is a subgroup B < G such that G = HB and HX = X H for all X € Syl(B).
In particular, let X = Q € Syl,(B), g # p, then HQ = Q H. Then the subgroup H Q contains a
Sylow g-subgroup Q* of G and H), is a Sylow p-subgroup of HQ. As H, < 0,(G), it follows
that H, = 0,(G)N (H Q) < HQ, and thus Q* normalizes H),. Because this holds for all primes
q # p, we have O (G) < Ng(H,). By [11, Lemma 2.2], H, is S-quasinormal in G. It follows
from [11, Proposition B] that H is S-quasinormal in G, as desired.

(iii) = (i). By definition, for each prime p and Sylow p-subgroup H, of H, there is an S-
quasinormal subgroup M (p) of G such that H, is a Sylow p-subgroup of M (p). As the intersec-
tion of two S-quasinormal subgroups is S-quasinormal [9], and notice that H, = O, (G)N M (p),
we conclude that H), is S-quasinormal in G. Now all Sylow subgroups of H is S-quasinormal,
consequently, H is S-quasinormal in G, as desired. O

Proof of Proposition 1.1. Because every Sylow subgroup of G is always normally embedded
and, of course, S-quasinormally embedded, it follows by hypotheses that G, is SS-quasinormal
in G. By definition, there is a subgroup B such that G = G,B and G,X = XG for all
X € Syl(B). Then all Sylow p-subgroups of B are contained in G, and so in G, N B, con-
sequently, B has a unique Sylow p-subgroup, namely G, N B and hence B is p-closed. By
Schur-Zassenhaus’s theorem [8, I, 18.1-18.2], B has a Hall p’-subgroup K. Of course, K is also
a Hall subgroup of G. Thus every Sylow subgroup of K is S-quasinormally embedded in G and
so is SS-quasinormal in G by hypotheses, and hence is SS-quasinormal in K by Lemma 2(i). It
follows by induction that K is solvable. In the light of Hall’s theorem [8, VI, 2.3], K has a Sylow
system {Gp,,...,Gp.}. Thus {G,, Gp,, ..., Gp,} is a Sylow system of G. Again applying the
Hall’s theorem, we conclude that G is solvable, which finishes the proof of (i).
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For (ii), assume G = PSL(2, 7). By the list of subgroups of PSL(2,7) [8, II, 8.27], we know
that the maximal subgroups of G possess only two types: S with index 7 and the non-abelian
group L of order 21 with index 2°. Because, in general, subgroups with prime power index
are certainly SS-quasinormal, the subgroups of G that are conjugate to one of S; and L are
all SS-quasinormal. These are the only SS-quasinormal subgroups of G. On the other hand,
each Hall subgroup of a group is always normally embedded, so both S4 and L are normally
embedded in G, hence S-quasinormally embedded in G. Thus each SS-quasinormal subgroup
of G is certainly S-quasinormally embedded in G. However, PSL(2, 7) is not solvable. O

In order to develop the SS-quasinormal concept, we give some introductions and statements
of results.

Lemma 2.3. Let H be a subgroup of G and Hg denote the normal core of H in G. Then the
following statements are equivalent:

(1) H is S-quasinormal in G.
(il)) H/Hg < F(G/Hg) and H/Hg is SS-quasinormal in G/Hg.
(iii)) H/Hg < F(G/Hg) and H/Hg is S-quasinormally embedded in G/ Hg.

Proof. (i) = (ii)). As H is S-quasinormal in G, by [11, Proposition A], H G /Hg is nilpo-
tent. It follows that H/Hg < F(G/Hg). Moreover, an S-quasinormal subgroup is certainly
SS-quasinormal, so H is SS-quasinormal in G, hence H/Hg is SS-quasinormal in G/Hg by
Lemma 2.1(ii). Conclusion (ii) follows.

(i1) = (iii). This is immediate from Lemma 2.2.

(iii)) = (i). By Lemma 2.2, we know that H/Hg is S-quasinormal in G/Hg. It follows that
H is S-quasinormal in G. O

Lemma 2.4. Let P be a normal elementary abelian p-subgroup of G. If all maximal subgroups
of P are SS-quasinormal in G, then each chief factor of G contained in P is cyclic.

Proof. By Lemma 2.2, all maximal subgroups of P are S-quasinormal in G. Now, let N be a
minimal normal subgroup of G which is contained in P. It suffices to show that N is of order p.
Let G, be a Sylow p-subgroup of G. Then N N Z(G,) > 1, so we can find a subgroup X
of order p such that X < N N Z(G)p). Let {Py, ..., Py} be a set of maximal subgroups of P
satisfying X < P;. If such P; does not exist, then P = X, as desired. So let m > 1. Then we have

As the intersection of S-quasinormal subgroups is S-quasinormal in G (see [9]), it follows that
X is S-quasinormal in G. Thus, by a lemma of [11], we know that O”(G) € Ng(X). Recall that
G centralizes X and G = O”(G)G ,. Consequently, X is normal in G. Now, as N is a minimal
normal subgroup of G containing X, we conclude N = X, as desired. O

The following lemmas are needed to prove our theorem.
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Lemma 2.5. [fa p-subgroup P of G is SS-quasinormal (p a prime), then P permutes with every
Sylow g-subgroup of G with q # p.

Proof. By definition, there exists a supplement B of P to G such that G = BP and P permutes
with every Sylow subgroup of B. Let Q be a Sylow g-subgroup of G with ¢ # p. Then Q is
conjugate to a Sylow g-subgroup of B. That is, there is an element g = ax,a € B, x € P such
that Q¥ € B. Thus P Q** = Q%* P, which implies that PQ = Q P, as desired. O

Lemma 2.6. (See [16, Lemma 2.6].) Let N be a normal subgroup of a group G (N # 1). If
N N & (G) =1, then the Fitting subgroup F(N) of N is the direct product of minimal normal
subgroups of G which are contained in F(N).

Lemma 2.7. (See [16].) Let G be a finite group and p a prime dividing the order of G, G is
As-free and (|G|, p — 1) = 1. Assume that N is a normal subgroup of G such that G/N is
p-nilpotent and the order of N is not divisible by p>. Then G is p-nilpotent.

Lemma 2.8. (See [13].) If P is a Sylow p-subgroup of a group G and N < G such that PN N <
@ (P), then N is p-nilpotent.

3. Maximal subgroups
Proof of Theorem 1.1. Set the M,(P)={H\,..., H;}. Fixan H € My;(P). We have:
(*) There exists a Hall p’-subgroup K of G such that HK is a subgroup of index p in G.

By condition, there is a subgroup B < G such that G = HB and HX = XH for all X €
Syl(B). From G = HB, we obtain |B : H N B|, =|G : H|, = p, and hence H N B is of index
p in B, a Sylow p-subgroup of B containing H N B. Thus S ¢ H for all § € Syl,(B) and
HS = SH is a Sylow p-subgroup of G. In view of |P : H| = p and by comparison of orders,
SNH=BNH,forall S €Syl,(B).So

BNH=((S"nH)<[)5"=0,(B).
beB beB

We claim that B has a Hall p’-subgroup. Because |O,(B) : BN H| = p or 1, it follows that
|B/O,(B)|p = p or 1. As p is the smallest prime dividing |G|, by a well-known theorem of
Burnside, B/0,(B) is p-nilpotent, and hence B is p-solvable. So B has a Hall p’-subgroup by
[8, VI, 1.7]. Thus the claim holds. Now, let K be a Hall p’-subgroup of B, 7(K) = {pa, ..., ps}
and P; € Syl (K). By condition, H permutes with every P; and so H permutes with the sub-
group (P2, ..., Ps) = K. Thus HK < G. Obviously, K is a Hall p’-subgroup of G and HK is a
subgroup of index p in G, as desired.

Now, for each H; € M4(P), by (%), G has a Hall p’-subgroup K; such that the subgroup
M; = H;K; has index p in G. As p is the smallest prime dividing |G|, it follows that M; < G
and hence G/M; is p-group. Set

=

Il
-

=
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Then N is a normal subgroup of G such that G/N is p-group. Since H; is a Sylow p-subgroup
of M;, it follows that PN N = ﬂ?zl H; = @(P). Thus N is p-nilpotent by Lemma 2.8. Hence
G is p-nilpotent, contrary to the choice of G. O

Corollary 3.1. Let p be the smallest prime dividing the order of a group G and P a Sylow
p-subgroup of G. If every member of some fixed My(P) is S-quasinormal in G, then G is p-
nilpotent.

Proof of Theorem 1.2. It is easy to see that the theorem holds when p =2 by Theorem 1.1, so
it suffices to prove the theorem for the case when p is odd. Suppose that the theorem is not true
and let G be a counterexample of the smallest order. We have the following claims:

(1) Op(G)=1.

In fact, if O,/ (G) # 1, we consider the quotient group G/ O, (G). By Lemma 2.1, G/ O (G)
satisfies the hypotheses of the theorem, it follows that G/ O, (G) is p-nilpotent by the choice
of G. Hence G is p-nilpotent, a contradiction.

(2) If P < H <G, then H is p-nilpotent.

Noting that Ny (P) < Ng(P), we have Ny (P) is p-nilpotent. By Lemma 2.1, H satisfies the
hypotheses of the theorem. By the choice of G, H is p-nilpotent, as desired.

(3) G =PQ, where Q is a Sylow g-subgroup of G, g # p.

By the choice of G, G is not p-nilpotent. In the light of a result of Thompson [14, Corollary],
there exists a non-trivial characteristic subgroup 7 of P such that Ng(T) is not p-nilpotent.
Choose T such that the order of T is as large as possible. Since Ng (P) is p-nilpotent, we have
Ng(K) is p-nilpotent for any characteristic subgroup K of P satisfying 7 < K < P. Now, T
char P < Ng(P), which gives T I Ng(P). So Ng(P) < Ng(T). By (2), we get Ng(T) =G
and hence T = O, (G). Now, applying the result of Thompson again, we have that G/ 0, (G) is
p-nilpotent, therefore G is p-solvable. Thus, for any g € w(G) with g # p, there exists a Sylow
g-subgroup Q of G such that P Q is a subgroup of G by [7, Theorem 6.3.5]. If PQ < G, then
P Q is p-nilpotent by (2), contrary to the choice of G. Consequently, P Q = G, as desired.

(4) Final contradiction.

We now make use of the above claims to finish our proof. As O,(G) = 1, we have
O,(G) > 1. Let N be a minimal normal subgroup of G contained in O,(G). If N < @(P),
then N < @(G) by [8, 111, 3.3], and the quotient group G /N satisfies the hypotheses of the the-
orem, thus G/N is p-nilpotent by the choice of G. It follows that G/®(G) is p-nilpotent and
hence G is p-nilpotent, a contradiction. Thus N < @ (P) cannot happen, so N & @ (P). Because
D(P)= ﬂf_l P;, where P; € M;(P), without loss of generality, we may assume that N ;{ Py.
Put Ny =NNP;. Then [N: Ni|=|N:NNP|=|NP;: P|=|P: P| = p. Also, by hy-
potheses, P; is SS-quasinormal in G, which indicates that P; Q is a subgroup of G. As N < G,
we have Ny = NN PO < P;0Q, and it follows that N; < (P;Q, N) = G. Moreover, since N
is a minimal normal subgroup of G, we have Ny = 1 and N is a cyclic subgroup of order p.



S. Li et al. / Journal of Algebra 319 (2008) 4275-4287 4283

Now, NP; = P and N N P; = 1. By W. Gaschutz’s theorem [8, I, 17.4], there exists a subgroup
M of G such that G = NM and N N M = 1. Of course, N ;( @ (G). By Lemma 2.6, we have
Op(G)=Ry X --- X R, where R; (i =1, ...,r) is minimal normal subgroup of G of order p.
We therefore get P < ﬂle C6(R;) = Cg(0,(G)). Moreover, by [10, Theorem 9.31] and (3),
Cc(0p(G)) < 0,(G), it follows that P = O,(G) and so G = Ng(P). Now, we apply the hy-
potheses that Ng(P) is p-nilpotent to conclude that G is p-nilpotent. This is a contradiction,
which completes the proof. O

Proof of Theorem 1.3. Suppose that the theorem is false so that there exists a counterexample
G of minimal order. Set My(P) = {Py,..., Py} with ﬂle(Pi) = @ (P). We shall finish the
proof by following claims:

(1) Op(G)=1and @(0,(G)) =1.
This follows from the choice of G as in the proof of Theorem 1.2.
(2) Every G-chief factor contained in O,(G) is cyclic.

As G is p-solvable and O, (G) = 1, we have O,(G) > 1. Thus we can find a minimal normal
subgroup N of G contained in O, (G). If N < @ (P), then N < @(G), and the quotient group
G/N satisfies the hypotheses of the theorem, by the minimality of G, G/N is p-supersolvable.
As the class of p-supersoluble groups is a saturated formation, we have that G is p-supersolvable,
a contradiction. Thus N & @ (P). We may assume that N £ P;. Let Ny = N N Py. Then |N :
Ni| = p. By hypotheses, P; is SS-quasinormal in G, so there is a supplement B of P; to G
such that P; permutes with every Sylow subgroup of B. For any prime ¢ distinct from p and
a Sylow g-subgroup B, of B, we have P By is a subgroup. It follows that Ny = N N P B, is
normal in P; B,. Therefore Nj is normal in the subgroup (N, P1B, | g € n(G), g # p) = G.
The minimality of N yields N1 = 1. Consequently, N is a cyclic subgroup of order p and hence
N N P; = 1. By W. Gaschutz’s theorem [8, I, 17.4], there exists a subgroup M of G such that
G =NM and NN M = 1. Of course, N £ ®(G). Now, we can apply Lemma 2.6 to conclude
that O, (G) is a direct product of normal subgroups of G of order p, thus (2) follows.

(3) The final contradiction.

Since G/ Cg(R;) is a cyclic group of order p — 1, of course,

G/()Ca(R) =G/C6(0,(G))
i=1

is p-supersolvable. On the other hand, as G is p-solvable and O, (G) = 1, by [10, Theo-
rem 9.3.1], Cc(0,(G)) < 0p(G). Thus G/O,(G) is p-supersolvable. Now, the claim (2)
implies that G is p-supersolvable, completing the proof. O

Remark 3.1. In Theorem 1.3, we cannot remove the assumption that G is p-solvable in general.
For example, let G = As. Clearly, every maximal subgroup of the Sylow 5-subgroups of As is
the identity subgroup and of course, it is SS-quasinormal in As. But As is not 5-supersolvable.
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Proof of Theorem 1.4. Applying Lemma 2.1(i), we easily see that the hypotheses are inherited
by Hall subgroups of G. Applying Theorem 1.1 to know that G possesses Sylow tower property
of supersolvable type. Let g be the largest prime dividing |G| and Q a Sylow g-subgroup of G.
Then Q < G. Let H be a member of My(Q). By Lemma 2.2, H is S-quasinormal in G. By
a lemma of [11], O9(G) normalizes H. Moreover, H is maximal in Q, so Q normalizes H as
well. It follows that G = Q 09(G) normalizes H, i.e., H < G. Now, we apply Lemma 2.1(ii)
to see that G/H satisfies the hypotheses condition, and hence G/H is supersolvable for all
H e M4(Q). Because

[\ H=®)
HeMa(Q)

and the class of all supersolvable groups is a saturated formation, we can see that G/®(Q) is
supersolvable. Finally, by [8, III, 3.3], @ (Q) < @(G), it follows that G/® (G) is supersolvable
and hence G is supersolvable. The proof is now completed. O

Corollary 3.2. Let G be a group. If, for every prime p dividing the order of a group G and P €
Syl,(G), every member of some fixed Mq(P) is S-quasinormal in G, then G is supersolvable.

Proof of Theorem 1.5. We suppose this is the beginning of the proof of (ii) implies (i) and
that (i) implies (ii) obviously. By Lemma 2.1(i), every member of M(H) is SS-quasinormal
in H. It follows by Theorem 1.4 that H is supersolvable, so the Sylow g-subgroup Q of H
is normal in G where ¢ is the largest prime dividing |H|. As (G/Q)/(H/Q) = G/H € F,
and (G/Q, H/ Q) satisfies the hypotheses condition, it follows by induction that G/Q € F. As
@(Q) < @(G) by [8, III, 3.3], applying induction again, we can assume that @ (Q) = 1. Now,
by hypotheses, each member of M(Q) is SS-quasinormal in G. It follows by Lemma 2.4 that
each chief factor of G contained in Q is cyclic. Notice that the saturated formation F contains
all supersolvable groups, we thus conclude G € 7. O

The following example shows that Theorem 1.5 is false if M(P) is replaced by some fixed
M (P) in general.

Proof of Example 1.6. Let f be a formation function defined by f(p) being the class of p’-
groups for any prime p and let 7 be the formation locally defined by f(p).If Y is a supersolvable
group, then any p-chief factor H/N of Y is a cyclic group of order p, it follows that Y/Cy(H/N)
is a cyclic group of order dividing p — 1 and hence Y/Cy(H/N) € f(p). Therefore, Y € F and
so F contains U{. Clearly, A4 belongs to F.

Let P = {(a, b, ¢) be an elementary abelian group of order 33, and let o, B be two automor-
phisms of P defined respectively by defining

_f(a b ¢ IB_abc
“=\¢ a b)) “\b ¢! at )

Then o’ = ,83 = (aﬂ)2 =1,s0 H=(, B) = A4. Then H acts on P as a group of automor-
phisms. Let G = P H be the corresponding semidirect product. In fact, P is an irreducible and
faithful A4-module on G F(p) and so P is a minimal normal subgroup of G with Cy(P) = 1.
Because A4 € F and G/P = H = A4, we have G/P € F. Let K = PS, where S is a Sylow
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2-subgroup of G. We have 03(G) < K < G. Since S is an elementary abelian group of order 4,
it follows that a minimal normal subgroup of K contained in P is of order p. By Maschke’s
theorem [8, I, 17.7], P is a completely reducible S-module. Hence P = (a1) x {(a2) x {(a3),
where (a;) (i =1,2,3) is S-invariant. Let P; = {(a;: j #1i). Then every P; is S-quasinormal in
G and M4(P) = { Py, P>, P3}. On the other hand, P is a 3-chief factor of G and G/Cg(P) =
G/P = A4, which is not a 3’-group. Hence G ¢ F. O

4. 2-maximal subgroups

Proof of Theorem 1.7. Assume that the theorem is false. We consider a counterexample G of
minimal order. Let N be a minimal normal subgroup of G. Then we have:

(1) N is the unique minimal normal subgroup of G and G/N is p-nilpotent, in addition, N £
D(G).

By a routine check, we know that G/N satisfies the condition of the theorem. By the choice
of G, G/N is p-nilpotent, hence N is a unique minimal normal subgroup of G and N ¢ @ (G).

(2) 0,/(G)=1 and every proper subgroup of G that containing P is p-nilpotent.

If 0,(G) # 1, then G/ O, (G) satisfies the hypotheses condition. The minimality of G im-
plies that G/ O ,/(G) is p-nilpotent and hence G is p-nilpotent, a contradiction. By Lemma 2.1(i)
and induction, every proper subgroup of G that containing P is p-nilpotent. Thus claim (2) holds.

3) 1P| = p.
This can be seen from Lemma 2.7.
@ 0,(G)=1.

If 0,(G) # 1, then N < O,(G). By (1), G/N is p-nilpotent. Let T/N be the normal p-
complement of G/N. By the Schur—Zassenhaus theorem [10, I, 18.1], there exists a Hall p’-
subgroup H of T such that T = [N]H, a semidirect product. By the Frattini argument, we have
G =NNg(H).

Set M = Ng(H). Then G =NM. By (1), NN M =1 and M is a maximal subgroup of G.
In particular, the normal core Mg = 1. As p is the smallest prime dividing |G|, it follows that
|G : M| +# p.Sowehave |G : M|=|N|=p",n>2.Choose a Sylow p-subgroup Py of M such
that P = N Py. Of course, we can find a subgroup P; of P of index p2 such that P; contains Py.
Then Pj is SS-quasinormal in G by hypotheses. By Lemma 2.5, P; permutes with every Sylow
subgroup of H, thus Py H is a subgroup. Moreover, M = PyH < P1H < G, so the maximality
of M gives M = P; H. Consequently, |N| = p%. Now, Lemma 2.7 indicates the subgroup N H is
p-nilpotent, hence G is p-nilpotent, a contradiction.

(5) G is anon-solvable group.

By (2) and (4), G is a non-solvable group.
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(6) The final contradiction.

Define the family ¥ ={Q | O € Syl,(G), q € n(G), g # p} and

L= (1) No(Q).

QeX¥

Then L < G. As L normalizes each Q, it follows that L normalizes Q N L. We thus deduce
ONL < 0p(L) < Oy (G)=1by (2). Consequently, L is a p-subgroup and hence L = 1 by (4).

Suppose that P is generated by its 2-maximal subgroups. By hypotheses, every 2-maximal
subgroup of P is SS-quasinormal in G. By Lemma 2.5, every 2-maximal subgroup of P permutes
with every member Q of ¥. Thus P permutes with each Q in ¥. Burnside’s p®g”-theorem
implies that P Q is a solvable group and hence PQ < G by (5). By the choice of G and (2),
P Q is p-nilpotent and so P < Ng(Q) for all Q € ¥, contrary to L = 1. We thus conclude that
the subgroup of P generated by its 2-maximal subgroups is a proper subgroup. In this case, P
has a cyclic maximal subgroup P;. If not, P has at least two maximal subgroups P3, P4 and
P = (P3, P4). Moreover, P3 has at least two maximal subgroups P31 and P3p, P4 has at least
two maximal subgroups P41 and Pys. It follows that P3 = (P31, P32) and Py = (P41, Psz). Thus
P = (P3, Py) = (P31, P32, Pa1, Pa2), this is a contradiction. By (3), |P| > p3, so |Py| = p2. Let
P> be a maximal subgroup of P;. Then P; is a 2-maximal subgroup of P and 1 < P, < P. By
hypotheses, P, is SS-quasinormal in G and so P> Q is a subgroup of G by Lemma 2.5. Since P>
is a cyclic subgroup and p is the smallest prime dividing the order of G, the Burnside theorem
asserts that P, Q is also p-nilpotent. We deduce that P, < Ng(Q) for all Q € X, contrary to
L = 1. This completes the proof. O

Remark 4.1. In Theorem 1.7, we cannot remove the assumption that G is A4-free in general.
For example, G = A4. Clearly, every 2-maximal subgroup of the Sylow 2-subgroups of A4 is the
identity subgroup and of course, SS-quasinormal in A4. But A4 is not 2-nilpotent.

From Theorem 1.7, we can get the following corollary.

Corollary 4.1. Let G be a group. If, for every prime p dividing the order of G and P € Syl ,(G),
every 2-maximal subgroup of P is SS-quasinormal in G and G is Aa-free, then G is a Sylow
tower group of supersolvable type.

Proof of Theorem 1.8. By Lemma 2.1 and Corollary 4.1, we use induction on |G| to see that
N is a Sylow tower group of supersolvable type. Let r be the largest prime number in 7 (N)
and R € Syl,,(N). Then R is normal in G and (G/R)/(N/R) = G/N is a Sylow tower group
of supersolvable type. By induction, G/R € F. Let g be the largest prime divisor of |G| and Q
a Sylow g-subgroup of G. Then RQ < G. If ¢ = r, then G has the Sylow tower property, as
desired. Hence we assume that r < q.

Case 1. RQ < G. In this case, RQ is a Sylow tower group of supersolvable type by induction, it
follows that Q < RQ and so Q < G. Consider a Hall ¢’-subgroup M. Then R< M and M € F
by induction. Thus G € F, as desired again.
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Case 2. G = RQ. Let L be a minimal normal subgroup of G with L < R. Then the quotient
group G/L satisfies the hypotheses. By induction, we see that G/L is a Sylow tower group of
supersolvable type. As the class of all Sylow tower groups is a saturated formation, we have
that L ¢ @(G) and L is the unique minimal normal subgroup of G which is contained in R.
Therefore L = F(R) = R by Lemma 2.6. In particular, R is an abelian group.

If R is a cyclic subgroup of order r, then r < g implies that G = R x Q. Of course, G € F,
which completes the proof. Thereby we may assume that |R| > r2. Let R; be a 2-maximal sub-
group of R. By hypotheses, R is SS-quasinormal in G. By Lemma 2.2, R; is S-quasinormal
in G and Ng(R1) > O"(G) by [11, Lemma 2.2]. Thus R; is normal in G, and R; = 1 by min-
imality of R. Hence R is an elementary abelian group of order 2. Now, any element g of Q
induces an automorphism ¢ of R. When |R| = r2, we know that |Aut(R)| = (r + Dr(r — ). If
r =2 and some ¢ # 1, then the order of ¢ must be 3 as r < g. Thus the subgroup R(g) is not
Agy-free, contrary to the hypotheses. Hence all ¢ = 1,1i.e., G = R x Q, completing the proof. The
remainder is to consider the case when r > 2. Noticing that » + 1 is not a prime, so we have that
allp =1and G =R x Q, hence G € F. The proof is now completed. O
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