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The main result shows that the class of spaces with a 88-base is invariant under perfect mappings.
By using related techniques it is also shown that the class of weakly #-refinable spaces is preserved
by perfect images.
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1. Introduction

Since Moore spaces need not have a point-countable base the 88-base defined
by Aull [1] provides a natural generalization of Moore spaces and spaces with a
point-countable base. The 86-base concept has helped unify much of the theory
involving certain generalized metric spaces. The reader may wish to consult [2], [9]
and [11] for a survey of some of the interesting results concerning spaces with a
86-base. '

The main result of this paper proves that the class of spaces with a §6-base is
invariant under perfect images, answering a question asked in [2] and [6]. Using
techniques suggested by this proof, we also show that the class of weakly 6-refinable
spaces is preserved by perfect mappings. We finish this section with a few preliminary
definitions and results. Other concepts will be reviewed as needed.

A base B for X is said to be a 88-base if B can be expressed as B =U°"°=I x,
such that if xe U = X, where U is open, there is some me N where ord(x, #,,) < w
and some H € ¥,, with xe H < U. (Recall that ord(x, ¥,,) =|{G: xe G ¥,}|.) We
assume the convention that whenever Uf=, ¥, is called a 80-base for X that the
collections &, are arranged so that the above is true.

A space X is said to have countable tightness if whenever A< X and x & A there
exists some countable M < A such that x € M. Certainly, first countable spaces have
countable tightness. The following lemma is well known and easy to prove.
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Lemma 1.1. Suppose  is a collection of open subsets of X and for n<w, F,=
{xe X:ord (x, #)<n}. Ifn < wthen F,is closed in X, and if X has countable tightness
then F is closed in X.

In particular, we see that if (.., %, is a 80-base for X and if B, =
{xe X: ord(x, #,) < w} then B, is closed in X for every me N.
We will need the following lemma by A. Miscenko [12].

Lemma 1.2. If P is a point-countable collection of subsets of X then every Y < X has
at most countably many minimal finite covers by elements of P.

All mappings are continuous and onto, and a perfect mapping f: X > Y is a closed
mapping such that f~'(y) is compact in X for every y€ Y.

2. Recipe for preserving base axioms

A ‘perfect image theorem’ has been given for spaces with a development [13],
point-countable base [10], [8], o-point-finite base [10], [4], o-locally countable base
[5], Primitive base [7] and 6-base [7]. Starting from scratch these proofs are all
difficult and use a variety of techniques. Although we cannot give one proof which
covers the 86-base case (Theorem 3.5) and all of the above, there is a common
approach which can be used in all of these results. In an attempt to unify the results
in this area we give below an outline of this general procedure. The reader may
wish to check how each of these steps is realized in the proof of Theorem 3.5.

2.1. Given: A base & for X satisfying property P and a perfect mapping f: X - Y.
2.2. Find appropriate definition for ‘P-minimal cover’ of a subset E < X.

2.3. For Cc Uc X, where C is compact and U is open, show there is a finite
collection % = & such that C<|J ¥ < U and % is a P-minimal cover of C.

2.4. ‘Count’ the number of P-minimal covers of a given subset E of X.

25. For ¥ 3,|F|<w, 9= B, let
M(F, 9)={Bec % Fis a P-minimal cover of f'(f(B))}.

2.6. Use the open collections #(%, 9) in X to build, via the mapping f, a base
(for Y) satisfying P.
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3. Preserving a §60-base

Our main result is Theorem 3.5; we begin with a series of lemmas.

Lemma 3.1. If X has a 50-base there is a 80-base | J,_, 9, for X such that whenever
C < Uc X, where C is a nonempty compact set and U is open, then there exists 4,
covering C, and a subcollection W < §,, where A,nCc|J W< Uand A, C#9.
(A, ={xe X:ord(x, 4,) < w}.)

Proof. Suppose UC’,LI ¥, is a 66-base for X and for neN, B,=
{xe X:ord(x, #,) < w}.Let 4,, %,, . . . be an enumeration of the collections obtained
by taking unions of a finite number of collections from {#,, #>,...}. We show
.| %, satisfies the desired conditions. Suppose C < U< X with C a nonempty
compact set and U open. There is a finite sequence n,, n,, . .., n, of positive integers
chosen in the following way:
(i) n,isthe firstinteger such thatforsome H,e &, , H,< Uand H N B, N C #0.
(ii) For 1 <is<k, n;is the first integer larger than n;_, such that for some H; € %,,
H,c U and HN B, N(C-U\ (U #,)) #0.

(iii) Uj_, %,, covers C.

There is some re€ N suchthat 4, = U;;, . Let A, ={x: I <ord(x, )< w}; then
¥, satisfies the following:

(a) 9, covers C.

(b) Thereissome Ge %, (G = H, will work)suchthat Ge Uand Gn A,n C #§.

Now, applying the above, we can find a finite sequence r,, r,, ..., r; satisfying
the following:

(1) ry is the first integer such that %, covers C and there is some Ge ¥, such
that G= U and GN A, NC#0.

(2) For I<i=s, r; is the first integer such that 4, covers

Ci=CnA,n-"NnA,_
~-U{Ge%:1<j<i-1,GcU,GnA,n--NnA, #0}

and for some G, € ¥%,, G;= U and G:n A, nC;#0.

(3) {Ge%:Gc U and Gn C, #0} covers C.
(The above sequence can be found by using (1) and (2) to describe the process for
choosing the r, and using the compactness of each C; to insure the process stops
to give (3).) Then U,_, 4, =¥, for some m where A,=A, NnA,N- "NA,;it
follows that 4, satisfies the desired conditions.

In the remainder of this section we assume 4={J_, 4, is a 86-base for X
satisfying the conditions of Lemma 3.1.

Definition 3.2. If Ec X and s=(s,...,5»,)€ N™ a cover U of E is said to be an
s-minimal cover (with respect to %) if U can be expressed as U=, - VU,
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where for | s i< m:
(1) U9,
(2) 4, covers E-J,_, (U %)
(3) % is a minimal cover of En A, —Uj<,. (J u).

Lemma 3.3. If C< Uc X, where C is a nonempty compact set and U is open, there
is a finite s-minimal cover U of C (for some se\J]_, N") such that\J U < U.

Proof. Let C, = C and s, be the first integer such that ¥, covers C, and there is a
(finite) subcollection %, < ¥, where %, is a minimal cover of A, n C,, U ¥, <= U,
and A, n C,#0 (use Lemma 3.1). Continue by induction so that when k>1 we
have C, = C; —{J ¥, _, and if C, # 0, s, is the smallest integer such that 4, covers
C, and there is a finite %, < %, where %, is a minimal cover of A, N C,, | U= U,
and A, N C #90.

If each C, #0, let K =ﬂj°=l C;; then K is a nonempty compact set contained in
U, so there is some g€ N such that ¥, covers K and there is a finite subcollection
H < 9, such that % is a minimal cover of A, K,|J X< U, and A, » K #§. Since
C; | K there is some r such that C,c|J %, and for f=r, C;n A, is compact and
C;nA, | KN A, so there is some p = r with 5,> ¢ such that A, n C, < |J 5. (Note
that the sequence {s} may not be increasing but is unbounded.) Now, ¥4, covers
C,, % is a minimal cover of A, C,,|J #< U and A, n C, #@. This contradicts the
minimal condition put on s, since s, > ¢g. Hence there is some m with C,,., =% and
Ci,...,C, all nonempty. The collection % ={J, %; is the desired (s,..., S,)-
minimal cover of C.

Lemma 34. If E< X and se N™, some m € N, there are at most a countable number
of s-minimal covers of E (with respect to §).

Proof. Suppose a typical s-minimal cover is represented by %,u - - -u %, where
each U, < ¢, and %, is a minimal cover of EN A, “U,-<.~ (U %,). Working induc-
tively through the integers 1,2, ..., m it follows from Lemma 1.2 that there are at
most countably many choices for %, This will give the desired result.

Theorem 3.5. Iff: X - Yis a perfect mapping and X has a 80-base then Y has a §6-base.

Proof. Suppose 9=J_, %, is a 60-base for X satisfying the conditions of Lemma
3.1. Forany re N and se N' let €(s) = €(sy, ..., s,) denote the family of all finite
subcollections of 4, u---uU ¥,. For any 9 € €(s) and any k& N let

MU, s, k)={We %: U is an s-minimal cover of f~'(f(W))}.
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Let S(A, s, k) be the saturated part (with respect to f) of

(U (U, s, k) o (U U=Ay),
B(U, s, k) =f(5(U, 5, k)),
B(s, k) ={B(U, 5, k): U 6(s)},

and
QB=U{%(3, k):selU N ke N}.
r=1

To see that % is a §6-base for Y suppose ye V< Y for V open in Y. By Lemma
3.3 there is some re N, se N', and an s-minimal cover ¥ of f'(y) such that
UUcf (V). Say U=U,u---UU where each U<, 94, covers f'(y)—
U,<: (U %), and %; is a minimal cover of [N A, -U,., (U %). Let

[gus-{ua)]ola(wmom)

and let S(H) denote the saturated part of H. Note that f~'(y) < S(H) so there exists
some %, covering f~'(y), and a finite nonempty subcollection # < ¥, where

AcnfT' () =U WeS(H),

and Aynf ' (y)NnW#@ for every WeW. If WeW notice that f'(y)<
Y f(W))< H. The condition f'(f(W))< H forces

WY aa-U U <Ua
j<i
and since %; is a minimal cover of f~'(y)n A, —UK‘. (U %) we see that U; is a
minimal cover of f'(fAIW)n A, -U,.,(U%). Also %, covers (W) -
U}.<,. (U %)) so it follows that % is an s-minimal cover of f~'(f(W)). This says that
W< M(U, s, k), hence

' es@, s, kysUJusf(v).

This gives y € B(%, s, k) < V, showing that 3 is a base for Y. To complete the proof
that B is a 86-base, pick a fixed xe A, ~f~'(y) (for the above choice of k). If
ye B(¥, s, k) for some ¥ € 6(s) then A, nf () e U M(HK, s, k) so there must be
some D € %, such that xe D and ¥ is an s-minimal cover of f~'(f(D)). Since xe D
for only countably many D € %, and each f~'(f(D)) has only a countable number
of s-minimal covers (by Lemma 3.4) it follows that ord(y, #(s, k)) < . That com-
pletes the proof of the theorem.
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4. Weakly O-refinable spaces

A space X is weakly 8-refinable [3] if for any open cover %" of X there is an
open refinement %=Uf=, #, such that if xe X there is some ne N where 1 <
ord(x, #,) <w. In this section we show the class of weakly 8-refinable spaces is
preserved by perfect images. We need the following characterization from [3].

Theorem 4.1. (Bennett and Lutzer). A space X is weakly 6-refinable if and only if any
open cover W of X has an open refinement ), %, where for any x € X there is some
ne N with ord(x, #,) = 1.

The proof of the next lemma is similar to the first part of the proof of Lemma 3.1.

Lemma 4.2. Suppose {3}, is a sequence of open collections in X such that for any
x € X there exists me N where ord(x, #,,) =1. Let {94,}.., be an enumeration of all
collections obtained by taking unions of a finite number of collections from {#,, ¥, . . .}.
If C is a compact subset of X there exists some ke N and finite U = 4, such that
CclU% and

0# Cnr{x:ord(x, 4,)=1}c{J AU

In the remainder of this section, {%,},~, denotes a sequence of open collections
in X satisfying the conditions of Lemma 4.2 and, for each ne N, E,=
{xe X:ord (x, 4,)<1}. We continue with some additional notation.

If%,={GNE,: Ge 4,} then %, is relatively closed and discrete in {_} %,. Hence,
whenever C is compact and C<|J %, then {Ge ¥,: GA CnE,#0}|<w. For
re N,s,te N, Uc¥,1<i<r, let

H(s, %, ..., %’)z.g. (u - ESJ)

j<i
and
H(s,ty={H(s,U\,..., U): U<%, |U|l=t,1<i<r}

It should be clear that the next lemma will provide the main tool for the proof
of Theorem 4.4.

Lemma 4.3. If C is compact in X there exists some re N and s, t€ N such that C
is contained in exactly one element of ¥(s, t).

Proof. Let C, = C. By the conditions given in Lemma 4.2 there is a smallest integer
s, such that 4, covers C, and there is a finite subcollection 4, < ¢, where %, is a
minimal cover of E,nC, and E; n C,#0. If t,=|%,| notice that %, is the only
subcollection of ¥, having cardinality t, and covering E, n C;. Using induction
and an argument similar to that used in the proof of Lemma 3.3, there is a finite
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sequence s=(s,,...,s,) of positive integers and finite U, = 4, for 1 <i<r such
that if C,-=C—Uj<igll,- then ¥, covers C, 4, is a minimal cover of E;nC,
E,nCi#0and CcJ,., (U %). Let t;=|%|; then %, is the only subcollection of
%, having cardinality ¢, and covering E, n C. If t=(t,,...,¢) it follows that
Cc H(s, U,,...,%)and H(s, U,, ..., U,)is the only element of #(s, ) containing
C

Theorem 4.4. If X is weakly 0-refinable and f: X > Y is a perfect mapping then Y is
weakly 8-refinable.

Proof. Suppose 7" is an open cover of Y and let ¥F denote the collection of all
unions of finite subcollections from ¥. It suffices to show that ¥* has an open
refinement Ul, &, where for each y e Y there is some me N with ord(y, ) = 1.
Let W ={f"'(V): Ve ¥}. Since X is weakly 8-refinable we see that ¥ has an open
refinement Ua,,:, %, satisfying the conditions of Lemma 4.2 and inducing the open
collections (s, t) for s, te Ui, N'. For any Be (s, t) let D(B)=Y - f(X—B)
and 2(s, t)={D(B): Be ¥#(s, 1)}. Since U’;l N is countable it follows from
Lemma 4.3 that

U {@(s, ty:s, tel o, N’}

is the desired open refinement of ¥°%.

References

[1} C.E. Aull, Quasi-developments and §68-bases, J. London Math. Soc. (2), 9 (1974), 197-204.
[2] C.E. Aull, A survey paper on some base axioms, Top. Proc. 3 (1978), 1-36.
[3] H.R. Bennett and D.J. Lutzer, a note on weak 8-refinability, Gen. Top. Appl. 2 (1972), 49-54.
[4] D.K. Burke, Preservation of certain base axioms under a perfect mapping, Top. Proc. 1 (1976),
269-279.
{5] D.K. Burke, Paralindeldf spaces and closed mappings, Top. Proc. 5 (1980), 47-57.
[6] D.K. Burke, Closed mappings, Surveys in General Topology, Academic Press (1980), 1-32.
[7] D.K. Burke, Spaces with a primitive base and perfect mappings, Fund. Math., 116 (1983), 157-163.
[8] D.K. Burke and E.A. Michael, On a theorem of V.V. Filippov, Israel J. Math. 11 (1972), 394-397.
{9] J. Chaber, On point-countable collections and monotonic properties, Fund. Math. 94 (1977),209-219.
[10] V.V. Filippov, Preservation of the order of a base under a perfect mapping, Soviet Math. Dokl. 9
(1968), 1005-1007.
[11] G. Gruenhage, Generalized metric spaces, Handbook of Set-theoretic Topology, to appear.
{12] A.S. Miscenko, Spaces with point-countable base, Soviet Math. Dokl. 3 (1962}, 855-858.
[13] J.M. Worrell, Jr., Upper semicontinuous decompositions of developable spaces, Proc. Amer. Math.
Soc. 16 (1965), 485-490.



