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ABSTRACT

An algorithm is given for symbolically decoupling the solutions to a linear, time
dependent differential-algebraic equation Ez’ = A(t)z + f(t), #(t) € R®, in Hessenberg
form into state and algebraic components. The state variables are the solutions to an
ordinary differential equation with initial conditions restricted to a subspace of R®,
while the algebraic components are linear functions of the state variables involving
derivatives of the coefficients and input functions up to order r — 1, where r is the
index of the system. This decomposition provides closed form solutions to linear
Hessenberg DAEs in terms of the fundamental solutions of the state variable system.
The implications of the algorithm for computing consistent initial conditions, for certain
singular optimal control problems, and for numerical solutions are briefly discussed.

1. INTRODUCTION

In this paper we formally describe an algorithm for decomposing the
solutions of a higher index, time dependent differential-algebraic equation
(DAE)

E(t)z'(t) = A(t)z(t) + f(t), teQ=[t, 1], (1.1)
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in Hessenberg form into state and algebraic components. The Hessenberg
form is characterized by E(t) = E being a semiexplicit projector, A(t) being
block upper Hessenberg, and an invertibility condition on the subdiago-
nal blocks of A(t). We explicitly define the Hessenberg form and review some
of its most relevant properties in the next section. In addition to the algorithm
description, the purpose of this paper is to show that the state variables for
these problems are the solutions to an ordinary differential equation with
initial conditions constrained to a proper subspace of R* which is invariant for
the flow of this ODE; to show that the algebraic variables are completely
determined by the state variables, coeflicients, and inputs, and possibly deriva-
tives of these functions; and to explore some of the consequences of these
results for computing consistent initial conditions, for certain classes of singu-
lar optimal control problems, and also for the numerical solution of boundary
value problems involving Hessenberg forms.

Hessenberg forms involving a single matrix (or free Hessenberg forms {15])
commonly occur in control and numerical linear algebra applications due
to the information which they convey about the eigenstructure of a system
and to the existence of numerically stable algorithms for computing them.
Nonlinear DAE system Hessenberg forms F(z’, z,t) = 0, F,. singular, arise
naturally as models of constrained mechanical systems, in trajectory-pre-
scribed-path control problems, as necessary conditions in optimal control, and
as finite difference approximations to the incompressible Navier-Stokes equa-
tions. Typically these systems have index 2 or 3, where the index is a measure
of the number of differentiations of the problem data involved in the solutions.
Systems with index 5 or higher can arise in robotics problems, but arbitrarily
high index problems can be constructed by linking lower index problems in
cascade. Thus it is of interest to study the generic properties of large index
problems which exhibit the structural characteristics applicable at the lower
index level. Also, whereas many of the relevant applications involve nonlinear-
ities, many of the difficulties of analyzing these systems either numerically or
analytically are already present in the linear, time dependent problem, so that
it is of interest to understand this problem as a step towards understanding the
nonlinear case.

The numerical solution of the index 2 and index 3 problems was
first investigated in [2] and simultaneously in [16]. The methods used in these
investigations were fixed stepsize backward differentiation formulas (BDF) due
to the similarity of constrained systems to reduced order models of singularly
perturbed equations and also to the stiff stability of the BDF. Subsequently
this form was generalized to arbitrary index in [7] and studied in some detail
theoretically. Variable step BDF for Euler-Lagrange equations (index 2 and 3)
have been investigated in [9], and a class of generalized BDF methods for
problems with index 2 through 4 (which include variable step BDFs as a
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special case) has been studied in [14]. Investigations of implicit Runge-Kutta
methods for Hessenberg DAEs are described in [3, 13]. In these papers the
errors are analyzed by decomposition into projected components, where
the projectors can be computed directly from the explicit description
of the system.

It is the main purpose of this paper to show that an analogous decomposi-
tion can be carried out for the exact solution of a general Hessenberg form and
that it vields significant information about the system, such as explicit expres-
sions for consistent initial conditions, complementary conditions for the well-
posing of DAE boundary value problems, and even explicit solutions in terms
of the fundamental solutions of the state space system. To our knowledge this
is the first description of such a decomposition tailored specifically for general
Hessenberg form DAE systems. For discussions regarding the reduction of
general linear DAEs to other state space forms, we refer the reader to the
work of Mirz et al. [12] using matrix chains and to results due to Campbell [5]
for computing completions based on derivative arrays. These latter two
approaches produce underlying ODE systems for Hessenberg forms which are
different from the approach advocated in this paper.

In the next section we review some of the necessary background and give
some basic results which will be used in the remainder of the paper. In
Section 3 we present and analyze the reduction algorithm, and in Section 4 we
discuss some applications of these results to differential-algebraic boundary
value problems, in particular BVPs arising in singular optimal control prob-
lems. Finally, in Section 5 we make some closing remarks on applications of
these results and techniques to other questions related to Hessenberg DAEs.

2. BACKGROUND AND TERMINOLOGY

In this section we briefly review some definitions and develop the
necessary background which will be used throughout the remainder of
the paper. By a solution of (1.1) we mean a C' function z(t) which satis-
fies the DAE on an open subinterval & C Q. Then (1.1) is solvable on @ if for
every sufficiently smooth input function f(t) there exists at least one solution
which can be extended to Q, all solutions are C'(Q), and in addition every
solution is uniquely determined by its value z(t) for any te Q. In particu-
lar, solutions neither bifurcate nor escape to infinity in €. This definition is
slightly stronger than is necessary, since different components of z will
in general have varying degrees of smoothness (cf. Corollary 4). If z = 0 is
the unique solution to the homogeneous problem corresponding to f= 0,
then (1.1) is degenerate [8]. Otherwise, it is nondegenerate and there exists an
integer p > 0 and a smooth basis of functions {¢(t),...,¢,(t)} for the
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solution space of the homogeneous problem. The number p is called
the dimension of the solution manifold for (1.1).

The system (1.1) is in Hessenberg form of size r (denoted by #) if there is
an integer r > 1 such that E(¢) = E is a semiexplicit projector

I 0
E= ( I O) (2.1)
and such that A(t) is block upper Hessenberg of the form

Ay A A1 Ay

Agy Ayt Ay, 0
A(t) = Agg -0 Az, 0, (2-2)
Ar,.r—l 6

where A;; = A;;(t) is a sufficiently smooth n; X n; matrix, and where the
matrix I1 defined by

H = Ar,r-lAr-l,r—Z e A21A1r (23)

is n, X n, and invertible for all teQ. The parameter r, the index of the
system [1], is a measure of the sensitivity of a DAE to smooth perturbations of
its inputs and coefficients. The size of the system is s = ¥[_| n;, and the
identity block in (2.1) is (s — n,) X (s — n,).

In linear systems theory system Hessenberg forms are typically defined
either in terms of the controllability pair (A, B) or the observability pair
(AT, CT) for the system

x’ = Ax + Bu +f(t),
(2.4)
y = Cx + Du + g(t)

(see [15]). What distinguishes our definition (2.1), (2.2) from the usual defini-
tions in control theory is the invertibility condition on II and the fact that .
involves the structure of the triple (A, B, C). In fact one can easily show that
#. is structurally equivalent to the case where (A, B) and (A,C") are
simultaneously in the system Hessenberg form described in {15]. In this paper

we are not concerned with the computation of the DAE Hessenberg form
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from a more general system description. However, it is important to note that
system Hessenberg forms for a pair (A, B) can be highly ill conditioned even
though the corresponding free Hessenberg form (in terms of A) may be well
conditioned.

Partition the variable z€ R® in (1.1) into

t T
(%1525 2o ) = (le ervl,uT)
where z;€ R™ and u € R™. Define the matrices P(t) (for i =1,...,r — 1) by
_ AerAlAr,r—lAr~l,r—2 o A21’ i= 1’

P(t) =

A i1 Aisrisg Ay ALTTTA - A

ror—=1"" i1,

Associated with P, are the subspaces #; and .#; given by

R, = %(Ai,i—l A21A1r)’

1

Hi= N(A, 21 A i Aieni)s i#l,

with #, = #(A,,)and A, = A/ (A, A, _ |, o " Ay), where Z(-)and
A (+) denote range and nullspace, respectively. In particular, P(t) is a rank n,

projector onto %, along 4}, so that R™ = %, @ A4,. Furthermore, the follow-
ing partial commutativity relationships hold:

PiA, = Ay,
PIAI i-1 Az t—lPl—l’ 1—2’ ,7‘-“1, (2 5)
Ar,r~1Pr—l - Ar,r—l

With P, defined above, let P = diag(P,, ..., P._;), so that

2(p) = ,II A(P)C R

The conditions in (2.5) imply the invertibility of the linear transformation
A;: R, — R, defined by A,v = A, ;_v. This follows from the invertibility
of TI and the facts that rank A, ;_, > n, and also rank P,_; = rank P, = n,.
Coupled with (2.5) and interpreted geometrically, this says that the path from
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u to ITu through the intermediate subspaces #; can be traversed uniquely in
the reverse direction via the A; 1.
The following simple results will be useful in the next section.

ProposiTioN 1. Let & C R be an open interval with P: 0~ R*** (s 2 1)
any smooth projector-valued mapping. Then

(i) PP'P =0
Gi) (I — P)P'P = (I — P)P".

Proof. Differentiate P2 = P. Premultiplying by P proves (i); premul-
tiplying by I — P proves (ii). ]

CoroLLARY 1. Let € C R be an open interval with P: 0~ R*™* (s 2 1)
any smooth projector-valued mapping. For any smooth function z: 0~ R’
define v = (I — P)z. Then Pv' = —PP'v.

Proof. A straightforward calculation using Proposition 1 shows that
Pv' =P{(I1 - P)z’— P'2} = —PP'z= —PP'{v + Pz} = —PP'v. ]

3. A DECOMPOSITION ALGORITHM FOR HESSENBERG SYSTEMS

For the purposes of presentation, in this section we write #. (r > 3) by

r—1
2] =A%, + EQAljzj+A1,u + f1s (3.1)
j=
r—1
B =A; 1%+ A%+ .Z_FlAijzj +f; (i =2,...,r— 1)’ (3'2)
j=i
0 = Ar,r—lzr—l +fr’ (33)

where the summation in (3.2) is not present if r = 3. The index 2 case is
treated separately. For each z; define v; = (I — P)z; and w; = P;z;. Then
z; = v; ® w; according to the splitting R™ = #(I ~ P;) ® A (I — P,). Multi-
plying (3.3) by A, _; ,_5 “** Ay A;,I17! gives an exact expression for w,_,:

W= A,y g A AT (3.4)
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Furthermore, if w; and z; (j =i+ 1) are known, we can split z; and
premultiply (3.2) by I — P; to get

r—1
(I-P)v; = (1-P)A; ;1% + (I-P)Av; + 'X_;l(z - P) A,y
j=i

+(1—P,.)

r—1
ZAijwj +fi_w’i)' (3‘5)
j=i

Then using (2.5) and adding P,v; to both sides of (3.5) according to Corollary
1 gives

r—1
v = Ao t [(I_Pi)Aii_PiPi/]vi+ Z (I_Pi)AijUj
j=i+1

+(I-P)

r-—-1
Z A w; +fi— w,’) (3‘6)
j=i

We can solve for w;_; by premultiplying (3.2) by
Aj et A21Alrn~lAr,r—l A
and rearranging to get

— -1
w1 = A2 Ag A ITTA, Aigri

+

r—1
X|lvi — Z Aijvj
j=i

v ril A, —ﬂ)]' (3.7)
j=i

Continuing in this fashion, we obtain a similar expression to (3.6) for v}
excluding the first term on the right-hand side. Finally, we solve (3.1) for u as

—11-!
u=I1""A , 14, » Agy

r—1
x[ vy — E%Aljvj +
i=

r—1
wi — ng Ay jw; —fl)}. (3.8)
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The preceding discussion motivates the formal description of Algorithm 1
given below and the results which follow.

ArcorithiMm 1. {Hessenberg state space decomposition}
begin
if (r = 2) then begin
wy = ~ ARy
vi = [(I - Py)Ay — PyPilvy + (I = Py)f; + Ajywy — wi;
u=T""Ay[(v] — Apyoy) + (w) - Aywy = f1)]
end
else begin
W= ~A_y o0 Ag A, 171
for i = r — 1 downto 2 do begin
vi = Ao+ (T - P) Ay — PPy,
+er=_i1+1(l - P)A v+ (1- Pi)[zjr;il Ajw; + f; — wil;
Qi=Ai1ig  AnALITTA, ) Ay
w1 = Qv — Ti5 Ayw) + (wi = £15 Ay, — )
end;
vi =[(I = P)Ay — PPy,
(1= P[0 Ay + (S50 Ay + 1 — wh)
u = H—lAr,r—lAr—l,r*2 A21
X {(vf = Si21 Aguy) + (wi = i21 Ajyw = )b
fori=1tor—1do
Z; = v, + w;
end
end. {Hessenberg decomposition}

THEOREM 1. Assume that A(t) and f(t) are C"(R). If z(t) is a solution of
H#. for r = 2, then Algorithm 1 produces the direct sum decomposition z; =

r

v; ® w; where v, = (I — P,)z; and w; = P;z;. The variable v = (vy,...,v, ;)"
is a solution of the linear ordinary differential equation
= At)v + g(t), (3.9)

where ;l(t) is block upper Hessenberg of the form

An A e A1
Ayl Ap e Ag 1
A = A32 o e N
Ar—l,r—2 Ar—l,r—l
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such that
Aii=(I_Pi)Aii"PiPi', (3.10)

@(Aij(t))g R(I—-Pt) =H for i<j<r—1, and g(t)e N, for i=

1,...,r — 1. The functions A,() and g(-) are completely determined by A®
and fO for 0K k<r—-land 0<I<r—2.
Furthermore, the variable (w, u)' = (wy, ..., w,_,, )" can be written as
(w,u)" = B(t)v + q(t) (3.11)

where B(t) is an s X (s — n,) matrix of the form

0 B, By e By .1
0 By e By .\
N 0 - .
B(t) = : : (3.12)
. Br~2,r—1
0
Bul Bu2 Bu3 T Bu, r—1

and where the B,;, By, and q(t)=(q),...,q, 1, q,) are also completely
determined by A% and f® for 0 <k <r - 1.

Proof. The proof is by induction on i for 1 < i < r — 1 for r 2 3. First,
the index two case is treated separately. From (3.1)-(3.3) and Algorithm 1 we
have

il

,
vy

[(1 —- P A, - P\Plv, + (I~ P)[fi + Ay, — wi],

w; = —ARIf,, (3.13)
u = H_1A21[(v’1 - Ayvy) + (w] = Apwy “fl)]-

Equations (2.5), (3.13) imply that (I~ P)w}= — (I- P))ALII"'f,. Also,
Corollary 1 implies Agv) = Ag[(I = Py)vi+ Pi]= Ay (=P, Pivy)
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= — A, P{v,. Thus (3.13) is equivalent to

v = [(1‘ P)) Ay - P1P1']l’1 + (I- Pl)[fl + (A — A11A12)n—1f2]’
w; = —ApRll™'f,, (3.14)
u = IA21[ (Px' + Ap)v; + <A11A12H {A12 } )fz

—ARll'fy - fi]. (3.15)

which clearly satisfies the statement of the theorem when r = 2.
To establish the theorem for the case r > 3 we will simultaneously show
that:

1) w, = (T2 ,1+1 B;v;) + g;, where B;; and g; involve r — i — 1 deriva-
tives of A and f, respectively; R

@) vi =A,;wio + (I - P)A; — PP/Jy; + Zj:ilﬂ Ajv; + (I - P)g,s
where A;; and g; involve r — i derivatives of f.

For i = r — 1, Equations (3.4), (3.6) imply
vy =A, 1 ,atpot+ [(I-P_)A, s, =P P |, + (I-P._)
X{[(Arcrree " AuAy) = A1, 1A, e
C Ay ATV, + £, ),

W= Ay ,9 " Ag AT,

(3.16)

Thus (1) and (2) hold for i = r — 1. If they hold for i > k, then for i = k ~ 1
we have from (2.5), (3.7) and the substitution v = (I — P)v; — PPy,

— .o -1 .
Wi = Ap_y ko2 Ag A ITTA L Apyrk

r—1
I: (Pk +Akk)”k+ Z+ Ak] /§
i=k

r—1
2. By
Vi

j=k+1

—_
"+ q; — X;CAkjwj -fi
i=

r—1

ZBkljj

j=k

+ g 1s (3.17)
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where B, _, ; and g;_, involve one more derivative of A and f than By; and
Gx- Thus (1) holds for every i = 1,...,r — 1. The form for (2) for i =k ~ 1
follows immediately by substituting (3.17) into (3.6). Finally, the expression
u= (er;ll B,;v;) + q, follows directly from (3.8) in analogy with (3.17). This
completes the proof of the theorem. ]

As an illustration of Theorem 1 and to get an idea of the rapid growth both
in number [which is O(r?) for index = r] and in complexity of the formulas,
we include the results of Algorithm 1 for the index three and index four
Hessenberg forms in the appendix.

TueOREM 2. The subspace Z (I — P) € R*™™ is invariant for the flow of
the system (3.9). That is, if v(t) is a solution of (3.9) such that for some t€Q
one has P(£)u(f) = 0, then P(t)u(t) = 0 in Q.

Proof. Since P is block diagonal, it suffices to show that P(#)v;(f) = 0
implies P(t)v;(t)=0for i=1,...,r — 1. When i = 1, multiplying (3.6) by
P, yields Pjv{ = —P,Pjv,. But then (Pv,Y = (I = P))P{v, = (I - P,)P{Pv,
by Proposition 1. Hence P (£)v,(f) = 0 implies P,(t)v,(t) = 0. For i > 1,
multiplying (3.6) by P; yields Pv] = A, ; P,_w,_; — B,Pjv. f P,_jv;_, =0,
then Proposition 1 again applies to get P,(t)v,(t) = 0. Hence by induction
P(t)v(t)=0fori=1,...,r - 1. ]

Theorems 1 and 2 suggest the following definition.

DeFiniTION 1. For Hessenberg systems (3.1)-(3.3), the subspace % (I —
P) is the state space for the variable z;, and A(I — P,) is the corresponding
algebraic space for z;. Similarly, the projections v, = (I — P,)z; and w; = Pz,
are the state and algebraic components for z;. Finally, the state component of
the solution z(t) is v(t) and the algebraic component is (w(t), u(t))".

Let ¥(t,t,) be the (s — n,) X (s — n,) fundamental matrix solution of
(3.9) such that ¥(¢,, ¢y) = I. For arbitrary continuous g and initial condition
v, the general solution with starting at ¢ = ¢ is given by

o(t) = ¥(t.t0)uo + [ ¥(t.5)g(s) ds. (3.18)

to

On the other hand, from Theorem 2, if g is determined from f by Algorithm
1 and if [I — P(ty)]vg = vg, then [I — P(2)]u(t) = v(t) for every t. If f=0, it
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follows directly from the proof of Theorem 1 that g = 0. Consequently,
¢
[w(t5)a(s) dse 2 (1 - p(2))
to

independent of vy, so that in general the complementary subspace Z (P(t)) is
not invariant for (3.9).

THEOREM 3. Let A and f be C"(Q). Then the converse of Theorem 1 holds.
That is, suppose v, w, and u are differentiable solutions of (3.9), (3.11) such
that P(f)u(f) = 0 for some t€Q, where A, B, g, and q are determined by
Algorithm 1. Define =z, = v, +u, for i=1,...,r— 1. Then z =
(%15 -« -» Zp_1> W) is a solution to (3.1), (3.3).

Proof. By definition of z and the hypothesis of the theorem, we have that
(I - P)z; =v; and P;z; = u;,. Multiplying (3.4) by A, ,_; shows that z,__,
solves the last equation in (3.3). Rearranging (3.6) for i = 1 using Corollary (1)
(excluding the first term on the right hand side) yields

r—1

(1-P)zi= X (1= P) Az + (1= B)f. (3.19)

Multiplying (3.8) by A,, and adding to both sides of (3.19) shows that z,
solves the first equation in (3.3). To show that z solves the second equation in
(3.3), multiply (3.7) by A, ;_; and add to both sides of (3.6). This completes
the proof of the theorem. [ ]

CoROLLARY 2. Let A and f be C(Q). Then (3.3) is a solvable DAE on 9.
The general solution starting at t is given by

2(t) = [N+ B()]¥(t. to)[ 1= P(to)]vo

+[l\7+l§(t)]/tt‘lf(t,s)g(s) ds+q(t),  (3.20)

0

where B, g, and q are given in Theorem 1, voe R*™™ is arbitrary, ¥(t, t;) is
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the fundamental solution for (3.9), and the s X (s — n,) matrix

~ - 1
“=[a]
with the identity block of size s — n,.

Proof. The proof follows immediately by combining (3.18) with the
previous results and the existence theory for linear ODEs with continuous
inputs and coefficients. |

CoRroLLARY 3. Let the assumptions of Corollary 2 hold, and define the
s X (s — n,) matrix G(t) by

G(t) = [N+ B(t)][1 - P(¢)].

Then z, is a consistent initial condition for (3.1)-(3.3) at t = t € Q if and only if
zo = G(t)vg + q(f) for some v,. Consequently, the dimension p of the solution
manifold for (3.3) is Y[Z{(n,— n, ), rank G(t) = p, and Z(G(t)) is the
solution manifold for (3.3) when f= 0.

Proof. That p = ¥[Z!(n; — n,) follows directly from (3.20) and the fact
that rank(I — P) = n; — n,. Also, rank G(t) = p, since N + B(¢) has full
column rank. To show that #(G(#)) is the solution manifold for the homoge-
neous system (3.1)-(3.3) it suffices to prove that f = 0 implies ¢ = 0 and then
apply (3.20). But this easily follows from (3.16), (3.17) in the proof of Theorem
1 in the same way that f = 0 implies g = 0. N

The definition of solvability given in Section 2 required differentiability in
every component of the solution z(t). However, from (3.9), (3.11) the vari-
ables v and w are independent of u. Differentiability of u requires one more
derivative of the coefficients and inputs than v and w. This leads to the
following slight generalization of the previous results.

CoroLLARY 4. If A and f are in C""Y(Q), then there exists a ;2| (n; ~

n,)-dimensional family of functions z = (z,..., z,_, u)' which satisfy (3.3)
such that z;€ C'(Q) and ue C°(Q).

4. APPLICATION TO BOUNDARY VALUE PROBLEMS

In this section we briefly discuss application of the results of the previous
section to the formulation and numerical solution of differential-algebraic
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two-point boundary value problems (BVP) and also to the analysis of a simple
class of singular optimal control problems. We consider systems of the form

Z[a(t)]:= E(t)z'(t) — A(t)z(t) = f(t).  =z(t)eR",

4.1
B[ 2(t)] = Byz(to) + B,z(t,) = BeR", b
where (E, A) is a sufficiently smooth (at least C") #, pair and p = p is the
dimension of the solution manifold for (4.1). We refer the interested reader to
[8] for a detailed analysis of general linear DAE two-point BVPs. We assume
that the boundary matrices By and B, are p X s such that rank[B, B,] = p.
The shooting matrix for (4.1) is

S = By®(t,) + B, ®(t,).

From [8] and the results of the previous section, we know that p = ¥/_)(n, -
n,) and ®(f) = [¢(t) Po(t) - &,(t)] is an s X p fundamental solution
matrix whose columns span % (G(t)), where G(t) is defined in Corollary 3.
More specifically, if Q is an (s — n,) X p matrix consisting of p linearly
independent columns of I — P(t;), then from Equation (3.16) we have that

which implies

S = {B[N+ B(t,))] + B[N+ B(2,)] ¥ (t1.t)} 0.

Then the system (4.1) is a solvable BVP if and only if S is nonsingular; that is,
the DAE #[z(t)] = f(t) is solvable and for each 8 € R” there exists a unique
solution z(t) to the DAE which satisfies the boundary conditions #[z(t)] = 8.

4.1. Numerical Solution of DAE BVPs
We consider the numerical solution of systems (4.1) in Hessenberg form
by finite difference discretizations of the form

R

n

[
M=
o

a(P)z=F(h.f), j=1....N (4.2)
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where z, = {zj}szo is the numerical approximation to the solution {z(tj)}]N:O,
h = |(t; — to)/N] is the stepsize, and t; = t, + jh. The assumption that h is
constant is not relevant to the discussion which follows but does influence the
local stability properties of the method. In matrix form, (4.2), (4.3) is an
underdetermined linear system of Ns + p equations in (N + 1)s unknowns.
In [8] it was proved that if (4.2) is convergent and stable for the DAE initial
value problem, then complementing (4.2), (4.3) with s — p linearly indepen-
dent consistency conditions on z, yields a convergent and stable method for
the BVP. Thus we seek conditions of the form

MO ZO = bo (4.4)

where M, is (s — p) %X s with full row rank, where both M, and b, are
determined by the data A(t), f(¢) and their derivatives at t = t;, and where
(4.4) is equivalent to the consistency of z,.

From Corollaries 2 and 3, z, is a consistent initial condition for (3.1)-(3.3)
if and only if

zg = G(to)vo + q(to), (4.5)

where G is given as in Corollary 3 and B, g are determined by Algorithm 1.
That rank G(t,) = p implies dim A4 (G(ts)") =s —p. Let V be a s X (s —
p) full column rank matrix whose columns span A4 (G(t,)"). Then S =
V(VTV)~!VT is an orthogonal projector onto A (G(t,)T), and I — S projects
onto the orthogonal complement A (G(ty)")* = #(G(t,)). Clearly (4.5) im-
plies

Vizg = Vig(t,). (4.6)

But (4.6) implies z, — q(to) € #(S) = #(I — S) = Z(G(t,)). Setting My =
VT and b, = VTq(t,) gives the desired s — p consistency conditions. Com-
bining these with (4.2), (4.3) yields the (N + 1)s X (N + 1)s nonsingular
linear system

dhzh = F(h,f),
where
B, 0 B,
M, © 0
Ay=1Co Cu -+ Cn
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4.2. DAE BVPs in Optimal Control
A well-known example of a DAE two-point BVP arises from the Euler-
Lagrange equations for singular optimal control problems

min J[x,u] = %{x{Cxl + /tt;[xTH(t)x + uTR(t)u] dt (4.7)

uev

subject to the homogeneous state space system (in control termino]ogy)

2'(t) = A(2) x(t) + B(t)u(t), 2(ty) = xo. (4.8)

Here the state variable x and the control u are of size n, and n, (n, > n,),
respectively, x; = x(t;) is a free endpoint value, and % is a set of admissible
controls (for simplicity we assume at least continuous). The cost matrices C,
H(t), and R(t) are assume to be real, symmetric, and positive semidefinite on
[to, t;], while R(#) may be singular but has constant rank on [t,, t;]. We
ignore nonhomogeneities in (4.8) in this discussion, although these can be
handled in a straightforward manner. In the control theory literature, (4.7),
(4.8) is known as a free endpoint linear-quadratic regulator problem.

The first order necessary conditions for (x, u)’ to be an optimal state and
control pair are given by the homogeneous DAE boundary value problem

x'(t) = A(t)x(t) + B(t)u(t),
X(t) = —H(t)x(t) — AT(t)\(¢), (4.9)

0 = BT(t)N(t) + R(¢)u(t)

subject to the boundary conditions

x(ty) = %g, (4.10)
Nt1) = —Cx(t,), (4.11)
where M\ is the costate or Lagrange multiplier variable of size n,. Other types
of boundary conditions may exist. For example, if x(#,) is specified, then the

natural terminal condition Nt;) + Cx(t,) = 0 will not be present.
By replicating the argument in [4] it is straightforward to show that the
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semidefinite assumptions on C, H, and R imply that (4.9)-(4.11) is also
sufficient for (x,u)’ to be optimal. The approach involves showing that if
(x*, X, u*)! solves (4.9)-(4.11) then the positive semidefinite quadratic func-
tional ¥(w) = J{wx™ + (1 — w)x, wu* + (1 — w)u] is minimized at w = 1 over
all admissible pairs (x, u)' such that x(t,) = x,. The corresponding optimal
cost is N5 x%, where N = Nf(t,). We leave the details of this exercise to the
interested reader.

Consider the special case of (4.7), (4.8) where R(t) is singular and B'HB is
nonsingular. Then (4.9) can be reduced to a totally singular problem (R = 0)
with a first order singular arc, which is of the form #;; henceforth we assume
that R = 0. In this case the index 3 state space decomposition given in the
appendix gives the separation of the true state components in x and A from
the corresponding algebraic components and the control u. The projectors for
(4.9) are P, = B(B"HB)™'B"H and P, = HB(B"HB) 'BT, respectively. Since
H is symmetric, P{ = P,; hence #(P])= A (P))*= &(I - P))* = R(P,).
But 4 (P,) is the algebraic space for A, while % (I — P)) is the state space for
x. Thus with a slight abuse of the terminology we have established the
following interesting result.

THEOREM 4. For the singular optimal control problem (4.7), (4.8) under
the assumption BTHB invertible, the state space for the costate variable \ is
orthogonal to the algebraic space for the state variable x. Similarly, the
algebraic space for the costate variable is orthogonal to the state space for
the state variable. If H = + 1 the state spaces for the state and costate variables
are the same and are orthogonal to their respective algebraic counterparts.

A system of the form (4.9) with H = —1I can arise if X and x are position
and velocity variables, respectively (with x’ depending on N), and (4.9} is the
linearization of a constrained mechanical system with normalized masses [16].

The comments preceding Theorem 4 assumed the existence of solutions.
Note that (4.9)~(4.11) is an overdetermined BVP, since p = 2(n, — n,) and
(4.10), (4.11) consists of 2n, conditions. Consequently this BVP is not solvable
in the sense defined above. However, the DAE initial value problem (4.9) is
solvable. Therefore, in principle we can apply the results of Section 3 to
determine consistency of the boundary conditions with existence and unique-
ness of solutions. Using (3.20) and the formulas in the appendix, we have

x(t) I Byy(t)
Nt) =] o I |W(t to)[ 1~ P(to)]vy,  (4-12)
u(t) B,(t) By(t)
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Bis(t) = —B(BTHB) 'B(P; - AT),
B, (t) = (BTHB) 'BTH(B, H + Pj + A) (4.13)
B,s(t) = ~ (BTHB) ' B'H{Bi, — AB,, ~ By,[(I - P,) AT + P, P;] }.

Applying the boundary conditions yields

[’;"] = W[1-P(t)]vo, (4.14)
where
I Byy(to)
W= [[C CBy(t:) + 1] ¥(ti.t) | (4-15)

THEOREM 5. Let W be the matrix in (4.15). Then solutions to (4.9)-(4.11)
exist if and only if (x4,0) '€ Z(W[I — P(t,)]). If (4.14) is consistent, a solution
to (4.9)~(4.11) is unique if and only if W is nonsingular.

Proof. Clearly any solution to (4.9)-(4.11) must satisfy (4.14). Con-
versely, if (x, 0)'e Z(W[I — P(t,)]) and vy is any solution to (4.14), then the
solution (z, A, #)* in (4.12) corresponding to the initial condition [I — P(t,)]v,
will satisfy the boundary conditions (4.11). This takes care of the question of
existence in the first part of the theorem. To address the question of unique-
ness, note that by linearity, a solution to any solvable BVP of the form (4.1) is
unique if and only if z =0 is the unique solution to the corresponding
homogeneous BVP (8 = 0, f= 0). Thus suppose that W is nonsingular.
Then 0 = W[I — P(t,)]v, if and only if 0 = [I — P(ty)]v, if and only if (x, N,
u)! = 0 is the unique solution to (4.9)-(4.11). Conversely, suppose that
(x, A\, u) = 0 is the unique solution to (4.9)-(4.11) but W is singular. Then
there exists ¢ # 0 such that W[I — P(¢,)]¢ = 0 but [I — P(¢,)]¢ # 0. Using
the initial condition [I — P(¢y)]¢ in (4.12) gives a nonzero solution to the
homogeneous BVP, contradicting the assumption of solvability. Hence W
must be nonsingular. n

CoRroLLARY 5. Solutions to (4.9)-(4.11) are unique if and only if
H (WL = P(tg))) = H(I = P(ty) = R(P(t,)) if and only if rank{W[I —
P(to)]} = rank[1 — P(t,)].
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CoRoLLARY 6. Solutions to (4.9)-(4.11) are unique for every t; in a
sufficiently small interval containing t.

Proof. Viewing W(t,) = W(¢t) for t = t, in (4.15), block row reduction
shows that W(t,) is nonsingular. ]

Note that Corollary 5 is slightly more general than the uniqueness result in
Theorem 5, since it can be applied to Hessenberg DAE systems with more
general boundary conditions than (4.10), (4.11). To summarize the resuits of
this section, we state the following

THEOREM 6. If t| is sufficiently close to ty, an optimal control for (4.7),
(4.8) (if one exists) is unique and is given in either closed or open loop form by

u(t) = {B..(t)[B.a(t) - Blz(t)Bul(t)]}(x(t), )\(t))t (closed loop),

[Bult) Bua(t)]¥(t. ta) W (x0,0)' (open loop).

The corresponding optimal cost is given by $xX Wy x, where Wy, is the (2,1)
block of W(¢,).

5. DISCUSSION

In this paper we have presented and analyzed an algorithm for alge-
braically resolving the solutions of a linear, time dependent Hessenberg form
DAE into its state and algebraic components. We have also discussed several
applications of this procedure to boundary value problems arising in optimal
control and to the numerical solution of these systems. In contrast to the
reduction algorithm in [7}, which produced a chain of generalized integrators
and differentiators, the technique described here does not involve time vari-
able coordinate changes. We have shown that in principle the Hessenberg
reduction procedure can be used to compute exact initial conditions for
smooth solutions, although the formulas are quite complicated and will proba-
bly require the use of symbolic packages in order to be usable for problems
with index > 5. For boundary value problems, the ability to express the
conditions for consistency of initial conditions is critical to well-posing of
the BVP and for the formulation of a nonsingular linear system for finite
difference methods. We have shown that with some minor modifications,
Corollary 2 provides these for linear Hessenberg DAEs.
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At this point the implications of the algorithm for nonlinear DAEs and its
relationship to the various state space forms which can be produced by
derivative array computations (see [1]) by different pivoting strategies is not
known but is under investigation. Note that the existence of an invariant
subspace for the differential part of the solution suggests that the same error
control strategies which are used to govern the variation of stepsize in ODE
solvers can be applied to the projected components in % (I — P) rather than
in z; the known results for these methods should be directly applicable to
Hessenberg DAE problems.

APPENDIX

In this appendix we give the decomposition formulas for components of
the state variable ODE and the expressions for the algebraic variables for the
index 3 and index 4 Hessenberg forms.

Index 3 state space decomposition:
vy = [(l - Pl)All - Pl”f]”l + Apuy + g1,
vy = Agy + [(I = Py) Agy — Py P3]us + g5,
w, = By + gy, (6-1)

Wy = qg,

u = Bv; + Bsvy + g,
where
go = —Ag Al s,
g = (1= P){fo + ([ A21 Ais] — A2 A5, A) T3},
By = —Apll™'A5(P; + Agg),
g1 = ATl Ag{ ( An 45 ATl = [ A AT fy
—Ag Apll™'fs ‘fz},

Ay = (1- Pl)[Alz + (Al = Ay Ap) T *Age (P + Azz)],
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g1 = (1= P){fi = (A1s = Ap AT Ay Az Ay Ayp11 7!
~[ A Al ]) f3 - An Al f —f2] + A1pds ),
B, =TT"'A3 Ay (Bp Ay — P — Ayy),
B, =17 'A5 Ag){ Bis — Ajy — A, By + Bo[(I - Py) Ayy — Py P53},
g, =TT A3 A\ (B1ago — g1 — A1y — A1aqs — f3)- (6.2)
Index 4 state space decomposition:
vi = [(I-P) Ay — PiP{Jv, + Ajuy + Ajgoy + g4,
vh = Aguy + [(I = Py) Agy — PyPjluy + Aggus + g5,
vy = Agovy + [(1 = Ps) Ags — PsP3lus + g,
w, = Biyvy + Bjgvs + gy, (6.3)
wy = Byzus + ga,
w3 = qg,

u = B,yv; + Byv, + Bz + q,,

where

g3 = —Az Ay, A14H‘lf47

g5 = (1= P3)(fs + Aszas + Asp Ay A1 'f,),

Byy = ~Ag Apdl™ A5 P + Agy),
Gy = Agy A\ TT A 5( g5 — Agsgs ~ f5),

Agg = (1= Py)[ Ay + Agy Bog + A A I '445( P + Ag5)].
8= (I—Py)[fo+ Agaqs + Aggqs — Apy A TT A,

X ((If; — As3qs _fs)]’
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By = Ay J17 A3 Agy(By3 Aze — P5 ~ Ag),

X[ fs + Agqs + A Ay AT 'fy| ~ Agpqs — Agaqs — £},
Ay = (I-P)(Agz+A,By — Bjy),
Ajg=(I1—-P)( A+ A Big + A By — Biy),
g=(I-P){fi+Anq + Apags + Ajgs — AT A Ay,

X [qé + 323(1 - Ps)(fs + Ag3q; + A A21A14H_1f4)

—Agqs — Ay "fz]},

—1a A A In A
1 Aypfgg Ag)(D1glrgy — L) = A )

1

n
D

I
-

ul =
B, =M""A3A5 A,
X {Biz + BIZ[(I - Pz)Azz - Pzpé] — A — ApB + BISA32}’
B, =11" 1A43 Agy Agy
X {312323 + Big[(I - P3) Ags - PyPi| — Ay — Ay By — A12323}’
qu =TG5 A, Ay

X (31282 + Bisgs + g1 — Ang) — Apgs — Aizqs ‘fs)- (6-4)

REFERENCES

1 K. E. Brenan, S. L. Campbell, and L. R. Petzold, Numerical Solution
of Initigl-Value Problems in Differential-Algebraic Equations, Elsevier
Science, 1989.

2 K. E. Brenan and B. Engquist, Backward differentiation approximations



HESSENBERG DAE SYSTEMS 55

10

11

12

13

14

15

16

17

of nonlinear differential-algebraic systems, and Supplement, Math. Comp.
51:659-676 (1988).

K. E. Brenan and L. R. Petzold, The numerical solution of higher index
differential /algebraic equations by implicit Runge-Kutta methods, SIAM
J. Numer. Anal., to appear.

S. L. Campbell, Optimal control of autonomous linear processes with
singular matrices in the quadratic cost functional, SIAM J. Control Optim.
14:1092-1106 (1976).

S. L. Campbell, Uniqueness of completions for linear time varying differ-
ential-algebraic equations, Linear Algebra Appl. (Jan. 1992).

K. D. Clark, The numerical solution of some higher index time varying
semistate systems by difference methods, J. Circuits Systems Signal Pro-
cess. 6:261-275 (1987).

K. D. Clark, A structural form for higher index semistate systems I.
Theory and applications to circuit and control theory, Linear Algebra
Appl. 98:169-197 (1988).

K. D. Clark and L. R. Petzold, Numerical solution of boundary value
problems in differential-algebraic systems, SIAM J. Sci. Statist. Comput.
10:915-936 (1989).

C. W. Gear, G. K. Gupta, and B. Leimkuhler, Automatic integration of
Euler-Lagrange equations with constraints, J. Comput. Appl. Math.
12/13:77-90 (1985).

C. W. Gear and L. R. Petzold, ODE methods for the solution of
differential /algebraic systems, SIAM J. Numer. Anal. 21:716-728 (1984).
E. Griepentrog and R. Mirz, Differential-Algebraic Equations and Their
Numerical Treatment, Teubner, 1986.

E. Griepentrog and R. Mirz, Basic properties of some differential-alge-
braic equations, Z. Anal. Anwendungen 8, No. 1 (1989).

E. Hairer, C. Lubich, and M. Roche, The Numerical Solution of Differen-
tial-Algebraic Systems by Runge-Kutta Methods, Lecture Notes in Math.
1409, Springer, 1989.

J. B. Keiper, Generalized BDF Meti: »ds Applied to Hessenberg Form
DAEs, Ph.D. Thesis, Univ. of lllinois, Urbana-Champaign, 1989.

A. Laub and A. Linnemann, Hessenberg forms in linear systems theory,
in Computational and Combinatorial Methods in Systems Theory (C. 1.
Byrnes and A. Lindquist, Eds.), Elsevier Science (North-Holland), 1986,
Pp. 229-244.

P. Lotstedt and L. R. Petzold, Numerical solution of nonlinear differential
equations with algebraic constraints: Convergence results for the back-
ward differentiation formulas, Math. Comp. 46:491-516 (1986).

L. R. Petzold, Order results for implicit Runge-Kutta methods applied to
differential /algebraic systems, SIAM J. Numer. Anal. 23:837-852 (1984).

Received 15 July 1991; final manuscript accepted 2 January 1992



