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Abstract

In this paper we extend recent results on the existence and uniqueness of solutions of ODEs with non-
smooth vector fields to the case of martingale solutions, in the Stroock—Varadhan sense, of SDEs with non-
smooth coefficients. In the first part we develop a general theory, which roughly speaking allows to deduce
existence, uniqueness and stability of martingale solutions for £4-almost every initial condition x whenever
existence and uniqueness is known at the PDE level in the L°-setting (and, conversely, if existence and
uniqueness of martingale solutions is known for £4-ae. initial condition, then existence and uniqueness
for the PDE holds). In the second part of the paper we consider situations where, on the one hand, no
pointwise uniqueness result for the martingale problem is known and, on the other hand, well-posedness
for the Fokker—Planck equation can be proved. Thus, the theory developed in the first part of the paper is
applicable. In particular, we will study the Fokker—Planck equation in two somehow extreme situations: in
the first one, assuming uniform ellipticity of the diffusion coefficients and Lipschitz regularity in time, we
are able to prove existence and uniqueness in the L2—setting; in the second one we consider an additive noise
and, assuming the drift b to have BV regularity and allowing the diffusion matrix a to be degenerate (also
identically 0), we prove existence and uniqueness in the L°°-setting. Therefore, in these two situations, our
theory yields existence, uniqueness and stability results for martingale solutions.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction and preliminary results

Recent research activity has been devoted to study transport equations with rough coefficients,
showing that a well-posedness result for the transport equation in a certain subclass of functions
allows to prove existence and uniqueness of a flow for the associated ODE. The first result in
this direction is due to DiPerna and P.-L. Lions [10], where the authors study the connection
between the transport equation and the associated ODE y = b(, y), showing that existence and
uniqueness for the transport equation is equivalent to a sort of well-posedness of the ODE which
says, roughly speaking, that the ODE has a unique solution for £%-almost every initial condition
(here and in the sequel, £¢ denotes the Lebesgue measure in R?). In that paper they also show
that the transport equation d;u + Y ; b;d;u = c is well-posed in L>° if b = (b, ..., b,) is Sobolev
and satisfies suitable global conditions (including L°°-bounds on the spatial divergence), which
yields the well-posedness of the ODE.

In [1] (see also [2]), using a slightly different philosophy, Ambrosio studied the connection
between the continuity equations d;u + Y _; 8;(b;u) = ¢ and the ODE y = b(t, y). This dif-
ferent approach allows him to develop the general theory of the so-called Regular Lagrangian
Flows (see [2, Remark 31] for a detailed comparison with the DiPerna—Lions axiomatization),
which relates existence and uniqueness for the continuity equation with well-posedness of the
ODE, without assuming any regularity on the vector field b. Indeed, since the transport equa-
tion is in a conservative form, it has a meaning in the sense of distributions even when b is
only Le and u is Llloc. Thus, a general theory is developed in [1] under very general hypothe-
ses, showing as in [10] that existence and uniqueness for the continuity equation is equivalent
to a sort of well-posedness of the ODE. After having proved this, in [1] the well-posedness of
the continuity equations in L*° is proved in the case of vector fields with BV regularity whose
distributional divergence belongs to L® (for other similar results on the well-posedness of the
transport/continuity equation, see also [6,7,11,13,17]).

Our aim is to develop a stochastic counterpart of this theory: in our setting the continuity
equation becomes the Fokker—Planck equation, while the ODE becomes an SDE.

Let us consider the following SDE

dX =b(t,X)dt + o (t, X)dB(t), N
X(0) = x, (

where 5:[0,T] x RY - RY and ¢:[0,T] x RY — L(R", Rd) are bounded (here L(R", Rd)
denotes the vector space of linear maps from R’ to R?) and B is an r-dimensional Brownian
motion on a probability space (£2,.4,P). We want to study the existence and uniqueness of
martingale solutions for this equation. Let us define a(t, x) := o (¢, x)o*(¢, x) (that is g;; =
> « Oik0 jk ). We consider the so called Fokker—Planck equation

By + X0 i (bipe) — 53 34 j(aijpe) =0 in [0, T x RY, o
wo = fi in RY.

We recall that, for a (possibly signed) measure pu = u(t, x) = us(x), being a solution of (2)
simply means that
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d
E/w(x)dm(x)
d

/ [Zba )9 (x) + 5 Zalj(r x>alj<o<x>]dm<x> Yoe CE[RY) ()

R4

in the distributional sense on [0, 7], and the initial condition means that u, w*-converges to i
(i.e. converges in the duality with C, (Rd )) as t — 0. We observe that, since Eq. (2) is in diver-
gence form, it makes sense without any regularity assumption on a and b, provided that

T
f/ |b(t, )| + |at, x)|) dp | (x)dt < +00 VA €R?
0 A

(here and in the sequel, |u;| denotes the total variation of ;). Since b and a will always be
assumed to be bounded, in the definition of measure-valued solution of the PDE we assume that

/I,u,l(A)dt<+oo VA ER?, &)

so that (2) surely makes sense. However, if u; is singular with respect to the Lebesgue mea-
sure £4, then the products b(¢, ), and a(t, -) s are sensitive to modification of b(z, -) and a(¢, -)
in £7-negligible sets. Since in the case of singular measures the coefficients a and b will be as-
sumed to be continuous, while in the case of coefficients in L°° the measures will be assumed to
be absolutely continuous, (2) will always make sense.

Recall also that it is not restrictive to consider only solutions ¢ + u; of the Fokker—Planck
equation that are w*-continuous on [0, T], i.e. continuous in the duality with C, (RYY (see
Lemma 2.1). Thus, we can assume that u; is defined for all # and even at the endpoints of [0, T'].

For simplicity of notation, we define

1
L= Zb,» (123 + 5 Zaij (t.)3;j.
i L

In this way the PDE can be written as
s =Lfu, in[0,T]xRY,

where L} denotes the (formal) adjoint of L, in L2(R%). Using It6’s formula it is simple to check
that, if X (¢, x, w) € LZ(Q, c(o, 1], Rd)) is a family of solutions of (1), measurable in (¢, x, ®),
then the measure u; defined by

/f(X)duz(X) :=/E[f(X(t,x,w))]dﬁ(x) Vf e C(RY)
d Rd

is a solution of (2) with pg = & (see also Lemma 2.4).
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We define I'r := C([0, T],RY), and ¢; : I't — RY, e:(y) =y (t). Let us recall the Stroock—
Varadhan definition of martingale solutions.

Definition 1.1. A measure v, ; on I is a martingale solution of (1) starting from x at time s if:

@D vesy ) =xh =1
(i) forany ¢ € C° (R?), the stochastic process on I

t

o(y) — / Luo(y W) du

N

is a vy g-martingale after time s with respect to the canonical filtration.

We will say that the martingale problem is well-posed if, for any (s, x) € R¢, we have existence
and uniqueness of martingale solutions.

In the sequel, we will deal with families {vy} g« of probability measures that are measurable
with respect to x according to the following standard definition.

Definition 1.2. We say that a family of probability measures on a probability space (£2,.4)
{vx}era is measurable if, for any A € A, the real-valued map x — v, (A) is measurable.

1.1. Plan of the paper

1.1.1. The theory of Stochastic Lagrangian Flows

In the first part of the paper, we develop a general theory (independent of specific regularity
or ellipticity assumptions), which roughly speaking allows to deduce existence, uniqueness and
stability of martingale solutions for £¢-almost every initial condition x whenever existence and
uniqueness is known at the PDE level in the L°°-setting (and, conversely, if existence and unique-
ness of martingale solutions is known for £¢-a.e. initial condition, then existence and uniqueness
for the PDE in the L°°-setting holds).

More precisely, in Section 2 we study how uniqueness of the SDE is related to that of the
PDE. In Section 2.1 we prove a representation formula for solutions of the PDE, which shows
that they can always be seen as a superposition of solutions of the SDE also when standard
existence results for martingale solutions of SDE do not apply. In particular, assuming only the
boundedness of the coefficients, we will show that, whenever we have existence of a solution of
the PDE starting from p(, there exists at least one martingale solution of the SDE for pp-a.e.
initial condition x.

In Section 3 we introduce the main object of our study, what we call Stochastic Lagrangian
Flow. In Section 3.1 we state and prove our main result regarding the existence and uniqueness
of Stochastic Lagrangian Flows, showing that these flows exist and are unique whenever the
PDE is well-posed in the L®-setting. We also prove a stability result, and we show that Sto-
chastic Lagrangian Flows satisfy the Chapman—Kolmogorov equation. Moreover, in Section 3.2
we investigate the relation between our result and its deterministic counterpart and, applying our
stability result, we deduce a vanishing viscosity theorem for Ambrosio’s Regular Lagrangian
Flows.
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1.1.2. The Fokker—Planck equation

In the second part of the paper we study by purely PDE methods the well-posedness of the
Fokker—Planck equation in two extreme (with respect to the regularity imposed in time, or in
space) situations: in the first one, assuming uniform ellipticity of the coefficients and Lipschitz
regularity in time, we are able to prove existence and uniqueness in the L2-settings assuming no
regularity in space, but only suitable divergence bounds (see Theorem 4.3). This result, together
with Proposition 4.4, directly implies the following theorem (here and in the sequel, S; (R?)
denotes the set of symmetric and non-negative definite d x d matrices).

Theorem 1.3. Let us assume that a : [0, T] x R? — St (]Rd) and b:[0,T] x RY - R4 are
bounded functions such that:

(i) X 0jaij € L0, TIxRY) fori=1,....d;
(ii) da;; € L([0,T1x RY) fori, j=1,...,d;
(i) (3_; 9;b; — % 2 Oijaij)” € L=([0, T] x RY);
@v) (&,a(t,x)&) > oc|£j|2 V(t,x)el0,T] x Rd,fora certain a > 0;

W) 55 € L0, TIx R, fig € LA(0. T] x RY.

Then there exists a unique solution of (2) in £y, where
Ly ={ueL™®([0,T1, LL(RY)) nL>®([0, T1, LY (RY)) | u € C([0, T1, w*-L>¥(RY))},

and Li_ and LY denote the convex subsets of L' and L™ consisting of non-negative functions.

In the second case, a does not depend on the space variables, but it can be degenerate and it
is allowed to depend on ¢ even in a measurable way. Since a can also be identically 0, we need
to assume BV regularity on the vector field b, and so we can prove:

Theorem 1.4. Let us assume that a : [0, T] > Sy (Rd) and b : [0, T] x RY — R are bounded
functions such that:

(i) be LY([0, T1, BVioc R, RY)), 3", 8;b; € L}, ([0, T] x RY);
(i) (O, 9:b)~ € L'([0, T1, L®(RY)).

Then there exists a unique solution of (2) in .

This theorem is a direct consequence of Theorem 4.12. Other existence and uniqueness re-
sults for the Fokker—Planck equation, which are in some sense intermediate with respect the two
extreme ones stated above, have been proved in a recent paper of LeBris and P.-L. Lions [14]. As
in our case, in that paper the authors are interested in the well-posedness of the Fokker—Planck
equation as a tool to deduce existence and uniqueness results at the SDE level (see also [15]). In
particular, in [14, Section 4] the authors give a list of interesting situations in the modelization
of polymeric fluids when SDEs with irregular drift » and dispersion matrix o arise (see also [12]
and the references therein for other existence and uniqueness results for non-smooth SDEs).
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1.1.3. Conclusions and appendix

In Section 5 we apply the theory developed in Section 3.1 to obtain, in the cases considered
above, the generic well-posedness of the associated SDE.

Finally, in Appendix A we generalize an important uniqueness result of Stroock and Varadhan
(see Theorem 2.2 and the remarks at the end of Theorem 5.4).

2. SDE-PDE uniqueness

In this section we study the main relations between the SDE and the PDE. The main result is
a general representation formula for solutions of the PDE (Theorem 2.6) which allows to relate
uniqueness of the SDE to that of the PDE (Lemma 2.3).

As we already said in the introduction, here and in the sequel b and a are always assumed to
be bounded. Let us recall the following result on the time regularity of # — i, (see for example
[2, Remark 3] or [4, Lemma 8.1.2]):

Lemma 2.1. Up to modification of |, in a negligible set of times, t > [i; is w*-continuous
on [0, T]. Moreover, if|u,|(Rd) < C foranyt €0, T], then t — u; is narrowly continuous.

We also recall the following important theorem of Stroock and Varadhan (for a proof, see [18,
Theorem 6.2.3]).

Theorem 2.2. Assume that for any (s, x) € [0, T] X ]Rd,for any vy s and Vy ¢ martingale solutions
of (1) starting from x at time s, one has

(et)#vx,s = (et)#f)x,s Veels, T].
Then the martingale solution of (1) starting from any (s, x) € [0, T] x R? is unique.
We start studying how the uniqueness of (1) is related to that of (2).

Lemma 2.3. Let A C R? be a Borel set. The following two properties are equivalent:

(a) Time-marginals of martingale solutions of the SDE are unique for any x € A.

(b) Finite non-negative measure-valued solutions of the PDE are unique for any non-negative

Radon measure o concentrated in A.
Proof. (b) = (a). Let us choose wg = §,, with x € A. Then, if v, and v, are two martingale

solutions of the SDE, we get that u; := (e¢;)4v, and i, := (e;)#V, are two solutions of the PDE
with o = 8, (see Lemma 2.4). This implies that u; = ji,, that is

(umo>=/¢(V(t))dvx(y)=/<p(y(t))dﬁx(7/)=(/lt,90> Vo e C°(RY),

I'r I'r

that is (e;)#v,x = (e;)#V, (observe in particular that, if A = R? and we have uniqueness for the
PDE for any initial time s > 0, by Theorem 2.2 we get that v, = ¥, for any x € RY).
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(a) = (b). This implication follows by Theorem 2.6, which provides, for every finite non-
negative measure-valued solutions of the PDE, the representation

/cﬂdut= / ¢(r () dve(y)dpo(x), ®)

Rd RdXFT

where, for ug-a.e. x, vy is a martingale solution of SDE starting from x (at time 0). Therefore,
by the uniqueness of (e;)#Vy, we obtain that solutions of the PDE are unique. O

We now prove that, if v, is a martingale solution of the SDE starting from x (at time 0) for
no-a.e. x, the right-hand side of (5) always defines a non-negative solution of the PDE. We recall
that a locally finite measure is a possibly signed measure with locally finite total variation.

Lemma 2.4. Let [uo be a locally finite measure on RY, and let {v }rerd be a measurable family
of probability measures on I'r such that vy is a martingale solution of the SDE starting from x
(at time 0) for |uol-a.e. x. Define on I'r the measure v := fRd vy do(x), and assume that

T
/ / XBe (v (1) dve(y) dlpol(x)dt < +00 VR >0 6)
O]RdXFT

(this property is trivially true if. for example, |po|(RY) < +00). Then the measure w; on RY
defined by

(f, @) :=((ensv, @) = / o(y (1) dve(y)duo(x) Ve e CP(RY)
RexTIp

is a solution of the PDE.

Proof. Let us first show that the map ¢ +— i/, ¢) is absolutely continuous for any ¢ € C° (RY).
We recall that a real-valued map ¢ + f(¢) is said absolutely continuous if, for any & > O there
exists § > 0 such that, given any family of disjoint intervals (s, #x) C [0, T], the following im-
plication holds:

Doln—sl <8 = Y [fw)— flsw)| <e.
k k

Take R > 0 such that supp(¢) C Bg, and let I = UZ:I (sk, tx) be a subset of [0, T'] with (sg, tx)
disjoint and such that |f; — sx| < 1. For pp-a.e. x, by the definition of martingale solution we
have

/<p(y(tk))dvx(y)—/¢(V(Sk))dvx(y)

I'r Ir
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173
_ / / Lip(y () dvy(y) di

sk I'r

7 73
= bi(t,y(0))0ip(y (1)) dvx(y)dt +l aij(t, y(0))0ijo(y (1)) dve(y) dt
2

Nk t sk I'r i

and so, integrating with respect to (g, we obtain

Ik
1
|(u;,¢)—<u:k,<p>|<||<p||cz[||b||oo+§||a||oo]f / K (v (0) dve () ol () .

Sk Rd X FT
Thus

n

n tk
1
> Nt o) = (1l 0)] < ||¢||cz[||b||oo+5||a||oo]§ :/ / % (v (0) dve () dlpol (x) d,
k=1

k=1 = Sk RdXFT

which shows that the map ¢ — (i}, @) is absolutely continuous thanks to (6) and the absolute
continuity property of the integral. So, in order to conclude that p; solves the PDE, it suffices to
compute the time derivative of ¢ — (i), ¢), and, by the computation we made above, one simply
gets

d d
Slutoo)= [ E( / w(y(t))dvx(y)> dpo()

R4 I'r
_ / / Lip(y () dve () dppo() = il Lig). O
Rd I'r

Remark 2.5. We observe that, by the definition of u/, the following implications hold:

(i) wo=20=Vvr >0, u; >0and (R?) = 119(R?) (the total mass can also be infinite);
(i1) po signed = vVt >0, |uf |(Rd) < M0|(Rd) (the total variation can also be infinite).

2.1. A representation formula for solutions of the PDE
We denote by M (R?) the set of non-negative finite measures on R<.

Theorem 2.6. Let (1; be a solution of the PDE such that ju; € M+(Rd)f0r any t € [0, T], with
w:(RY) < C for any t € [0, T). Then there exists a measurable family of probability measures
{vx} ere such that vy is a martingale solution of (1) starting from x (at time 0) for po-a.e. x,
and the following representation formula holds:

/wduzz / o(y @) dvc(y) dpo(x). (7)

R4 RixIp
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By this theorem it follows that, whenever we have existence of a solution of the PDE starting
from g, there exists a martingale solution of the SDE for p¢-a.e. initial condition x.

Proof. Up to a renormalization of 19, we can assume that zo(RY) = 1.

Step 1 (Smoothing). Let p : R? — (0, 400) be a convolution kernel such that |D¥p(x)| <

Cirlp(x)| for any k£ > 1 (p(x) = Ce™V 1+‘X|2, for instance). We consider the measures
¥ = Wy * pe. They are smooth solutions of the PDE

1
Qi+ 01 (bf 1) — 5 D 0y (afjig) =0, ®)
i ij
where
b(t, t,
— b : _( ( )U;t)*pa’ aF =at(t, ) _(a( )/it)*pa
e Mt

Then it is immediate to see that
16¢]|. < Mbelloos  Jlaf]|, < llarlloo- )

Since |D¥p(x)| < Cklp(x)], itis simple to check that 5° and a® are smooth and bounded together
with all their spatial derivatives. By [18, Corollary 6.3.3], the martingale problem for a® and b*
is well-posed (see Definition 1.1) and the family {v$} .ps of martingale solutions (starting at
time 0) is measurable (see Definition 1.2). By (9) we can apply Lemma 2.4, which tells us that
Qe = (er)# -/Rd v; djug(x) is a finite measure which solves the smoothed PDE (8) with initial
datum wg. Then, since the solution of (8) is unique (Proposition 4.1), we obtain jiy = uj, that is

/defZ / P(v(0) dvi(y) duy(x). (10)

R4 R xI'p

Step 2 (Tightness). It is clear that the measures i = 1o * pe are tight. So, if we define v* :=
Jga Vi du, we have

lim sup v*({|y(0)| > R})=0.

R—00(0<e<1

For any ¢ € Cgo(Rd), let us define Ay := [|@]lc2[11b]l o + %||a||oo]. Since for every ¢ € Cfo(Rd)
andany 0O <e < 1

t

o(y () /(st u, y ) die(y W) + Za,j w,y W) d;jp (v (u>)>du

is a v®-martingale with respect to the canonical filtration, by (9) we obtain that ¢(y (t)) + Ayt
is a v®-submartingale with respect to the canonical filtration. Thus [18, Theorem 1.4.6] can be
applied, and the tightness of v¢ follows.
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Let v be any limit point of v, and consider the disintegration of v with respect to wo = (eg)#v,
ie.v= fRd vy dLo(x). Passing to the limit in (10), we get

/(ﬂduz(X)= / o(y(0)dvi(y)dpo(x).

R4 RIx Ty

Step 3 (v, is a martingale solution of the SDE for uo-a.e. x). Let ¢, — 0 be a sequence such
that v is the weak limit of v®». Let us fix a continuous function f : RY — R with 0 < <1,
s € [0, T'], and an F;-measurable continuous function @° : I'T — R with 0 < @° < 1, where
(Fs)ogs<r denotes the canonical filtration on I'r. We define

1
L= ) by @00+ 5 D aif (4, ).
i

ij
Since each v{" is a martingale solution, we know that for any ¢ € [s, 7] and for any ¢ € c (R%)

t

f [“’(W)) - / Lyg(y ) d“}‘PS(V)dvﬁ”()/)f(X)duZ"(x)
RdXFT 0

N

= / [w(V(S))—/Lﬁfp()/(u))du}q)‘(y)dvfc"()/)f(x)duf)"(x)

Rd x I T 0
(see Definition 1.1), or equivalently

t

/ |:<P(V(t))—w(V(S))—/LZ<P(V(M))du]‘l’x(y)dVﬁ”(V)f(X)duf)”(X)=0-

RixTIp s

Let us take b : [0,T] xR —> R and a:[0,T] x RY — Sy (Rd) bounded and continuous, and
define

- ~ 1 ~

L;:= Zb,- (t,)0; + 3 Zaij(t, )0ijs
1 1

- ~ 1 ~

L= B0+ 5 3 g @)y,
i ij

where bf” and Elf}’ are defined analogously to bf" and aisjf‘. Thus we can write

t

f [w(y(t))—¢(V(S))—/iﬁ(ﬂ(y(u))du}bs(y)d\},f"(y)f(X)dMS"(X)

Rix Iy s
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t
= / [/(LZ —iﬁ)ﬁﬂ()/(u))du]‘PS(V)dvi”(V)f(X)dMS”(X)-

R x I
Then, recalling that 0 < f < 1and 0 < @° < 1, we get

t

/ [‘”(V“))‘@(V“))— / (<u>)du]a><y>dvf"<y>f<x>du8"<x)

RdXFT s

< / / [(LE — LYo (y )| du |@° () dvin(y) f (x) d g (x)
RidxIp — -

- I
< / / (L = Li)e(y )| du | dvir () dug' (x)

//| — LMo(x)| dutr (x)du

s R4

Z//‘((b i(u, )uu)*pen (&-(u,-)uu)*pen) 0
Iz R

u

(aij(u, )Mu)*psn (&i'(uv')ﬂu)*psn
+Z//'<j - i )”(p

U s Rrd u
t

< [ [ 1) = Bt i 5 o, (0 s 0

i

(x)dug"(x)du

(x)du;"(x)du

s Rd

41 Z//\a,,w ) = i U, )| ()00 * e, () () .

U s Rrd

Since @ and b are continuous, @ and b® converge to @ and b locally uniformly. So we can pass
to the limit in the above equation as n — 0o, obtaining

t
f {w(y(t))—w(y(s))— / iuw(y(u))du]fi’S(V)dvx(y)f(X)dMo(X)

Réx Iy s

t
<3 [ 10 = B0 i) di o

ist
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t
1
+ EZ//WU(M,X) —511'.;'(14,X)|3,",'(/)(X)duu(x)du.

ij s Rd

Choosing two sequences of continuous functions (b¥);en and (@%)en converging respectively
to b and a in L([0, T] x R<, n), with n := fOT W dt, we finally obtain

t

/ [@(y(t))—w(y(s))—/Luw(y(u))du}@(y)dvx(y)f(x)duo(x)=0,

RdXFT s

that is

t
/ [w(y(t))—/Luso(y(u))du}qﬁs(y)dvx(y)f(x)duo(x)
RdXFT 0
= / [w(y(s))—/Lufp(y(u))du]d’s(y)dvx(V)f(x)dﬂo(x)-

RdXFT 0

By the arbitrariness of f we get that, for any 0 < s <7 < T, and for any F;-measurable func-
tion @%, we have

t

/[(p(y(t)) —/Luw(y(u))du]@s(y)dvx(y)
I'r 0

N

Z/[fp(y(S)) —/me(y(u)) du}@(y)dvx(y) for j10-a.e. x.

I'r 0

Letting @° vary in a dense countable subset of Fy-measurable functions, by approximations we
deduce that, forany 0 < s <t < T, for up-a.e. x,

t

/|:<P(V(t))—/Luw(y(u))du:|¢s()/)dvx(y)
Ir 0

N

=/[</>(V(S))—fLuw(V(u))du]q)S(V)dvx(V)

Ir 0

for any F-measurable function @* (here the up-a.e. depends on s and ¢ but not on @*). Taking
now s, t € [0, T]1NQ, we deduce that, for uo-a.e. x,
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t
/[w(y(t)) —/Luw(V(u))du}W(V)dvx(V)
0

I'r
s
= / [so(ym) - / Lm(y(u))du}@(y)dvx(w
Ir 0
for any s,7 € [0, T] N Q, for any Fi-measurable function @°. By the continuity of the above

equality with respect to both s and 7, and the continuity in time of the filtration F;, we conclude
that v, is a martingale solution for pp-a.e. x. O

Remark 2.7. We observe that by (7) it follows that
mR)<C v = (RY) = po(RY)

(this result can also be proved more directly using as test functions in (2) a suitable sequence
(@n)nen C CF (R?), with 0 < ¢, < 1 and ¢, 7 1, and, even in the case when the measures 1, are
signed, under the assumption || (R%) < C one obtains the constancy of the map ¢ — (R?Y).
3. Stochastic Lagrangian Flows

In this section we want to prove an existence and uniqueness result for martingale solutions
which satisfy certain properties, in the spirit of the Regular Lagrangian Flows (RLF) introduced
in [1].
Definition 3.1. Given a measure 1o = poL£? € M (R?), with pg € L>°(R?), we say that a mea-
surable family of probability measures {vy},cge On I'7 is a uo-Stochastic Lagrangian Flow

(uo-SLF) (starting at time 0), if:

(i) for wp-a.e. x, v, is a martingale solution of the SDE starting from x (at time 0);
(ii) forany ¢ €[0, T']

[y = (et)#( f vy dMo(X)) <L

and, denoting 1, = p, L%, we have p; € L (R?) uniformly in ¢.

More generally, one can analogously define a po-SLF starting at time s with s € (0, T') re-
quiring that v, is a martingale solution of the SDE starting from x at time s.

Remark 3.2. If {v,},cge is a po-SLF, then it is also a ju(-SLF for any u € M (RY)
with p < C . Indeed, this easily follows by the inequality

0< (e / By duth (¥) < Clenn f 5y duo(x).
R4 R4
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3.1. Existence, uniqueness and stability of SLF

We denote by L i_ and LS° the convex subsets of L' and L™ consisting of non-negative
functions, and, following [1], we define

& ={ueL>®([0,T1, L' (RY)) N L>([0, T1, L (RY)) | u € C([0, T, w*-L>(R))},
and
Ly ={ueL®([0,T], LL(RY)) N L>®([0, T1. LY (RY)) | u € C([0, T], w*-L®(R))}.

Under an existence and uniqueness result for the PDE in the class .Z;, we prove existence and
uniqueness of SLF.

Theorem 3.3 (Existence of SLF starting from a fixed measure). Let us suppose that, for some
initial datum o = poL? € M4 @RY), with py € L®(RY), there exists a solution of the PDE
in 2. Then there exists a jLo-SLF.

Proof. It suffices to apply Theorem 2.6 to the solution of the PDE in .Z,.. O

Let us assume now that forward uniqueness for the PDE holds in the class .Z; for any initial
time, that is, for any s € [0, T], for any p; € LL(R‘{) N Lf(Rd), if we denote by p,£¢ and 5, £¢
two solutions of the PDE in the class .%; starting from p,£? at time s, then

pr=p; foranytel[s, T].

Before stating and proving our main theorem, we first introduce some notation that will be
used also in Appendix A.

Let B be the Borel o-algebra on I't = C([O0, T1,RY), and define the filtrations F; :=
oles |0<s <t]land F' :=oles |t <s < T]. Set P(I'r) the set of probability measures on I'y.
Now, given v € P(I'r), we denote by

I“Tayv—n);_-[ e P(Ir)

a regular conditional probability distribution of v given F;, that is a family of probability mea-
sures on (I'7, B) indexed by y such that:

e foreach Be B,y — v;-t (B) is F;-measurable;

. v(AﬂB):/v;_-I(B)dv(y) YAeF;, VB eb. (11)

A

Since I'r is a Polish space and every o -algebra F; is finitely generated, such a function exists
and is unique, up to v-null sets. In particular, up to changing this function in a v-null set, the
following fact holds:

V({7176 =y ) Vs el0.l}) =1 Vyerr. (12)
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Finally, given 0 <1 < --- <1, < T, we set M1+ = oles, ..., es], and one can analogously
define V;Ln ,,,,, - FOT VKM ,,,, » an analogous of (12) holds:

Ve ({7 7@ =y @) Vi=1,...,n})=1 Vyelr. (13)
If y(¢;) =x; fori =1,...,n, then we will also use the notation V/);//m AAAAA = v/):/l',’l'jf,’f,’,‘, .

(y) is a regular conditional probability distrib-

..... tn

By (11) one can check that fl“r v% dv}l//[,1

ution of v given M">-~ which implies by uniqueness that

vl}"/m ,,,,, n = / v}/_-[n d‘)}):/pw-tn (y) forv-ae.y. (14)

I'r
Theorem 3.4 (Uniqueness of SLF starting from a fixed measure). Let us assume that for-
ward uniqueness for the PDE holds in the class £y for any initial time. Then, for any oy =

p()Ld € M+(Rd), with pg € L®(RY), the Wo-SLF is uniquely determined 1o-a.e. (in the sense
that, if {vy} and {Vy} are two o-SLF, then vy = vy for up-a.e. x).

Proof. Let {v,} and {i’,} be two jo-SLF. Take now a function v € C.(R?), with ¥ > 0. By
Remark 3.2, {v,} and {V,} are two ¥ uo-SLF. Thus, by Lemma 2.4 and the uniqueness of the
PDE in %, , for any ¢ € C.(R?) we have

/w(ez()/))dvx(y)lﬁ(X)duo(X)

R x Iy
= / 9(e: () dir () ¥ (x)dpo(x) Vi €[0,TI. 15)
Réx Iy

This clearly implies that, for any ¢ € [0, T],
(er)uvy = (ep)uv, for pp-a.e. x.
We now want to use an analogous argument to deduce that, forany 0 <t; <tp <--- <1, < T,
(er5 ... e)avx = (er,..., e, )aVy for po-ae. x. (16)

The idea is that, given a measure fiy = ps L4 € M+(Rd ), with pg € L°°, once we have a [i;-SLF
starting at time s we can multiply fi; by a function v/ € C.(RY) with ¥ 2 0, and by Remark 3.2
our [is-SLF is also a v t-SLF starting at time s. Using this argument » times at different times
and the time marginals uniqueness, we will obtain (16).

Fix0<t <---<t, <T. Take g > 0 with ¥ € CC(Rd) and fRd Yoduo = 1, and denote

by u;llfo the value at time 1 of the (unique) solution in .Z; of the PDE starting from ¥ (which
is induced both by {v,} and {V,} by uniqueness, see Eq. (15)). Let {vy 1, } ,cre and {Vy 4}, cre be
the families of probability measures on I'r given by the disintegration of

v%:/wmumMu>mdﬁ%:fmqumm

R4 R4
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with respect to u;fo = (e Yv¥o = (etl)#ﬁ‘/’", that is

v%:/vx,,l dul’ (x), ﬁ%:/ﬁx,tl dul’ (x). (17)
R4 R4

It is easily seen that {vy ,} and {V. } are regular conditional probability distributions, given

MY = ole; ], of Yo and P¥o, respectively (that is, with the notation introduced before,

Ve = (v‘/"’)j‘l,,t and vy, = (17‘/’0))/‘1,,[ ). Thus, looking at {vy ,, } and {Dy;} as their restriction
1 1

to C([11, T], RY), {vy,;,} and {Vy ;, } are ,u;/fo—SLF starting at time ¢1. Indeed, by the stability of
martingale solutions with respect to regular conditional probability (see [18, Chapter 6]), {vy 1 }

and {Vy ;, } are martingale solutions of the SDE starting from x at time #; for u;f"—a.e. x (see also
the remarks at the end of the proof of Proposition A.1), while (ii) of Definition 3.1 is trivially

true since {vy} and {V,} are youo-SLE. As before, since {vy s} and {Vx ;,} are also l/fl,u;fO—SLF
for any ¥, € C.(RY) with y; > 0, using again the uniqueness of the PDE in %, we get

/ (e (1)) dve (NP1 () dp (x) = / 9(en, (1)) di, (V1 () dpn) ()

RdXFT RdXFT

for any ¢ € C.(R%), which can also be written as

/ ¢ (e ()1 (en (1)) dvey (V) dpnd® ()

Rex Iy

= f (e, () W1 (e (1) s, (V) dind (1), (18)

RdXFT
Recalling that by (17)
f Ve dpd (x) = / Veo(x) dpo(x), / P dud () = / Do (x) dpuo(x),
]Rd Rd Rd ]Rd
by (18) we obtain
/ @(en, ()1 (e, () dve () o (x) dpao(x)
RdXFT

= / 9(en, (1)) V1 (er, () A (¥)¥o(x) dpao(x)

RdXFT

for any non-negative v, ¥, ¢ € Cc(R?) (the constraint f]Rd Yoduo = 1 can be easily removed
multiplying the above equality by a positive constant). Iterating this argument, we finally get
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/ Yn(es, (1)) - - Y1 (en (1)) dvx () Yo (x) d o (x)

Rex Ty

= / Un(e, (1)) - Wi (en () dix () Yo(x) dpo(x),

R xI'p

for any non-negative ¥, ..., ¥, € C¢ (Rd), and thus (16) follows.
Considering now only rational times, we get that there exists a subset A C RY, with
1o(A€) =0, such that, for any x € A,

(ety, ... en)avx = (e, ..., e )uby foranyty,...,1, €[0,T]NQ.
By continuity, this implies that, for any x € A, v, = ¥y, as wanted. O

Remark 3.5. Suppose that forward uniqueness for the PDE holds in the class .}, and take
o = poLY and fig = poLY, with po, o € LL (RY) N L (RY). If {vy} is a p10-SLF and {D,} is
a j19-SLF, then

vy =V, for ug A fip-a.e. x.

In fact, by Remark 3.2 {v,} and {v, } are both o A 19-SLF, and thus we conclude by the unique-
ness result proved above.

By Theorems 3.3 and 3.4, and by the remark above, we obtain the following:

Corollary 3.6 (Existence and uniqueness of SLF). Let us assume that we have forward existence
and uniqueness for the PDE in £y. Then there exists a measurable selection of martingale
solution {vy},cre Which is a po-SLF for any po = po L4 with pg € L_li_(Rd) N Lf(Rd), and if
{Dx}yera is a fio-SLF for a fixed fio = poL? with po € LL(RY) N L RY), then vy = by for
L%-a.e. x € supp(flo).

Proof. It suffices to consider a SLF starting from a Gaussian measure (which exists by Theo-
rem 3.3), and to apply Remark 3.5. O

By now, the above selection of martingale solutions {v,}, which is uniquely determined
£4-a.e., will be called the SLF (starting at time O and relative to (b, a)).
We finally prove a stability result for SLF.

Theorem 3.7 (Stability of SLF starting from a fixed measure). Let us suppose that b", b : [0, T] x
R? - R? and a",a :[0,T] x RY — S, (RY) are uniformly bounded functions, and that we
have forward existence and uniqueness for the PDE in £y with coefficients (b, a). Let po =
poL4 € MR, with py € L®(R?), and let (v} cpe and {vi},cra be po-SLF for (b",a™)
and (b, a), respectively. Define v" := fRd viidpo(x), v = f]Rd vy d g (x). Assume that:

(1) (",a") — (b,a)in Ll ([0, T] x RY);

loc
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(i) setting ,ot"Ed =l == (e)pV", forany t € [0, T]

Hp;l “LOO(]Rd) < C fora certain constant C = C(T).
Then v" —=* v in M(I'T).

Proof. Since (b", a") are uniformly bounded in L°, as in Step 2 of the proof of Theorem 2.6 one
proves that the sequence of probability measures (1) on R? x I is tight. In order to conclude,
we must show that any limit point of (V") is v.

Let v be any limit point of (v"). We claim that ¥ is concentrated on martingale solutions of
the SDE with coefficients (b, a). Indeed, let us define fi; := (e;)#V. Since u} — [i; narrowly
and p;' are non-negative functions bounded in L®(RY), we get [i; = p: L2 for a certain non-
negative function p; € L% (R?). We now observe that the argument used in Step 3 of the proof
of Theorem 2.6 was using only the property that, for any ¢ € C° (RY),

t
limsupZ//Kb?(u,x)—I;i(u,x))f)l-(p(x)|p,f(x)dxdu

n——+00
L s pd

t
< Z/f|(b,-<u,x> — By, 1)) 31900 | pux) dix .

ls]Rd

t
limsupZ//’(a;'j(u,x)—&ij(u,x))aij(p(x)}p;’(x)dxdu
n——+00 i S pd

t
< Z//\(a,-,-<u,x> — g, 1)) 050 ()| pu(x) dix

ij s R4

for any b: [0, 7] x R - R? and @ : [0, T] x R — S, (RY) bounded and continuous. This
property simply follows by (i) and the w*-convergence of p/* to p, in L([0, T] x RY).

Since 1 — p; £ is w*-continuous in the sense of measures, the w*-continuity of t — p;
in L®(RY) follows. Thus, if we write D := fRd Uy do(x) (considering the disintegration of v
with respect to o = (eg)#V), we have proved that {V,} is a uo-SLF for (b, a). Therefore, by
Theorem 3.4, we conclude that v =v. O

We remark that the theory just developed could be generalized to more general situations.
Indeed the key property of the convex class .2 is the following monotonicity property:

Ogﬂtéutef+ = ,EL;Ef.,_

(see also [2, Section 3]).
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3.2. SLF versus RLF

We remark that, in the special case a = 0, our SLF coincides with a sort of superposition of
the RLF introduced in [1]:

Lemma 3.8. Let us assume a = 0. Then vy s is a martingale solution of the SDE (which, in this
case, is just an ODE) starting from x at time s if and only if it is concentrated on integral curves
of the ODE, that is, for vy s-a.e. y,

t

V(l)—V(S)=fb(r,y(t))dr vrels, T].

N

Proof. Itis clear from the definition of martingale solution that, if v, s is concentrated on integral
curves on the ODE, then it is a martingale solution. Let us prove the converse implication. By
the definition of martingale solution and the fact that a = 0, it is a known fact that

t

M, ::y(t)—V(s)—/b(”y(f))df’ tels, T,

N

is a vy g-martingale with zero quadratic variation. This implies that also Mt2 is a martingale, and
since My =0 we get

t

2
0 =K [Mtz] = / (y(t) —y(s) — /b(r, y(r)) dr) dvys(y) Vtels, T],

I T N
which gives the thesis. O

Thus, in the case a = 0, a martingale solution of the SDE starting from x is simply a measure
on I'r concentrated on integral curves of b. By the results in [1] we know that, if we have forward
uniqueness for the PDE in .Z;, then any measure v on I'r concentrated on integral curves of b
such that its time marginals induces a solution of the PDE in %, is concentrated on a graph, i.e.
there exists a function x — X (-, x) € I'r such that

v=X(,x)ano, Wwith uo:=(eo)sv

(see for instance [3, Theorem 18]). Then, if we assume forward uniqueness for the PDE in .Z,,
our SLF coincides exactly with the RLF in [1]. Applying the stability result proved in the above
paragraph, we obtain that, as the noise tends to 0, our SLF converges to the RLF associated to
the ODE y = b(y). So we have a vanishing viscosity result for RLF.

Corollary 3.9. Let us suppose that b : [0, T] x R — R? is uniformly bounded, and that we
have forward existence and uniqueness for the PDE in £, with coefficients (b, 0). Let {vi}, cga
and {vy},cra be the SLF relative to (b, 1) and (b, 0), respectively (existence and uniqueness
of martingale solutions for the SDE with coefficients (b, el), together with the measurability
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of the family {vi},cpa, follows by [18, Theorem 1.2.1]). Let o = poLd € M+(Rd), with pg €
L®(RY), and define v* := [pq vE dpuo(x), v:= [pa vy dpio(x).
Set pfﬁd = uf = (ey)#v®, and assume that for any t € [0, T']

pr ”Loo(Rd) < C fora certain constant C = C(T).

Then v¢ —* v in M(Iy).

In [1], the uniqueness of RLF implies the semigroup law (see [1,2] for more details). In our
case, by the uniqueness of SLF, we have as a consequence that the Chapman—Kolmogorov equa-
tion holds:

Proposition 3.10. For any s > 0, let {vy s}, cra denotes the unique SLF starting at time s. Let
us denote by vs (¢, dy) the probability measure on R4 given by vs (¢, -) := (er)#Vs.x. Then, for
any0<s <t <u<T,

/Vt,y(us s x (¢, dy) = v x (U, ) for Ed-a.e. X.
R4
Proof. Let us define

3 {v on C([s, 1], RY),
Vs,x += d
fRd Vt,yvs,x(tady) OnC([I7T]aR )-

This gives a family of martingale solution starting from x at time s (see [18]), and, using that
{vx.s} and {v, ;} are SLF starting at time s and ¢, respectively, it is simple to check that {Vs 1}, cpe
is a SLF starting at time s. Thus, by Theorem 3.4, we have the thesis. O

4. Fokker-Planck equation

We now want to study the Fokker—Planck equation

1 .
Bupta + Y05 (bipt) = 5 Y Bij(aijie) =0 in[0, T]x RY, (19)
i ij

where a = (a;;) is symmetric and non-negative definite (that is, a : [0, T'] x RY — St (RY)).
4.1. Existence and uniqueness of measure-valued solutions

Proposition 4.1. Let us assume that a : [0, T] x RY — S+(Rd) and b:[0,T] x R4 — R4 are
bounded functions, having two bounded continuous spatial derivatives. Then, for any finite mea-

sure |1 there exists a unique finite measure-valued solution of (19) starting from g such that
| [(RY) < C foranyt €0, T].
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Proof. Existence. Let {v,},cgs be the measurable family of martingale solutions of the SDE

{ dX =b(t, X)dt + Ja(t, X)dB(t),
X0)=x

(which exists and is unique by [18, Corollary 6.3.3]). Then, by Lemma 2.4 and Remark 2.5, the
measure 1t = (¢))4 [ga vx dpto(x) solves (19) and |u/|(R?) < ol (RY).

Uniqueness. By linearity, it suffices to prove that, if ug = 0, then u; =0 for all ¢ € [0, T']. Fix
Ve ch(Rd), f €[0,T], and let f(z, x) be the (unique) solution of

8tf+Zibiaif+%Zijaijajjfzo in [0, 7] x R9,
fo =y on R4

(which exists and is unique by [18, Theorem 3.2.6]). By [18, Theorems 3.1.1 and 3.2.4], we know
that f € C,i’z, i.e. it is uniformly bounded with one bounded continuous time derivative and two
bounded continuous spatial derivatives. Since y; is a finite measure by assumption, and # — 1,
is narrowly continuous (Lemma 2.1), we can use f (¢, -) as test functions in (3), and we get

d
E[fmmmmm
]Rd

1
=/[&f0ﬁ)+§:h@waﬂJﬂ+E}:mﬂhxwmﬂhﬂ]mh@)=0
i ij

R4

(the above computation is admissible since f € Cé’z). This implies in particular that

0=/ﬂammmm=/f@mmmm=/wuwmum
R4 R4 R4

By the arbitrariness of 1y and f we obtain u, =0 forallz € [0,T]. O

We remark that, in the uniformly parabolic case, the above proof still works under weaker reg-
ularity assumptions. Indeed, in that case, one has existence of a measurable family of martingale
solutions of the SDE and of a solution f € Cé’2([0, 7] x R?) of the adjoint equation if ¢ and b
are just Holder continuous (see [18, Theorem 3.2.1]). So we get:

Proposition 4.2. Let us assume that a : [0, T] x RY — St (Rd) and b:[0,T] x R4 > R4 are
bounded functions such that:

Q) (€,a(t,x)€) > alE|>V(t,x) € [0, T]x RY, for a certain a > 0
(i) 1b(t,x) = b(s, )|+ lla(t, x) —a(s, )| < C(x —yP +t —s1°) V(t,x), (s, y) € [0, T] x RY,
for some § € (0, 1], C > 0.

Then, for any finite measure (Lo there exists a unique finite measure-valued solution of (19)
starting from .
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4.2. Existence and uniqueness of absolutely continuous solutions in the uniformly parabolic
case

We are now interested in absolutely continuous solutions of (2). Therefore, we consider the
following equation

{ B+ X 0 (bie) — 5 Xy 04j(aiju) =0 in [0, T] x RY, (20)
M(O) =Uup,

which must be understood in the distributional sense on [0, T] x R?. We now first prove an ex-
istence and uniqueness result in the L2-setting under a regularity assumption on the divergence
of a, which enables us to write (20) in a variational form, and thus to apply classical existence re-
sults (the uniqueness part in L? is much more involved). After, we will give a maximum principle
result.

Let us make the following assumptions on the coefficients:

> 0jaij e L®([0. T x R?Y) fori=1,....d,
j

(Zaibi - %Zaijai,)_ e L™([0, T] x RY), Q21
i ij
(E.a@t,x)E) > algl* V(t,x)€[0,T] x R?, fora certain o > 0.

Theorem 4.3. Let us assume that a : [0, T] x R? — St (Rd) and b:[0,T] x R? — R4 are
bounded functions such that (21) is fulfilled. Then, for any ug € L*(R%), (20) has a unique
solution u € Y, where

Y:={ueL*(10,T1, H' (RY)) | ,u € L*([0, T1, H~' (R))}.

If moreover d;a;; € L°°([0,T] x Rd)for i,j=1,...,d, then existence and uniqueness holds in
L2([0, T] x ]Rd), and so in particular any solution u € LZ([O, T] x Rd) of (20) belongsto Y.

The proof the above theorem is quite standard, except for the uniqueness result in the large
space L2, which is indeed quite technical and involved. The motivation for this more general
result is that LL(R"’) N LS_O(R") c L2(R%), and LL(Rd) N LT(R") is the space where we need
well-posedness of the PDE if we want to apply the theory on martingale solutions developed in
the last section (see Theorems 1.3 and 5.1).

We now give some properties of the family of solutions of (20):

Proposition 4.4. We assume that a : [0, T] x RY — S+(Rd) and b:[0,T] x R4 > RY are
bounded functions, and that (21) is fulfilled. Then the solution u € Y provided by Theorem 4.3
satisfies:

@ up=20 = u=>0;
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(b) up e L®°RY) = ue L®(0, T] x R?) and we have

9:b;— L cai)”
140 o gy < Mol ey 02 i B,

(c) if moreover

e L*([0, T] x RY), e L*([0, T] x RY),

a
1+ |x|? 1+ |x]|
thenuge L' = (@)l 1 ray < lluoll L1 ey Y2 €10, T1.

We observe that, by the above results together with Proposition 4.2, we obtain:

Corollary 4.5. Let us assume that a : [0, T] x RY - S(RY) and b :[0,T] x R? - R4 gre
bounded functions such that:

@) <$,a(t,x)§> > oz|$|2 Y(t,x)e[0,T] x Rd, for a certain o > 0;

(i) |b(t,x) = b(s, )| + |latt, x) —a(s, »)|| < C(1lx — yI” + 1t —s5]7)
V(t,x),(s,y)€[0,T] x Rd, for some y € (0,1], C > 0;

(iii) > 0jaij e L®([0.T1xRY) fori=1,....d.
j

1 _
<Zaibi —Ezaija,-j> GLOO([O, T] XRd);
i ij

(iv) e L*([0,T] x RY),

a 2 d
— € L~([0, T] x R?).
1+ |x|? 1+ |x]| (10,71 )
Then, for any j1o € M (RY) there exists a unique finite measure-valued solution j1; € M4 (R)
of (2) starting from po. Moreover, if such that po = poﬁd with pg € Lz(Rd), then u; < 4 for
allt €[0,T].

Proof. Existence and uniqueness of finite measure-valued solutions follows by Proposition 4.2.
So the only thing to prove is that, if pg € L' (R%) N L2(R¥) is non-negative, then u; € M, (R%)
and u; < £¢ for all t € [0, T]. This simply follows by the fact that the solution u € ¥ provided
by Theorem 4.3 belongs to L}F (R?) by Proposition 4.4, and thus coincides with y; by uniqueness
in the set of finite measure-valued solutions. O

In order to prove the results stated before, we need the following theorem of J.-L.. Lions
(see [16]).

Theorem 4.6. Let H be an Hilbert space, provided with a norm | - |, and inner product (-,-). Let
@ C H be a subspace endowed with a prehilbertian norm || - ||, such that the injection ® — H
is continuous. We consider a bilinear form B : H x @ — R such that:
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e H>uw> B(u, ) is continuous on H for any fixed ¢ € ;
o there exists a > 0 such that B(, ) > a||¢||? for any ¢ € .

Then, for any linear continuous form L on @ there exists v € H such that

B(v,9)=L(p) VYpeo.
Proof of Theorem 4.3. We will first prove existence and uniqueness of a solution in the
space Y. Once this will be done, we will show that, if u# is a weak solution of (20) belonging
to Lz([O, T] x Rd) and 9;a;; € L*=([0, T] x Rd) fori, j=1,...,d, then u belongs to Y, and so

it coincides with the unique solution provided before.
The change of unknown

v(t,x) = e_)‘tu(t, X)
leads to the equation

{ 3o+ 3 8 (biv) — 3 35 8i(aijdjv) +hv =0 in[0,T] xR, (22)
UO =uo,

where b; := b; — % Z/‘ dja;; € L*([0, T]x R?). Assuming that 1 satisfies A > %II(Zi 35:) " |l so>
we will prove existence and uniqueness for u.

Step 1 (Existence in Y). We want to apply Theorem 4.6.

Let us take H := L?([0, T], H'(RY)), & := {p € C®([0, T] x R?) | suppy € [0, T) x R?}.
@ is endowed with the norm

1 2
ol = ol + 5 /|¢<0,x)| dx.
]Rd

The bilinear form B and the linear form L are defined as

T
~ 1
B(u, ¢) := //|:M<—az(ﬂ - Zbiai(p +)»g0> + 3 Za,-jajua,»go} dxdt,
0 R4 ! L

L(p) :=/uo(X)<p(0,X)dX-

R4

Thanks to these definitions and our assumptions, Lions’ theorem applies, and we find a distribu-
tional solution v of (22). In particular,

dv=—> 0;(biv)+ % > 0i(aijdjv) — v e H*=L([0,T1, H ' (R?)),
i ij
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and thus v € Y. In order to give a meaning to the initial condition and to show the uniqueness,
we recall that for functions in Y there exists a well-defined notion of trace at 0 in L2(R9), and
the following Gauss—Green formula holds:

//Btuﬂ—i-atﬁudxdt:/u(T,x)L?(T,x)dx—/u(O,x)lZ(O,x)dx Yu,ueY (23)

0 Rd R4 R4

(both facts follow by a standard approximation with smooth functions and by the fact that, if
u is smooth and compactly supported in [0, T') x R4, fRd u2(0, x)dx < 2||8;u| g+|lull zr). Thus,
by (22) and (23), we obtain that v satisfies

/(U(O,x) — uo(x))<p(0,x) dx=0 Vpeo,
R4

and therefore the initial condition is satisfied in LZ(Rd ).

Step 2 (Uniqueness in Y). For the uniqueness, if v € Y is a solution of (22) with o = 0, again
by (23) we get

O
o\
/N

8,v+28 (biv) — Zai(aijajv)—i—kv)vdxdt

Rd ij
L[ (Td
=§f [EUZ‘ZM +Za,,8v8 v+ 22 ]d
0 R4 ! ij
| _ T
>5[ 2(T, x)dx+(x——”(23b> H )//vzdxdt
R4 o 0 Rd

() | ) o

Since A > [1(32; 351) ™ lloc, We get v =0.
Remark 4.7. We observe that the above proof still works for the PDE

{ e+ Y, 0 (biu) — 5 0ij(aiju) =U in[0, T] x RY,
u(0) = uo,

withU € H* = Lz([O, T1, H’l(Rd)). Indeed, it suffices to define L as

L) = (U, ) e + / o () (x) dx,
]Rd

and all the rest of the proof works without any changes.
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Thanks to this remark, we can now prove uniqueness in the larger space L2([0, 7] x R%)
under the assumption d;a;; € L*°([0, T'] x Rd) fori,j=1,...,d.

Step 3 (Uniqueness in L?). If u € L*([0, T x R?) is a (distributional) solution of (19), then

1 ~ _
o — 3 ;ai(ai,-aju) ==t € 1(10, 7, H™! (RY)).
J i
By Remark 4.7, there exists &z € Y solution of the above equation, with the same initial condition.

Let us define w :=u — &t € L%([0, T] x RY). Then w is a distributional solution of

{ dw — A@)w :=dw — 3 >;; di(a;jo;w) =0 in[0, T] x RY,
w(0) = 0.

In order to conclude the proof, it suffices to prove that w = 0.
Step 3.1 (Regularization). Let us consider the PDE
w, —eA@)w, =w in[0, T] x RY (24)

(this is an elliptic problem degenerate in the time variable). Applying Theorem 4.6, with H =
@ :=L*(0.T]. H'R'),

T
B(u, ¢) :=//<u<p+%2aij8ju8i<p) dxdt,
ij

0 R4
T
L(p) = / / wedx dt,
0 R4
we find a unique solution w; of (24) in L2([0, T1, H'(R%)), that is w, = (I —eA(dx)) " 'w, with
(I —eA(dy)): L2([0, T1, H'(RY)) — L*([0, T], H~'(R?)) isomorphism. Now we want to find

the equation solved by w,. We observe that, since (I — cA(9,))~! commutes with A(3,) and
d;w = A(dy)w, the parabolic equation solved by w, formally looks

-1
dwe — A(dy)we = [E)t, (I — sA(Bx)) ]w.
Formally computing the commutator between d; and (I — £A(3y))" !, one obtains

qws — A we =¢&(I — eA(ax))*‘ Z 3;j(0raijoiw®) (25)
ij

in the distributional sense (see (27) below). Let us assume for a moment that (25) has been
rigorously justified, and let us see how we can conclude.
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Step 3.2 (Gronwall argument). By (25) it follows that 8w, € L*([0, T], H~'(R%)). Thus, re-
calling that w, € L3([0,T], H' (Rd)), we can multiply (25) by w, and integrate on RY, obtaining

1d 1
Ea/mgﬁdx +a/ |Vewe|? dx < —s/Z(a,aij)a,-wgaj((l —eA@dy)) we)dx.
R4 Rd R4 ij
We observe that w,(t) — 0 in L% ast N\ 0. Indeed, since w, € Y there is a well-defined notion

of trace at 0 in L2 (see (23)), and it is not difficult to see that this trace is 0 since w(0) = 0 in the
sense of distributions. Thus, integrating in time the above inequality, we get

e ()] 32y + 200000 122 40, ey

<2Ce | Vewe 20, 71y | Ve (1 = £A@0) ™ we) | 120, ey ¥V €10, 71 (26)

Let us consider, for a general v € L?, the function v, := (I — A(d,))~'v. Multiplying the iden-
tity vy — €A(dy)vs = v by v, and integrating on [0, 7] x RY, we get

2 2
lvell72 + el Vavellpo < llvell2llvl 22,
L L

which implies [|ve || ;2 < [[v]l 2, and therefore ae | Vivell7, < [|v]|7,. Applying this last inequal-
ity with v = w,, we obtain

1

|1V ((1 - 8A(ax))_lw6)”LZ([o,T]xJRd) < ﬁ”wallﬁ(lo,ﬂxﬂ%d)'

Substituting the above inequality in (26), we have

2 2 &
[we @2 gay + 200 Vawell o oy < 2C3 < Vxwell 2o ryxma e 2o, 7y

/€ 2 /€ 2
g C &”VXU}E”LZ([O,T]XRd) + C ; ”wEHLz([O,T]de)’

which implies, for & small enough (say ¢ < 4g_32),

2 le
H We (t) HLZ(Rd) g C a ”ws ”iz([(),T]X]Rd) Vt € [O’ T]

By Gronwall inequality w, = 0, and thus by (24) w =0.

Step 3.3 (Rigorous justification of (25)). In order to conclude the proof of the theorem, we only
need to rigorously justify (25).

Let (Cli"j)neN be a sequence of smooth functions bounded in L, such that (a"&,&) > %|g|2,
Z/’ 8jai”j and Bta?j are uniformly bounded, and ai"j — ajj, Z/ E)ja;’j — Zj djaj, E)tafj — 0aij
a.e. We now compute [9;, (I — eA"(9,)) "], where A”(9,) := Zij 0; (al.”j 9j):
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[0, (I —eA"(0) '] = [a,, ZskA”(ax)k:| =Y &[0, A" (0]

k=0 "0
oo k—1 ‘ |
:EZ (SAn(ax))l[at’An(ax)](gAn(ax))k—l—l
k=0 i=0
= Z(SA"(ax))i[at, A" (9] Z(SAn(ax))k—i—l
i=0 k>i
=l —eA"@)) [, A" G0)(1 —eA@0) L @)

where at the second equality we used the algebraic identity [A, B¥] = Zi‘;(} Bi[A, B]BF—i—1,
Thus, for any ¢, € C°([0, T'] x R%), we have

T

//wa,((I —eA"(3,)) 'p)dxdr
0 R4
T
:/ Y[(I - eA"(3,)) " ] dx dt
0 Re
T

+e//¢[(1—eA"(ax))‘l[a,,A”(ax)](l —eA"(d,) '¢]dxadr. (28)
0 R

d

We now want to pass to the limit in the above identity as n — oco. Since (I — ¢A” (0) 71 is
selfadjoint in L2([0, T] x R?) and it commutes with A" (), we get

T
//w[(l — A" (30)) [0, A" (00)](I — £A™(30)) ] dx dr

0 Rd
T
- / /[(1 —eA"(30)) ][0 A" @0](I — eA™(30)) ] dx dr
0 R4
=— / /[at((1 —eA"(30)) " Y)][(1 — A" (30)) " A" (00)¢] dx di
0 R4

[(1 —eA™@30)) " A" @)v ][0 (1 — eA"(3) ")) dx .
R4

|
S~

By (27) we have
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8 (1 —eA" (@) "'9) = (I — A" (@) dhp
+e(1 - eA"(ax))*1 [9,, A" (@0)](I — eA"(ax))*lga

and, observing that [3;, A"(3x)] = D ;; j 0; (Bta :0;-), we deduce that the right-hand side is uni-
formly bounded in L2([0,T], HY (R4 )). In the same way one obtains

-1 -1
O ((1 —eA™(8x) A"(Bx)@) = (I —eA"(3,)) (A" (x)9)
+e(I — A" (30) [0, A"(00)] (1 — £A"(0)) ' A" (B0)g
-1
= (I —eA"(30) [, A"(@)]e
+ (1 —eA"(30) " A" (3000
—1 -1
+e(l —eA"(0y)) [0, A"(00)](I — €A™ (3x)) ™ A" (3x)e,
and, as above, the right-hand side is uniformly bounded in L2([0, T], H'(R%)). Thus
8 (I — eA™d,))" "¢ is uniformly bounded in LZ([0,T], H'(R?)) c L3([0,T] x R%) (the
same obviously holds for ¢ in place of ¢), while (I — ¢A" (Bx))_lA"(Bx)go is uniformly

bounded in H'([0, T] x RY) (again the same fact holds for v in place of ¢). Therefore, since
([0, T] x RY) — L]OC([O, T1 x RY) compactly, all we have to check is that

loc
0 (I — eA™(3)) ' 9) = 3 ((I — A0) '9)
and
(I —sA"(30) " A" (09 — (I —sA0) ' A0

in the sense of distribution (indeed, by what we have shown above, 8;((I — A" (3,)) ') will
converge weakly in L? while (I —eA"(3,)) "1 A" (3 )@ will converge strongly in leoc, and there-
fore it is not difficult to see that the product converges to the product of the limits). We observe
that, since the solution of

@e —eA@)g: =¢ in[0,T]x R (29)

belonging to L2([0, T'], H'(R?)) is unique, and any limit point of (I — £ A”(d,)) !¢ belongs to
L?([0,T], H' (Rd )) and is a distributional solution of (29), one obtains that

(I —eA"@0) "o — (I —eA@)) ¢

in the distributional sense, which implies the convergence of 9d;(I — sA"(BX))_l(p to
8 (I — eA(d))"'o. Regarding (I — eA"(3y)) LA™ ()@, let us take x € C([0,T] x RY).
Then we consider

T

T
/fA”(BX)w[(I—sA”(ax)) dxdt //Za,/a,go I—SA”(B )) )dxdt.
ij

0 R4 0 R
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Recalling that (I — ¢A™(d,))"'x is uniformly bounded in L2([0, T'], H'(R?)), we get that
3;(I — eA"(3x))"'x converges to 3;(I — eA(dx)'x weakly in L2([0,T] x R?) while
a?j — a;j a.e., and so the convergence of (I — eA™(0,) 1A (8@ to (I — eA(3y) " A(8y)
follows.

Thus we are able to pass to the limit in (28), and we get

3 (1 —A@0) ') € L2([0, T1, H'(RY))

and

T
f/wat((l —eA@y)) ' ¢)dxdt
0 R4
T
=/ Y[(I —£A@0)) dp]dxdr
0 R4
T
+ e/ Y[(1 —sA00)) " [0, AGO](I — £A@0)) 9] dx dr.
0 R4
Observing that (I — eA@@y) " Lis selfadjoint in L2([0, T] x Rd) (for instance, this can be easily

proved by approximation), we have that the second integral in the right-hand side can be written
as

T
f Y (I —eA@) [0, A@)](I — eA00) ' p] dxdr
0

R4

- / f[(l —eA@)  Y][[0r, AOD]((I — £A@)) ' p)] dxdr.

d

Using now that [3;, A(9x)] =D _; j 0;(9ra;;0;-) in the sense of distributions, it can be easily proved
by approximation that the right-hand side above coincides with

T
_//Z(a,aij)a,-((l—sA(ax))*‘l/f)aj((l—eA(ax))*‘w)dxdt.

0 R4 ij
Therefore we finally obtain

T

//Wat((l—sA(Z)x))_l(p)dxdt

0 Rd



A. Figalli / Journal of Functional Analysis 254 (2008) 109-153 139

T

//1// I—EA(BX)) atgp]dxdt

0 R4
T

_5//2(8,11,,)8 (I—cA@) ' ¥)3; (I —eA@0)) '9)dxdr.  (30)
0 Rd Y

By what we have proved above, it follows that

(I —eA@0) ') e L2([0, T1, H'(RY)),

A@)((T —eA@)) '9) = (I — sA0) " A@0w € L2(10, T1, H' (RY)). (31)
This implies that (30) holds also for ¥ € L?([0, T] x R¥), and that (I — eA(d;)) ‘¢ is an

admissible test function in the equation d;w — A(dy)w = 0. By these two facts we obtain

://w[((‘),+A(8x))(1—8A(8x))_1<p]dxdt

0 Rd

://w[(l—8A(8x))_1(8,+A(8X))(p]dxdt

0 Rd

g// @i (1 — eA@0)) " w)d; (I —eA@)) ' 9) dxdr
ij

0 R4

T T
//ws 8,+A(8x))<p]dxdt—8//2(3,(1,])8 wed; (I —eA@y) @) dxdr,
0 Rd 0Rd Y

which exactly means that

dwe — A ) we = (I — eA(dy))” Za (8raij0;w®)

in the distributional sense. O

Proof of Proposition 4.4. (a) Arguing as in the first part of the proof of Theorem 4.3, with the
same notation we have

//(a,v+23 (b; v)——Za (a;jd; v)+,\u)v dx dt

0 R4
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T
1 d y B - )
=§//|:_E(v )Z_Zbial’((v )2)—2(11‘]'3,-1) djvT —2A(v )2:|dx

0 Rd i ij

s o (558) | ) frane
el ) o e

0 R4

and then v~ = 0.
(b) It suffices to observe that the above argument works for every v € Y such that v(0) > 0
and

~ 1
00+ 0i(biv) = 5 3 di(ayjdv) >0
i ij

Applying this remark to the function v := ||M0||L00(Rd) —ue ™™ with A > ||(Zl- ail;i)_”oo, and
then letting A — [|(3_; 9; b))~ |loos the thesis follows.

(c) The argument we use here is reminiscent of the one that we will use in the next subsec-
tion for renormalized solutions. Indeed, in order to prove the thesis, we will implicitly prove
that, if u € Lz([O, Tl,H 1(]Rd )) is a solution of (20), then it is also a renormalized solution (see
Definition 4.9).

Let us define

Be(s) := (Vs2+ &2 — &) € CA(R).
Notice that 3, is convex and
Be(s) = |s| ase—0, Be(s) — sﬂ;(s) € [—e,0].
Moreover, since 8., B, € W12 (R), it is easily seen that
weL2(10, T, H'(RY) = Be), L(w) € L2(10, T1, H' (RY)).
Fix now a non-negative cut-off function ¢ € C° (R9) with supp(¢) C B2(0),and ¢ = 1 in B1(0),
and consider the functions ¢g(x) := ¢(x/R) for R > 1.

Thus, since B, > 0 and a;; is positive definite, recalling that bi = b; — %Z j9jaij, for any
t € [0, T'] we have

//(a,u+Za(b u) — Za(a,,a u)),Bs(u)(dexds

0 R4
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t

1 d _ .
= E//(E(‘/’R,Bs(u)) _2Zbi8"(”/3§(”)‘/’R)+2Zbi3i(ﬁa(u))goR

0 Rd
+ Za,-jaiuajuﬂ;’(u)(pk + Zaijai (,BE(M))E)J-(pR> dxds
ij ij
1 1
> E/Wﬁe(u(t))dx— §/¢Rﬁe(u(0))dx
R4 R4

t

~ [ [ 56810 ~ prw)or) + Brwigr) dxds

1

0 Rd
1 t
- 5//2:((3,/615])31% +a;ij0;j9Rr)Be(u) dx ds
0 Rd Y
1 1 7 -
> §/¢Rﬁs(u(t))dx— E/@R,Bs(u(o))dx—//<zai5i> (ui(u) — Be(u))prdxds
Re R4 0 Rd i

t
1
_//(Zbiai(pR+Ezaijaij(pR)BS(u)dde‘
0 Rd ! 1y

Observing that |8, (1)| < |u|, and using Holder inequality and the inequalities

1 3 1 5
= < P ) - < - . .9 N 32
RX{RSIX\<2R} 1+ |x|X{IXI>R} R2 X{R<Ix|IS2R} & 1+ lez X{IxI=R} (32)
we get
/ orBe(u(0)) dx
Rd

t
< [onptwopar+2z [ [ (Sab) avas
Rd 0 |x|<2R ¢
a
14 |x|?

b
6
+”(p”C2( H1+|x|

Letting first ¢ — 0 and then R — o0, we obtain

flu ||L2([0,t]de)~

L2([0, TTx{Ix|=R}) ” LZ([OVT]X{IXI>R})>

[e®] 1 gay < O] 1 gay VE€[0, ] O
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4.3. Existence and uniqueness in the degenerate parabolic case

We now want to drop the uniform ellipticity assumption on a. In this case, to prove existence
and uniqueness in .Z;, we will need to assume a independent of the space variables.

4.3.1. Uniqueness in £

The uniqueness result is a consequence of the following comparison principle in .Z (recall
that the comparison principle in said to hold if the inequality between two solutions at time 0 is
preserved at later times).

Theorem 4.8 (Comparison principle in £). Let us assume that a : [0,T] — S+(]Rd) and
b:[0,T] x RY — RY are such that:

(i) b e LY([0, T1, BVioc(RY, RY)), 3", 8;b; € L}, (10, T] x RY);
(i) a € L®([0, T], S+ (R%)).

Then (19) satisfies the comparison principle in L' (R%) N L®(R?). In particular solutions of the
PDE in Z, if they exist, are unique.

Since we do not assume any ellipticity of the PDE, in order to prove the above result we use
the technique of renormalized solutions, which was first introduced in the study of the Boltzmann

equation by DiPerna and P.-L. Lions [8,9], and then applied in the context of transport equations
by many authors (see for example [1,5-7,10]).

Definition 4.9. Let a : [0, T] x RY — S (RY), b: [0, T] x R? — R be such that:

() b,Y; b € LL ([0, T] x RY);

loc

(i) @, 3; djaij, X; dijaij € Lo (10, T x RY).

Letu € L ([0, T] x R?) and assume that

loc

1
ci=du+ Yy bidu— 3 > aijdiju e Li ([0, T] x RY). (33)
i ij

We say that u is a renormalized solution of (33) if, for any convex function 8 : R — R of class C 2,
we have

1
%) + Zjb,-aiﬂ(u) -5 Zaijai,-ﬂ(m <cp(w).
i ij
Equivalently the definition could be given in a partially conservative form:

1
0B+ 0 (biB) = 5 D iy Bw) < cB'(w) + <Zﬁibi>ﬂ(u)-
i ij i
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Recalling that a is non-negative definite and g is convex, it is simple to check that, if
everything is smooth so that one can apply the standard chain rule, every solution of (33) is
a renormalized solution. Indeed, in that case, one gets

1 1
BB + Y bitiBu) — 5 D aijdyiBu) = cB'w) — 2" (w) Y aijdudju < cB'(w).
i ij ij

In our case, a solution of the Fokker—Planck equation is renormalized if

3B (u) + Z(b,- - Zajaij)aiﬂ(u) - % Y i) < (% > djaij — Zaibi)uﬁ/(u),
i J ij i

ij

or equivalently, writing everything in the partially conservative form,

B+ )0 <<bl~ - Zajaij)ﬁ<u>) — %Zaijaijﬁ<u>
i j ij
< (% Zaijaij - Zt’%bl‘)Mﬂ/(u) + Zai <bi - 231'611',/),3(”)
ij i i j
= (lZaib,- - %;aﬁaﬁ)(mw —up' () — %(;agaﬁ)ﬂ(m.

Now, since
D iy B =Y d;(aidiBw) — Y djaid; )
ij ij ij
:Z&j(aijﬁ(u) 223 (3 al/)ﬂ(”) (ZE),,a,j) @),
ij

the above expression can be simplified, and we obtain that a solution of the Fokker—Planck equa-
tion is renormalized if and only if

o p <u>+Za biB(w)) ——Za,, (aijBw))

(Za bi— Zaijaij)(/g(u) = uf' ). G4
i

It is not difficult to prove the following lemma.

Lemma 4.10. Assume that there exist p,q € [1, 00] such that

a

m c L1 ([0, T], LP(Rd)),

L'(0, T1, L9 (R?
1+|x| € ([ ? ]’ ( ))’
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and that
1 S d
(Zaibi 3 Zaijaij) € LIOC([O, T] xR )
i ij
Setting a,b =0 for t < 0, assume moreover that any solution u € £ of the Fokker—Planck
equation in (—oo, T) x R? is renormalized. Then the comparison principle holds in £ .
Proof. By the linearity of the equation, it suffices to prove that
up<0 = u@®)<0 Vvrel0,T].

Fix a non-negative cut-off function ¢ € CZ° (R?) with supp(¢) C B>(0), and ¢ =1 in B1(0), and
take as renormalization function

1
Be(s)i=3(Vs?+ &2 +s—¢)e C*(R).
Notice that 8. is convex and

Be(s) = st ase—0, Be(s) — sBL(s) € [—¢,0].

By (34), we know that
01 Be () + Za (biBe ) — Zal, aijBe(u)) < (Za bi — Zai,-a,-j>(ﬂg<u> — upi(w))
ij

in the sense of distributions in (—oo, T') x R¥. Using as test function gg(x) := go(%) forR>1,
we get

d 1
E/(ﬂRﬂg(u)dx</(Zbi(t)aiwze+§2j:aij(t)3ijfﬂ1e>ﬁs(u)dx
Rd i i

R4

/¢R(Za,b,(t)— Zallal](t)>('33(u) uﬂ (u))

R4

Observing that | B¢ (u)| < |u|, by Holder inequality and the inequalities (32) we can bound the
first integral in the right-hand side, uniformly with respect to ¢, with

lb(t, x)| 5 la(t,x)] )
3 + — u(t,x)|dx
el / ( el T2 ) e

{lx| =R}

b(t)
< ||¢||CZ(3H T+ x|

5 H a(t)

M o @iy + = | g
LP({|x\>R}>”u( Noren 3| Tp

o0 e, )

La({lx|=R})
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(recall that u € %, and thus u € L*°([0, T'], L" (R?)) for any r € [1, 0o]), while the second inte-
gral is bounded by

1 _
& / (Z&ibi—izaijaij> dx.
(IxI<2R} ! "

Letting first ¢ — 0 and then R — oo, we get

d

+
— Ju"dx<0
dt / =
R4
in the sense of distribution in (—oo, T'). Since the function vanishes for negative times, we con-
cludeut=0. O
Now Theorem 4.8 is a direct consequence of the following proposition.

Proposition 4.11. Let us assume that a : [0, T] — Sy RN and b:[0,T] x R4 — RY are such
that:

(i) be L'([0, T1, BVioc(RY, R)), 3", 9;b; € L] ([0, T] x RY);
(i) a € L®([0, T], Sy (RY)).

Then any distributional solution u € Ly, ([0, T] x R?) of (33) is renormalized.

Proof. We take 1, a smooth convolution kernel in R?, and we mollify the equation with respect
to the spatial variable obtaining

1
a,u€+Zb,-aiu8—Ezauaﬁuszc*ng—r&, (35)
i ij

where

ré = Z(bié)iu) k1 — Zbiai(u *1p), U= Uk,
i i

By the smoothness of u® with respect to x, by (35) we have that d,u° € LI]OC. Thus by the standard

chain rule in Sobolev spaces we get that u® is a renormalized solution, that is
1
B (uf) + Zb,-a,ﬂ(uf) -5 Zai,aijﬂ(uf) < (c#ne —r%) B (u)
i ij

for any B € C?(R) convex. Passing to the limit in the distributional sense as &£ — 0 in the above
identity, the convergence of all the terms is trivial except for r¢ 8’ (u®).
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Let o, be any weak limit point of r* 8(1®) in the sense of measures (such a cluster point exists
since r B8’ (u?) is bounded in Llloc). Thus we get

1
QB + Y biti ) — 5 D aijbiiBu) — cf' () < —0y < oy .
i ij

Since the left-hand side is independent of 1, in order to conclude the proof it suffices to prove
that /\,7 |oy| =0, where n varies in a dense countable set of convolution kernels. This fact is
implicitly proved in [2, Theorem 34], see in particular Step 3 therein. O

4.3.2. Existence in Ly
We can now prove an existence and uniqueness result in the class .Z;..

Theorem 4.12. Let us assume that a - [0, T] x RY — S(Rd) and b: [0, T] x R — R? are
bounded functions such that

1 N 00
(Za,‘bi -3 Za,'ja,'j) S Ll([O, T, L (]Rd)).
i ij

Then, for any o = poL? € M (R?), with pg € L' (R?) N L®(RY), there exists a solution of (2)
in L. If moreover b € L'([0, T1, BVioc(R)), 3, 9ib; € L ([0, T1 x RY), and a is indepen-
dent of x, then this solution turns out to be unique.

Proof. Existence. It suffices to approximate the coefficients a and b locally uniformly with
smooth uniformly bounded coefficients a” and 5" such that (3, 3;b} — % T djja;;)” is uni-

formly bounded in L' ([0, T], L>(R?)). Indeed, if we now consider the approximate solutions
= prLd e M4 (R?), we know that

1
dprt + D0 (b o)) — 5 D i (alier) =0,
i ij
that is
1 1
3o — Ea?jai,pﬁ + Z(b;l — Zaja;’j>a,-p;1 + (Zaib;? -5 Zaijayj)pf =0.
i Jj i ij

Using the Feynman—Kac’s formula, we obtain the bound

N b ()= 3 355 8@ ()TN 0 mdy 4
Hp;1 ||L°°(R")< ”pO”LOO(Rd)efO ”(Z’ 1(Y) ZZU jazj(v)) HL ®d) C.

So we see that the approximate solutions are non-negative and uniformly bounded in L' N L>®
(the bound in L' follows by the constancy of the map ¢ — ||p}'||;1 (observe that p;! > 0 and
recall Remark 2.7)). Therefore, any weak limit is a solution of the PDE in .Z, .

Uniqueness. It follows by Theorem 4.8. O
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5. Conclusions

Let us now combine the results proved in Sections 2 and 4 in order to get existence and
uniqueness of SLF. The first theorem follows directly by Corollary 3.6 and Theorem 1.3, while
the second is a consequence of Corollary 3.6 and Theorem 1.4.

Theorem 5.1. Let us assume that a : [0, T] x R? — S+(Rd) and b:[0,T] x R? - R4 are
bounded functions such that:

(i) X°;0jaij € L0, TIxRY) fori =1,....d;
(ii) da;; € L([0,TI1x RY) fori, j=1,...,d;
(iii) (X; 9ibi — 3 >ijdijaij)” € L([0, T] x R%);
(v) (€,a(t,x)E) > alE|> V(,x) € [0, T] x RY, for a certain o > 0;
W) g € L70. T1x R, fg € L2(0, T x RY.

Then there exists a unique SLF (in the sense of Corollary 3.6).
If moreover (b",a") — (b,a) in L} ([0, T] x R?) and (Q_; 9;b! — %Zij 8,-.,‘41?].)_ are uni-

loc

formly bounded in LY([0, T], L®(RY)), then the Feynman—Kac formula implies (ii) of Theo-
rem 3.7 (see the proof of Theorem 4.12). Thus we have stability of SLF.

Theorem 5.2. Let us assume that a : [0, T] — S(R?) and b : [0, T] x RY — R? are bounded
functions such that:

(i) be L'([0,T1, BVioc(R), Y_; 0ib; € L, ([0, T] x RY);
(i) (3; 9;bi)~ € L1([0, T1, L®(RY)).

Then there exists a unique SLF (in the sense of Corollary 3.6).
If moreover (b",a") — (b,a) in LL ([0, T x R?) and (O 9;b! — %Zij a,,a;lj)— are uni-

loc
formly bounded in L'([0, T], L (R%)), then the Feynman—Kac formula implies (ii) of Theo-
rem 3.7 (see the proof of Theorem 4.12). Thus we have stability of SLF.

In particular, by Corollary 3.9 and the Feynman—Kac formula (see the proof of Theorem 4.12),
the following vanishing viscosity result for RLF holds:

Theorem 5.3. Let us assume that b : [0, T] x R? — R? s bounded and:

(i) be LY([0, T], BVioc ®?)), 3", 8;b; € L ([0, T] x RY);
(i) (3, 9:bi)~ € L'([0, T1, L®(RY)).

Let {vi},cra be the unique SLF relative to (b, el), with € > 0, and {vy},cgra be the RLF relative
to (b, 0) (which is uniquely determined L4-ae. by the results in [1]). Then, as ¢ — O,

fvﬁf(x)dx A*fvxf(x)dx inM(FT)forannyCC(]Rd).

R4 R4
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We finally combine an important uniqueness result of Stroock and Varadhan (see Theo-
rem 2.2) with the well-posedness results on Fokker—Planck of the previous section. By Theo-
rem 2.2, Lemma 2.3 applied with A = R? and Corollary 4.5, we have:

Theorem 5.4. Let us assume that a : [0, T] x R? — St (RYY and b:[0,T] x R? — RY are
bounded functions such that:

() (£, a(t,x)&) > alE|? V(t,x) €0, T] x RY, for a certain a > 0
(i) 1b(t,x)—=b(s, V)| +llat,x)—a(s, )| < Clx—y| +|t—s[) V(t,x), (s, y) € [0, T]xR?,
for some y € (0,1], C > 0;
(iii) Zj djajj € L°([0,T] x Rd) fori=1,...,d, (Zl 0;ib; — %Zij 0ijaij)” € L*°([0,T] x
R9);

(iv) 1+C|’—x|2 € L%([0, T] x RY), %m € L%([0, T] x RY).

Then, there exists a unique martingale solution starting from x (at time 0) for any x € R¢.

We remark that this result is not interesting by itself, since it can be proved that the martingale
problem starting from any x € R? at any initial time s € [0, T] is well-posed also under weaker
regularity assumptions (see [18, Chapters 6 and 7]). We stated it just because we believe that it
is an interesting example of how existence and uniqueness at the PDE level can be combined
with a refined analysis at the level of the uniqueness of martingale solutions. It is indeed in this
spirit that we generalize Theorem 2.2 in Appendix A, hoping that it could be useful for further
analogous applications.
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Appendix A. A generalized uniqueness result for martingale solutions

Here we generalize Theorem 2.2, using the notation introduced in Section 3.1.
Proposition A.1. For any (s, x) € [0, T] x RY, let Cy.s be a subset of martingale solutions of the
SDE starting from x at time s, and let us make the following assumptions: there exists a measure

o € M4 (R?) such that:

(1) Vs €[0,T], Cy s is convex for po-a.e. x;
(i) Vs €[0,T], Vte[s, T],
for po-a.e. x,  (e)yvy = (ewvs, Wi i, €Cryi

(iii) for po-a.e. x, for any vy € Cy 1= Cy o, for vy-a.e. y,

viel0,T], v’z = (U)lc);-‘[ €Cy).is



A. Figalli / Journal of Functional Analysis 254 (2008) 109-153 149

where, with the above notation, we mean that the restriction of v;yft tol” } = C([t, T],RY)
is a martingale solution starting from y (t) at time t;

(iv) the solution of (2) starting from o given by ; ‘= (e;)# f]R{d v; duo(x) for a measurable
selections {vy}, cra With vy € Cy (observe that u; does not depends on the choice of vy € Cy
by (i1)), satisfies 1 < uo for any t € [0, T].

Then, given two measurable families of probability measures {U;}xeRd and {U%}xeRd with

v;, v)% e Cy, v} = v)% for po-a.e. x. In particular, by standard measurable selection theorems

(see for instance [18, Chapter 12]), Cy is a singleton for po-a.e. x.

Proof. Let {v!} ge and {v2} g« be two measurable families of probability measures with
v;,vfer,andﬁx0<t1 <---<t, <T.

Claim. For po-a.e. x, for vi-a.e. y(i=1,2),

i,y B i,
vx’]_-rn € Cyp)., Jor V@€ Y

where v""7
x,

This claim follows observing that, by assumption (iii), for po-a.e. x there exists a subset

I'y C I't such that v)’;(Fx) =1 and v;’y}-t € Cy (.1, for any y € I';.. Thus, by (11) applied with

V= vi, A:= Iy, B := I, and with M- in place of F;,, one obtains

that is,

iy i
VMt (Iy)=1 forvi-ae.y.

This, together with assumption (iii), implies the claim.

we get

iy i
vxﬁ]:ty, < C)/(t,l),[” for Vx’

y % .
Let A C R be such that Hno(A€) =0and assun_lption (i) is true for any x € A. By assumption (iv),
we have j1,, (A) = 0= fau, . Lae ( (1)) Vi (v) dpto(x), that is

for up-a.e.x, y(t,) €A for v)’;—a.e y. (A.1)

Thus, for uo-a.e. x, Cy(,),s, is convex for v)’;-a.e y, and so, by (14) applied with v)"c, we obtain
that

Ly

Ve mtem € Cyn)., for vj;—a.e. y (A2)

for pp-a.e. x,
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(where, with the above notation, we again mean that the restriction of v" to I” }” is a

M’l ..... n
martingale solution starting from y (#,) at time t,). We now want to prove that, for all n > 1,

0<t <---<t, <T, we have that, for up-a.e. x,

/fl (en (V))---fn(ezn(y))dv)ﬁ(y)=/f1 (en ) .- fuler, (1)) dvi(y) (A.3)
I

for any f; € C. (R?). We observe that (A.3) is true forn = 1 by assumption (ii). We want to prove
it for any n by induction. Let us assume (A.3) true for n — 1, and let us prove it for n. We want
to show that

/fl(en (V))--~fn(€z,,()/))d\}i()/)=/fl(etl 1) - fulen, () dviy),

which can be written also as

B[ filen) ... fulen)] =E%[ filen) - fulen)]:

where EY := ffr dv. Now we observe that, fori =1, 2,

[fl(e[' - n(e,) ] [Ev [fl(efl - Inler,) | M t"il]]
E% [ fi(en) - fai(en, VB[ fule,) | M1]]
[fl(etl Sa—1(en,_ Dy (6,1,...,6,11_1)],

where 1//)’; (erys...re, )= Evi[fn(etn) | M">tn=1] Let ¢ € C.(R?), and let us prove that

/ [ filen) - fuoi(en DV en, - en )]d () duox)
Rd

=/E”‘%[fl(en)--~fn—1(et,1_])1ﬁf(€z.,---,et,l_])]¢(X)d/Lo(x)~ (A4)

R4

Let B C R? be such that ;o(B¢) = 0 and assumption (ii’) is true for any x € B. By assump-
tion (iv), we also have u;, ,(B) =0= fR“’xFr Lge(es, (¥))dvi(y)duo(x), thatis

for up-a.e. x, y(t,—1)€ B for vi-a.e. V. (A5)

Let us consider v" - By (A.2),

M’I

i i
for pp-a.e. x, LyT— €Cyty_)o1,_y Torvi-ae.y,
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and, combining this with (A.5), we obtain
for pno-a.e. x, v;’f;w,l _____ i €Cyta_nity.; and  y(t—1) € B for v)’c-a.e. Y.

By assumption (ii) applied with # = #,,, this implies that

Ly 2y ]
for po-a.e. x, (e,n);;HJX’M,I_w,ni1 = (e’n)#vx,M’I AAAAA ., forvi-ae. y,
which give us that
1 2 i
for po-a.e.x, Y (ey,....e, ) =vi(ey,...,e, ) forvi-ae.y. (A.6)

Thus we get

/E”}‘[ﬁ (er) .- fami(en,_DVi(er, ... e, D] (x) dpo(x)

]Rd
- / B2 fi(en)- - for(en IV Gen. . e D]P0) o)
]Rd
49 / E2[fi(en)-.. fooi(en W2t - . e, )]0 dpto),
Rd

where the first equality in the above equation follows by the inductive hypothesis. Now, by (A.4)
and the arbitrariness of ¢ and of f;, with j =1,...,n, we obtain that, foralln > 1,0 < <
<o <t, <T, wehave

for po-a.e. x, (e, ..., e)8Vx = (s, ..., )40y Vti,..., 1, €[0,T].

Considering only rational times, we get that there exists a subset D C R4, with wo(D€) =0, such
that, for any x € D,

(erys .- €)8Vx = (€, ..., e, 40y foranyty,....t, €[0,T]NQ.
By continuity, this implies that, for any x € D, v, = D, as wanted. O

The above result apply, for example, in the case when C, ; denotes the set of all martingale
solutions starting from x. In particular, we remark that, by the above proof, one obtains the
well-known fact that, if v, is a martingale solution starting from x (at time 0), then, for any
0<nn<---<t, T, vr’ Mtonin is a martingale solution starting from y (¢#,) at time ¢#,. More
generally, since martingale solutions are closed by convex combination, is p is a probability
measure on R?, the average fR,, v;/ n dp(x) is a martingale solution starting from y (#,) at
time t,,. ’

Observe that assumption (iv) in the above theorem was necessary only to deduce, from a
Lo-a.e. assumption, a u,-a.e. property. Thus, the above proof give us the following result:

M1
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Proposition A.2. For any (s, x) € [0, T] x R4, let C x.s be a convex subset of martingale solutions
of the SDE starting from x at time s, and let us make the following assumption: there exists a
measure j1og € M4 (R?) such that:

(1) Vt €10, T], for po-a.e. x,
(et)#vi = (e,)#v)% Vv;, v)% € Cy :=Cyp.

If (1) holds, we can define ju; = (e;)# fRd vy dpo(x) for a measurable selections {vy}, cra With
vy € Cy, and this definition does not depends on the choice of vy € Cy. We now assume that:

(i") Vs €[0,T], Vt €[5, T], for us-a.e. x,

1 2 1 2 .
(e)uvy s =(e#vys Vv Vis € Cxss

(i1) Vs €[0, T], Cy s is convex for us-a.e. x;
(iii) for po-a.e. x, for any vy € Cy, for vy-a.e. y,

Viel0, T, vz == ()% € Cronr

where, with the above notation, we mean that the restriction of v;’ F, to I’} is a martingale
solution starting from y (t) at time t.

Then, given two measurable families of probability measures {v; }rerd and {V)%}xeRd with

v;, v% € Cy, v; = v)% for po-a.e. x. In particular, by standard measurable selection theorems

(see for instance [18, Chapter 12]), Cy is a singleton for pp-a.e. x.
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