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Abstract

The Cauchy problem of the one-dimensional generalized Ginzburg—Landau (GGL) equation is considered. The local well-
posedness is obtained for initial data in H*(R) with s > 0, and global result in H*(R) with s > 0 is also obtained under some
conditions. Moreover, the relation between the solution for GGL equation and the solution for the derivative nonlinear Schrodinger
(DNLS) equation is studied. It is proved that for some 7' > 0, the solution of Cauchy problem for the GGL equation converge to
the solution of Cauchy problem for the DNLS in the natural space C([0, T]; H%) with s > % if some coefficients tend to zero.
Moreover, if initial data belong to H 2, the convergence holds in C([0, T]; H l) forany 7 > 0.
© 2009 Elsevier Masson SAS. All rights reserved.

Résumé

Le probleme de Cauchy pour I’équation de Ginzburg—Landau (GGL) unidimensionnel généralisé est considéré. Le probleme bien
posé local est obtenu pour les données initiales dans H* (R) avec s > 0 et le résultat global dans H* (R) avec s > 0 est aussi obtenu
sous certaines conditions. De plus on étudié la relation entre la solution de GGL et la solution pour la dérivée de 1’équation de
Schrédinger (DNLS) non linéaire. On démontre que pour certaines valeurs de 7 > 0 la solution du probléme de Cauchy de GGL
converge vers la solution du probléme de Cauchy de DNLS dans 1’espace naturel C ([0, T]; H*) avec s > 1/2 lorsque certains
coefficients tendent vers zéro. De plus, si les données initiales sont dans H 2 la convergence est venue dans C([0, T']; H Y pour
tout 77 > 0.
© 2009 Elsevier Masson SAS. All rights reserved.
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1. Introduction

The Cauchy problem of the generalized one-dimensional Ginzburg—Landau equation is:

up — (@ + Dty + yilulPux + youity + y3lul®u + yalul*u =0, (r,x) eRT xR, (1.1)
u(x,0) =up(x) € H®, (1.2)

where y; =« +iB;, aj, B; are real numbers, j =1,2,3,4;a > 0, a3 > 0, a4 > 0. u(x, t) is the complex conjugate
of u(x, t). The aim of this work is to study its well-posedness and inviscid limit behavior of its solution.

The generalized 1D Ginzburg—Landau (GGL) equation arises as the envelope equation for a weakly subcritical
bifurcation to counter-propagating waves. It is also of importance in the theory of interaction behavior, including
complete interpenetration as well as partial annihilation for collision between localized solutions corresponding to a
single particle and to a two particle state. For details of the physical backgrounds of the GGL equation, one refers to
Brand and Deissler [1,4]. There are several papers [5,15] related to the well-posedness of Cauchy problem (1.1)—(1.2).
Notice that these authors treated Eq. (1.1) as parabolic equations, used the time—space LP—L" estimate method or
semigroup method to obtain the local results. Duan and Holmes [5] showed that the Cauchy problem (1.1)—(1.2) is
globally well-posed in H' under the condition 4acy > (81 — B2)?. In fact, in this paper, we will prove that under this
condition, the Cauchy problem (1.1)—(1.2) is globally well-posed in H® with s > 0.

Taking y1 =0, o = 2 = a3 = a4 =0, Eq. (1.1) can be rewritten as

U — iVyx + 00?0y + iB3|vPv +iBalv|v =0, (1.3)
with initial data,
v(x,0) =vo(x) € H*; (1.4)

(1.3) is the well-known derivative nonlinear Schrédinger (DNLS) equation, which models Alfvén waves in plasma
physics [7,10,13].

Recently, Takaoka [17] showed that the Cauchy problem (1.3)—(1.4) is locally well-posed in H*® with s > % Itis the
best local well-posedness result of DNLS equation at present. In [14], the global well-posedness of DNLS equation is
obtained in H'! with assuming the smallness condition:

lvollz2 <1n, for some enough small number 1 > 0. (1.5)

The sharp global result was obtained in [3], where it was shown that under the condition (1.5), the Cauchy problem
(1.3)-(1.4) with B3 = 0 is globally well-posed in H® with s > % where a kind of almost conserved energy was
introduced, so-called I-method.

It is natural to consider the question of inviscid limit. That is, if u(¢) and v(¢) are solutions of the Cauchy problems
(1.1)-(1.2) and (1.3)—(1.4), respectively. What is the relation between the two solutions? Do the solution u(#) of the
GGL equation (1.1) converge (in an appropriate space norm) to the solution v(¢) of the DNLS equation (1.3) as ug
tends to vg and the parameters o, 82, @3, a4 tend to zero?

For the generalized form of (1.3) (there exists a additional term o |u|2ux in Eq. (1.3)), B. Wang and Y. Wang
[16] considered inviscid limit behavior between (1.1) and the generalized form of (1.3) with ug € H3N H~? and
voe H*NH 2. In this paper, we will consider inviscid limit behavior when initial data ug, vp belong to the natural
space H®.

Recently, Molinet and Ribaud [12] used the Bourgain’s space with dissipation to consider the KdV-Burgers
equation:

Ui+ Uyyx —Ugx +ue =0, (x,1) eRxRT. (1.6)

They showed that it is globally well-posed in H® with s > —1. Enlightened by some ideas in [12], we will use this
method to study the Cauchy problem (1.1)—(1.2).

In this paper, we first consider the well-posedness of the Cauchy problem (1.1)—(1.2), and prove that it is locally
well-posed in H* with s > 0, and globally well-posed in H® with s > 0 under some conditions. One notice that L? is
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critical space for Eq. (1.1). Therefore, our results about local and global well-posedness are sharp except the endpoint
s = 0. Furthermore, we will study the inviscid limit of solution u(¢) for Eq. (1.1) with y; = 0. The reason we consider
the case y; = 0 is that a derivative of the complex conjugate of solution u(¢) can be dealt with while a derivative of
u(t) cannot be done [14,17,18]. We will obtain the results as below: for ug, vo € H® with 5 > % and some T > O,
t €(0,7T),if u(¢) and v(¢) are solutions of the Cauchy problems (1.1)—(1.2) and (1.3)—(1.4), respectively, then u(¢)
converges to v(¢) in the natural space C ([0, T']; H®) under some conditions as |«|, |82, |a3], |ea| and |lug — vo| gs
tend to zero. Moreover, if initial data ug, vy belong to H 2 the convergence holds in C([0, T]; H 1) for any T > 0.

1.1. Definitions and notations

The Cauchy problems (1.1)—(1.2) and (1.3)—(1.4) can be rewritten as the integral equivalent formulations:

t

u(x, 1) = Sy (Huo — / Sa(t = ) (yilulPux + yaulitx + yalulPu + yalul*u) (") dt', (1.7)
0
t
v(x, 1) = So(t)vo — / So(t — 1) (20 0x + i3 vl*v + iBalvl*v) (1) di, (1.8)
0

where S, (t) = f;le’”sze’m“fz]-}, So(t) = f;le’”ézfx are the semigroups associated to the linear GGL equation
and Schrodinger equation, respectively.

For s, b € R, the standard spaces X, 5 and X s.p for the Schrodinger equation (1.3) are defined as the completion of
the Schwartz function spaces on R? with respect to the norms [2,8,9] respectively:

lullx,, = €)' (r =62 . D) 12,0 (1.9)
lullg, , = €)' (c +62 i@ D 2,5 (1.10)
The Bourgain’s spaces with dissipation for (1.1) are defined as follows [12],
lully,, = [ &) (i (v — £2) + alg P ace, O 212 (1.11)
lully,, = [ €)°(i (z + &%) +ele ) . O 22 (1.12)
Notice that ||ﬁ||)?s , = llullx, ,» ||I/_t||l7:,b = |lu||y,,. The spaces ¥, and 175’1, turn out to be very useful to consider

the well-posedness of the dispersive equation with dissipative term, such as Eq. (1.1), (1.6), etc.
For T > 0, the corresponding localized spaces X£ pand Y, gb are endowed, respectively, with the norms:

lllxr, = wgﬁyb{llwllxm: w(®) =u(t) on [0, T}, (1.13)
luelly . :wiI}/f[{lelyrvb: w(t) =u(t) on [0, T]}. (1.14)

Define A ~ B by using the statement: A < C;B and B < C1A for some constant C; > 0, and define A < B
through the statement: A < CLZB for some large enough constant C; > 0.

Let ¥ € CSO(R) with ¥ =1 on [—%, %] and supp ¥ C [—1, 1], ¥ is positive and even. Define y5(-) = 1//(8_1 )
for some non-zero § € R.

Define the Fourier restriction operators:

PYf= / ¥ fE)ds,  Pyf= / e f(&)ds, VYN >0. (1.15)

[EI=N [EISN
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1.2. Main methods and results

Actually, in order to obtain the local well-posedness of the Cauchy problem (1.1)—(1.2), we will apply a fixed point
argument to the truncation version of (1.7) as below:

t
uaJ>=wm&Amm—wa{[&a—fxmmﬁu+yw%x+mmﬁu+mmﬁ@abmh (1.16)
0

for u, u with compact support in [—7, T] in the integral of the right side of (1.16). Indeed, if u(#) solves (1.16) then
u(t) is a solution of (1.7) on [0, T] with T < 1. Therefore, following some ideas in [12], we mainly prove the trilinear
and multilinear estimates as follows,

NulPucll, < Csluly, .. (1.17)
5, —1/2+48 5,172
[y, .., <Csllully,, . (1.18)
lulPul,  <Csluly, . (1.19)
5. —1/2+46 1/
[l u] Voo S Collully,, . (1.20)

for any small § > 0. These estimates, which will be obtained in Section 3, together with the linear estimates obtained
in Section 2, are used to obtain the local well-posedness. Then the global well-posedness will be obtained by some
a priori estimates obtained in Section 4 and regularity of solution given in Lemma 2.6.

In order to consider the inviscid limit behavior, we first show that the solutions u(x,#) of the Cauchy problem
(1.1)-(1.2) for any o, a3, a4 = 0, B2 € R and the solution v(x, ¢) of the Cauchy problem (1.3)—(1.4) should exist in
the same space C([0, T]); H®) with the same initial data. That is, the existence time T should be independent of
o, B2, a3, aq. Next, we give some estimates of u(x, t) uniformly for « by some a priori estimates to control u(x, ?).
Moreover, we also need to consider the difference equation between (1.1) and (1.3), and treat the dissipative term as
the perturbation to obtain the inviscid limit behavior.

Denote Zr =C ([0, T]; HS) N Yfl /20 the main results of the paper are listed as below.

Theorem 1.1. Let ug € H*(R) with s > 0. Then there exists a constant T > 0, such that the Cauchy problem (1.1)—
(1.2) admits a unique local solution u(x,t) € Zt. Moreover, given t € (0, T), the map ug — u(t) is smooth from H*®
to Zt and u belongs to C((0, T); HT).

Theorem 1.2. Let ug € H*(R) with s > 0. Assume that 4aay > (81 — ﬂz)z. Then for any T > 0, the Cauchy problem
(1.1)-(1.2) admits a unique solution u(x,t) € Zt. Moreover, given t € (0, T'), the map uy — u(t) is smooth from H*®
to Zt and u belongs to C((0, +00); H+).

Theorem 1.3. Let ug € H*(R) with s > 0. Assume that ||ugl| ;2 < 1 for some enough small number n > 0. Moreover,
we assume that

B1l, |B2] < 2max{e, a4}, @ >0,03>0,04>0, and max{lal, |1, |2l 3], lasl} < Ca,  (1.21)

where the constant C depends on o1, a2, B3, Pa.
Then for any T > 0, the Cauchy problem (1.1)—(1.2) admits a unique solution u(x,t) € Zr. Moreover, given
t €(0,T), the map ug — u(t) is smooth from H® to Zt and u belongs to C((0, +00); H™).

Theorem 1.4. Let ug, vo € H>(R). Assume that llwoll 12, lvoll L2 < n for some enough small number 1 > 0 (smallness
assumption). Under the conditions of (1.21), if y1 =0, for any T > 0, t € (0, T), then the solution u(x,t) of the
Cauchy problem (1.1)=(1.2) converges to the solution v(x, t) of the Cauchy problem (1.3)~(1.4) in C([0, T1; H") as
a, |Bal, |z, |as| and |lug — voll g1 tend to zero.

We also prove that the Cauchy problem (1.1)—(1.2) is locally well-posed in H® (s > %) uniformly for «, B2, &3, o4
in Section 5.1. Then for ug, vo € H*(R) (s > %), we have the following results on inviscid limit behavior.
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Theorem 1.5. Let ug, vo € H°(R) (s > %). Under the smallness assumption and (1.21), if y1 =0, for some T > 0,
t € (0, T), then the solution u(x, t) of the Cauchy problem (1.1)—(1.2) converges to the solution v(x,t) of the Cauchy
problem (1.3)-(1.4) in C([0, T]; H®) as «, | B2], |a3], |a4| and |[ug — vol| gs tend to zero.

2. Linear estimates

In this section, we give some linear estimates for Eqgs. (1.1) and (1.3), similarly with the dissipative KdV equations
[11,12]. In fact, Lemmas 2.1, 2.3 and 2.5 will be used to show local well-posedness of the Cauchy problem (1.1)—(1.2)
with y1 = 0 uniformly for o; Lemmas 2.2, 2.4 and 2.6 will be used to study the global well-posedness of the Cauchy
problem (1.1)—(1.2). The proofs of the following lemmas are similar with those of the corresponding lemmas in
[11,12]. Here, we omit the details.

Lemma 2.1. Let s e R and o« > 0. Then
[v®Sauoly |, < Clluolins. 2.1)

where the positive constant C is independent of «.

Lemma 2.2. Let s € R and @ > 0. Then
[v®Su®uoly, | , < Calluoli. 22)

where constant Cy > 0 depends on a.

Lemma23.Lets € R ¢ >0,0<b<1and0<b <1/2withb+b' < 1. Then

t
Hlﬁ(l)/sa(l ) f(t)dr SClflx, - (2.3)
0 Xsb
where the positive constant C is independent of a.
Lemma224. lets eR,0<6 K % and o > 0. Then
'
HI/’(I) / Sa(t —1) f")dt S Coall fllvs —1/2485 24
0 Y2

where the positive constant Cs o depends on § and .

Lemma25.LetseR, a>0and0 <8 K % Then for f € X, —1/2+s, we have:
!
f Su(t =1 f(tdt' € C(RY, H?). (2.5)
0
Moreover, if { f,,} is a sequence in X 1,25, satisfying that f, — 0 as n — oo. Then
!
[ sua=trnarar

0

— 0, asn— oo. (2.6)
LR+, H5)

Lemma 2.6. Lets e R, ¢ > 0,and 0 < § < % Then for f € Y5 1,245, we have:
t
f Se(t — 1) f(t)dl' € C(RY, HT%). (2.7)
0
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Moreover, if { f,,} is a sequence and f, — 0in Y5 _1/245 as n — oo. Then
t
/ Sult =) fu(ty dt

0

— 0, asn— oo. (2.8)
LOO(R‘*',HS‘*'Z‘S)

3. Trilinear, multilinear estimates and local well-posedness

In this section, by the linear estimates in Section 2 and the trilinear and multilinear estimates below, we can obtain
the local well-posedness for the Cauchy problem (1.1)—(1.2). This can complete the proof of Theorem 1.1. The trilinear
and multilinear estimates will be obtained by using [k; Z]-multiplier method.

We firstly list some useful notations and properties for multi-linear expressions [19]. Let Z be any Abelian additive
group with an invariant measure d&. For any integer k > 2, we denote I (Z) by the “hyperplane”:

() =\{E,....e0ezk e+ +& =0},

which is endowed with the measure,

/ f= / fCr . &, =85 — - —&_1)dE .. dE

iz — zk-

and define a [k; Z]-multiplier to be any function m : I, (Z) — C.
If m is a [k; Z]-multiplier, we define ||m||x. 7] to be the best constant, such that the inequality,

k
<lmlgez [ [1fillLac2-
j=1

k
/ m@ [ i)

(2 j=1

holds for all test functions f; defined on Z. It is clear that ||m||[x,z) determines a norm on m, for test functions at
least. We are interested in obtaining good bounds on this norm. We will also define ||m||[x. 7] in situations where m is
defined on all of Z¥ by restricting to I';(Z).

We give some properties of ||m ||k, z], especially for the case k = 3. This corresponds to the bilinear X ;, estimates
of Schrodinger equation (Y, estimates of GGL equation) since the multilinear estimates can be reduced to some
bilinear estimates.

Let
§1+65+8& =0, T1+n+13=0, (3.1
&j=1;+h;E), hj(j)=+£7, j=1,2.3. (3.2)
Then we will study the problem of obtaining:
|m(G1, ), G2, 22, (53, 13)) || 3 gy S 1 (3.3)

where m((&1, 1), (&2, 12), (&3, T3)) is some [k; Z]-multiplier in [3(R x R).
From (3.1) and (3.2), it follows that

o1+ 02+ 03 ="h(1,6,83). 3.4
By symmetry, there are only two possibilities for the 4 ;: the (4 + +) case,
hi(§) =hy(§) =h3(§) = &7, (3.5
and the (+ + —) case,
mE=hE=£%  hE=-¢§ (3.6)

Among the two cases, the (+ 4+ +) case is substantially easier, because the resonance function,

h(E1, &2, 63) 1= & + &5 + &3, 3.7)
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does not vanish except at the origin. The (+ + —) case is more delicate, because the resonance function,

h(E1, &, &) = EF + £F — &2, (3.8)

vanishes when &; and &, are orthogonal.

By the dyadic decomposition of £;, 6; and h(&1, &, &3), we assume that |£;] ~ N, [6;| ~ L; and |h(&1, &2, &3)| ~
H.Where Nj, L; and H are presumed to be dyadic, i.e. these variables range over numbers of form 2X (ke Z).

It is convenient to define Npmax 2> Nmed = Nmin to be the maximum, median, and minimum of Ny, N>, N3. Similarly
define Lax = Lmed = Lmin Whenever L1, Lo, L3 > 0. Without loss of generality, we can assume:

Nmax Z 1, Lmin 2 1. (3.9

We adopt following summation conventions.
Any summation of the form L. ~ ... is sum over three dyadic variables L1, Ly, L3 > 1. Therefore, denote for
abbreviation, for instance,

Lyax~H Ly,Ly,L321: Linax~H
Similarly, any summation of form Npax ~ ... sum over three dyadic variables Ny, N2, N3 > 0O:
Nmax~Nmed~N N1,N2,N3>0: Nmax~Nmed~N

By the dyadic decomposition of &;, ;, as well as h(&1,§2,£3), we estimate the following expression to re-
place (3.3):

>3 > m((N1, L) (N2, La), (N3, L3)) XNy Ny, Ny Hi Ly Lo s <, (3.10)
Nmax=>1 H Ly,Ly,L3>1 [3,RxR]
where Xy, N, N;:H:L,,L,, L5 1S the multiplier,
3
XNy No Nai Hi 1, L, 13 65 ©) = i@ 1 | | Xl X511 (3.11)
j=1
From the identities (3.1) and (3.4), Xy, N,,N;;H:L,,L,,L; Vanishes unless,
Nmax ~ Nmed> 3.12)
and

Lmax ~ max(H, Lmed). (3.13)

By the comparison principle and Schur’s test [19], it suffices to prove, for Npax = 1, that

~

3 Y m((N1 L), (N2, L), (N3, L) IX 8, Ny Nyt L L1 Lo L |3 RxR) S 1,0 (3.14)
Nmax"’Nmed'\’NL]’LZ,Lf%,zl

or

> > > m((N1. L), (N2, La) (N3, L)) XNy Naovs: Ly Lo Ls |3 xR S 1. (3.15)
Nmax~Nmed™~N Lmax~Lmed H<KLmax

Therefore, we only need to estimate:

| XNy, No N3 H: Ly, Lo, L3 |3, RXR]- (3.16)

Then we have the following lemma about the boundedness of (3.16).
Lemma 3.1. (See [19].) Let H, N1, N2, N3, L1, Ly, L3 > 0 obey (3.12), (3.13).

e Forthe (+ + +) case, let the dispersion relations be given by (3.5), then H ~ N>

max-



Z. Huo, Y. Jia / J. Math. Pures Appl. 92 (2009) 18-51 25

(1) If Nmax ~ Nmin and Lyax ~ H, then

1/2 ;1/4
||XN],N2,N3;H;L|,L2,L3 ||[3,R><]R] 5 Lm/lan/ed (317)
(2) For other cases, we have:
1/2 2 ,—1/2 .
XNy Mo Ngs 3L, L, 23 13, xE] S L Nt~ 100 (Ngnax Nonins Limea) /2. (3.18)

e Forthe (4 + —) case, let the dispersion relations be given by (3.6), then H ~ N1 N:
(1) If Nmax ~ Nmin and Liax ~ H, then

172 ,1/4

1 XNy Ny N3 B Ly Lo L3 I3 RXR] S LoinLimea: (3.19)
(2) If N1 ~ Nmin, L1 ~ Lmax ~ H or No ~ Npjin, L2 ~ Lax ~ H, then
1/2 1/2,1/2
X N Mo N 1L Lo, L 13, BxR) S L N Lty (3.20)
(3) For other cases, we have:
L2 =172 12
||XN1,N2,N3;H;L1,L2,L3 ||[3,R><R] ~ mmNma min(Nmax Nmin, Lmed) /. (3.21)

Lemma 3.2 (Comparison principle). (See [19].) If m and M are [k; Z] multipliers and satisfy \m(&)| < |M (&)] for

all ¢ € I (Z). Then |m|lk.z) < IM|l[k; z)- Also, if m is a [k, Z] multiplier, and ay, . . ., ax are functions from Z to R,
then
k k
m@ [[ai€n|  <lmlwz [ lajli.- (3.22)
j=1 [k;Z] j=1

Lemma 3.3 (Direct and semi-direct tensor products). (See [19].) Let Z1, Zy be Abelian groups, with Z| x Z> param-
eterized by (Sl, Ez) and m1,my be [k; Z1] and [k; Z,] multipliers respectively. Define the tensor product m| @ my to
be the [k; Z| x Z>] multiplier:

m @ma((81,67), - (6 &) =mi(El, - E)ma(EF, - &)

Then we have:

lm1 ® mallk; 2, x 2,1 = lmllg; zlm2llx; z,1- (3.23)

More generally, if m is a [k; Z1 x Z>] multiplier, define the [k; Z>] multiplier m(El)for all é;‘l e I (Zy) by:
m(g')(8) == m((&].67). ... (5. &))-

Then we have:

lmlli; 2, x 21 < ” ”m( 1)||[k;22]||[k;21]' (3:24)

Lemma 3.4 (Tensored box lemmay). (See [19].) Suppose (R + n)yex is a box covering of Z, and m(§) is a function
from Z to R. Then for any n € X, we have:

lm D xR0 &) 3.2 ~ SUP 1l 2Ry - (3.25)
neXx
Also, we have:

[mED | 3.7, = Imll 2. (3.26)

Lemma 3.5 (Composition and TT*). (See [19].) If k1, ky > 1 and my, m, are functions on Zk and 7k respectively,
then

|miEr, ... &)maEr 41, --'1§k1+k2)”[k1+k2;z]
< Hml(gls tee $k1)|| ki+1;Z] ||m2(§17 LR §k2)||[k2+1;z]- (327)
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As a special case, for all functions m: Z¥ — R, we have the TT* identity:

Hm(él, e Sk)m(_%-k+1’ e _$2k)H [2k; Z] = “m(élv e sk)||[2k+];z]‘ (328)

By using the lemmas above, we will give the main theorems in this section. We firstly give some notations about
multilinear estimates. Define:

oj=t;—§. Gj=ti+&. j=12.. .k
+&E+--+&=0, T+ +- - +5%=0. (3.29)
Denote é'j and 7; by variables different from &1, &, ..., &; 71, 2, ..., Tx respectively. Also define 6; =T; — |§j |2 or
T+ 1€
10 lmax = max{ [, |, . L, 1167 1 1, 12 1y | 16, 1 (3.30)
|0 lmed = med{loj, [, .o, |0, 15161, 1, -5 180, 151Gy |- 16 1] (3.31)
1€ lmax = max{1&j,1, ., 1§, [ 181, 6, 1}, (3.32)
1€ lmea = med{ 1§, 1, ., 1§, [ 181, 1§y, 1} (3.33)

For convenieNnce, bz the dyadég decomposition of &;, o;, 0;; éj, oj, we assume that |&;| ~ N, |oj| ~ Lj,
lojl ~ Lj; ;1 ~ Nj, 6| ~ L;j. Define Nmax > Nmed > Nmin to be the maximum, median, and minimum of
{le’Nj2’""Njkl;NlI’NIZ""’leZ}'

Similarly, define Lmax = Lmed 2 Lmin to be the maximum, median, and minimum of {L;,Lj,,...,L Jy s

le , Zh, e Zlkz}‘ Notice that indices above ji,..., ji; I1,...,lk, and ny, ..., ng, are different in the following
different cases.

Theorem 3.6 (Trilinear estimates). Let s > 0 and 0 < § < % then

los@iuads) |, < Coallurlly,pllually, sl e (3.34)

—1/245
Nuruauszlly, 005 < Coallunlly,,pllually,, plluzlly, e (3.35)

where the positive constant Cs o depends on § and .

Proof. We only prove the estimates (3.34). The proof of (3.35) is easier than that of (3.34). In fact,we can prove that
(3.35) holds for some negative s. However, we are only interested in s > 0 in this paper. In the following proof and
that of Theorem 3.7, the proof of the claims (3.15) is similar with that of (3.14). For simplicity, we sometimes prove
them without distinguishing and pointing out later. In other words, we define sometimes:

E = E or E E .
Ly,Ly,L321 Ly,La,L321: Lnax~H Lmax~Lmed H<K Lmax

First, we prove (3.34). By duality and the Plancherel identity, it suffices to show

Hm((gl ’ T])a LRRE] (549 T4)) ”[4,RXR]

K(1,82,83,84)
(io1 + al&12) V2 (ion + al&|?) /2 (o3 + a|€312) /2 (iG4 + a|§4]?) /278

[4,RxR]
St (3.36)
where
1E4](&4)°
K(&1,60,63,64) = ———1
G185 80 = ey @y
El+&+E+86=0, +n+n+14=0. (3.37)

By symmetry, we separately consider two cases:
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(A)  |&4] S &1 =max{|& ], 5], &1}, (3.38)
B) & S 181 =max{|&]. |&l. &} (3.39)
First, we consider Case (A). Then it holds that

m (€1, T, ..., (64, 74))
< |84] (52) " (63) "
YAiGa +alEa) 120 + al€12)1/2 (ioy + al&a|?) /2 (io3 + alg3|?) /2
_ (£2) ¢ (£3)
N ior +al&?) /2o + algl )14 (03 + lg32) /2 (iGs + alga)?) /40
=ma_1(E1 1), 62, 12))ma—2((E3, 13), (4, 7). (3.40)
By Lemmas 3.2 and 3.5, it suffices to prove that

Hm((él ’ 7:1)7 L] (54, 14)) H[4,RXR]

S Ima-1(G1, 1), 2, ™) || 3 gy |ma—2 (€5 ), Eas ) [ 3 gy
<1 (3.41)

We will prove the following two inequalities separately as below,

[ma—1 (1, 70, €2, )| 5 pomy S 1 (3.42)
[ma—2((83, 7)., €, ) | 3 pocmy S 1- (3.43)

Situation A-I. For ||m,_1((&1, rl) (&2, @) ll13,RxR], We choose two variables 3;3 and 73 such that & + & + éq 0 and
1+ +173=0 Letoz =13 — 53 , from (3.29), one can conclude that it is the (+ + +) case. Then |o] + 02 + 63| =

(&1, 62, E3)| ~ | 125 Where |& [ max = max{|€], |&2], &3]}.
We can separately consider four cases:
Case 1:  |&1] ~ |&] ~ |&], Case2: [&1] ~ &) > |&],
Case3: |61~ &> 8], Cased: 6] ~I&|> &l

Case A-I-1. Assume that N ~ Ny ~ N3 ~ Nmax ~ Npin ~ N.
If Linax ~ H ~ Nmax, we apply (3.17) to obtain (3.42). Then, for s > 5S¢ with any small enough ¢ > 0, the left side
of (3.42) is bounded by:

sy 1/2,1/4
Z Z N meLmed
(L1 +aN2)1/4(Ly + aN2)1/2

Nmax~Nmed~N L],Lz,Z3Zl

D DD DR

Nmax~Nmed~N L ,LZsZ:;Zl

1
S 02 Y T

Nmax~Nmed~N Ll,Lz,Z321 min~med

S L (3.44)
If the case Lmax ~ Lmed > Ngm, then for s > Se, by (3.18), the left side of (3.42) is bounded by:
5 5 NL2 N2 min(N?, Lieq)'/

D1/4 N2
Ninax™~Nmed~N Lmax~Lmed>H (L1 4+ aN3V4(Ly, +aN*)

_ N 1/2N 1/2m1n(N2 md)1/2

SIS > . 0
Nmax~Nmed™~N Lmax~Lmea>H <Lmed + aN ) (me + aN )
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NI/Z—S

S22 Y T

Nmax~Nmed~N Lmax~Lmed>H

N1/2—58
S Z Z LE. LE L N2y1/4-2¢
Nmax~Nmed~N Lmax~Lmed>H min med( med+a )
1
S > st (3.45)

Nmax~Nmed~N Lmax~Lmed>H min ~med

Case A-1-2. If N ~ Npax ~ N1 ~ N > ﬁ3 ~ Nmin, then for s > 5S¢, similarly with the case above, by applying
(3.18), the left side of (3.42) is bounded by:

1/2 77— .
/2 N=1/2 min(N Nysins Limed) />

I
~ L N L N
Nmax~Nmed~N Ll,Lz,L3ZI < 1te > ( 2ta )

_ 1/2 «,— .
N SLm/inN 2 min(N Nmin, Lmea)/?

DD >
- 2\1/4 R 201/2
NmaXNNmedNNLl,Lz,Z3ZI (Lmed +aN~=) (Lnin +aN?)

N=SN/2
< —mm L
S X 2 (Lmea +aN21E ~ (340
Nmzu(Nchd"‘NL],Lzsl&Z1

In fact, as we point out, the proof of the case Lmax ~ Lmed > H ~ Nl%lax can be obtained similarly. We omit the
details here. The following cases are same as what we point out.

Case A-I-3. If Nyx ~ Ny ~ ﬁg >> N3 ~ Nmin, then for s > 5S¢, similarly with Case A-I-1, by applying (3.18), the left
side of (3.42) is bounded by:

2

Nmax~Nmed~N L1,L2,ZSZI

_ 1/2 ~,— .
5 (Nmnin) ™ LY2 N=1/2 min(N Ngin, Linea) '/

2\1/4 2 2
(L1 +aN2) /4Ly +aN2 )1

1/2

< Z Z (Nmin)_SLminN_l/2 min(N Nmin, Lmed)l/2
~ 201/ . 2 12

NmaXNNmCdNNLI)L27Z3ZI (Lmed+C(N > / (me+aNmin> /

1/2 —

> 3 Nl 2 {Nonin) ™
~ ~ (Lmed +05N2>1/4

Nmax~Nmed~N L],L2,L3ZI

n1/2-s

< min <
S Z Z e LE (Lmea +aN2)1/A—2¢ 1. (3.47)

Nmax~Nmed~N L1,L2,L3Zl min ™~ m

Case A-I-4. If Nyax ~ No ~ ﬁ3 3> N1 ~ Nmin, then for s > Se, similarly with the above case, by applying (3.18), the
left side of (3.42) is bounded by:

)IENDS

Nmax~Nmed~N Ly ,Lz,z321

(NY ™S L2 N=1/2 min(N Nigin, Limed)'/

min

2
(L1 +aN; )4 (Ly +aN?)1/2

1/2 ) 21—
< 2 : 2 : Nmin<N> ’
~ (Lmed +aN2. )1/4
Nmax~Nmed~N L|,L2,Z3zl med min
12, 2y —s
N i (N)
S un <L (3.48)
Z Z (Lmed + aNI%lin> 1/4_2€Lfrlianrled

Nmax'”NmedNNLlyLZvZ3zl
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Situation A-II. For ||m,_>((&3, 13), (54, 74))|I[3,RxR]> We choose two variables 52 and T D such that & + &4 + 52
and 3 +14+0=0If6, =7 + 52, then it follows that |65 + 03 + o4| = |h(&3, &4, 52)| |§|max, where |§|maX =
max({|&3|, [€], |&[}. It is the (++ +) case.

Similarly with Situation A-I, we can separately consider four cases:

Case 1: |&|~ |&4] ~|&);  Case2: |&|~ &> |&l;
Case 3: |&|~ |&4]> |&2];  Cased: |&4]~ |2 > |83

Case A-II-1. Assume: N3 ~ N4 ~ ﬁz ~ Nmax ~ Nmin-

If Lipax ~ H ~ Nmax, then similarly with Case A-I-1, for s > 5¢ + 28, by applying (3.17), the left side of (3.43) is
bounded by:

1/2 , 1/4
Z Z N meLmed
- L +O(N2 1/4=8(1, +O{N2 1/2
Nmax"’NmedNNL3,L4,L221< 4 > ( 3 >
NZS
<
S XX W
Nmax~Nmed~N L3,L4,Z221

1
s ) > e S (3.49)

Nmax~Nmed~N L3,L4,ZzZl min "~ med

If Linax ~ Lmed > H ~ Nmax, then similarly with Case A-I-1, for s > 5¢ 4 2§, we use (3.18) to bound the left side
of (3.43) by:

5 5 N=LY2 N2 min(N2, Lipea)'/2

L aN2\1/4=8(f, . aN2\1/2
Nmax~Nmed™~N Lmax~Lmed>H < med + ) ( o + >

N1/2—28—5$
SIS 2
~ LE. L¢ < med+aN2>l/4—6—2£

Nmax~Nmed~N Lmax~Lmed>H min~'med

S Y TN Lls e St (3.50)

Nmax~Nmed™~N Linax~Lmea>H TN med

Case A-II-2. If Nyx ~ ﬁz ~ N3 >> N4 ~ Nnin, then similarly with the above case, for s > 5¢ + 28, we use (3.18) to
bound the left side of (3.43) by:

Z N 1/2N I/Zmln(NZ ed)l/z
Z 2
Niax~Nmed~N L3,L4,L,>1 (Lmed +0£Nmin)1/4 8(Lmin +aN2)1/2

N—25— SeNl/2

S Z Z TG min

2 \1/4—8-2¢
Nmax"’Nmed“’NL3’L4,Z2>l min med( med +aNmin> !

1
SoX X e st @51

Nmax~Nmed~N L3,L4,2221 min"~med

For other cases:

NmaxNN3wN4>>ﬁ2~Nmin and Nmaxwﬁ2wN4>>N3NNmin’

similarly with Case A-I-2 and Case A-I-3, respectively, we can obtain the results for s > 5¢ + 2.
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Next, we consider Case (B): |&4| < |&3] = max{|&1], |2, |£3]}. By Lemmas 3.2 and 3.5, we obtain that

”m((él, T])’ IERE] (545 T4)) ”[4,RXR]

&4 E)(&)
s+ algaP) 233 + alg312)/2 (ion + al&?) 2 Gior + alg1 1) | 4 g
(£2)~° _ (£1)~°
~ oy + al&P) V2153 +alg )4 (o + al& )25+ al€a?) A0 ||y mory
S lmo-1(E, 1), &, ) |3 mmy - mo-2(GE1 70, G2 ) [ 3y (3.52)
Situation B-I. In this situation, we will prove:
lmo—1(&2, 7)., &3, ) | 3 pocry S 1- (3.53)

We choose two variables §1 and 7 such that 51 +&+E&=0and 1+ 1p+13=0.Leto; =17 — 512 or 7 + %12 in the

different cases. It follows that |51 + 02 + &3] = [h(1, &, £3)| < |€ lmax, Where |&|max = max({|&; ], |&2], |£3]}. It is the
(4 + —) case. Similarly with Situation A, we can separately consider four cases:

Case 11 [&2] ~ |&3] ~ [&1; Case 2: &) ~ I&] > &1;
Case 3:  |&1] ~ |&] > 1&l; Case 4 |&1] ~ [&2] > |&].

Case B-I-1. If ﬁl ~ N3 ~ N3 ~ Nmax ~ Nmin, then for s > 5¢, we can obtain (3.53) similarly with Case A-I-1.
Case B-I-2. If Npax ~ N2 ~ N3 > Ni ~ Niin, then H ~ N Npin.

Subcase B-1-2-1. If Zl ~ Lmax ~ N Nnin, then for s > 5¢, we use (3.20) to bound the left side of (3.53) by:

—sp /2 3=1/2,1)2
Z Z (V) SLminNmin Lmed
2y1/4 Ni/2
NmuxNNmedNNLj,,LQ,lel (L3 +aN ) <L2 +aN )
N1/2=s

S22 e

Nmax~Nmed~N L3,L2,Z] 21

D DD D

Nmax~Nmed~N L3,L2,Z] 21

S > e ng e S (3.54)

Nmax~Nmed~N L3,L2,lel min~med

Subcase B-I-2-2. For other cases, for s > 5¢, we use (3.21) to bound the left side of (3.53) by:

s 1/2 \— .

3 5 (N) ™ LY/2N"2 min(N Nuin, Lmea)'"/?
Norax~Nued~N La L2 T1>1 (Lmed+C(N2>1/4(Lmin+0‘N2>l/2
max mex 3, L2, L1

—en1/2

< Y Y o tm

© (Lmea + aN2) 172

Nmax~Nmed~N L3,L2,Z121 me

s nl)2
D D> I
~ LE. L¢ (Lmed+aN2>l/4—28

Nmax~ med'\‘NL3,L2,lel min~med
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N1/2
DYDY NI
~ € [& N1/2-4epNs

= _ L_.
Nmax"’NmedNNLLLz,lel min~med

SO Y e ng T (3.55)

Nmax~Nmed~N L3,L2,lel min~med

Case B-I-3. If Np.x ~ N3 ~ ﬁl > N ~ Nmin, then we choose 61 = 7| + 512, it follows that |67 + oo + 63| =
|h(§1, &,8)| ~|& |r2nax. Then, for s > 5¢, we use (3.21) to bound the left side of (3.53) by:

Z Z (Nmin)_SLrln/iiN_l/z min(N Nrin, Lmed)l/2

(L3 +aN2)V/4(Ly +aN2. )1/2

Nmax~Nmed~N L2,L3,Z1 Zl

_ 1/2 ., — .
(Nain) " LY2 N=1/2 min(N Nuyin, Linea) /2
DY >

(Lmed + aN2>l/4(Lmin + OlNI%lin>l/2

Nmax~Nmed~N Lz,L3,2121

—s 112

< Z Z (Nmin) min
~ ~ (Lmed+aN2>l/4_2sL£' L d
Nmax"’Nmed'\’NLz,L3,L121 min--me

DY Yo ng oSt (3.56)

Nmax~ mcd'\'NLz,L3,zlzl min~med

Case B-I-4. If Nppax ~ Ny ~ ﬁ] > N3 ~ Nnin, then we choose 6] = T —512 such that |61 + 02 + 03| ~ |§2|2 ~ |§|§nax.
Then similarly with the above, for s > 5S¢, we use (3.21) to bound the left side of (3.53) by:

Z Z (N)_SLrln/iiN_l/z min(N Npin, Lmea)'/? < (3.57)
2 \1/4 2\1/2 ~ :
Nmax~Nmed~N L2,L3,Z121 <L3 +O[Nmin) / <L2 +aN ) /
Situation B-II. In this situation, we will prove:
lmo—2 (&1, 7). Eas ) | (3 oy S 1- (3.58)

In fact, we choose two variables 50 and Ty such that §o +&+&=0and o+ 711 +14=0. Let 69 = Tp — 53 or
00 =T+ 53 Then we can obtain (3.58) similarly with the proof of (3.53) for s > 5S¢ + 2.

This completes the proof of Theorem 3.6. O

Theorem 3.7 (Multilinear estimate). Let s > 0 and 0 < § K %

luyuouziauslly, 05 < Csallutlly,,pllually, o llusliy, o lually,, o luslly, ), (3.59)

where the positive constant Cs o depends on § and .

Proof. Similarly with the proof of Theorem 3.6, by duality and the Plancherel identity, it suffices to show

[m (1,70, .- 6, %)) | (6.mxmy
(iG4+al&al?)~V2iTs + alEsP) V2156 + algel?) AT Kt
; . ] 1s---586
(o] +al&12)12(ion + a|& ) V2 (io3 + a|&3|2)1/2 p_—
St (3.60)

~

where



32 Z. Huo, Y. Jia / J. Math. Pures Appl. 92 (2009) 18-51

(E6)*

K ) 5 5 5 5 = )

(G182, 63.80.85:86) = e ey (€ (B5)°
§1+&+E&+E&+E5+8=0, 11+ 1+ 13+ 14+ 15+ 16 =0. (3.61)

By symmetry, we separately consider two cases

©) g6l S 1611 =max{|€1], 521, 131, 184, €51 };
(D) &6l < 164l = max{[&1], 521, I&3], I8l 1851}

In fact, the proofs of the cases |&| < |&2| and |&g| < |&3] are similar with that of Case (C). The proof of the case
|&6] < |&s| is similar with that of Case (D).
First, we consider Case (C). It follows that

1
K(E. £y, E3, £y, E5. < 3.62
1o fa B 80 8550 S T e o o oo

and

m((&1, ), .., (5, %))
_ (iGatelgal) 26055 +algs ) P (56 + algl?) 2T 1
(io1+al&i)! 2oy +al&a) 2 lios +al& )2 () (E5)° (6a)* (6s)°
(T4 +al€l)" 2 (&) () (155 +alss|P) 2 iGe + alg|?) A
= ior +algi?) 2 ior + alg]?) 12 (o3 + a|&3]2)1/2(83)% (&5)°
=me1 (G111, (G2, 12), (&4, 1))me—2((&3, 13), (€5, T5), (6. T6)). (3.63)

By Lemmas 3.2 and 3.5, it suffices to prove:

Hm((élv Ty (567 7:6)) H[6,R><]R]

S [me=1(E1, 7)), G2, 1), 1 w) | 4 pmy =2, 1), 65, 75), (65 7)) || (4 ey
<1 (3.64)

Situation C-I. We first prove

lme—1(Er, ), G2, 1), 4 ) | 4 pmy S 1- (3.65)

We choose two variables 53 and 73 such that & + & + §3 +&=0andt1+00+T3+174=0.Letoz =173 + 532, it

follows that |o] + 02 + &3 + 04| = |h(&1, £2, &3, £4)| S 1612,0> Where |€ [ max = max{|&1], £2], &3], |&4]}. Moreover, we
have,

10 Imax ~ 10 lmed > |1 (&1, &2, &3, E4) ], (3.60)
or
10 lmax ~ |61, &2, &5, €4)], (3.67)
where |0 |max = max{|o1], |02], |63], |oa4|}. Without loss of generality, we can assume that
10 Imax ~ 10 med 2 18 [ax ~ 1€ meas (3.68)
or
10 Imax S 18 [ax ~ 1 ea- (3.69)

2

First, we consider the case: |0 |max ~ 10 |med 2 1€ |5ax-
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Case C-I-1. If |01| = |0 |max OF |0 |med, then it follows that

me—1 (1. 11), (52, 12), (4. 7))
< (i63 + &%) /4 (&)~ (£4)
T o+ al€1 1)/ (ioy + al€a] 2 /2(i5 s + algal?) /2 (i63 + alE3[2) /4
_ (62)~ ()
T lioy +alg )4 ior + al&|2) 254 + al€s|2) /2 (i3 + alEs| 21/
Then we can obtain (3.65) similarly with Situation A in proof of Theorem 3.6.

(3.70)

Case C-I-2. If |02| = |0 |max OF |0 |med, then it follows that

me_1((€1. 1), (52, 12), (64, T4))

- (163 +al&s*) /4 (62) " (Ea)

T ior + alE )2 (ion + al€a]?) /2 (iT 4 + alga|?) /2 (i65 + alE[?) /4

< (52)7"(64)"°

T ioy +alg )2 iy + alg ) /i, + al€a]?) /2 (i63 + alE3]2) /4

< (82)7° _ (4)7°

~ior+al& )2 o+ al&) VY (154 4 alE2) V2 (i 4 alE[2) /4

=me_11 (1. 11), €2, 12)) - me—12((E3, 73), (€4, 74)). (3.71)
In order to prove (3.65), by Lemmas 3.2 and 3.5, it suffices to prove:

”mc,] ((él » T1)s (52’ ), (54’ T4)) ” [4,RxR]

S Ime—n1(Er ), G2, ) | 3 pury - [me-12(E, B, o) | 3 mcmy
<1 (3.72)

Similarly with Situation A-I in proof of Theorem 3.6, we can obtain that

lme—12(G3, %), Gas ) || 3 ey S 1- (3.73)

Then we only need to prove:

lme—11(Er ), 2. 2) | 3 pmy S 1- (3.74)

We can choose the two variables &) and % such that & + & + & =0 and %)+ 71 + 70 = 0. Let 69 = 79 — 502, then
160 + 01 4 02| = [k (€0, &1, E2)| ~ [£[Fax> Where & |max = max{|&ol, €11, [€2]}. Ttis the (+ + +) case.
Similarly with Case A-I-1 in proof of Theorem 3.6, we separately consider four cases:
Case I: |61~ [&] ~[&l;  Case2: |&1]~ &[> [&l;
Case 3: |&1] ~ & > |&]; Case 4: &2 ~ [&ol > |81].

Subcase C-I-2-1. If Npax ~ Nnmin, then for s > 5¢ with any small enough ¢ > 0, we can obtain (3.74) similarly with
Case A-I-1 in the proof of Theorem 3.6.

Subcase C-1-2-2. If N ~ Npax ~ N1 ~ N2 > IVO ~ Nmin, then for s > 5S¢, we can obtain (3.74) similarly with Case
A-I-2 in the proof of Theorem 3.6.

Subcase C-1-2-3. If N ~ Npax ~ N1 ~ ﬁo >> N3 ~ Nmin, then we use (3.18) to bound the left side of (3.74) by:

s 1/2 5\, — .
Z Z {(Nmin) sLm/inN l/zmm(st Lmed)l/2 <

2 ~ L
(Ly +aN)V2(Ly +aNy, )14

(3.75)
Nmax~Nmed~N LI,L2>2021
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If Linax ~ H ~ N2, then for s > 5S¢, the left side of (3.74) is bounded by:

22

Nmax~Nmed~N L1,L2,Z021

SIS

Nmax~Nmed~N Ll,Lz,Zozl

_ 1/2 +,— .
(Nain) " LY2 N=1/2 min(N Nopin, Liea) /2

in

2
(L1 +aN?)V2(Ly +aNZ, )1/4

1/4 0172

<Nmin)_sl‘min min

(Ly +aN?)l/2

_ 1/2
c Yy NNy
Nmax~Nmed~N Ly,Ly,Lo>1

< Y Y st (3.76)

Nmax~Nmed~N LI,LZ»ZORI

If Limax ~ Lmed > H ~ N2, then for s > 5¢, the left side of (3.74) is bounded by:

2 2

Nmax~Nmed™~N Lyax~Lmed>H~N?

_ 1/2 v, — .
(Nuin) " L2 N=1/2 min(N Nusin, Linea) /2

(Lmin + aN?)1/2(Lieq + OtNI%lin)IM

s al/2
< Z Z (Nmm) SNmin
~ (Lmed+aN2' )1/4
Nmax~Nmed™~N Liax~Lmed>>H~N? min
_ 1/2
< Z Z (Nmin) SNm/in
~ (Lmed +OlN2' >1/4_2SL6 Lt
Nmax~Nmed~N Limax~Lmea>> H~N2 min med "~ min
N1/2se
< Z Z min <1 (3.77)
~ 12—4ege e, ~ :
N/ ngedLmin

Nmax~Nmed™~N Lax~Lmed>>H~N?

Subcase C-I-2-4. If N ~ Np.x ~ Ny ~ ﬁo > Ni ~ Npin, then for s > 5¢, we use (3.18) to bound the left side of
(3.74) by:

e 1/2 .
(N) SLm/inN 12 min(N Npmin, Lmed)l/2

2
(Ly +aNZ, )/2(Ly +aN2)1/4

22

Nmax™~Nmed~N L1,L2,ZOZI

S

Nmax~Nmed~N L, ,Lz,Zozl

sy 1/2 3\, — .
(N)= Lt N~72 min(N Ninin, Linea)'/?

(Lmin +aN2. /2 (Lineq + aN2)1/4

_sarl/2
s Yy oy M M
~ (Lmed + aN2)1/4

Nmax~Nmed~N L1,L2vz()2,1

< Y Y st (3.78)

Nmax~Nmed~N Ll,LZvZOZ,l

Case C-I-3. If |04| = |0 |max OF |0 |med, then

me_1 (€1, 1), (52, 12), (64, T4))
< (165 +alfs*) ! (g) 0 (Ea)
T ior +alg1 )2 (ior + al€?) V2 (iTs + a|Ea|2) /2 (iG55 + a €3 2) 14
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< (82)7°(6a)™"

T o +algl )2 (ioy + al& )/ 4 + alE 1)/ + alE3 214

< (2)7° . ()

™ ioy 4+ al62|2)V2(i65 4+ al&|2) /4 (iG4 + gD oy + g 2)/?

=meo11 (2, 02), (63, T3)) - me—12((E1, 1), (Bs, 14)). (3.79)

In order to prove (3.65), by Lemmas 3.2 and 3.5, it suffices to prove:

[me-1(Er ), (52, 72), 6o ) [ 4 iy
S Ime—11(E, 1), 3, 8) | 3 mury - [me—12(En ), o) | 3 mmy
<. (3.80)

Similarly with Situation B-I in the proof of Theorem 3.6, for s > 5S¢, we have:

Ime—11(E2, 1), 3, 8) | 3. 50y S 1- (3.81)

Enlightened by some ideas in Situation B-I, similarly with Case C-I-2, we can obtain, for s > S¢, that

lme—12(&1, 70, (4, ) || 5 oy S 1- (3.82)

2

~ed- In fact, we can obtain (3.65) by considering the following

Next, we consider the case: |0 |max S € |r2nax ~ |&|
cases:

€11 ~ | lmax ~ |§lmea  corresponding to Case C-I-1;
|€2] ~ |&|max ~ |&|mea  corresponding to Case C-I-2;

|€4] ~ 1€ |max ~ |€|mea corresponding to Case C-I-3.

Situation C-IIL. In this situation, we will prove:

[me—2(&, 13, (85, 7). (€6. 7)) || 14 oy S 1- (3.83)

We choose two variables &4 and 74 such that &3 + &4 + &5 + & = 0 and 73 + 74 + 75 + 76 = 0. Let 64 = T4 + ff.
Similarly with Situation C-1I, we can obtain (3.83) for s > 28 + S¢. Gathering (3.65) and (3.83), we obtain (3.64).
Next, we consider Case (D). It follows that

K61 62,6360, 65.60) < s @2):@3)8 R (3.84)
and
mq((E1. 7). ..., (6. 7))
(iT4 +al&a?)V2(iT5 + algs*) T2 (iT6 + algel?) /2T 1
(ior +alg2) 2 (ioy + al& )2 iy +al& )2 (51)5(62)5 (63)% (&5)°
(iG4+alssl’)"2(6) (510 (155 +algs]®) 2 (i +alse?) /A
T ior +alg?) 2 ioy + alEaf?)1/2 (io3 + a|£3]2)1/2(83)" (&5)°
=mg_1 (1,11, 2, 12), €4, 7)) ma—2((E3, 13), (&5, 75), (&6, T6))- (3.85)
In fact, by symmetry about ¢ and &, similarly with Case (C), we can obtain:
Ima(E s o t6) g mnmy S 1- (3.86)

Gathering (3.64) and (3.86), we have (3.60). This completes the proof of Theorem 3.7. O
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Corollary 3.8. Let s > 0 and 0 < § < %. Then

||u1u28x1/_‘3 ”Y:,—l/2+8 < C(S,a ||Lt1 ” Y512 ”uZ”YS_l/z ||Lt3 ” Y5120 (387)
Naguruaiisly, v < Colurlly, o lu2lly, allusly, . (3.88)

where the positive constant Cs o depends on § and .

Proof. First, we prove (3.87). By duality and the Plancherel identity, it suffices to show

||m((€lv Tseens (547 T4)) “[4,]R><R]

K (1,62, 3,64)
(io) +al&|?)1/2(ioy + a|&]?) /(G5 + al|&312) /2154 4+ a|E4|?) 1270 || 1y mur
, (3.89)

<1

where

|&31(&4)°
K&, &, &, =
@1 82.83.80 = e

&1 +&+8&+6=0, T+ +13+14=0. (3.90)

Without loss of generality, we can assume [§3] ~ [§[max ~ 1§ |med, Where |§ |max = max{|&1], [521, 1§31, |84}
Case 1. If |£3]| ~ |&4], then we can obtain (3.89) similarly with the proof of Theorem 3.6.

Case 2. If |&3] ~ |&1] ~ 1§ Imax, then

m((E1, ), ..., (61, 7))

< &3] (E2) " (&3)°

N (ia3 +al&)2) V2 (o + alg2)V2 (oo + &) V2 (06 + algy?) /20

< (82)7° (&)7°

N (ion +alg2]?) 12 (ior + algi]?) V4 (163 + al&3)?) /4T + aEy|?) /40

=mi (1, 11), (&2, 12))m2((83, 13), (54, T4)). (3.91)

Similarly with Situation A-I in the proof of Theorem 3.6, we have:

ENGERINCEN)]| BRxE] S L (3.92)
Similarly with Case C-I-2 in the proof of Theorem 3.7, we have:

[m2((&3. 73), (Es. 70) | BRxE] S L (3.93)

Case 3. If |&3] ~ |&2] ~ |&|max, then similarly with above, we can obtain (3.89).
Similarly with the proof of (3.87), we can obtain (3.88). This completes the proof of Corollary 3.8. O
4. Some a priori estimates and global well-posedness
In this section, we first give some a priori estimates for Eq. (1.1). Furthermore, we prove that the local solution

obtained in Section 3 can be extended to the global one by using Lemma 2.6 and the a priori estimates.
We often use the following inequalities in this section.

The Gagliardo-Nirenberg’s inequalities:

lullzoe <l a5 (4.1)
|D*u],> < | D%u]s | D)5’ s=6s0+(1—6)si, so,s1€R, 0<6<1. (4.2)
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The Young’s inequality:
&P

1 1
b<—a1’+—b" forany ¢ >0, a,b, p,q >0, —+—=1. 4.3)
p P 4

Takinga =B1 =B =a3 =a4 =0, Eq. (1.1) can be rewritten as

U — vy + o1 |02 vx 4 00?0y + iB3|v*v + iBalv[*v = 0. 4.4)

Lemma 4.1. (See [6,14].) Let v(t) be a smooth solution of the Cauchy problem (4.4)—(1.4). Then

lv®] ;2 = llvoll .2 4.5)
Ei(v(t)) = E1(vo), (4.6)
t
E>(v(1)) = Ea(vo) + / G(t)dr', 4.7)
0

for some function G(t) satisfying |G ()| < C(Jlvoll g1)llvxx ||L2, where

El(v(z>)=Hvx(r)Hiz—O““‘2 /|v| vvxdx+<% ﬁ“)n 096 + ﬁ3||v(z>||i4, (4.8)

+2 _ 41 —3 _
E2(v([)) = ” Vxx (1) HiZ + %Imf(“ﬂzv)xvxx dx — %Im/ Uzvxvxx dx. 4.9)
R R

Lemma 4.2. Let u(t) be a smooth solution of the Cauchy problem (1.1)-(1.2), and assume that |B1],|B2| <
2max{a, a4} and o > 0,3 > 0, g > 0. Then

lu@| 2 < lluoll 22 (4.10)
Proof. Rewrite Eq. (1.1) by:

wy — ity + o [uPuy + oou?ity +if3lulu + ifslul*u

= Uyy — i,31|u|2ux — iﬁzuzﬁx — a3|u|2u — ot4|u|4u. “4.11)
For the sake of convenience, let
—F(x,t) = —iuyx +aq |u|2ux +a2u2ﬁx + i,33|u|2u + iﬂ4|u|4u. “4.12)
Then
up = F(x, 1) + iy — iBiuluy — ifou’ity — o3lu)’u — aglulu, (4.13)
i = F(x, 1) + ity +iB1|ul?iy +iBoit*uy —ozlul?i — aglul*i. (4.14)

From (4.5) (the sum of terms with F (x,t) and F(x, t) is zero), it follows that
d 2 -
T ||u(t)||L2 = /(uu, + uu,) dx

- / u(F(e, 1) + ity + i1 ul?ity + ipoit*ux — o3lul?ii — oglul*it) dx
R

+ / IZ(F(x, 1) 4+ auyy — By |u|2ux — iﬂzuzﬁx — oz3|u|2u — a4|u|4u) dx
R
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=—2a/|ux| dx+2,811m/u|u| uxdx+2,821m/uu Uydx

—2ag[|u| dx—2ot4/|u| dx. 4.15)
By Holder’s inequality and Young’s inequality, we have:

<1281 luxll g2 llul3 s < 181l (lexll? 2 + exllS6). (4.16)

‘2,31 Im/ ilul>uy dx
R

1Bl (el 5 + Nl (8. (4.17)

‘2,32[mf12uzﬁx dx
R
Using the fact | 81| + | 82| < 2max{w, a4}, @ > 0, o3 > 0 and g > 0, we have

d
g“b‘(f)ﬂiz <0, (4.18)

which yields (4.10). This completes the proof of Lemma 4.2. O

Lemma 4.3. Assume that |ug|| ;2 < 1 for some small enough n > 0. Let u(t) be a smooth solution of the Cauchy
problem (1.1)—(1.2). Moreover, we assume that

1Bil. 182 < 2max{e, o4}, o >0, a3>0, as4>0 and max{lel,|B1l,|Bl, |3l lasl} < Ca,

where the constant C depends on o1, a2, B3, Ba. Then it holds that
s 2 +efunc®l 22 <C(T. uollz. ol 2). (4.19)

”uxx(t) ”L?o L2 + C‘f””xxx () ”LZ L2 < C(Ts lluoll L2, luoxll 2, luoxx ||L2)~ (4.20)

Proof. First, we prove (4.19). From the definition of E(u(¢)) in (4.8), it follows that

o1+ o
2

d
d—E1(u(t) /(uxxut + ixxuty) dx —

Im/{2|u|2ﬁxu, +uliyit, — (u*id) ity } dx
R

+ <(a1 +6a2)a2 ﬁ4)/{3|u| i+ 3lului, ) dx + 2 /{2lu|2ﬁuz+2lulzuﬁr}dx
R

R
=11 —Dh+13+14. “4.21)

I = f(”xxﬁt + Uxxug)dx

= [ PG -t + 0P+ i, = s ashel )
R
[ PO+ ot = il = B — aaluPu — aslul*u) s
R
= /{ZReﬁxxF(x, 1) 4 20 |uyy | + 281 Imit ey |u|Puy
R
+ 2B Imitgyulity — 203 Redlyy [ul*u — 204 Re ity lul*u} dx, (4.22)
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o] + o

T, = Im/ 20ul®iiy {F(x, 1) + auy — ifilul®ux — ifoulity — azlul*u — aylul*u} dx

R
a] +a . (—— _ . _ L _ _
—i—%lm/‘uzux{F(x,t)—}—au” —|—lﬂ1|u|2ux+l,32u2ux —a3|u|2u—a4|u|4u}dx
R

_a ;“2 Im/(uzﬁ)x{F(x, D) + it + i1 iy + iBoituy — o3lulii — aglul*il) dx,  (4.23)

R

Iy— ((Otl + Otz)otz

; 'B4>/3|u| u{F(x )+ oy, — iﬂ1|u|2ux—iﬁzuzﬁx—a3|u|2u—a4|u|4u}dx

R
o] +ap)o —_— _ . _ L _ _
+ <% + %) /3|u|4u{F(x, 1)+ ol + 1,31|u|2ux + lﬂzuzux — a3|u|2u — a4|u|4u}dx,
¥ (4.24)
%f2|u| u F(x 1)+l — i,31|u|2ux—iﬂ2u2ﬁx —a3|u|2u—a4|u|4u}dx
R
’32 /2|u|2 {FOL 0 + ity + iBi|ulit + iBoit*uy — ozlul®it — oalul*it} dox. (4.25)

For simplicity, let ; =u or u, j =1,2,...,6. By Holder’s inequality, Gagliardo—Nirenberg’s inequality and
Lemma 4.2, we have:

- - ~ - 2
S 0xxttt 2 l0xuall g2 lluallzoo sl oo <l | 2 luxlly 2 el 72

‘ / Byt )iaf3 (B iia) dx
R
< luxx 175 o35, (4.26)

O
‘/8xxul|u2| uzdx
R

- - -2 2
S N 0xxtill 2 llusll g2 liallz oo < Nt [ 2 uxll g2 lully 2

3/2 5/2
Plluoll, 4.27)

< uxx || 12

~ ~ ~ 14 2 3
l0xxtenll g2 izl g2 luallpoo < Nt ll g2l ll72 el 2

‘/8xxﬁ1|ﬁ2|4ﬁ3dx <
R
IIMxxlleIIMoIILz, (4.28)

. Lo - 2 4 4 2
‘ f Gyt (903 iiaiis (Bxii) dox | < 19xull s el Foe < 0cull? s lul?,

< e 122wl 2. (4.29)

) / ity it (3yit3) |iia|iis dx

4 3 3
S el llull g2 lulizoo < Nuxlly2 el 2

3/2 9/2
Pl (4.30)

< luxx ” 12
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oy S\l 4 6 4 4
‘/MIUZ(axU3)|”4| usdx | < luxllp2lull 2 llullzeo < luxlly2 llull; 2

2 6
< Muwe 5 o1,

S 4e o~ 2 2 6 3 5
‘/|”1| uzluz|“ugdx| < lulljallullyoo < luxllyallully,
R
13/2

32
S o 15 Naell 5

2 8 4 6
Nl el z oo < Mluxlly2 Nl

4~
‘f|'41| uzlus|igdx| <

2 8
< N2 lluollS -

(4.31)

(4.32)

(4.33)

Using (4.26)—(4.33) and the fact that |[u¢|| ;2 < 7 for some enough small number 7 > 0 (without loss of generality, we

can assume 7 < 1), by (4.6) (the sum of terms with F'(x,t) and F(x, 1) is zero), we have:

~T1 =T + T3 + T4 < =20t lurx |15 + Clar, o2, B3, Ba) max{lal, |B1l, B2, s, loal fnlliexe ]|

We take |«|, |B1], |82, o3| and |a4| small enough such that

Clar, a2, B3, Ba) max{lal, |B1l, 1Bal, 3|, sl }n <
Then
LB ) < a2
dt h >
which yields (4.19).
Next, we prove (4.20). From the definition of E>(u(¢)) in (4.9), it follows that
%EZ (M(t)) = /{szxxxut + uxxxxlzt} dx
R
as + 2

> Im/{Zuu”xﬁﬁ, —i-ﬁzuxxxu, — (|u|212)xxxu,} dx

R
40[1 - 30[2

> Im/{Zuxuxxﬁﬁ, — (Pux) s + (i) up) } dx

=TT+ 711,—113.

17, = /{ﬁxxxx“t + Unxxxlle}dx
R

. . o 2o 2 4
:/uxxxx{F(xat)+auxx —iBilulux —ifouuy — o3lu|"u — aalul u}dx
R

+/uxxxx{F(xvt) +aixy + B |”|212x +iﬂ2ﬁ2ux —Ol3|l/l|212 _a4|u|4ﬁ}dx’

2
IIz—a2+ Ot1

2_
2uumxuut+u UyxxUs — (|u| u)”xut}dx

R
_ o +2a -|-2061 /
R

Uity oxit{ F 1) + ity + iBy |ulity + iBoit*uy — ozlul*it — oglul*it} dx

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)
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> Im/ﬁzumx{F(x,t) + Uy — i,31|u|2ux — iﬂguzﬁx —ot3|u|2u —a4|u|4u}dx
R
ay + 20 _ . . _
> Im/(|u|2u)”x{F(x, 1) 4+ auy, —ify |u|2ux — tﬂzuzux - a3|u|2u - a4|u|4u}dx,
® (4.39)
113 = / 2y Uy Ul — (L_tzuxx)xu; + (ﬁzux)xxu,)}dx
ity F(x, 1) + ity + ifrul?ity +ifait*ux — a3lul®it — aalu|*it) dx
R
4o — 3o _ . . -
_ %Im/(uzum)x{F(x,t) + Uy, — 1,31|u|2ux — zﬂzuzux —ot3|u|2u —a4|u|4u}dx
R
4oy — 3o _ . . -
+ % Imf(uzux)xx{F(x, 1) + auyx —iBy |u|2ux - lﬂzuzux — a3|u|2u — ot4|u|4u}dx.
® (4.40)

For simplicity, let ii; =u or u, j =1,2,...,6. By Holder’s inequality, Gagliardo—Nirenberg’s inequality and
Lemma 4.2, we have:

2
S llscex 2 N 2 Nl oo 4 ot | g2 e T2 e || oo Nlael| oo

‘/(aﬁal)ﬁzag(axm)dx
R
<2l 72 ol 2. (4.41)

2
x| 2 llex Nl 2 Nl 7 0

‘ / (i )liia i3 dx| <

R

5/3 7/3

luoll )5, (4.42)

||“xxx||

4
Netxx g2 1t Il 2 el 7 00

‘ / (i) Iz | i3 dx| <
R
< Nltxx 172wl 2. (4.43)

2
S x| g2 x| 2 Nl 7

‘/(afﬁl)ﬁ2ﬁ3(a§ﬁ4) dx

R

2 2
a2 ol (4.44)

4
S lluscxex T2l ll p2 el

‘ /(33121)122113124125(8)5126) dx

R

2 4
AT (4.45)

4
S lusexx 2 1l 2 [l 7 00

‘/(83ﬁl)ﬂ2ﬂ3|ﬁ4|2125 dx

R

5/3 13/3

lluoll 5 (4.46)

S (|7 ”
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34\~ ~ s 4 6
‘/(3xu1)u2uslu4| usdx| < |luxxxll g2 llull 2 llully

R

2 6
Mt 125 o165,

- N\ ~ 2
‘ f (D) D 2)it3 (D) dox | < it | Nt | zoc 1] o
R
2 2
< Nt 2 ol

- NI g 3
‘/(3xxu1)(3xu2)u3u4u5(3xu6)dx S lluxxll g2 Tl 2l T oo lull 700
R

2 4
<Mt 122 ol

4
< Clluxxll g2l |l g2 [l 7 00

' / (i) (Dydl2)it3 |4 | its dx
R

5/3 13/3
< Cllugar 135 ol 3,

' / (Buxii1) Bxiin) i3 g *iis dx| < Clluyx | g2 x|l 2 1]l oo
R

2 6
< Cllusx 125 oS5,

2
Sl g2l ll 2 lex 170

‘/(Bxﬁl)(axﬁz)(axll3)(3xxﬁ4)dx
R

2 2
<Nt ol

~ ~ Y 2 2 2
‘ / (D0 801) (D 12) (D 13 itaits (D) x| < Ml 12l 13 o a3 0
R
2 4
< Nt 12 luoll?

' f (Ot 1) (Dyit2) (Bxit3)|iia s dx | < Jlux |17 e | oo ] oo
R

5/3 13/3
< N 135 o 1,3

' f (Oiiy) D) (Biiz)[iia|*iis dox | < a1 o || Lo [lue]| o0
R

2 6
< luxxx 72 lluoll -

Using (4.41)—(4.55) and the fact that ||ug|| ;> < n for some enough small number 7 > 0, by (4.7), we have:

t
I+ 11, —-113= —20l||uxxx”iz +/|G(I/)i dr’
0

2
+ C(ar, a) max{lal, |Bi]. |Bal. 3], loal el

(4.47)

(4.48)

(4.49)

(4.50)

4.51)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)



Z. Huo, Y. Jia / J. Math. Pures Appl. 92 (2009) 18-51 43

where |G(1')| < C(a1, @2, B3, Ba, luoll 1) luxx |17, We take |, |Bil, |B2], lo3| and ers| small enough such that

Cl(ar, a2, B3, Bs) max{lal, |B1l, B2, 3], leal}n < a. (4.57)

Then, we have:

a _ 2 2
o Ex(u(0) < —alluxaxlly2 + Clar, a2, B3, Ba, luoll ) [ Muxxllyo, (4.58)

which yields (4.20) by using the Gronwall’s inequality similarly with the above.
This completes the proof of Lemma 4.3. O

Lemma 4.4. (See [5].) Assume that 4acs > (B1 — Bo)?. Let u(t) be a smooth solution of the Cauchy problem
(1.1)—(1.2). Then

|ux @] 2 < C(T, lluoll 2, luoxll2)- (4.59)

Therefore, by Lemma 2.6, we can extend the local solution obtained in Section 3 to the global one. In fact, by
Lemmas 4.2, 4.4, we can obtain Theorem 1.2; by Lemmas 4.2, 4.3, we have Theorem 1.3.

5. Inviscid limit behavior for Eq. (1.1) with y; =0

In this section, we will consider the inviscid limit behavior of the solution u(x,?) for the Cauchy problem
(1.1)—(1.2), and prove that for some 7 > 0, ¢t € (0, T'), solution u(x, t) converges to the solution v(x, t) for Cauchy
problem (1.3)—(1.4) in the space C ([0, T']; H®) if ||, | B2], 3], |a4| — Oand |lug—vol g5 — O with s > 5. Moreover,
if initial data uq, vo € H 2 the convergence holds in C ([0, T']; H! ) for any T > 0. For achieving the results, we first
choose the same working space X7, where the solutions u(x, t) and v(x, ¢) should exist for the same 7" > 0 and the
same initial data. From Lemmas 2.1 and 2.3, we can choose the standard space X T] 2 as the working space, then we

can first obtain the local well-posedness in X 12 for Eq. (1.1) uniformly for «, B2, a3, os. Next, we control solution
u(t) by the uniform estimate of u(¢), which w111 be obtained by Lemmas 4.2 and 4.3. Then, we also need to consider
difference equations between (1.1) and (1.3), where we can treat the dissipative terms as perturbations and then use
the uniform estimates of solutions to get the inviscid limit behavior in XSTﬁ1 2 Finally, by Lemma 2.5, we can obtain
the inviscid limit behavior in C ([0, T']; H").

5.1. Local well-posedness for Eq. (1.1) uniformly for any o« > 0

By the trilinear, multilinear estimates as below, Lemmas 2.1 and 2.3, we can obtain the uniform local well-
posedness.

Lemma 5.1. (See [17].) Let ] = uy or uy, up = uy or uy. Then for by, by > %, we have:
layieall2 < luillxo,, luzllxo,, - (5.1)

Remark. By multi-linear expressions in Section 3, it means that

1

S <1, 52
(G1)01(62)b2 ~ ©:2)

[3,RxR]

) , 2
where 6; = 1; :;?jorr.,—i—éj.
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Lemma 5.2. Let s > % and 0 < § K % Then there exist Cs > 0 such that

””1“2(3)6‘_‘3)”&, s S Csllurllx, o lluallx, o luslixg e (5.3)
Nuruouzlix, 15 < Collunllxg o luallx, o llusllx, e (5.4)
||I/£]M2M3IZ4I/_£5 ||X~V1—|/2+5 < C5 ||M1 ||XS,|/2 ||u2 ”Xs_l/z ||L£3 ”X;v]/z ||I/t4 ”X&]/z ||I/t5 ”Xs,l/Z s (55)

where the positive constant Cs depends on §.

Proof. We first prove (5.3). The proof of (5.4) is easier than that of (5.3). By duality and the Plancherel equality, it
suffices to show that

K(§1,8,835,84)
lm (G, s G ) ||y rmy = (G202 (63 2 (G4) 723 |y ey S L (5.6)
where
|&31(€4)°
K (&1, &, &, =,
€18.580 = e ey @
E1+&+8+8,=0, 1+n+n+1u=0, (5.7
lor + 02 + 03 + 04| = 2|&1 + 41152 + 4. (5.8)

Case 1. If |§4 4 &1 < 1 or [§4+&2| < 1, by symmetry, we can assume that [§4 +-&1| < 1, then [&4] ~ |&1] and [&2] ~ [&3].
It follows that for s > %,

K(&1,52,583,84) <C. (5.9)
By Lemmas 3.2, 3.5 and (5.2), we have for § < %,

1
m((§1, 1), - - -, (4, Ta) S = =
” ( )” [4,RxR] ((71)1/2((72)1/2((73)1/2(04)1/2_6 (4. RxR]
1 1
~ <Ul)l/2<02)1/2 [3,RxR] (5’3>1/2<54)1/2_(S [3,RxR]
<. (5.10)
Case 2. Assume: |£4+&1| > 1 and |&4 4+ & > 1.
Subcase 2-1. If |&4| < |&3], then from (5.7) it follows that
&3] ~ 183 + &4] < &1 + &2| < max{|&1], |52} (5.11)
By symmetry, we can assume max{|£1|, |&2} = |&2].
If |&4] < |&1], then we have for s > %,
K (§1,62,83,64) < C. (5.12)

We can obtain the result similarly with Case 1.
If [£4] > |&1], then for s > 3,

K(&1,62,63.60) S (5.13)

(E1)5(Ea)s~ 1
By Lemmas 3.2 and 3.5, it suffices to show that
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”m((élv 7:1)7 LR (545 14)) H[4,RXR]

1 1
~ H ENS )T (01)172(02) 2(63) 2(G4) 27 | oy gy
1 1 1
MG 202 V2 |3 mury I 01)1/2(Fa) /278 (E1)S (B2~ | 3 Ry
<l1. (5.14)
Using (5.2), we have:
_; <1 (5.15)
(@300 2 |3 rury ™
Next, we will prove:
1 1
(01)1/2«74)1/278 <‘;§1>S<$4>s71 [3,RxR] St (5.16)

We choose two variables &) and 7, such that & +&; +&; = 0 and Tp+17; + 74 = 0. Since |&4] > |&1], we let 5o = T +§0
such that |50 + o1 + 04 = |h(Eo, &1, £4)] ~ [€]24 ~ €41* ~ €0]?, where |€ |max = max{|&l, €1, |&l}. Itis (+ + —)
case. By dyadic decomposition, we assume that N ~ Nmpax ~ Ng ~ N() > Ni ~ Npin and |h(£;‘o &1,&)|~H~ N,%ax

() If Lipax ~ H ~ N%ax, then for s > % + & + 3¢, we obtain the boundedness of the left side of (5.16), by applying
(3.21), as follows

_ 1/2 v, — .
5 5 (N)'= L2 N=1/2 min(N Nipin, Limea)'/

(Nmin)S (L1)V/2(L4)1/2-8

(5.17)
Nmax~Nmed~N Ll,L4,Zozl

If N Npin < Led, then for s > + 8 + 3¢& with any small enough ¢ > 0, it holds that

Z Z (N)l SLl/iN_l/zmin(NNmin’Lmed)l/z

— N, Lo M/2(L 1/2—6
Nimax~Nunea~N L1, Ly, T3> 1 (Nmin)* (Lmin)"/*(Lmed)

1/2

1
< E E (N) AIvmin
- 2 (Nmin)* (N Nimin) 27026 L5 L L2 g
Nmax“’NmedNNLl,LmLozl min "~ me

N5+28

min
S—’ Z Z (Nmin>sN‘Y 1/2—6— ZsLISn LE¢

Nmax~Nmed~N L1,L4,Z021 in"~med

N8+28

g Z Z (Nmin>an;mL€ L

Nmax~ med"’NLl,Lz;,Zgzl min ~med

<. (5.18)

If N Nnin > Lmed, then for s > + 8 + 3¢, we have:

LS,
2 X TNy

Nmax~Nmed~N Ly ,L4,Z0>l
1

'S Z Z (Nmi >v 2e—8Ne[E . ¢

Nmax~ medNNLl,L4,Z021 min ™ med

<. (5.19)

~
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(2) If Linax ~ Lmed > H ~ N2

2

max?
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then for s > max{% + ¢&,28 + 5¢}, we have:

1/2

3 (N)' 7L N2 min(N Ninin, Lined)'/?
(Nmin)* (Lmin)l/2<Lmed)l/2_(S

Nmax~Nmed~N Lmax~Lmea>H

1—s a7l/2
Y Y
~ Nowin VS (L 1/2-6
Nmax“’Nmed“‘NLmax“‘Lmed>>H< mm) ( med)
1—s pr1/2
DD e
~ NS N1—25—4deg € &
Nmax~Nmed~N Lmax~Lmed>H <Nmm) N Lmedme
28+4e pr1/2
I S T
~ Nmin)* NSL? L? .
Nmax'\‘Nmed’\’NLmax'\’Lmed>>H< mm) med™min
<1

Subcase 2-2. If |&4] > |&3], then from (5.7) it follows that

|64l ~ 183 + &4l < [€1 + &2| < max{|&1], 162}

By symmetry, we can assume max{|&1][, |2} = |&2].

If |&3] < |&1], then we have for

We can obtain the result similarly
If |&3] > |&1], then for s > %,

We can obtain the result similarly

S>%,

K(§1,82,83,84) < C.
with Case 1.

1
K 5 5 5 < e Ve /s ve—1°
(61,62,83,864) < E1) (Ex) ]

with Subcase 2-1.

Subcase 2-3. If |£4] ~ |&3], then by (5.7) we have the estimate either

or

min{|&1], 1621} 2 [&3] ~ 184l

min{|& + &1, |4 + &1} Z &3] ~ 164 > min{|&1], |62}

In the first case, for s > %, we have:

We can obtain the result similarly

K(§1,8,83,84) < C.
with Case 1.

In the second case, if &3] < max{|&]], |€2]}, then we have:

&3] 1

K ) ) ) < T e v e ..
(61.62,83.860) S mnl(ED). )

Similarly with Subcase 2-1, we can obtain the result.

If [64] ~ &3] > max{|&11, [621},

max{|o1], 02, 1531, 1541} 2 |o1 + 02 + 53 + Gal = 2181 + EallE2 + £a] 2 E64l* ~ |&3]°

By symmetry, we can assume:

then from (5.25), it follows that

— - 2 2
lo1| = max{|o1|, o2l, 53], 154l} 2 1641 ~ |E3]°.

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)
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For0 < ¢ <« % (¢ depends § and ¢), we have:

&3] 1724 gy |1/2=5

K(1,862,83,84) S

(&1)* (62)°
By Lemmas 3.2 and 3.5, it suffices to show that
|&3]'/21< |Eg| /25 1
m(&1, 1), .-, (84, 74) S ‘ = —
” ( )” [4,RxR] (El)s<§2>s (0'1)1/2<0'2)1/2(03)1/2(04)]/275
H |&3]!/2H< |&4]'/2¢
ENS (o) V2E3) 12 || 3 mury | (52)5(02)1/2(F4
<1
Similarly with Subcase 2-1, for ¢ > § 4+ 3¢, we obtain:
H |&4'/2< .y
(£2)°(02)12(@a) 127 3 gy
Similarly with Subcase 2-1, for ¢ + 5¢ < 1/2, we have:
H |& /2t
= S
ENS (o) V2E3) 12 || 3 rxry

In fact, if |o4| = max{|o1|, 02|, |63], |04|}, we need to take ¢ + § + 5¢ < 1/2.
Next, we prove (5.5). By duality and the Plancherel equality, it suffices to show that

EICRINRCRES)] -
(G4) 2 (a5) "2 (Ge) /2

(o) (02} V2 (03) 2

K(1,62,83,84,85,50)

[6,RxR]

where

(&6)*

K , , , , s g
(618285505586 = e ey ) (e &)

E1+& +E+8+85+8=0, T+ +13+14+175+16=0.

By symmetry, we can assume:

|&6] < 1&5| = max{|&1 1, &2, &3], 1&4l, 151}
Then
1
(51) (52)% (53) (54)S

K(&1,62,83,84.85,.86) S
By Lemmas 3.2 and 3.5, it suffices to show that
||m(($1v rl)v cec (Ef)’ Tﬁ)) || [6,]R><R]
I () M ) 1
(o)1 02)1/2(a3) 12 (£1)5(82)5(83)5 (5)° Il (6. R xRy

(@s5) V2 (&) (&) (F4) V2 Gy~ 1/2HS
(01)1/2(02)1/2 (£3)5(£4)% (03)1/2

~

<

[4,RxR] [4,RxR]

< 1.

~

We first prove,
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(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)
(5.36)

(5.37)

(5.38)
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<54>—1/2<56>—1/2+6

(63)5(84)" (03) /2

We take two variables 55 and 75 such that &3 + & + 55 +& =0and 13 +14+ 75+ 17 =0. Let 65 = 75 — 552
By symmetry, we assume |o4| = max{|o3|, |o4|}.
By Lemmas 3.2 and 3.5, we take small enough ¢ > 0O such that 1/2 — ¢ > % Then by using (5.2), Lemmas 3.3

and 3.4, for s > %, we have:

<. (5.39)
[4,RxR]

<64>71/2+8(56)71/2+5
(83)% (84)% (03) /2 [4,RxR]
< 1 1
~ <54>1/2_€ (56>1/2_5<‘§4>S [3,RxR] (03>1/2+S (&3)° [3.RxR]
<1 (5.40)
Similarly with above, for s > %, we also have:
=_\—1/2 —s —s
s e~ e <1 541)
(o1)'/%(02) [4,RxR]

This completes the proof of Lemma 5.2. O

Corollary 5.3. Let 0 < § K€ % Then there exist i1, Cs > 0 such that for uy, uz, u3 € X 1,2, 3, 4,5 € }_(S,I/Z with
compact support in [—T, T],

= n
”uluZ(axuS)”Xs,—l/ZJra g CﬁT “M] ”XL]/Z”uZ”X&]/z||M3”XS.1/2’ (542)
||u1M2123||XL,1/2+5 < CST'LLHMI ||Xs.1/2 ||u2||xx_1/2 ||u3||XS,1/2’ (543)
”ulu2u3b_‘4ﬁ5”X&,1/2+3 < C(STMHMI”Xs,l/z||u2||Xs.1/2”u3”Xx‘l/z||u4||Xs,1/2”uS”XS,]/z» (544)

where the positive constant Cgs depends on §.

Remark. In fact, from Lemma 5.2, we can complete the proof by the following inequality for f(¢#) with compact
supportin [—7,T1,

(r—&2)°

5.2. The proofs of Theorems 1.4 and 1.5

< CsT*| 1|2, forany § > 0. (5.45)
L2

H o1 f,8

For ug,vg € H® (s > %); u(t),v(t), u(t) and v(t) with compact support in [—7, T], we define the operators and
the sets:

t
O () = Y7 (1) Su (it — Y1) / Sult =1
0

x (o2 + ifo)ulity + (3 +iB3) ul*u + (oa + iBa) lul*u) (¢ dt, (5.46)
t

W (v) = Y7 (0)So(t)vo — Yr 1) / So(t — ") (20?0 +iB3|v|*v + iBalv]*v) (¢) dt, (5.47)
0

B={ue X1 lulx,,, <2Cluollas}, (5.48)

C={veXui Ivlx,,, <2Clvollas}. (5.49)
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We consider the inviscid limit behavior of solution when o — 0, |82| — 0, |@3| — 0 and |a4| — 0. Without loss
of generality, we can assume that | 83| < |a2], |o3]| < |B3] and |os| < |B4]. By Lemmas 2.1, 2.3 and Corollary 5.3, we
have:

[e@ly,,, < Cluolns + Cmax{leal, 1B} T ul, , , + ClAIT" ul, - (5.50)
¥ @y, , < Cllvollas + € max{leal. B3} T ullk, , , + ClAIT  ully, . (5.51)
Therefore, if we fix T such that
1
C max{laal, |83} T#ul, , , < 2C max{leal, |83} T lluolFs < T
(5.52)
" 4 u 4 1
CIBaT" llulx, , , < 2C1Bal T 1ol ys < 7
1
Cmax{leal, B3} T" I, , , < 2C max{leal, 1831} T voll3ys < 7
(5.53)
N 4 n 4 1
CIBaT [Vl ,, < 2C1B4I T  llvolys < 5

Then @ and ¥ are contraction mapping on 3 and C, respectively. This means that the existence time 7 of the local
solutions u(¢) and v(¢) is independent of «, B>, o3, 4. The constants C appearing in the following part depend on
a2, B3, Ba, for simplicity, denote C (a2, B3, 1) = C.

Now, we turn to the proof of Theorem 1.4. Assume that u(¢) and v(¢) are solutions for (1.1) and (1.3) with initial
data ug € H% and vy € H2, respectively. Let w = u — v and wg = ug — vo, then we obtain the difference equation as
follows:

Wy — [ Wyy — OUxy + iﬁzuzﬁx + a3|u|2u + ot4|u|4u + az(uzu_)x + (u+ v)wt_)x)
+ i3 (u W + (u + v)wd) +ifs(u’ (i + 0)w + 0w (u* + uv + v?)) =0, (5.54)
wo = ug — vg. (5.55)
We treat avuy, as a perturbation term for the equation above. Then we consider the equivalent integral formulation of
the problem above,
t

we, ) = So(0wn — [ St 1) ~attss + B+ ol + sl

0
+ az(uzwx + (u+ v)wﬁx) + i,33(u2111 + (u+ v)wl_))
+ifa(u @+ vy + 07w (w® + uv +v?)) () dr'. (5.56)
By Lemmas 2.1, 2.3, Corollary 5.3, (5.52) and (5.53), we have:

N < Jlw T |u)? TH|ul? TH )3
lwx )||X{I/2NII ol + el BT Ml lesI Tl o leal T el

TH(|lu))?
+ |o2 (llullxlr_l/zllwllxﬁl/z+(||u||X;1/2+Ilvllxlrm)Ilelx;I/zllvllel/z)

2
+ TH(lu Wl yr + (||ul]lyr
BTl g+ (il

s IIUIIXKI/Z)Ilelel/Qllvllxil/z)

T (Ju|? u v w
+ | B4l (|| ||X(1/2(|| ”X1T.1/2+” ||X{1/2)|| ||X1T,1/2

2 2 2
+ ||v w||yT u =+ [u||yr V|lyr |V
iy el (lullr A lullyr ol S0l )

S llwoll g+ lellluxxll 2 g1 + [Ballluoll g1+ lesllluoll g1 + leallluoll e

1 1
g lwlyr, vl (5.57)

112

From Lemma 4.3 and (5.57), it follows that
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[wee,0llyr, | S ol +a'2C (luoll 2, ol 1, Nuoll 2, T)
+ max{|Bal, le3|, loal } luo |l g1 - (5.58)
From (5.58), we obtain that
wx, t)||X(l/2 —0, forT <1, ifa,|pal losl lesl >0 and |wol g — 0. (5.59)
Moreover, for the solution w above on [0, T'], we have:

lwee, Ol cqorpm S lTwoll g +aT 2l 20 7y
t
/ So(t — t/){iﬁzuzﬁx + aslul?u + oalul*u —i—ozz(uzu_)x + (u + v)wiy)
0
. 2 - _
+iB3(u”w + (u + v)wo)

+

+iBa(u? i + 0)w + 0w (u? + uv + v?)) } () dt’ (5.60)

L([0,T];HY)
Define:
F (B2, a3, 00) (1) = it + aslul®u + aalul*u + a2 (s + (u + v)wiy)
+ i3 (P + (u + v)wd) +ifa(u’ @ + )b + 0w (u® + uv + v?)). (5.61)
On the other hand, by Lemma 2.3, Corollary 5.3, (5.52) and (5.53), similarly with (5.57), we have:

1 1
F (B, az, as)(t < u 1+ |os]|lu 1+ |og] ||u + —Jw + —Jjw — 0,
|| (B2, a3 4)()||X{71/2+6N|ﬁ2||| oll g1 + losllluoll 1 + loallluoll 4|| ||X1T11/2 4|| ||X1T.1/2

if |B2], ||, loa] — O and ||w(x,t)HXlT1/2—>O. (5.62)

Then by using Lemma 2.5, we have:

t

[ sute = 19F Bty e -0,
0 L®([0,T];H")
if B2, los], loa] — 0 and  w(x, t)HXITJ/2 — 0. (5.63)
From (5.60) and (5.63), it follows that
lwee, Ol cqoypny = 0 for T <1, ifa,|fol, lasl, leal =0 and [lwoll 41 — 0. (5.64)

From Theorem 1.3, it follows that (5.64) holds for any 7 > 0.
This completes the proof of Theorem 1.4.

Next, we give the proof of Theorem 1.5. Notice that the inviscid limit behavior of the solution above is considered
for ug, vo € H?, while the solutions u(z), v(t) exist in space C([0, T]; H*) with ug,vo € H® (s > %). Next, we
consider the inviscid limit behavior in space C ([0, T']; H®) with ug, vo € H® (s > %).

For convenience, we define solution operators of the Cauchy problem (1.1)—(1.2) as well as the Cauchy problem
(1.3)—(1.4) as below: A, g;,a3,a4) (H)tto = u(t) and A(p,0,0,0)(t)vo = v(t). Notice that Pyug, Pyvo € H? for fixed N
if ug, vo € H® (s > %). Then

| A, 2,053,000 (D10 = A©,0,0.0) OO0 | 0.7 115)
< At paasan O Py o) = A©,0,0,0) OPNV) | oo 7oy =T
+ [ A, r.05,00) D10 — A, o 3,00 () (Py 1t0) HC(O’T;H.Y) =D
+ [ A0.0.0.0 (0 = A©0,0,0,0) (PN V) || ¢ 0.7 115)- =T (5.65)
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For the first term 71, by (5.64), we have:

Ji—0 ifa|Bal lasl, lasl = 0 and | Py (o —v0)| ;1 < N Py o —vo) | s — O (5.66)

For > and 73, by using the fact that solution operators A, g, a3,04) (t) and A,0,0,0)(t) are continuous with respect
to initial data ug and vg [11,17], respectively; that is, for Ve > 0, 3¢ > 0, such that if

luo — (Pyuo)| s < 2. (5.67)
lvo — (Pyvo) | s <2, (5.68)
then

To = [ A pr.as.an Do = At pr.as.an O Pxuto) | ¢ o . sy < & (5.69)
T = | A0,0,0,0) 00 = A©,00,0 O PN | o 0.7 ey < - (5.70)

In fact, (5.67) and (5.68) hold for any small ¢ > 0 by taking enough large N.

Therefore, we conclude that if ||ug — vollgs — 0,5 > % and «, |B2], |a3], |aa| — O, then

e = vlicor; 19 = [ Awpras.an Ouo = A©0,0,0.0) V0] ¢ 7. zs) = 0- (5.71)

This completes the proof of Theorem 1.5.
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