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1. Introduction

In this paper, we use filtrations to study certain homological properties of augmented algebras.
We generalize a similar recently-studied homological property of graded algebras. Throughout, if a
K-algebra A (where K is a field) is graded by a monoid M with identity element e, we denote by
Extcr the derived functor of the M-graded Hom functor

Home (M, N) := @) Homc (M, N)a,
aeM

where Homg(M, N)¢ = homs(M(a), N), M(at)g := Mgyg, and homs (M, N) is the set of A-module
homomorphisms M — N which preserve the degree of homogeneous elements. A connected-graded
algebra A is called Koszul if its (graded) Yoneda algebra Eg;(A) := Extcr (K, K) is generated as a
K-algebra by E};r(A). (Throughout, we assume connected-graded algebras are finitely generated and
finitely related.) Our goal is to study a generalization of Koszul introduced by Cassidy and Shelton [1]:
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Definition 1.1. A connected-graded algebra A is Cp if Eér(A) and Eér(A) generate Egr(A) as a
K-algebra.

The Koszul algebras are exactly the quadratic I, algebras. More generally, an algebra A is in the
class of N-Koszul algebras introduced by Berger [2] if and only if A is K, and has only degree-
N relations [3, Theorem 4.1], [1, Corollary 4.6]. (Unfortunately, the term N-Koszul has obtained two
incompatible meanings. The meaning used here is different than that found in [4].) However, K>
algebras can have relations of several different degrees.

Our goal is to generalize further to augmented algebras and to relate the graded case to the aug-
mented case via filtrations. Throughout, we suppose that A is an augmented algebra over a field K,
ie, A=Ay dK-1 for Ay < A. (The augmentation is then ¢ : A — K.) Throughout M will be an
ordered monoid (with identity element e) such that we have an injective mapping M < Z which
preserves the ordering (but not necessarily the monoid structure). We will denote by s(«,r) the
monomial appearing r steps after «. Suppose M filters A so that

1. Uy FeA=A4;

2. FkA=K® FyA+, where Fy Ay :=Fy,ANAy;
3. FFA=K and Fy A4 # 0 when « > e; and

4. dimFyA/Fs,—1)A < oo for all a > e.

We use E(A) to denote the Yoneda algebra Exta(K,K), the cohomology of the cobar complex
Cob(A) := Homg (A%*, K), where Hom is the functor yielding all A-module homomorphisms. The
complex Cob(A) has an M-filtration F, Cob(A) (see Definition 2.1) which induces a filtration FyE"(A)
and associated graded algebra grf E(A). Also, the filtration on A yields the associated graded algebra
grf A (graded by M); we set (grf A) 4 := P, . (grF A)y. The algebra grf A is augmented by grf A =
K (grf A),.

Theorem 1.2. There is a bigraded (with respect to the cohomological and M gradings) algebra monomorphism
A grf E(A) = Eg(grf A).
We make the following generalization of X, to this broader category of algebras:
Definition 1.3. An augmented algebra A is K if E!(A) and E2(A) generate E(A) as a K-algebra.

We can then connect the theory of connected-graded (finitely-related) algebras and ungraded al-
gebras with the following, to be proved in Section 3:

Lemma 1.4. For a connected-graded algebra A, E™ (A) = EZ.(A) if an only if dim ET,(A) < oo. Consequently,
a connected-graded algebra A is IC; in the sense of Definition 1.3 if and only if A is ICy in the sense of Defini-
tion 1.1.

Our primary goal was to develop a technique for transferring the /C; property from grf A to A. As
we will see, it is often much easier to prove that grf A is IC;.

Theorem 1.5. IfEl (grf A) and EZ (grf A) are finite-dimensional and generate E,(gr" A), and A" and A2
are surjective, then A is ICs.

This theorem captures a more specific situation involving connected-graded algebras. Every
connected-graded algebra A with n generators is a factor of the free algebra K(xq,...,xy). Thus,
the monomials in xq,...,x,; form a totally-ordered (noncommutative) monomial (under the degree-
lexicographical order), and so provide a filtration F on A. The following is well known (see, for
example, [4, Theorem IV.3.1]):
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Theorem 1.6. If A is a connected-graded quadratic algebra and grt A is also quadratic, then A is Koszul.

An algebra A which meets the hypotheses of Theorem 1.6 is called a Poincaré-Birkhoff-Witt algebra.
Setting I := ker(K(x1,...,X;) — A), we say a Grobner basis G for I is essential if its elements generate
I in a certain minimal manner (see Definition 3.5). The following K, analogue of Theorem 1.6 was
the original goal of this research.

Theorem 1.7. If I has an essential Grobner basis and grf A is ICy, then A is Ky as well.

The algebra grf A will be a monomial connected-graded algebra. Cassidy and Shelton have pro-
vided an algorithm that determines whether a monomial connected-graded algebra is /C; [1, Theo-
rem 5.3].

In Section 2, we prove Theorems 1.2 and 1.5, which involves relating the cobar complexes Cob(A)
and Cob(grf A), and constructing the map A. In Section 3, we consider the case where A is a
connected-graded algebra, and connect the existence of an essential Grobner basis to the surjectivity
of A2, proving Theorem 1.7. (The surjectivity of A' is automatic in the connected-graded case.) We
connect surjectivity of A2 with the existence of a special Grobner basis for ker(K < x1, ..., X;) — A).
In Section 4, we use the results from Section 3 to prove that some anticommutative analogues of face
rings are /C;.

2. Bigraded algebra monomorphism A : grf E(A) — Eg(grf A)
In this section, A denotes an augmented algebra filtered by an ordered monoid M as specified
above. (Note that M need not be commutative.) Recall that for o € M, s(«,r) is the element r steps

after . We prove Theorems 1.2 and 1.5.
We begin by setting detailed notation for the cobar complex and its associated filtration.

Definition 2.1. Let d : A" — A$""! via
n—1 )
d@1®---®a) =) (-1'a1 @ ®aii41 ® - @ ay,

i=1

This makes A?‘ into a chain complex. We filter this complex by setting

FoAS" = Z Fo,Ar ® -+ @ Foy Ar.

o0y <O
aj>e

The cobar complex is the co-chain complex dual to A%, defined via

Cob"(A) := Homg (A", K)

with the dual differential, which we denote a.
We put a decreasing filtration on Cob(A) by setting

Fo Cob™(A) :={f : A$" - K | Fs(,—1)AS" C ker f}.

If B is an algebra graded by a totally-ordered monoid M with identity element e, we similarly
define Cobg(B) := Homg(B%*, K), where By =Y, Bq.

The cup product multiplication in a cobar complex, graded cobar complex, or Yoneda algebra will
be denoted by -.
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Remark 2.2. We have E(A) = H*(Cob®(A)). We are using the natural isomorphism Homg (A ® —, K) >~
Homg (—, K).

Throughout, we will denote Homg (V, K) =: V. We first relate Cobar(ng A) to the cobar complex
of A.

Proposition 2.3. There is a differential-graded algebra isomorphism
grf Cob®(A) ~ Cobg, (grf A).

The proof of Proposition 2.3 will follow after two lemmas. Let us fix a K-basis R =] [, rq R for
A such that:

1. Up<q Rp is a basis for FyA.
2. Ry CFyA; for a >e.

Then {r + Fs,—1)A+: 1 € Ry} is a basis for Fy Ay /Fs,—1)A+.
For readability, we set (((grf A);)®")q =: (grf A)FT,.

Lemma 2.4. The map

®n

F 4\®n FaA+
@:(gr A -
( )+,a Fs(a,—l)Afn

via

@((a1 + Fsey,—1)A) ® -+ ® (an + Fs(ey,—1)A)) :=01 ® - ® ay + Fyr,—1)AS"
is a chain isomorphism.
Proof. First, if a; —aj € Fyq;,—1)A for some 1<i<n and o - oy =, then

G ® - ®@—a)®: - ®ay € Fs,—1)AF".
Hence, ¢ is well-defined.
To show that ¢ is a chain map, suppose a; € Fy; A and a1 - - - o = . We compute
(d o @)((a1 + Fsay,—1)A) ® - - (A + Fy(ary,—1)A))
= d(a1 ®---Qap + Fs(a‘,uA%n)

n—1

= Z(—l)ilh ® - ®0lit1 ® - @y + Fyo,—1)AF"

i=1

n—1
= w(Z(—l)’(m + Fs(y,-nA)® - -

i=1
® (ai0i+1 + Fsiase1,—»)A) ® -+ ® (an + Fs(an,—UA))

= (pod)((a1 + Fs@;,-1)A) ® -+ ® (an + Fy(ay,—1)A)).
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Now, to show that ¢ is an isomorphism, note that the set
B1:={(a1 + Fs(a,,—~1)A) ® - -+ ® (@n + Fs(@y,—1)A) | 0 € Ryt # €, 01+ -ty = o}
is a basis for (grf A)$",, while
By = {al ®---®ap +Fs(a,71)A§n |ai € Ry i #e,01---p :05}

is a basis for FaAfn/Fs(a,,l)Afn. Since ¢ gives a bijection between these bases, ¢ is an isomor-
phism. O

Now, because of condition (4) on the filtration, we have a chain isomorphism

2 (7&“@” )v — Cob (gr* A)
FS(O[,—])Aﬁn Gr

The restriction map
(AZ") — (Fah")”

induces an injective map

~ Fy Cob"(A) ( Fo AS" )V
" Fs(a.1) Cob™(A) Fy,-1)A%"

It is straightforward to check the following:
Lemma 2.5. The map p is a chain isomorphism.

We now know that

@" o p:grf Cob®(A) — Cobg,(gr" A)
is a chain isomorphism, graded by M.

Proof of Proposition 2.3. It suffices to show that ¢V o p is a differential-graded algebra homomor-
phism. Let f € F, Cob"(A), g € Fg Cob™(A), a; € Fo, A, bi € Fg,A, 1---op =0, and By -+ fm = B.
Then,
(¢ 0 p)(f + Fsa,1)Cob"(A)) ~ (g + Fs(g,1) Cob™ (A)) ((a1 + Fsay,-1)A) ® -+ ® (an + Fy(ey,—1)A)
® (b1 + Fsg,,—1)A) ® -+ @ (b + Fs(,—1)A))
= p((f + Fs(@.1) Cob" (A)) - (g + Fs(p,1) Cob™(A)))
(@ 8 @an + Foa 1) AZ) @ (b1 © - @b + Fp 1) AT™))
=p(f g+ Fs@p1Cob"™(A) (01 ® - ® 0, ®b1 ® -+ ® by + Fyap—1)AF™™)

=f@1® - ®a))gb1 ®---Qbp).
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Likewise,

(9" 0 0)(f + Fs(a1) Cob"(A)) ~ (¢ 0 p) (& + Fs(p.1) Cob™ (4)))
(@1 + Fs@y,—1yA) ® -+ @ (@n + Fs(ery,—1)A)
® (b1 + Fs(g,,—1)A) ® - - ® (b + Fs(p,,—1)A))
= p(f + Fs@,1)Cob"(A)) (a1 ® - - ® ay + Fs,—1)AS")
- p(g + Fs(g,1)Cob™(A)) (b1 ® - - ® b + Fs(p,-1)AT™)
=fla1® - Qan)gh1 @ ®bm),

as desired. O
Recall that we give E(A) a filtration F4E(A) induced by the filtration Fy Cob®(A).
Definition 2.6. Define a surjective map 7 : Fo Cob™(A) Nkerd — (grf E(A))™® to be the composition

FoE"(A)

Fo Cob™(A) Nkerd — FoE"(A) -» — 22—~ ~
* * Fsa,1)E"(A)

Define a map 7; : F Cob™(A) Nkerd — E¢,* (grf A) to be the composition

Fo Cob™(A) Nkerd + Fy(q,1) Cob™ (A)
Fs(a,1) Cob™(A)
F, Cob"(A)
Fs(a,1 Cob™(A)

F, Cob™(A) Nkerd —

Nker(grf 3)
LLTIN Cob” (gr A) Nkerd
— Eg (erf A).

(Recall that ¢Y o p : grf Cob®(A) — Cob?,(grf A) is a differential-graded algebra isomorphism by
Proposition 2.3.)

The maps 17 and 7. appear in the construction of a spectral sequence obtained from the filtra-
tion F on Cob(A). See, for example, [5, Theorem 2.6] and its proof. (We will not need this spectral
sequence.)

Lemma 2.7. ker 1 = ker 1.

Proof. Suppose f € kerni, meaning

(9" 0 p)(f + Fs(@,1) Cob" (A)) € Cobg” (gr" A) Nima.
As ¢V o p is a differential-graded algebra isomorphism,

Fq Cob™(A)

F Cob"(A _—
S Fs Cob( )er(a,nCOb”(A)

Nima;
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that is, there exists g € Fy Cob™ 1 (A) such that

9(8) + Fs(a,1) Cob™(A) = f + Fs(q,1) Cob" (A).

However, f —9(g) +imd € Fyy,1)E"(A). Thus, ne(f) =0.
Now, suppose f € Ker 7)o, meaning f +ima € Fs.1)E"(A). So, f + 3(g) € Fs(a,1) Cob"(A) for some
g e Cob™(A). Since f, f 4+ 3(g) € Fy Cob"(A), 3(g) € Fy Cob™(A) as well, and

f + Fs(a,1) Cob" (A) = 8(g) + Fy(a,1) Cob™ (A).
Thus,
(¢” 0 p)(f + Fs(.1) Cob™(A)) € Cobg* (grf A) Nim 9
and so n1(f)=0. O

Definition 2.8. Since 7 is surjective, Lemma 2.7 tells us we may define a unique injective map A™¢
such that the diagram

F, Cob™(A) Nkerd

An.a
(grf E(A)M E¢ (grf A)

commutes. Set A :=@, , A™*.
We may now prove Theorem 1.2, which we restate:
Theorem 2.9. The map
A grf E(A) — Egi(grf A)
is an algebra monomorphism.

Proof. It remains only to prove A is an algebra homomorphism. Let f € (grf E(A)™® and g €
(grf E(A))™B. Choose preimages (under ;)

feFyCob"(A)Nkerd and §e Fg Cob™(A) Nkerd
for f and g, respectively. We have

f ®& € Fop Cob™™(A) Nkerd.

Now, we compute
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noo(]c ®8= ((f ® &) +im 8) + Fs(aﬂ,l)En+m(A)
(

(f +imd) « (& +imd)) + Fs@p,1nE"™(A)

= ((f +imd) + Fy(@,1E"(A)) « ((& +imd) + Fsp,1)E™(A))
= oo (f) < 1100 (@)
=fvg O

Before proving Theorem 1.5, we prove a general fact about filtered algebras:

Lemma 2.10. Let R = @; R; be a graded algebra with a decreasing filtration F by an ordered monoid M
meeting the conditions in the introduction. Put Fo R; = Fo R N R; and assume Fo R = @; Fo R; for all i. Let
R’ be the subalgebra of R generated by Ry, ..., Rm. Suppose, for each i, F, R; C R’ for a sufficiently large. If
(grf R)1, ..., (grf R); generate grf R, then Ry, ..., Ry generate R.

Proof. Suppose that Fsy 1)R; C R'. Let a € FoR; \ Fyq.1)Ri. As grf R is generated by (grf R)q,..
(grf R),, there exists @’ € R’ N FyR; such that

E)

a—d €FsqnRiCR.
As @’ € R’, we know a € R’. Thus, F,R C R'. By (decreasing) induction on &, R=R'. O

Lemma 2.11. If dimgrf E"(A) < oo then FyE"(A) = 0 for some «, and consequently, dimgrf E'(A) =
dimE"(A)

Proof. Let {£ + Fs,; 1)E"(A): 1 <i<m} be a basis for grf E"(A), and choose o > ¢ for all 1 <i<m.
For B >, FgE"(A)/Fsp.1)E"(A) =0, meaning F4E"(A) = FyE"(A).
Now, choose any & € FoE"(A). For 8 > «, there exists fg € Fg Cob"(A) and fg e Cob™ 1 (A) such

that fg +imd=¢& and fg = fsp,1) +d(fé)
Then, for 8 > «,

fO( = fs(oq) + d(f(;t)
= fs@2) +d(fiw1y) +d(f2)

=fg+ Y, d(f})

asgy<p

So, for x € FgA$" and y > B,

fa@)=fr00+ > d(f})®)

aé<y

= z:(goauy

a<s<y
Thus, there exists f: A%”’l — K such that f, = f’ 0 3. Therefore, £ =0. O

We may now prove Theorem 1.5, which we restate:
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Theorem 2.12. IfEl (grf A) and E2 (gr A) are finite-dimensional and generate Eg,(gr" A), and A' and A2
are surjective, then A is ICy.

Proof. The map A is an algebra isomorphism. Apply Lemma 2.10 when m =2 and R =E(A). O
Example 2.13. Let

_ K[x, y]
(x> —p)

A

)

where p is a homogeneous quadratic polynomial. Define € : A - K via &(x) :=0 and ¢(y) :=0.
The standard N-grading on K(x, y) induces a filtration F on A which satisfies the conditions in
the introduction. Then,

o Kix yl
gr A~ )

Note that grf A is a complete intersection, and therefore is }C; by [1, Corollary 9.2].

One can easily compute dim E'(grf A) = dim E?(grf A) = 2. Furthermore, using Cob®(A), one can
find the necessary linearly-independent cohomology classes to show dimE'(A) = dimE%(A) = 2, im-
plying that A! and A? are surjective. Hence A is /C;.

3. Connected-graded algebras with monomial filtrations

By a connected-graded algebra, we mean an algebra A such that there is a graded algebra epimor-
phism

7:T(V)—> A

where V =span{xq,...,X;} and I :=kerm C 2@2 V®n s finitely-generated and homogeneous. Under

these circumstances, E'(A) and E2(A) are finite-dimensional. The following lemma shows that the two
definitions of /C; from the introduction are compatible for connected-graded algebras.

Lemma 3.1. For a connected-graded algebra A, E™(A) = ET (A) if and only if dimEZ.(A) < oo. Conse-
quently,a connected-graded algebra A is IC; in the sense of Definition 1.3 if and only if A is KC, in the sense of
Definition 1.1.

Proof. Projective modules in the category Gr-A of graded A-modules are graded-free [2, Proposi-
tion 2.1]. So, there exists a projective resolution (in both the category of graded A-modules and of all
A-modules)

m " 1 0
> AQVT 5 . 5 ARV 5 AQV 5> A5 K—0

such that each V' is a graded vector space and d'(A® V') € AL ® V=1, So, for any A-module ho-
momorphism f:A® Vil - K, fod' =0. Thus, all the differentials in both Hom(A ® V*, 4K) and
Homg (A ® V*, 4K) are zero. So,

E™(A)=Hom(A® V™, sK) while EZ,(A) =Homg(A® V™, 4K). O

For a graded algebra A, we use notation established by [1], setting
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J .
A(nl',n2, .. @A(n,)ﬂ%

Example 3.2. Consider the algebra

K{w,x,y,2)
T (yz,zx — Xz, ZW)

introduced in [6, Example 5.2]. A minimal projective resolution for 4K is
0— A(=3,-4,-5,...) > A(-2*) > A(-1*) > A->K—0.
Thus, the dimension of Eér(A) is countably infinite, while the dimension of E3(A) is uncountable.

In light of Lemma 3.1, we will write E'(A) for EL.(A) and E?(A) for E2 (A).

The monomials of T(V) (with respect to the basis {x1,...,x,} for V) form a monoid M which is
totally-ordered by degree-lexicographical order. For o € M, we set Fy A :=span{m (8): B <«a}. As M
is itself N-graded, we may put an N-grading on Eg.(grf A) by setting

grA @E grA

loe|=j
The algebra E(A) inherits the grading on A, and so does grf E(A). Indeed, it is clear that
(e E)" = P (" E'a)”.
lal=j

Furthermore, the monomorphism

A grf E(A) — Eg(grf A)
defined in Theorem 1.2 is homogeneous with respect to this internal N-grading.
The goal of this section is to apply Theorem 1.5 to connected-graded algebras, using this monomial

filtration. Note that A! is always surjective, so to apply Theorem 1.5, we need only check:

1. grf A is Ky, and
2. A% :grf E2(A) — E2(grf A) is surjective.

Fortunately, the first condition is very easy to check since, as we will see, grf A is a monomial
algebra.

Definition 3.3.
1. We can write any element x € T(V) uniquely as coo + kaa cgB where ¢y #0. Let T(x) :=cq0x,
which we call the leading monomial of x.
2. Define & : T(V) — grf A via A (@) = 7w (&) + Fser.—1) A-

We shall omit the proof of the following lemma.

Lemma 3.4. (See [7, Theorem 1.1].) ker() = (T (x): x € I).
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From this, we see that grf A is a monomial algebra. Cassidy and Shelton provide an algorithm that
determines exactly when a monomial algebra is /C; [1, Theorem 5.3].

Now, we turn our attention to the second condition, the surjectivity of A2 : grf E2(A) — E2(grf A).
Let '=VQRI+I®V.

Definition 3.5.
1. An element x € [ is an essential relation for A if x is homogeneous and x ¢ I'.
2. A generating set 3¢ for I is an essential generating set for I if 3¢ comprises only essential relations

and no subset of B¢ generates I.
3. A generating set G for I is a Grobner basis for I if

(t: xel)=(t(x): xeg).
4. A Grobner basis G for [ is an essential Grébner basis for I if it is an essential generating set.

The definition of an essential relation first appeared in [1]. Grébner bases are studied extensively
in [7,8].

Note that a generating set 3¢ for I is essential if and only if |3¢| = dimI/I' = dim E2(A). We will

show later that the existence of an essential Grobner basis is equivalent to the surjectivity of A2. At
the same time, it is desirable to know when an essential generating set is a Grobner basis.
Example 3.6. Consider the ideal I:= (x3, y%) in K(x, y). Under the order x < y, the set 3¢ := {y2, x> —
y2x} is an essential generating set for I. However /3¢ is not a Grobner basis. On the other hand, the
slightly modified set G := {y?, x3} is an essential Grobner basis. The failure of I to be a Grébner basis
was due to the needless redundancy of leading monomials.

The following lemma is easy.

Lemma 3.7. Let B¢ be an essential generating set for 1. Then the following are equivalent:
1. T(B°) is an essential generating set for (t (13°)).
2. Foreveryr,r’ e B¢ anda’,a” e M, T(r) ¢ Ko/t (r")a”.

3. Foreveryr,r’ e Béand o', a” e M, T(r) ¢ Kt (a'r'a”).

Definition 3.8. If an essential generating set 3° meets the equivalent conditions of Lemma 3.7, we say
BB¢ has the leading monomial property.

In Example 3.6, the set B¢ failed to be a Grobner basis because it failed to have the leading
monomial property.

Lemma 3.9. Essential Grobner bases have the leading monomial property.

Proof. Suppose that G is an essential Grobner basis. As we have an injective map A? : grf E2(A) —
E2 (grf A)
Gr ’

|G| = dimE?(A) < dimE%, (gr" A).
On the other hand, if 7(r) € Kt (a'r'a”) for some o', a” € M and r, 1’ € B, then
(@) =(t@\{r})

and so dimE2 (grf A) < dimE?(A), which is absurd. O
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Theorem 3.10. There exist homogeneous bases BB for I and B’ for I’ such that B’ C BB, and the essential
generating set 3¢ := I3\ B’ has the leading monomial property.

The proof of this theorem will follow after two technical lemmas.

Lemma 3.11. For W C I and a € M, define
A (W) = {r €lp: r¢spanW, t(r) ¢ Kr(s) foranys e W with t(s) > a}.

m+1 m
If Af,} (W) # @, then A)r:} (W) # @; that is, there exists r € Iy, such that t(r) ¢ Ka't(s)a” for any
o, a"eMandseW.

Proof. Need only show that A% (W) # @ implies that Af,g“’fl)(W) # . Let r € A%(W). Suppose
7(r) = 7(s) for some s € W. Then r —s € Z, but r —s ¢ span W. Also, 7(r —s) < 7(s) <, so
r—se A Yw). o

We will use the following lemma to build our basis degree-by-degree:

Lemma 3.12. Suppose B is a homogeneous basis for @;”:_01 I; and B’ C B is a basis for @?1:_()1 I;. Then there

exist B CImandry,...,1¢ € Iy such that:

1. B” is a basis for I,
2. ri¢ Ka't(rya” foranyi=1,...,¢,a ,a” € M,andr € B.
3. B"U{ry,...,r¢} is a basis of In,.

Proof. Set

BO =o' 7a" €lp: o',a" e M, 1’ €B).

Let B” ¢ BO such that B}, is linearly independent. Since B® spans I,, B is a basis for I,.

Now, suppose we have constructed BY) = BU=D U {r;} for 1< j <i such that (B \ BO)uB” is
linearly independent and 7 (r;) ¢ Kz (s) for any s € B0~D.

If BO spans Iy, then B” U {ry,...,r;} also spans I, and the claim is proved. Otherwise,

m+1 .
A),:} '(BU)) # ¥, and so by Lemma 3.11, there exists ri11 € I,y such that t(riy1) € Kt(s) for any
seBD. set BITD =B U{rq). O

Proof of Theorem 3.10. Set B, = B}, = B, =¥ for m < 1. Apply Lemma 3.12 and induction on m. O
We are now ready to prove Theorem 1.7, which we restate:

Theorem 3.13. The following are equivalent:

1. Every essential generating set for I with the leading monomial property is a Grébner basis.
2. There is an essential Grébner basis for I.

3. dim E2(A) = dim E%(gr" A).

4. The injective map A2 : grf E2(A) — E2(grF A) defined in Theorem 1.2 is surjective.

Therefore, if I has an essential Grébner basis and grf A is ICy, then A is KC3 as well.
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Proof. We set J =ker(# : T(V) »grf A)and ['=J@V+V®]J.

In light of Theorem 3.10, it is clear that condition (1) implies condition (2).

Suppose G is an essential Grobner basis for I. Then |G| = dimI/I’. Also, since G has the leading
monomial property, |G| = |t(G)| =dim J/J'. So, condition (2) implies condition (3).

Clearly, condition (3) and condition (4) are equivalent.

Finally, assume (4). Suppose 3¢ is an essential generating set for I with the leading monomial
property. Let B‘]’ be an essential generating set of J such that

{t: xe B} c BY.

Then, |B¢| =dimI/I'=dim J/] = \65|. So, B¢ is a Grobner basis. Thus, condition (4) implies condi-
tion (1). O

Example 3.14. Consider

K{x, y)

Am— 70
(xy —x2, yx, y3)

with a monomial order induced by x < y. We know from [1, Example 4.5] that A is not a C, al-
gebra. The Hilbert series of A is Ha(t) =1+ 2t 4+ 2t2. Since 7w (x3) =0, we see that 7 (x3) =0, and
grf A~K(x, y)/({xy, yx, x>, y3). We may apply [1, Theorem 5.3] to see that grf A is K. The essential
generating set {xy — x%, yx, y3} is not a Grobner basis for kersr. The behavior is similar under y < x
(although grf A is a different K, algebra).

Example 3.15. Consider

K(x, y, z)
X2y —x3,yz2 — yx2, 3z — x4)

A=

with the monomial order induced by x < y < z. We may use the diamond lemma [9, Theorem 1.2] to
show that

Thus, {x2y — x3, yz2 — yx?,x3z — x*} is an essential Grobner basis for ker . However, application of

[1, Theorem 5.3] shows that B is not C,. By inspection,
X
)
z

0x% 0
00 yz
%B(—ﬁ)—)B—)K—)O

is a minimal projective resolution for zK. By Theorem 1.2, dimE"/(A) < dimE"/(B). So, the chain
complex of projective A-modules
X
2
z

——>A—>K—->0

0 %% 0)
_—

0 — B(=5) B(-32,-4)

¥ —x2 0

y2 0 —yx

3 3

x> 0 —x A(—l3)

is a minimal projective resolution for 4K. Applying [1, Theorem 4.4], we see that A is IC,. Hence, the
converse of the last implication of Theorem 3.13 is false.

0 X2 —x)
_

0— A(=5) A(-3%,-4)
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Example 3.16. Let

K(x, y)
(yx—xy, y3+x2y)’

A=

Then under the order x < y, the essential generating set {yx — xy, y3> 4+ x2y} is a Grébner basis for
ker s, and

Fa_ K(x, y)
(yx,¥3)

We may use [1, Theorem 5.3] to show that grf A is IC5. Thus, by Theorem 3.13, A is Kj. (This can
also be verified directly using [1, Corollary 9.2].)

Theorem 3.13 is a generalization of the classical theory of Poincaré-Birkhoff-Witt algebras, which
we can also prove:

Theorem 3.17. (See [4, Theorem IV.3.1].) If A is a quadratic algebra, and grf A is also quadratic, then A is
Koszul.

Proof. Quadratic monomial algebras are Koszul [4, Corollary 11.4.3]. The theorem follows directly from
Theorem 1.5. O

4. Anticommutative analogues to face rings
In this section, use the results from Section 3 to show some anticommutative analogues to face

rings are /Cp. Suppose X := {x1,...,xp} is a finite set and A is a simplicial complex on X—that is,
A c 2% such that {x;} € A for 1<i<n and if Y € A, then 2¥ ¢ A. We define an algebra

AlAY == N\ ) iy i, [ <dp <o <dr X, ox ) € A),
K

where Ay (x1,...,xn) is the exterior algebra with generators x, ..., x;. So, A[A] is an anticommuta-
tive analogue of the face ring of A. (Face rings are studied in detail in [10].)

Definition4.1. If Y C X, Y ¢ A, but 2¥ \ {Y} C A, then we say Y is a minimally missing face of A.
Theorem 4.2. Suppose A is a simplicial complex on X := {x1,...,X,}. Under the order x; < --- < Xp,
ker wa;a) has an essential Grébner basis if and only if every minimally missing face Y := {x;,, ..., X;,} C X
(where iy < iy < --- < ip) satisfies the following property:

Ifug¢Yandiy <u <ip, then (Y \ {x;,}) Uf{xy} ¢ Aor (Y \ {x;,}) U {xu} & A. (1)

Proof. An essential generating set with the leading monomial property for

I:=Kker(mw : K(xq, ..., X) > A[A])

B = {xjxi +xixj |[i < jjU{x} |i=1...n}

U {Xi, Xy, |11 <+ <im. {Xi;, ..., %i,,} is @ minimally missing face}.
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If Y is a minimally missing face which fails (1) for some u ¢ Y, then

Xi‘l “ee Xi[xuxi[+] .. .Xm
is an essential relation of grf A for some t, meaning that 3¢ is not a Grébner basis.
On the other hand, suppose 3¢ is not a Grébner basis. Then grf A has some new essential relation

r such that r # t(x) for x € 5. Pick such r minimally. Then
r=Xj; - Xip, Xy Mod (XX + XjX;)
for some minimally missing face Y = {x;,,...,x;,}. So Y fails (1). O
Here is a particularly nice example:

Theorem 4.3. The algebra

Ar &1, ..., Xn)

(X1 -+ Xn)

is ]Cz.

Proof. Let X :={x,...,x,} and A =2%X\ {X}. Then by Theorem 4.2, ker(w : K(x1, ..., X;) — A[A])
has an essential Grobner basis.
So, applying [1, Theorem 5.3] to

grf A=K(x1, ..., x)/(x1 - X, Xjxi0 1<i<j<n),
we see that grf A is /C3, and hence A is K. O

Not every simplicial complex A on a set X has an ordering of X which yields an essential Grébner
basis for kermwapa;.

Example 44. Set X :={t,u, w,x, y, z} and

A= (z{u,x,y,z} U altuxz z{u.w,x,z}) \ {{u, X, y,z}{t,u,x,z}, {u,w,x,z}, {x, y, 2}, {t, u, z}, {u, w,x}},

Suppose we have an order < of X under which kerm4p4) has an essential Grébner basis.

Note that {x, y, z} is a minimally missing face, but {u,x, y}, {u, y, z}, {u, x, z} € A. So either u <
X,y,z or u>x,y,z. Without loss of generality, u <x, y, z.

Also, {t,u, z} is a minimally missing face, but {u, x, z}, {t, x, z}, {t,u,x} € A. Soas u < x, x> t, u, z.

Finally, {u, w, x} is a minimally missing face, but {u, x, z}, {u, w, z}, {w, x, z} € A. However, as x > z,
we cannot have z > x, u, w. However, as u < z, we cannot have z < x, u, w either.
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