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The equations for axisymmetric self-gravitating rotating fluid have been 
studied extensively since Poincart. The model derives its primary interest from 
celestial mechanics, where it can be used to study the geometry of stars and 
planets. Existence of a solution for both the compressible and the incom- 
pressible cases is known. The smoothness of the boundary of the fluid is studied, 
and, in particular, it is proved that the rotating fluid has at most a finite number 
of rings. 

In this paper we consider the equilibrium figure of an axisymmetric self- 
gravitating fluid rotating about the x-axis. The fluid is either compressible or 
or incompressible; in both cases it is subject to either an angular velocity law or 
an angular momentum law. The existence of an equilibrium figure was estab- 
lished by Auchmuty and Beals [2] (for th e compressible case) and by Auchmuty 
[1] (for the incompressible case). Here our purpose is to study the shape of the 
boundary of the fluid. This problem, of great interest in analyzing the structure 
of the stars and planets, has received considerable attention since the work of 
Poincare [22, 231 (see [7, 16,241). 

The main purpose of this paper is to prove that the fluid consists of at most 
a finite number of rings (i.e., torus-shaped regions) about the axis of rotation. 
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Another problem of motion of incompressible fluid without gravity was 
studied by Fraenkel and Berger [lo]. In this model the vorticity is prescribed; it 
is positive in the liquid, and it vanishes outside the liquid. Our methods apply 
also to this model and show that the number of vortex rings is finite. 

1. THE MODEL 

We are interested in a steady fluid in R3 rotating around the z-axis, which is 
axisymmetric with respect to the z-axis as well as with respect to the plane x = 0. 
Auchmuty and Beals [2] have considered the case when the fluid is compressible 
and self-gravitating with given total mass M and with given law of either 

(a) angular velocity Q(Y), or 

(b) angular momentum per unit mass, j(m). 

Here we use cylindrical coordinates (r, 0, z). 
We introduce the functions 

J(Y) = LT sL’~(s) ds, U-1) 

-W = j2W, 
(1.2) 

%(Y) = J 
dd<r 

P(X) dx, 

where x will henceforth denote a point in R3 and r(x) is the r-coordinate of x. 
In case (a), the total energy of the fluid is 

E,(P) = IRS UP) dx - ; j-s j-$ ;o(ss)_p$ dxdy - s,, J(r)p(x) (1.3) 

and in case (b) the total energy is 

E,(P) = j- 4~(4)dx - ;j. s 
Iws R3 p IX-Y1 

p(x) ‘(‘) dx dy + ; s,. $+z,o) dxil 4) 

where A(r) is a given function. Recall that one is interested in a density p(x) 
satisfying 

P(X) = P(Y, 4, P(Y, 4 = P(Y, -4, 
(1.5) 

p measurable, P 3 0, s 
pdx=M. 

Iw3 
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The functions A, J, L are subject to the following conditions: 

A(s) = s I,‘f$ dt, where f E Cl[O, co), f 3 0, f’ > 0, 

limf(s> = 0, li+if$ = co; s-0 s4J3 

U-6) 

J(O) 3 0, J(a) < *, J 6 CV, m), J’(r) 2 0, 
r(J(a) - J(r)) --+ 0 if r+co; (1.7) 

L(0) = 0, L(r) 2 0, L E qo, co). W-9 

By a general physical principle, the equilibrium figure of the fluid has density 
which minimizes the total energy. The following results are proved in [2]. 

THEOREM 1.1. If (I&), (1.7) hold then there exists u function pi(x) which 
minimixes E,(p) is the class of functions p(x) given by (1.5). Further, p1 is HZlder 
continuous and has compact support. 

THEOREM 1.2. If (1.6) (1.8) hold then there exists a function pz(x) which 
minimizes E,(p) in the class of functions p(x) given by (1.5). Further, pz is Hzilder 
continuous and has compact support. 

In condition (1.6), the last restriction may be replaced by 

provided M (in (1.4)) is taken to be <A!&, , for some M,-, depending on K (see [2]). 
As shown in [2], the solution pi of the minimization problem satisfies, for 

some real number Xi , 

that is, 

E;(pJ - hi = 0 

E,!(pi) - hi > 0 

a.e., where pi > 0, 

a.e.; 

A’(pi(x)) - Ji(r) - J‘,. , :p)y , dy = hi a.e. if p<(x) > 0, 
(1.9) 

b At a.e. if pi(x) = 0, 
where 

Jdr) = J(r), 
(1.10) 

J&r) = -1, +L(m,(s)) ds. 

580/35/I-8 
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In a recent paper Auchmuty [I] studied the analogous problem for incom- 
pressible fluid, that is, the fluid is rotating about the z-axis and is symmetric 
with respect to the z-axis and the plane z = 0. Here the total energy of the fluid 
is given by 

$(p) = - ; j j- f;‘-py; dx dy - j. J(Y) p(x) dx (1.11) 
Iws iws 62s 

in case (a), and by 

in case (b). The function p varies in the class: 

P(X) = fk, 4, f(r, 4 = P(Y) -z>, 
p measurable, O<P<L I 

pdx = M. 
UP 

(1.13) 

The assumption on J, L are somewhat different here than above, namely, 

J(O) = 0, J(a) < ~0, JE W, a), J’(y) 2 0, (1.14) 

L(0) = 0, L E cyo, co), L’(Y) >, 0. (1.15) 

The following results are proved in [l]. 

THEOREM 1.3. If (1.6)) (1.14) hold then there exists a function pl which 
minimizes l&(p) in the class (1.13). Further, there is a bounded set Gl C R3 such that 

pl = 1 a.e. in G 1, pl = 0 a.e. in W\Gl . (1.16) 

THEOREM 1.4. If (1.6)) (1.15) hoZd then there exists a function j& which 
minimizes l&(p) in the class (1.13). Further, there is a bounded set G, C R3 such that 

ljz = 1 a.e. in G2 , /72 = 0 a.e. in W\G2 . (1.17) 

It is also shown in [l] that, for some real numbers xi , 

e;&) - xi > 0 a.e. in Gi , 

GO a.e. in lR3\Gi; 
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that is, 
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-Ji(r) - JR3 , Fp$ , dy > xi a.e. in Gi , 

< xi a.e. in lR3\Gi . 

We introduce the potential functions 

dy + hi 

(1.18) 

(1.19) 

(1.20) 

for the solutions pi and pi asserted in Theorems 1 . 1 , 1.2 and 1.3,1.4, respectively. 
Then (1.9) gives 

A’(pg) = ui if pi > 0, 

0 3 ui if pi = 0. 

It follows that 

Pi = Y(%), (1.21) 

where y(u) is the monotone increasing function defined by 

Y(U) = Gwo4 if u > 0, 

=o if u < 0. 

Introduce the elliptic operator in two independent variables 

_E”=a2+E+E- 
a+ r at- a22 * 

(1.22) 

(1.23) 

Applying the Laplacian d = C a2/axi2 (in R3) to both sides of (1.19) we get 

Au, + y(u,) = 9 Ji . (1.24) 

Similarly the function zii satisfies 

AZ& + IGi = 9 Ji , (1.25) 

where IG is the indicator function of the set G; (1.25) can also be written in 
the form 

4 + 4fi,>o1 = 9Ji . (1.26) 
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In this paper we shall study the boundary of the sets {pi > 01, {j& = l}. We 
find it useful to work with the potential functions ui , z& rather than with the 
density. The boundary of the above sets (i.e., the sets occupied by the fluid) is 
called the free boundary. 

The free boundary problem 

Au + hu+ = 0 in a bounded domain Q C R2 (A > 0), u = cp on XJ, 

arises in plasma and was studied in [4, 13, 25, 261. In this case one can show 
(see [15]) that the set {u > 0} is connected. Another problem of type (1.24) or 
(1.26) arises in the theory of vortex rings; see [9] and the references given 
therein. In this case the solution u satisfies 

924 -1 r’f(u) = 0 in P, (1.27) 

where f(u) = 0 if u < 0, f’(u) > 0 if u > 0, and generally f(O+) > 0 (i.e., 
f(u) is discontinuous at u = 0). We shall study this problem in Section 7. 

We finally mention that a free boundary problem of the type 

Au + y(u) = f in R3 (1.28) 

arises in the Thomas-Fermi atomic model [3, 6, 171; here, however, y(u) is a 
monotone decreasing function (instead of monotone increasing). This difference 
is important, for in this (decreasing) case one can apply the maximum principle 
to (1.28). 

2. DESCRIPTION OF THE RESULTS 

In Sections 3 and 4 we study the solution ui (given by (1.19)) and the corre- 
sponding free boundary. In Section 3 we study some general properties of ui . 
It is proved that ui = ui(r, a), that is, ui is independent of 8, and further 

Ui(Y, -z) = up, x), & Ui(Y, z) < 0 if a > 0. (2.1) 

We also establish some properties of the free boundary. In Section 4 it is proved 
that the region occupied by the fluid p1 consists of a finite number of rings 
provided J(r) is analytic. The same result for pz is established without any 
analyticity assumptions. 

The incompressible case is studied in Sections 5 and 6. In Section 5 we study 
general properties of & and establish the analog of (2.1). Unlike the solution ui 
which has continuous second derivatives, the solution z& is only known to have 
a bounded Laplacian. 
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In Section 6 we prove that the number of rings of the rotating fluid corre- 
sponding to zir is finite in any r-interval where 8J > 0. 

In Section 7 we deal with the problem of vortex rings studied by Fraenkel 
and Berger [IO] and show that the number of vortex rings is finite. 

In Section 8 we briefly discuss the regularity of the boundary of the rings 
in the incompressible case near the line z = 0. 

3. THE COMPRESSIBLE CASE: GENERAL PROPERTIES 

We shall assume that 

~J(Y) is Holder continuous (exponent /3) in any interval 

0 < r < Yo , yo < 00, 
and that 

L E C2[0, CO) n C*[O, 6,) for some 6, > 0, 

L(0) = L’(0) = L”(0) = 0. 

It is easily computed that 

so that 

J;(y) = w%(y>Yys~ 

-$ m,(y) = 2~ j- ,4y, 4 dz, 

cYJ,(r) = $L’(~,(Y)) j- p(r, z) dz - 2 L(T’)) . 

Since p is Hiilder continuous and since 

I q(y) - m,(s)1 G c I y - A- I, 

m,(r) < CY2 (C constant), 

the conditions in (3.2) imply that, for some /3 > 0, 

If 

9 J2 is Hiilder continuous (exponent p) in [0, co). 

f(s)/P N constant as 5 --t 0 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

then y(u) N constant * up as u J, 0, where q = l/( p - 1). (Note that (1.6) 
implies that p > 9, so that q < 3.) (In the physical problem usually p < 5, so 
that q > 8.) 

.5W35/I-9 
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In this section we shall assume: 

y(u) is a monotone increasing function of u, 

y(u) = 0 if u < 0, (34 

y(u) is Holder continuous (exponent /3) in any bounded interval in [WI. 

THEOREM 3.1. The solution ui (i = 1,2) satis$es the following properties: 

(i) ui E C2+a(lR3); 

(ii) ui does not depend on 8, that is, q(x) = ui(r, x) if x = (Y, 0, z); 

(iii) ui(r, -7~) = ZQ(Y, x); 

(iv) uiz(y, 0) = 0, uir(O, x) = 0, u&r, 0) = 0 (r > 0, zs > 0); 

(v) u&, x) < 0 if x > 0; 

(vi) u~~~(Y, 0) < 0 ifr > 0. 

Proof. It suffices to prove the theorem for ur . Set u = u, , p = p1 (pr is 
defined in Theorem 1.1). Assertion (i) follows from (1.24) and the Schauder 
estimates. 

Denote by 7, the orthogonal mapping (Y, 0, a) + (r, 0 + q~, x) and set 

Then, by substitutingy + rmy, 

Since j rqx - boy 1 = 1 x - y 1, p(~,y) = p(y), we conclude that (Bp)(-r,x) = 
(BP)(X). Recalling (1.19), assertion (ii) follows. 

The proof of (iii) is similar to the proof of (ii); here we replace 7, by the 
mapping 7: (Y, 0, z) -+ (Y, 0, -z). 

‘From (iii) it follows that u~(Y, 0) = 0, r > 0; hence also urz(r, 0) = 0. 
From (ii) and the fact that u E C 2+a it follows that u, is continuous up to Y = 0 
and u,(O, z) = 0. Thus (iv) is established. 

We next have (see [l, 21) 

f(y, 44 if zt, z > 0. (34 

Indeed, a symmetric rearrangement of p(r, x) with respect to z (see [ll]) does 
not change the integrals 

s 444) dx, s J(r) P(X) dx RS F83 
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but it strictly decreases the convolution 

unless p already coincides a.e. with its symmetric rearrangement p*. Thus 

%f”) G WP) 

and equality holds if and only if p* = p a.e. Since p minimizes the functional Er , 
it follows that indeed p* = p a.e. Since, finally, the minimal density is con- 
tinuous (by [2]), p* = p. This gives (3.8). 

From relation (1.21) and (3.8) we deduce that U, < 0 in the open set 

sz+ = {x; U(X) > 0, z > O}. (3.9) 

Hence also 

u, < 0 in sZ+. (3.10) 

In the open set 

a- = {x; u(x) < 0, x > O} 

y(u) = 0 and, by differentiating (1.24) with respect to z, 

Au, = 0 in Q-. 

Since also U, < 0 on XP (by (3.10) and the fact that UJY, 0) = 0), the maximum 
principle gives: 24, < 0 in J2-. 

We have thus proved that U, < 0 if z 3 0. Hence 

Au, = --y’(u) u, > 0 in x 3 0, 

where the derivatives are taken in the distribution sense. Applying the strong 
maximum principle in the set x > 0 we obtain assertion (v). Applying the 
boundary version of the strong maximum principle we obtain assertion (vi). 

From Theorem 3.1 it follows that the set occupied by mass pi has the form 

Qi = {(Y, z); -z+$(Y) < z < &(Y)> (i = 1,2), 

where I&(Y) 3 0; if y&(y) = 0 on a set 1, then there is no mass in the strip {Y E 1, 
z E BP}. 

The set where &(Y) > 0 consists of a countable number of open disjoint 
intervals & . 
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From Theorem 3.1(v) it readily follows that there are no vertical segments on 
the cross sections of the boundary of the fluid, i.e., &(T) is continuous at the points 
where it vanishes. 

- DEFINITION. The set 

QAdj = {(r, z); r EXij T -#iCr) < z < $i(‘)I (3.11) 

is called a ring with base hij . 
Note that &(r) vanishes at the endpoints of hij except possibly at an endpoint 

which coincides with r = 0. 

THEOREM 3.2. Let Sz, be a ring (for ui) with base h = (a, b). Then #Jr) is 
analytic in a < r < b. 

Proof. By Theorem 3.1, 

%z(Y, h(r)) f 09 

and u E c2+a. Now apply the implicit function theorem to deduce that #i(r) 
belongs to C2+e(a, b). To prove analyticity we use the hodograph mapping (as in 
[13, 141) 

Yl = Xl ? Yz = *2 t y3 = Ui(Y, 4. 

Since uiz # 0 we can solve z = w(y). Set y’ = ( yl , y2) and define 

Then 

* = w(y) ify, 2 0, 

rl(Y’, Y3) = 4Y’, -Y3)* 

* = ‘I, A, = -rlv3 on y3 = 0. 

Further, # and 7 satisfy, for y3 > 0, the nonlinear elliptic system 

where 

W) = ~.I&) - Y(Y3) (r = (Y12 + y22)“2), 

%?) = -~“I&) + Y(-Y3b 

W) = - $jg + f [- (%)i + 5 (%)J 
61 

(3 = $). 

We can now use standard elliptic theory to show that the derivatives 
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exist, are continuous, and are bounded by 

C(p(m - 2)! forall m > 1. 

Thus #, 77 are analytic in y’. Since the free boundary z = I,&(Y) is given by 

the analyticity of &(Y) follows. 

DEFINITION. A point R > 0 is called a point of accumulation of rings (of ui) 
if there exists a sequence of rings QAij, such that Xij, -+ R ifjl - 0, that is, 

dist(R, &,) -+ 0 if j’ --f 0. 

THEOREM 3.3. If 6pJd(R) 2 0 then R is not a point of accumulation of rings 
of Idi. 

Proof. Indeed, suppose R is a point of accumulation of rings for, say, u = ui . 
Then u(r, 0) oscillates an infinite number of times as r tends to R from one side. 
It follows that 

+(K 0) = 0, u,.,.(R) 0) = 0. (3.12) 

Since also y(u(R, 0)) = y(O) = 0, u,,(R, 0) < 0, (1.24) gives 9J(R) < 0, a 
contradiction. 

We shall now discuss briefly the behavior of rings near the r-axis. A more 
definitive description will be given in Theorems 4.2 and 4.4. 

Let 52, be a ring for u (u = ui or u = ua) with X = (a, b). If 

u,@, 0) f 0 (3.13) 

then, by the implicit function theorem, we can represent aQ,, in a neighborhood 
of (b, 0) in the form 

r = 44 (-8 < z < 6; 6 small), (3.14) 

where y E C2+B and v’(O) = 0 (since u,(b, 0) = 0). Clearly u,(b, 0) < 0 so that 
there is no mass in some interval b < Y < b + E,, (Q, > 0). By the proof of 
Theorem 3.2, ye is analytic in z near z = 0. 

Suppose next that 

Then 
u,(h 0) = 0, %,(h 0) f 0. (3.15) 

v = UT& 0) > 0. 



120 CAFFARELLI AND FRIEDMAN 

Setting p = -u&b, 0) (p > 0) we can write 

2u(r, z) = v(r - b)2 - pi2 + O(((r - b)2 + .2)l+w). 

Hence X!,, in a neighborhood of (6,O) is given by 

z = + ; j r - b 1 + O(l r - b ll+y (3.16) 

and there is a ring sZ,* with A’ = (6, b,) adjacent to 52, on the right, whose 
boundary is also given by (3.16). 

Suppose next that 

u,(h 0) = 0, u,,(b, 0) = 0. (3.17) 

Since also &r, 0) = 0, we have 

2u(r, z) = -p.z? + O(((r - 6)2 + .z?y+y. 

Thus Q, is contained in a cusp-like region near (b, 0): 

[ z 1 < c [ r - b p+0/2 (C > 0). (3.18) 

4. FINITE NUMBER OF RINGS FOR ui 

In this section we impose additional restrictions on J and Y(U): 

J(r) is analytic in r, r > 0, 

y(u) < CuQ if 0 < u < 1, where C > 0, q > 1. 

(4.1) 

(4.2) 

THEOREM 4.1. Under the additional conditions (4.1), (4.2), the number of 

rings for u1 is$nite. 

Proof. If the assertion is not true then there is a number R > 0 which is a 
point of accumulation of rings. Setting 

d = d(x) = ((r - R)2 + z2)lj2 if x = (r, 8, z), 

we shall prove by induction that u = u1 satisfies 

the constants fllll , Ca, will be determined in the inductive proof, and d,, , N are 
positive constants independent of m. 
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We proceed to describe the passage from m to m + 1. We have 

A@ - J) = --y(u). 

Using (4.3), we can apply Lemma 3.1 of [q to conclude that 

u- J=Pm+Q,, 

where P,,, is a polynomial of degree @,J + 2 and Qm satisfies 

I Q&>l G CG,JWBm+*, C independent of m. 

(4.4) 

(4.5) 

Here /Im is required to be any positive noninteger such that 

Pm - [;sml 2 CT c > 0 independent of m. (4.6) 

Since u and J depend only on r, z, the same must be true of Pm , i.e., Pm = 
P,(r, .z). Hence, by (4.4), also Qm = Qm(r, x). 

The function 2c(r, 0) oscillates an infinite number of times as Y + R from one 
side. Since also 

u(y, 0) = J(y) + P&, 0) + Qm(y, 01, 

it follows (by (4.5)) that each Taylor coefficient of (Y - R)k (with k < [/3,J + 2) 
must vanish. Hence 

U(Y, 0) = QZm(y, 0) + (’ ;;” J’“‘(a), 

where K = f&,J + 3 and i? lies in the interval with endpoints R, Y. 

The analyticity of J implies that for all K > 1, 

J’V) 
I I 

< Cok 
k! 

if jr-RI <do, 

where C,, is a positive constant. Taking N > C,, we obtain 

U(Y, 0) < CCoJm / Y - R I’,+*. (4.7) 

Recalling that u,(Y, z) < 0 if x > 0 and using (4.2), we obtain 

My, 4) < (~GJL I y - R ?=+*P. (4.8) 

Thus the inductive estimate for m + 1 follows with 
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where 0, E (0, 1) is chosen so that 

Having established (4.3) for all m with CB, , /I,,, satisfying (4.9), we can now apply 
a unique continuation argument used in [6, Lemma 4.11 in order to deduce that 

y(u(r, 4) = 0 if (r - R)2 + z2 < 4 , 

where dI is sufficiently small; this contradicts the assumption that R is a point of 
accumulation of rings. 

THEOREM 4.2. Assume that (4.1), (4.2) hold and let 9, be a ring with base 
(a, b)for u, . Then 852, isgiven in a neighborhood of(b, 0) by 

z = fv(b - Yy@(l + O(( I - b I”)) (6 > Oh (4.10) 

where v is a positive number and k is a positive integer. 

Proof. The proof of Theorem 4.1 (with R = 6) shows that there exists an m 
for which the Taylor expansion of J(Y) - P,(r, 0) about r = b must have a 
nonvanishing first term of order <&I + 2. But then 

u(r, 0) = c(b - Y)” + O(l b - r Ik+y) (4.11) 

for some 0 < y < 1, c # 0, where k is a positive integer. Writing 

u(y, x) = u(r, 0) + ZZ(%Z(T, 0) + O(l z IS)) 
and noting that 

u&, 0) = u,,(b, 0) + O(l y - b Is), 

we obtain the expansion 

where p = -u,,(b, 0) > 0. It follows that c > 0 and the set {u = 0; Y < b} 
in a neighborhood of (b, 0) is given by (4.10). 

Remark. The expansion (4.12) is valid in an entire neighborhood of (6, 0). 
If k is odd then u(r, 0) < 0 if b < r < b + E for some E sufficiently small, so 
that there is no mass in the strip b < r < b + E. If k is even then U(Y, 0) > 0 
if b < Y < b + E, so that (b, 0) lies also on the boundary of another ring Q,, with 
some base A’ = (b, b,). 
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We shall now generalize Theorems 4.1,4.2 to the case of z+ . 

THEOREM 4.3. Assume that (4.2) holds. Then the number of ringsfor u2 isfinite. 

Proof. We proceed as in the proof of Theorem 4.1. Assuming (4.3) (for 
u = ua), we consider 

4 - J2) = --Y(u) 

and deduce (by Lemma 3.1 of [6]) the expansion 

u- Jz =Pm-+-Qm 

with P, , Q,,, as in (4.4). 
Using (4.3) and relation (1.2), we have 

m,(R) - m,(y) = 1” 1 MS, 4) dz ds 
r 

(4.13) 

Writing 

and expanding l/s” in powers of Y - R, we find that 

rs,1+!2 
J2(,(r) = c a,(R - y)j + O((R - Y)',+'). 

j=O 

Substituting this into (4.13) we obtain an expansion 

bm1+2 
U(Y, 0) = 1 cj(R - r)i + O((R - Y)~‘“+~). (4.14) 

j=O 

If all the cj vanish then we obtain estimate (4.8). If this holds for all m, then 
the proof of Theorem 4.1 shows that y(u) = 0 in a neighborhood of (R, 0). But 
then R cannot be a point of accumulation of rings. Thus there must exist an 
expansion of form (4.14) with some cj # 0. This again implies that R is not 
a point of accumulation of rings. 

The above proof shows that expansion (4.14) with some cj # 0 is valid for 
some 12. Thus: 
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THEOREM 4.4. Assume that (4.2) holds. Then the assertion of Theorem 4.2 
is valid for any ring Q, for u2 . 

Remark. Theorems 4.2,4.4 extend to the left endpoint r = a of GA , even in 
case a = 0. 

We conclude this section with an example where the set {p > 0} is not 
topologically a ball. 

EXAMPLE. Suppose 

J(r) = const = J(c0) if Y > 2R, 

0 < J(r) < J(a) - 6 if 0 < r < R, (4.15) 

J(r) - 6 e J(r) G J(a) if R c r <2R, 

where R > 0, 6 > 0. 

THEOREM 4.5. If M is sz@ciently small then the solution p = p1 satisfies 

p(r, 4 = 0 if r<R. (4.16) 

Proof. Suppose 

M, = 
s dd<R 

p(x) dx > 0; 

we shall derive a contradiction. Let R* be such that p = 0 if r > R*. 
Define a new density function p” such that 

p”=p if R<r<R* 

and 

s R*<r<R*+l 

p”dx = M,. 

We can distribute p” in the set R* < r < R* + 1 so that 

Then 

The last term on the right-hand side is bounded by 

K = M0 sup 
s 

P(Y) 

r(d<R ~3 1 x -Y / dy’ 
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Now, 

c P(Y) 
J lx-yl dy G I ,v-s,>lp(y) dy + s,,-.,,I I x”“‘, I dy 

G M + (J,,-,<, , x -y y ,2 dY)yJ- P”(Y) dY)li2. 

Since p(y) < C, we obtain K < CM,M112; here C is constant independent of M. 
It follows that 

El(~) - E,(p) < -SMO + CM0M112 < 0 if M1i2 < SIC. 

This contradicts the minimality of p. 

5. THE INCOMPRESSIBLE CASE: GENERAL PROPERTIES 

We now consider the solution i& of (1.26); zZi is defined by (1.20), where Gi 
is defined in Theorems 1.3, 1.4. We assume that conditions (3.1), (3.2) are 
satisfied. Let R, be a positive number such that Gi C ((7, t): 0 < r < RI - l}. 

THEOREM 5.1. The solution z& (i = 1, 2) satisfies the following properties: 

(i) AJ, ELm(lW3), SO that Zz, E W*P(W) for any p < 00; 

(ii) I& does not depend 012 0, i.e., z&(x) = f,(r, z); 

(iii) zZ((r, -z) = &(r, z); 

(iv) &(r, 0) = 0, z&(0, .z) = 0 (r > 0, z 3 0); 

(v) foranyS,>0,zi~z(r,z)~-CzifO~r,<R,,0~z~6,,where 
c = C(S,) > 0. 

Proof. The proof of (i)-( iv ) is similar to the proof of (i)-(iv) in Theorem 3.1. 
Next, with u = fii, 

in the distribution sense. Hence, by the strong maximum principle (see [18]), 
u, < 0 if x < 0. Since also u,(r, 0) = 0, U, takes its maximum in the set where 
z>Oonz=O. 

Comparing uz: with a suitable barrier-type function which vanishes on z = 0 
wefindthat,forsomeS,>O,u,~-CzifO~r,(R,,O,(z~6,,where 
C is a sufficiently small positive constant. 

From Theorem 5.1 it follows that the set fii , where z& > 0, is given by 
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the function t,& is 3 0. We next define the concept of a ring as in Section 3. 
Note that in the open sets {U > 0}, (U < 0}, u belongs to C2+s. 

THEOREM 5.2. Let 52, be a ring (for ~2~) with base h = (a, b). Then &(Y) is 

analytic in a < Y < b. 

Proof. The proof is similar to the proof of Theorem 3.2. The only difference 

is that now we begin with u in C I+% (for any 0 < 01 < 1) instead of II in C2+a. 

Hence we write for #, 7 a system of elliptic equations in divergence weak form, 

namely, 

where 

C($) = (z_L(r) - Ays)) ~4 7 

C(n) = (g_M) - A-~3)) 713 3 

GM = il [-xii + ( ’ z3”’ )j. 

By the Schauder estimates for such equations (C1+b estimates) we can deduce 

(working with finite differences) that 9, 7 belong to C2+a up to y3 = 0. We can 
now proceed as in the proof of Theorem 3.2. 

The function Z&(Y) is readily seen to be continuous at the points Y = a, Y = 6. 

THEOREM 5.3. If YJi(y) 3 1 for all Y in some ne&hborhood of R, then R is 

not a point of accumulation of rings of tii . 

Proof. Otherwise there is a sequence of points rn --f R such that &(Y, , 0) > 0, 

&r(r, , 0, &r(m I 0) < 0. Since also z&(Y~, 0) < 0, we conclude from (1.25) 

that 9Ji(r,) < 1. Taking n -+ co we get a contradiction. 

6. FINITE NUMBER OF RINGS FOR ii, 

In this section we shall prove the following result. 

THEOREM 6.1. If 9J(R) > 0 f OY some R > 0, then R is not a point of 

accumulation of rings for C1 . 

Denote by B,(Y, , z,,) the disk with center (Y,, , zO) and radius p, and set 

%rll) = %(r, 7 0). 

LEMMA 6.2. For any E,, > 0 there exist positive constants yI , ye , C such that 

for any dish B,(r, , z,,) with p < q, , 

U(Yo , x0) = ydyo ’ ao) j-J 
P2 

u(x, Y) dr dz 
B,b,.zJ 

- ss GAY, z, yo , x0) z.Yu(r, x) dr dx, (6.1) 
B,b,.Z,) 
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whm r,(y,, , zo), GAY, 2, y O , zO) are functions satisfying 

0 < G,,(Y, z, y. , a,) < C log (’ - ‘O)’ : (’ - zo)2 I. 
(6.2) 

Proof. Introduce coordinates 

Y - To z - 20 
5=y, - 7= a 

(0 < a < Y, - eO) 

and set ri(5,~) = U(Y, z). Then 

Denote by c,(.$, 7) the Green’s function for 9 in the unit disk with pole at 
(0,O). Then 

By the construction of e, , 

G(k7) = - & log(!? + 72)1’2 + r&t, 7), (6.4) 

where I’, is bounded (independently of a) and varies continuously with a. We 
also have (for instance, by the maximum principle) 

e, < - 2 < e, (tl > 0, t2 > O), VW 
Cn 

where & , t2 are independent of a. 
We can write (6.3) in the form 

Using (6.5) we find that 
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where 

Cl < Q?&, x) d c2 (Cl > 0, c2 > 0). (6.7) 

Integrating both sides of (6.6) with respect to a, 0 < a < p, and using (6.7) and 
(6.4), the assertion of the lemma follows. 

We set 

and denote by Q;2, a ring for z2, with base h, that is, if h = (a, b), 

Q, = {(Y, 2); -#(r) < z < $(r), u < r < b} 

and #(r) > 0 if a < r < b, #(a) = I&) = 0. The number 

is called the height of Q, . We denote by 1 X j the length of X and by / Q,, 1 the 
area of Q, . 

We shall denote by C, c generic positive constants independent of h. 

LEMMA 6.3. For any ring Q, 

Proof. Suppose h, = I+%(F), FE h. Then 

-u(F, 0) = up, h,) - u(f, 0) = JohA u,(f, z) dx 

s 

hA 
< -c 

C 
z dz = - - h,2 

0 2 

since u, < -Ccz. Thus 

On h we have 

hA2 < $ u(f,O). 

smce u,, < 0. Also ~(a, 0) = u(b, 0) = 0. The function 

(6.8) 

(6.9) 

(6.10) 

w(r) = - f (r - a)2 + ; (b - 42 
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satisfies 

< -c if a < r < b, 

and w(b) = 0, w(a) > 0. Comparing it with U(Y, 0), r E X, we conclude that 
ru(r) > u(r, 0); in particular, 

u(f, 0) < w(f, 0) < i (b - a)” = g 1 h 12. 

Substituting this into (6.10), we obtain inequality (6.8). Assertion (6.9) follows 
immediately from (6.8). 

LEMMA 6.4. For any ring 52, , 

(6.11) 

Proof. Indeed, if Y E h, 

-u(r, 0) = /““’ 
de) 

u,(r, z) dz < -C 
I 

z dz. 
0 0 

and #(r) S C I h I, by (6.8). 
In Lemmas 6.3, 6.4 we have not made use of the condition Zj(R) > 0. 

In the next lemma we shall use this condition. 

LEMMA 6.5. Suppose 2 J(R) 3 0 and let Sz, be a ring with dist(R, X) < 6. 
If 8 is suficiently small then 

I-Q*1 >clh12 (c > 0). (6.12) 

Proof. We suppose that 

I QA I -=I 6 I h r-9 (6.13) 

where E is sufficiently small, and proceed to derive a contradiction. Let y. be the 
midpoint of h and let 

s, = Y E A; y+(Y) > 8 3 
I 

Ihl 

I 

s, = h\S, . 
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Then 

I&l 1;’ - d h VW) dr -=c 6 I h 12, s 

where 1 Si 1 denotes the measure of Si , i.e., 

I&l <8~Ihl. 

If r E Sa then #(r) < 1 h I/S and, therefore, 

(6.14) 

Since 1 S2 1 > 1 h 1 (1 - 8c), if E is sufficiently small then we conclude that 

ss u- < -c / h ‘4 
B,,(Q) 

(6.16) 

On the other hand, by (6.11), (6.13) we have 

II B (r ) u+ < cc I x 14* 
0 0 

Applying Lemma 6.2 with z,, = 0 and using (6.16), (6.17), we obtain 

(6.17) 

u(T,, 30) -=c --c I h I2 - lj-D Gppu (c > o>, 

where B, = B,(r,,), provided E is sufficiently small. Since u(Y,,., 0) > 0, it 
follows that 

Sf 
G,Yu < -c ’ A 12. (6.18) 

BO 
Now 

9u=-l+ZJ>-CinB,nQ,,, 

= 2 J > -7 in B,\S, , 

where 7 + 0 if 6 -+ 0. Using (6.2) we conclude that 
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J1 is increased if we replace B, n 52, by a disk B’ with center (y. , 0) and radius 
p’ = c 1 h 1 .A2 having the same area as B, n Q, . Introducing in this disk polar 
coordinates (R’, 13) where 

Y - y. = R’ cos 8, z = R’ sin 0 

and then substituting t = R’/l h I, we find that 

t 1 log t 1 dt < C 1 /\ I2 c1j4. 

Similarly we find that 

Jz G C I X 1%. 

Hence 

IS 
GPP’u 3 -C(A4 + 7) / h 12, 

B!J 
(6.19) 

thus contradicting (6.18) if 6 and E are sufficiently small. 
Set 

and suppose: 

R > 0; R is a point of accumulation of rings. (6.20) 

For definiteness we assume that a sequence of rings which accumulate at R 
lies to the right of the line Y = R. 

LEMMA 6.6. Assume that ,EpJ(R) > 0 and that (6.20) holds. Then the density 
of 52 n (Y > R} at (R, 0) cannot be equal to zero, that is, 

#(Y) dr > 0. 

Proof. Suppose (6.21) is not true, that is, 

s Rfr, 

#(y) dy = 4~“) as p&O. R 

We shall derive a contradiction. 
Choose p small, and such that 

(6.21) 

u(R + P, 0) < 0 (6.23) 
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and consider the sets 

for any small E,, > 0. Then the measure 1 S, / of S, satisfies 

(6.24) 

For any Y E S, , #(r) < cop and consequently (since u, < -Cx) 

U(Y, Tz) < -cpz if cIp < z < c,p, 

where c r , ca are any positive numbers; co is taken so that e. < cJ2. Since, 

by (6.24), 

I s2 I 2 P - O(P) (P - 013 

we deduce that, for some c > 0, 

ss 
u- < -cp4 forang YE R+$,R+T). 

( 
2P 

BD,&) 
(6.25) 

Condition (6.23) implies that if R < Y < R + p and (r, 0) E 9, then h C 
(R, R + p). Hence, by Lemma 6.4, 

U(Y, 0) < Cf2 if R<r<R+p. 

Using also (6.22) we obtain 

ss s 

R+o 
u+ < cp2 #(Y) dv = O(p4). 

4/s (9.) 
R (6.26) 

Next, arguing as in the proof of Lemma 6.5 (cf. the proof of (6.19)) we obtain 
the estimate 

4s %/a(r) 
G,,,zu < 4~“). 

Using Lemma 6.2 and (6.25)-(6.27) we conclude that 

(6.27) 

U(T, 0) < 0 2P if R+$<v<R+. (6.28) 
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Now, the function U(Y, 0) cannot be negative for all R < Y < R + p/3. 
Hence there exists a number rl such that 

R <: y1 < R + 5 , U(Y~ , 0) = 0, U(Y, 0) < 0 if rl < r < R + 5. 

Set pr := rl - R and apply result (6.28) with p replaced by 2p, (noting that 
u(R + 2p, , 0) < 0). It follows that u(Y~, 0) < 0, a contradiction. Thus 
assumption (6.22) is false, and the proof of the lemma is complete. 

LEMMA 6.7. Assume that S](R) 3 0 and (6.20) holds. Then there exist a 
sequence of rings Q,,” with base h, = (R + a, , R + b,) and a positive constant c 
such that a, 4 0 if n t 00 and 

Proof. Otherwise, for any E > 0 and for any ring Q, with h = (R + a, 
R + b), b < 6 (6 = a(~)) we have 

By Lemma 6.3, 

and thus 

(r E 4 

This contradicts assertion (6.21) of Lemma 6.6. 

LEMMA 6.8. Let the assumptions of Lemma 6.7 hold. Set pn = 1 &, //4 and 
denote by Y, the midpoint of An . Then 

u > -C 1 An I2 in BJY~). (6.29) 

Proof. Clearly, for r’, Y near R, 

qu + C(Y’ - Y)2) 2 0 (as a function of r) 

if C is large. Hence, by Lemma 6.2 (recalling that G, >, 0), 
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where c r , cs are positive constants. We now suppose that 

u(f, z) < -2A j A, 13, where ((P - ~,)a + ,9)1/a < Pn , (6.31) 

and derive a contradiction if A is sufficiently large. 
By (6.30) 

Cl 
-II Pn 

2 B (p I) u < -A 1 h, I2 if A is large. 
On ' 

Also, again by (6.30), 

0 G u(r, , 0) < L jj 
(2PnY 

u + C(2P?J2. 
Bzp,k,.O) 

(6.32) 

(6.33) 

Using the estimate u < C / h, I2 in B2,,(rn , 0) and (6.32), we obtain 

if A is sufficiently large. Substituting this into (6.33), we conclude that 0 < 
U(Y, , 0) < 0, a contradiction. 

LEMMA 6.9. If 9J(R) > 0 then (6.20) cannot hold. 

Proof. We suppose that (6.20) is satisfied and derive a contradiction. From 
Lemmas 6.4, 6.8 we obtain 

1111 GCl4t 2 in &Jr,) (pn = I A, l/4). (6.34) 

For any &pPn -c t -=c pn , set 

Bt = WA, M, = ((r, z); t2 < (r - rn)2 + z2 < So} 

for some small So (so that Y > const > 0 if (r, .z) E Mt). 
Denote by P(r, .z) the fundamental solution of the adjoint 9* of 9 with 

pole at (r, , 0). Then 

W-, 4 = $log cp2 ;,211,2 + N” (P = I y - rTi I)? 

where Nn is a bounded function, and DUN” is bounded by 

0 Da 1% (p2 +1,2)1,2 (I ( )I) . 
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By standard potential theory, since 2 J is Holder continuous, 

(6.35) 

where C is independent of n, t. Note also that 

Li?*r,n, = (9*rn)zz = 0. 

Integrating Green’s identity 

2% - r,“, - ~z*r;~ = t (g r,“, - u $ rg + 5 r;,) 

over Mt , we obtain 

- 
ss 

5s - r:* = I [ $ I’,“, - u f I’Fz + ; r;z COS(Y, v)] + O(l), (6.36) 
Mt aBt 

where Y is the outward normal to aB, . 
We shall now integrate with respect to t, $pPn < t < pn . First 

(6.37) 

Since 

and since, by (6.34), u = O(t2) on aB, , we find that the right-hand side of 
(6.37) is bounded by Cp, . Since also 

we obtain from (6.36) 

9u . r,“, is bounded. 

Recalling (6.35), we conclude that 

(6.38) 
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Since 

we find that 

s R+&, 
Ye) 

R+antl cr - yn)2 f #2(r> dy ’ ’ 

for any n; hence 

s R+6, 
e-) 

R (Y - R)2 + p(Y)dy < O”* 
(6.39) 

We proceed to derive a contradiction. Let 

where A is sufficiently large. Then 

I S:, I A I 4 I < s,, 4(r) dr = I a,, I < c I ha I2 

by Lemma 6.3. Hence 

I S& I G 5 I ha I. 

Let 

(6.40) 

I Si / = meas S; , 

where c,, is positive and sufficiently small. By Lemmas 6.5 and 6.3, 

c I 4 I2 < 1 4(r) dr G I s:: I C I hz I + e,, I A, 12. 
A” 

Consequently, if co is sufficiently small, 

IXI >ClU? c > 0. (6.41) 

From (6.40), (6.41) it follows that the inequality 

co I hz I d 4(y) < A I An I 

holds on a subset S, of A, with measure I S, I > 0 1 A, j, 0 > 0. We also have, 
by Lemma 6.7: 

ifrES,thenr-R<CIX,I. 
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On the set S, , 

9(r) - (y - Rj2 + 4”(r) 2 I h”, I (c > 0). 

Since meas S, > 19 1 A, 1, it follows that the integral in (6.39) diverges to 00; a 
contradiction. 

Lemma 6.9 establishes Theorem 6.1 in case R > 0. It remains to prove the 
corresponding result for R = 0. Thus we suppose that 

R = 0 is a point of accumulation of rings, (6.42) 

and proceed to derive a contradiction. 
We shall need the analog of Lemma 6.2 for the Laplace operator in R3 (see [5]), 

u(O) = -&-J /JJBR u - s,JBRAu * GR (for any R > 0), (6.43) 

where B, is the ball r2 + z2 < R2, 

GR+-(f-$)+(R2-p2) (for some y > 0) 

2 and p = (r2 + x ) i/2. Take a point R such that u(R, 0) < 0. Then, by Lemmas 

6.3, 6.4, 

#(y) < CR if 0 < r < R, (6.44) 

U(T, z) < CR2 if 0 < r < R. (6.45) 

We claim that there exist positive constants c, , t9 independent of R such that 

the set of r E (0, R) for which #(r) > c,,R has measure >, 9R. (6-W 

Indeed, otherwise we can use (6/M), (6.45) and the inequality u, < -Cz to 
deduce that 

1 
IBRI su BRu d -cR2; 

also, if Yp_T(O) 2 0 and if (6.46) is not true, 

- Au . GR < eR2 

with E ---f 0 if R + 0. Using these inequalities in (6.43), we obtain u(O) < 0, 
which contradicts (6.42). 
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With (6/M)-(6.46) at hand, we can use the argument of singular integrals 
with r,, , where 

r= (Y” +lay 

is the fundamental solution of the Laplace operator in R3. We now integrate 
Green’s identity for u, r,, in a shell t < p < R and then further integrate with 
respect to t, 

R’/2 < t < R’, 

where R’ is chosen so that u(R’, 0) < 0. Using the inequality 

on the inner boundary of the shell and proceeding as in the proof of Lemma 6.9, 
we arrive at the conclusion (after choosing R’ 4 0) that 

IRE R 
s 

*(y)y 
o cy2 + +2(y))3/2 dy G iTa (6.47) 

Now, assumption (6.42) implies that there exists a sequence of R, such that 
R, J 0 and u(Rn , 0) < 0. Since (6.44)-(6.46) hold for all R, (with the same C, 
co , 8), we have 

‘RR, = I” ty2 ++!/;y,,3,2 =c>o. 

This, however, is impossible, since (6.47) implies that IR + 0 if R -+ 0. 
The function Zj(r) cannot be nonnegative for all T > 0 since J(m) must be 

finite. However, if one is looking for a local minimum of $(p), the condition 
J(co) < co is not a necessary condition for existence; then the condition 
S?J((r) > 0 for all Y > 0 may be satisfied. An important special case is that where 
the angular velocity S(Y) is a small positive constant W. In this case J(Y) = r242 
and Y J(Y) = 3w > 0. 

THEOREM 6.10. ‘Ifp2(r, z) is a Zocul minimum for E2(p) and p2(r, 2) is monotone 
decreasing in z, and if Z’J(r) > 0 for all Y > 0, then the number of rings is$nite. 

Indeed, the proof is the same as for Theorem 6.1. 
Poincare [23; pp. 17-251 has constructed for the case O(Y) = w examples of a 

local minimum with any given finite number of rings. His proof is somewhat 
formal. 

Remark. Theorem 6.1 extends also to p2 , i.e., if one a priori knows that 
9/z(R) > 0 then R is not a point of accumulation of rings. Unfortunatly, 
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one cannot give a simple sufficient condition which ensures that YJ,(R) > 0 
for a given R (unless one already has some information on 172). If r,, = inf(s; 
jjs(s) # 0}, then one can easily compute that ZipJa(r,) = 0. Thus, the inner core 
(i.e., r == rO) is never a point of accumulation of rings. 

7. INCOMPRESSIBLE FLUID WITH GIVEN POSITIVE VORTICITY 

The methods of this paper apply to more general equations 

Au + Y(% r) = f(r), 

where A is an elliptic operator in R3 and y(u, z) is monotone increasing in II, 
with possible discontinuity at u = 0. An important example arises in the case of 
incompressible axisymmetric fluid without gravity, when the vorticity curl q 
(q the velocity) has positive magnitude in the fluid and vanishes outside the fluid. 

Existence theorems have been established by Fraenkel and Berger [lo], and 
construction of specific solutions was carried out by Hill [12], Fraenkel [8, 91, 
and Norbury [20, 211. 

As shown by Fraenkel and Berger [lo], one formulation of the minimization 
problem leads to the equation 

924 + hYZf(U) = 0, (7.1) 

where u = U(T, z), h > 0, 

f(t) = 0 if t < 0, 

f’(t) z 0 if t>O, 

and f (t) may be discontinuous at t = 0. In the liquid u > 0, and outside the 
liquid u < 0. The function U(Y, z) satisfies 

u,(Y, z) < 0 if z > 0, U(Y, -z) = U(Y, x). 

In this problem rings are usually called vortex rings. It is proved in [lo] that if 
f(t) is Lipschitz continuous at t = 0 then the number of vortex rings is finite. 
We shall now eliminate this assumption on f: 

THEOREM 7.1. The number of vortex rings is finite. 

Proof. If f (t) is continuous at t = 0 then the proof is the same as in Theorem 
3.3. If f (t) is discontinuous at t = 0 then the proof of Theorem 3.3 shows that 
A = 0 is not a point of accumulation of vortex rings (since r2f ---f 0 if Y + 0). 
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Finally, iff(t) is discontinuous then the proof of Theorem 6.1 shows that Ii > 0 
is not a point of accumulation of vortex rings. 

8. THE REGULARITY OF THE BOUNDARY NEAR z = 0 

We return to the setting of Sections 5 and 6, and discuss the regularity of the 
boundary of a ring Q,, (h = (a, b)) in th e incompressible case, near a = 0. 

Consider such a ring for zii and suppose (b, 0) is not a boundary point of 
another ring. Then, for a disk B,(b) with center (6,O) and radius p sufficiently 
small we have 

2”zl = 9;“J in B,(b)\Qn, , 

u1 < 0 in B,(b)\QA , 

and u1 = 0 in X2, . Assume that 

9”J > 0 in B,(b)\Q2, . (8.1) 

Then the maximum principle gives 

%,(b, 0) # 0. 

Hence, by the implicit function theorem, 22, can be represented in a neighbor- 
hood of (b, 0) in the form 

r =q~(z),p,EC~*~foranycr < 1. (8.2) 

The same considerations cannot be applied to a ring 52, for 6s , since 

as seen immediately from (3.3). 
Consider next the situation of two rings Sz,, and QAO with a common boundary 

point (R, 0), i.e., X = (a,, , R) and X, = (R, b,), w h ere a,, < R < b, . We shall 
show that 

aJ2, and aQAO cannot both be smooth (say C2fa) in a 

neighborhood of (R, 0). (8.3) 

Proof. Any small disk BTO(R) with center (R, 0) and radius Y,, is divided by 
22, , aQ,0 into four regions Gj (1 < j < 4). In Gi , 

L?rii = fij , fij smooth, 
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and z& =- 0 on the two arcs of aGj which meet at (R, 0). Since z& E Cl-B for any 
0 < p <: 1, the angle formed by these two arcs must be < 77/Z. This is true for 
each Gj; therefore each of these angles must actually be equal to 57/2. But then 
z& is in 01 in each Gj , and hence also in C1*l(B,O(R)). Set u = 22, . 

Suppose for simplicity that aQAO forms an angle 7r’/4 with the positive r-axis. 
Let I’ denote the fundamental solution of with singularity at (R, 0). We apply 
Green’s formula in BVO(R)\B,(R) with the functions u and r,, . Noting that 
u = 0, Vu = 0 at (R, 0) we have that 

U(Y, z) = O((Y - R)Z + 2). 

Hence, taking E + 0 we deduce (cf. proof of Lemma 6.9) that 

5?u . F,, is bounded for 0 < p < :, 03.4) 

where G,(R) = BVO(R)\B,(R). 
Note next that 

rz&, 4 = 
(Y - R)2 - 22 

((y _ R)2 + $)2 (1 + O(l)) 

and that the right-hand side is positive if 1 z / < [ Y - R 1 and negative if 1 z 1 > 
jr-Rj.Also,u=-l+f(f=gJi) in “approximately” the region where 
1 z 1 < 1 Y - R /, and u = f in “approximately” the region where I z I > 
( Y - R I. Putting these facts together, one easily derives a contradiction to (8.4). 
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