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1. INTRODUCTION

In 1967 Guittet [1] solved Laplace’s equation numerically by using
generalized (extrapolated) alternating direction implicit (ADI) methods. The
problem was completely solved in the p-dimensional supercube R where a
uniform mesh of the same size % in each coordinate direction was imposed
on R, and Laplace’s equation was approximated by o2p 4 1-point difference
formula. Moreover, explicit forms of the optimum values of the different
parameters involved were given in the cases p = 2, 3, and 4.

In this paper we generalize the basic idea by Guittet in the 2-dimensional
case by considering (i) that the region under consideration R is a rectangle,
instead of being a square, where the mesh sizes in the two coordinate direc-
tions are different in general, and (ii) that two different types of difference
formulas are used to approximate Laplace’s equation. It is effectively shown
that the optimum results which are obtained in the general case considered
here are quite different from those obtained by Guittet.

2. OpriMuM ExTRAPOLATED ADI SCHEMES

We start with Laplace’s equation (1), which is considered over the rectangle

Pu Pu

R={xy0<xs<1;,0<y <L}, 5 >

=0, (1)

where u = u(x, y) is prescribed on the boundary dR of R and impose a
uniform mesh of mesh sizes k, and 4, in the x- and y-directions, respectively,
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on R U JR. Thus, the number of mesh subdivisions in each coordinate
direction is defined by

Lo 31i21,2

At each mesh point
GHIT<i<N,—1, 1<j<N,—1,
Laplace’s equation is approximated by the following difference formula
(8 + o8} + 6(1 + o) 883 u,; =0, @

where 8, and 8, are the central difference operators in the x- and y-directions,
respectively, ¢ is the ratio A2/h, u; is the approximate solution of (1) at
the node (z, j) and @ takes the values 0 and 1/12. § = 0 gives the well-known
5-point difference formula, while § = 1/12 gives the more accurate 9-point
formula. Difference equation (2) yields the following extrapolated ADI
scheme.

(1 — r82) wf* = [(1 — 782) + wr(3% + 087 + 6(1 + o) 3383)] ui}”,
(1 — ro8f) uy™ = uf*d — rosiul}”, 3)

where 7 is a positive acceleration parameter, w the extrapolation parameter,
u{]" the mth iteration approximation to u,; ()’ arbitrary), and #{{™**V'® can
be regarded as an intermediate approximation to #{/"*". Eliminating #{l™+V/®
from (3), the following iterative scheme is produced.

(1 — r82) (1 — rod2) uim?
= [(1 — r83) (1 — 7083) + wr(8} + 08} + 6(1 + o) 82BY] 4,  (4)

where, as can readily be seen, its amplification factor is given by

plr, ) = 1 — of, (5)
with
r(a; + ea, — (1 + o) aya,)
f f(f a4, az) - (1 _'_ ral) (1 + roa2)
and
a; = 4 sin? K,=1,2,.,N,—1, and 71=1,2.

2N ’
Starting with the relationships

0 < (1 + o) aya, = aya, + caya, < 4a, + 4doa, = 4(a, + oa,),
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which are always valid, we can easily obtain that

K¢ <f<é, (6)

where
r(ay -+ oay)

¢ =¢(r,a; , a,) = (1 £ ra) (1 + r0ay)

™

and K =1 or 2/3 corresponding to § =0 and 1/12. Then let f,, and f3; denote
the minimum and the maximum values of the function f defined previously
in terms of » when &, and a, vary so that

il < a; < 4 cos?

4 sin? N, S

aao .
3N, |7 =1,2.

It is known (see [1, 2, and 3]) that optimum results, indicated from now on
with a subscript opt, are obtained for that r = 7oy for which the ratio f,,,/fa
or equivalently because of (6) the ratio ¢,,/é), is a maximum where ¢,, and
& have obvious meanings. ‘Therefore, if 7op¢ can be determined, optimum
values for the other parameters involved can be obtained by means of the
relationships

2 ¢M0pt - K¢mopt
== T, _ e, 8
@ort ¢'Mopt + Kd’mopt Povt ¢M0pt + K¢m0pt ( )

where ¢.uopt » Paopt » Wopt » and popt stand for the optimum values of ¢, ,
r > w, and p(r, w), respectively, and K == 1 or 2/3 depending on whether
a S-point or a 9-point difference formula is used. By putting

. o 4 kig

pq = 4 sin? < a=a < 4cos® =7,

1 2N1 ~= 1= 2N1 1 (9)
. ™ m

ps == 4o sin® 5N, = b == ga, < 4o cos? IN, =0,,

we can define a new function i as follows

= ‘l’(r’ a,b) = 4’(7’ ay , a), (10)

and therefore, the problem of determining rgps reduces to that of finding the
extreme values (= ¢,,) and (= ¢,,) of the function ¢ in terms of  and
then maximizing the ratio ¥(r) = /i, with respect to r. By forming the
expressions for &f/da and &if/db it can be readily seen that neither of them
changes sign as a varies in [y, , v;] and b varies in [y, , 9,], respectively. This
simply means that the extreme values of ¢ take place at

(a, b) € {(1y , 1a), (15 ), (v ta)s (15 va)}-
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Therefore, if we consider the expressions

4 — rlp + ) B — (ks + 23)

(I +7m) (1 +-7p5) 7 (1 +ru) (1 +rvy)°
C = r(vy + ) D= (v + v,)

(I +ro) (1 +7py) (I 4ro) (1 +roy)’

(11)

and

then for a fixed r we shall have that
Yy, = min(4, B, C, D) and ¥y = max(4, B, C, D). (12)

Using (11) and the function sign (x) which is defined as follows

=+4+1 if x>0
sign(¥) ={= 0 if «x=0
=-—1 if x<0

it can easily be obtained that

sign(4 — B) = sign{ry; — 1),
sign(4 — C) = sign(rp, — 1),

(13)
sign(B — D) = sign(rv, — 1),

sign(C — D) = sign(ro, — 1).

The order of A, B, C, and D, which will allow us to determine i,, and ¢,
through (12), mainly depends on the order of 7, 1/u, , 1/o;, 1/p,, and 1/v, .
We then distinguish the following three basic cases which will be examined
separately.

Case 1. py <py<vy,<wvp,
Case II.  py <py <9 <0,,

Case III, py <oy <py <9,

Here it should be pointed out that besides the three basic cases just
mentioned there exist three more cases which can be obtained by inter-
changing the indices 1 and 2 in the relationships above. The additional cases,
however, can be treated in exactly the same way, so in the subsequent analysis
we are not dealing with them at all. Moreover, it should be stressed that each
of the above basic cases can be generalized in such a way that some strict
inequalities can be replaced by nonstrict ones (e.g. a generalization of Case I
may well be p; < pp, < 2, < 7y). To avoid unnecessary complications, we
do not consider generalized cases in this sense. We simply note that such a
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generalized case can be regarded as a limiting case of one of the basic cases
considered and therefore the corresponding results can be obtained as the
limits of the results of the basic case.

In each basic case, the analysis follows the same general pattern. First, the
whole interval (0, oo) is split into five subintervals which are defined by
using the order of p; , ¥, , p,, and v, . Then by using (13), #,, and i, are
determined for 7 taking values in each of the five subintervals. Second, the
ratio ¥ = W(r) = ¢, /by is formed, the function sign d¥/[or is studied in
each of the subintervals and a table indicating the increasing or decreasing
character of ¥ in specified subintervals is constructed. Third, by studying
the behavior of the function ¥ in the whole interval (0, o0), ropt can be
determined.

Case 1. py, < py <<, <9

The interval (0, c0) is split into the following subintervals: (0, 1/z],
[y, oy, Yoy, usl, [1/ps , /4], and [1/u, , 00). Five subcases are then
considered.

Subcase I,. 0 <7 < 1jv;. Using (13), it can be found that
A < min(B, C) < max(B, C) < D.

Therefore, ¢, = A4 and 4, = D so that ¥ = A/D. This gives that 6¥/dr > 0
which implies that ¥ is increasing in (0, 1/o,].

Subcase Ip. 1/v; <r < 1/v,. This time we have 4 <B <D <C.
Therefore, ¢, = A4, ¥y, = C, and ¥ = A/C. Again 8¥/or > 0, implying
that ¥ is increasing in [1/v; , 1/9,].

Subcase 1o. /v, <r << 1/puy. It is readily obtained from (13) that
A, D < B, C. Therefore, to decide which one of 4 and D is the smallest,
as well as which one of B and C is the fargest, we form and study the following
two functions.

sign(4 — D)
= sign{[(v; — p1) pavy + (v2 — po) 03] 2 — [(01 — pq) + (V3 — pa)l}s
. (14)
sign(B — C)

= sign{[(vy — pa) pavs — (v — pa) 1] 72 — [(vy — 1) — (02 — )]}
(15)
Because of the inequalities

(o1 — p) a2 + (Vg — o) vy >0 and (v~ ) + (¥ — pg) >0
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which are valid in this present case, the quadratic on the r.h.s. of (14) has
two real roots r; and 7, satisfying r; << 0 <7, . It can be verified thatr, =7,
where

(0 — ) + (¥ — p) 1 ‘

Tap = 16

40 ((7’1 — ) ¥z + (D — po) 1-‘1‘”1) (16)

belongs to the interval [1/v, , 1/u,). Therefore, by using (14), it can be found

that for r € [1/v,, r4p], A < D, implying that ¢, = 4, while for

re€r p, 1/ps], D << 4 implying that ,, = D. Now using the relationship
Uity > Uy Which holds in this case, we obtain

U~ El(> #1‘”1),

> ———
Vg — Mo Vg Ho¥s

which in turn gives that (v; — py) pe¥; — (Vs — pg) 40y > 0. On the other
hand we have that (v; — p;) — (v, — py) > 0. Therefore, the quadratic on
the r.h.s. of (15) has two real roots 7, and 7, such that r; <0 <7, . If we
put 7, = 5o where

(02 — ) — (T — o) 172
Tge = 17
Be ((‘01 — p1) pa¥s — (V2 — po) l‘l‘vl) ()
it can be verified that rgzce{lfv,, 1/u,]- Therefore, for re[l/v,,7pq]
B < C giving that ), = C, while for re[rg., 1/p,] C < B giving that
lzl’M = B.
It can be proved that

sign(ryp — 75c) = sign(pty — poy)-

Therefore, two cases must be distinguished according to whether p,v;, < py?,
or not.

Subcase I . pvy < pgvy. The interval [1/v,, 1/p] is split into the
subintervals [1/o, 73cl, [7ac > 74p)s 2nd [r4p, 1/pg]- In each subinterval ¢,
and i, can readily be determined from the analysis above, and the corre-
sponding results are obtained straightforward (see Table I).

Subcase I . ps®y < ptyvy. This time the three subintervals are
Y9, s 7.4p)s 1740 » T8c]s and [rac, 1/15], and the analysis is exactly the same
as in the previous subcase I . The corresponding results are given in Table I.

Subcase 1q. 1juy < r < lju;. It can be seen from (13) that
D < C < 4 < B. Therefore, ,, = D, 4, = B, which give that d¥/dr < 0.
Thus, ¥ is decreasing in [1/ps, 1/pm]-
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TABLE 1

Case I: gy < py < 0y, < vy

Subcase r U Y s 4L ¥
Ta 0<r<ln A D >0 increasing

Ib 1/111 <r< 1/"_)2 ’» C 3] »

1/7)2 < r < rBC 3 3 ER) thd

Le @ pvy < v, 7pc < 7 < Tap® ” B ” ”

1 s .
rap < v < 1ps D ’ <0 decreasing
Ic

v, < v <r7rap A C >0 increasing
Ie, : p1vy > pavy r4p < ¥ < 15¢ D » <0 decreasing

i rpe <1 < 1py ? B ” ”

1a 1/”’2 <r< 1/#1 » ) » »

Ie Hp <7 < o » A ” >

® rpe is given by (17).
b r4p is given by (16).

Subcase Io. 1/u, <{r << 00. This time we have that
D < min(B, C) < max(B, C) < 4,

which imply that ¢, = D and ), = A, and from these we can find out that
¥ is decreasing in [1/y, , ).

Having studied the five basic subcases, we have constructed Table I
which gives a summary of the results obtained so far.

Case II M1 < Ho < U < Uy

By splitting the interval (0, c0) into subintervals (0, 1/v,], [1/2v,, 1/2y],
(1foy, Vol [1/pe, 1/m], and [1/p,, ), five subcases are distinguished.
The four subcases II, , ITy, IIq, and II., which arise when r takes values
from the first two and the last two subintervals defined above, are easily
studied as in the previous Case I; the results obtained are given in Table II.
The analysis in subcase I, , however, is different from the corresponding
one made in subcase I, mainly because the inequalities wyp, > vou, and
o) — Wy > U, — , used there do not always hold. Therefore, in what follows
only subcase II, is studied.
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TABLE II

Casell: py < py < vy < v,

Subcase r by bur o¥fer ¥
11, 0<r <1, A D >0 increasing
II, 1o, < r < 1o, ” B » ”

1/7)1 < r < rADa E1] ’ ’» i
IIc

rap < r < 1fpy D ” <0 decreasing
1l 1/"2 <r < 1/"'1 2 » ” ”»
IIe Wy <r < ” 4 ” ”

% rqp is given by (16).

Subcase 1. 1/vy <7 << 1/p,. It can readily be obtained, from (13),
that A, D << B, C. To find out which one of 4 and D is the smallest, we
consider again the function sign(4 — D) given by (14). The results obtained
are the same as in subcase I , the only exception being that the lower bound
1/v, considered there is replaced by 1/v, . To find the largest of B and C, the
function sign(B — C) given by (15) is formed. We put

gry=or+j (18)
where
@ = (v — fin) po¥y — (Vp — po) 1% »
and
J=—[vr — ) — (©2 — )] (19)

and distinguish three subcases.

Subcase Ilc . [(0y — p)/(v2 — po)] 2 1 > pyn/pev, . In this case « >0
and j < 0, which implies that g(r) has two real roots r, and r, such that
r; < 0 <r,. It can easily be found out that

sign (g(O) g (—vl:-)) = sign(j(v, — 7)) = —1 or O.

Therefore, 0 < 7, << 1/v, . This implies that sign(g(r)) = sign(e} = +1 for
all 7 € [1/v, , 1/u,] and by virtue of (15), (18), and (19) we obtain that B > C.
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Subcase 11 . 1> [(v, — m)/(v2 — )] = pa®1/pev, . This time we have
that « > 0 and j > 0, implying that g(r) >0 for all re[1fo,, 1/u,] and
therefore B > C.

Subcase 11e . 1 > pyvy/psy > [(v) — py)/(wy ~ pp)].  We have now that
a << 0 andj > 0, so the two roots r, and 7, of g(r) are such thatr; <0 <7,.
Because of

. 1 .
sign (¢ () * #(00)) = sign(epa — ) = ~1,
we obtain that 1/u, < r,, and consequently
sign(B — C) = sign(g(r)) = —sign(a) = +1

for all r € [1/v,, 1/n,] implying that B > C. As has been seen in all three
subcases examined above, we always have B > C, namely ¢, = B. Forming
now the expression 0¥/dr for re[lfv,,7,,] and re{r p, 1/p,), we can
easily find out how the function ¥ behaves. The corresponding results are
given in Table II. Table II has been constructed in the same way as Table I
and gives a summary of the results which hold in this present Case II.

Case 111, py < v, <pp <,

The five subintervals into which the interval (0, co) is split are: (0, 1/v),
[Yvy, Vel [Hue, Yo, [1/og, 1/p], and [1/py , ©). Subcases 111, , 111y,
Il , and Ill,, arising when 7 lies in the first two and the last two sub-
intervals above, are easily studied as before. The corresponding results are
presented in Table III. Subcase III; , however, presents a certain amount of
difficulty, and this is therefore the case which is studied in detail in what
follows.

Subcase 111, 1/u, <r < 1jv,. In view of (13) we obtain that

C < min(4, D) << max(4, D} < B.

These inequalities imply that ¢, = C, ), = B and so ¥ = C/B. Therefore,

sign () = signe(r)}, (20)
where

glry = ar? 4+ 28r + §, 20

and

a = (Vy ~— o) ¥ — (v, — 1y) povs, B = w0y — povy,
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and
J=(va — pa) — (v — ma). (22)

If we observe that

sign(#(1/py) — ¥(1/2y)) = —sign(P), (23)

then the subsequent analysis can be simplified by distinguishing three basic
cases.

Subcase 11l . B =0. B =0 implies that p,v, = pyvy, which in turn
gives that p,,/p0; > (95 — pg)/(vy — py) = pafpy > 1. Because of these
relationships and in view of (22), we have that o << 0 and j > 0. Hence, the
two roots 7, and 7, of g(r) are such that r, << 0 < r,. By virtue of
P(1/py) = ¥(1/v,), which comes from (23), it can be proved that

1 1
-‘—<72<——.
Mo 21

Therefore 6¥/or > 0 for r € [1/p, , 7,] and ¥ is increasing in [1/u, , 75],
while for r € [r, , 1/0,], 0¥/or < 0 and ¥ is decreasing in [r,, 1/7,].

Subcase 11 . B <0. In this case, we have that p;v, << pyv;, which
implies that (vy — pg)/(vs — ) < prafity < pa¥alpyvy , therefore o <O.
If (93 — py)/(vy — py) > 1, then j > 0 which together with « << 0 implies
that the two roots r, and 7, of g(r) are such that », <0 < r,. The root r,
can not be greater than 1/v;, for if it were, then for all » € [1/u, , 1/2,], we
would have sign(g(r)) = —sign(e) = +1, which would imply that ¥ is
increasing in [1/p,, 1/24]. Therefore, ¥(1/u,) < ¥(1/v,). The latter contra-
dicts (23). Consequently, we have that either 1ju, <7, <C1fv,, and
therefore ¥ is increasing in {l/u,,7,] and decreasing in [r,, /o] or
7y < 1/py , which implies that ¥ is decreasing in [1/u, , 1/74]. If, on the other
hand (v, — py)/(7y — py) << 1, then j <C O implying that g(r) <0 for all
7 € [1/pg, 1/v;]. Therefore, ¥ is decreasing in this interval.

Subcase 11l . B> 0. This time pyv, > pyvy , giving that

7’2“I’~z>_l’«_2

> 1,
99— M 1

which implies that j > 0. If

Vo — )
2 I’~2>IL22(>_P1),
U3 — 7 51

409/48/2-4
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then a > 0 and g(r) > O for all 7 €[1/u,, 1/v;]. Therefore ¥ is increasing
in this interval. However, if p,0,/u,vy > (v, — po)/(v; — 1), then o < 0,
and because of j >0, g(r) has two real roots satisfying r, <0 <r,. A
reasoning similar to the one made previously in subcase I, leads to the
conclusion that if 1/, <r,, ¥ is increasing in [l/u,, 1/v,] while if
72€[1/ua, 1/v], then ¥ is increasing in [1/u,, 7,] and decreasing in [7,, 1/2,]. A
summary of the results obtained in this present CaseIIl is given in Table I11.

Having constructed Tables I, II, and III, it is easy to follow the behavior
of the function ¥ as  increases from zero to infinity, and therefore the value
of 7 = 7gpt at which ¥ attains its maximum value can readily be determined.
To summarize the optimum results a further table, Table IV, has also been
constructed. Table IV gives the values for 7op; as well as $,,0ps and irgept
in each case. We note that in order to obtain the optimum values of the other
two parameters, wopt and popt , in any of the three basic cases studied in this
paper Table IV together with Egs. (8) must be used.

TABLE IV

Optimum Parameters

Case Tept ‘/‘mopt '/’Mom
I r oy < pavy Tap® Aopt = Dopt Bopt
1
I : oy > uev, i ” Copt
1I » 3 Bopt
L, v, = pe0y 7y © Copt »
&(1/pms) > 0° 73 » ”
1T, & pyws < vy
uI &g(l/ps) <0 /e ” ”
g(l/o) > 0 /vy ? ?
I, : e > o
g(ljv) <0 ) ” ”

@ g(7) is given by (21).
® y4p 1s given by (16).
¢ r, is the positive root of g(r).

3. FiNnaL REMARKS

The analysis made so far shows that the values for 7opt and wopt (=2)
obtained by Guittet [1] do not hold in the general case. We note that if
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hy 5= by (i.e., o 7 1)the values of 7oyt and consequently of wept depend mainly
on the order of p, , 7, , ps , and v, (see Table IV). In the special case &, = &,
(i.e., o = 1), the formulas giving the optimum values of the various param-
eters involved can be simplified. For example if N, = NV, , we have that
1 == py and v, = v, , so this case can be regarded as a limiting case of either
Case I or II, and therefore for the 5-point formula we have

1 Bopt - 4401)1;
T G TR T T

(24)

(these results were obtained by Guittet [1]) while for the 9-point formula we
have

1 2
Tort = (232’ @opt = Bopt + #4opt’
and (25)
op Bopt + £4opt

(these results were obtained by Hadjidimos [3]). On the other hand, if
N; # N, (Ny > N,), we have that p, <py < v, <wv;, so this case is
Case 1. Therefore, ropt =74, and the optimum resuits here are quite dif-
ferent from those given by (24) and (25) above.

Perhaps the most interesting remark is the following. In the case of a
5-point formula the optimum extrapolation parameter wopy is such that
1 < wopt < 2 (equality holds if and only if p,0; = u,v,) while in the case of a
9-point formula wep(>1) can be either less than or greater than 2, as many
numerical examples we have run on a computer have shown it.

Before we close this paper we state and prove a theorem concerning the
values of wept .

THEOREM. ' In the case of a 5-point difference formula, wept satisfies
1 < wopt <X 2 with equality on the right holding if and only if p,v, = p,v, .

Proof. We know that
‘lsmopt = miﬂ{Aopt , Bopt , Copt ’ Dopt},
Prropt = max{Aopt , Bopt » Copt » Dopt}-

On the other hand, from (11) we have that 4, B, C, D <1 for any r > 0.

Therefore, ¢uopt + Prropt < 2 and wopt = 2/(dmopt + Pasopt) > 1. To prove
that wepy << 2, we distinguish three cases.
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Case 1. (1t consists of Cases I, and IT)

Starting with u,v, < psv, , We obtain

1 < (1 — ) + (v — 1) =72
He¥2 (71 — pa) po¥s + (V3 — po) 1?1
This gives
(1 —roptiy) | (1 — 7opt?s)
(T + 7optpa) ~ (1 + roptve)
or

(1 — 7optig) (1 — 7optpg) | (1 — 7opipy) (1 — Topt¥s) <
(T + 7optta) (1 + 7optits) (1 + roptiay) (1 + roptvs)

or

2 <2

1 1 T Ao X Boot
(3 — Aopt) + (3 — Bopt) <O or  wopt Aopt + Bopt

where the equality holds if and only if w0, = v, .

Case 2. (It is identical with Case 1,)

The proof follows the same steps as in the previous Case 1. The only
exceptions are that we start with p,v, << pyo; and that Copt is used instead
Of Bopt .

Case 3. (It is identical with Case 11I)

Because of 7opt € [1/p, , 1/04], we have that

(1 — 7optp) (1 — 7optvs) | (1 — 7optps) (I — Topt?n)
(1 + 7optp) (1 4 7optw2) (1 4 7optpa) (1 + 7Topt®n)

or

2

= < 2.
“opt Bopt -+ Copt <

(3 — Bopt) + (3 — Copt) <0 or
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