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Abstract

We show in the smooth category that the heat trace asymptotics and the heat content asymptotics can
be made to grow arbitrarily rapidly. In the real analytic context, however, this is not true and we establish
universal bounds on their growth.
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1. Introduction
1.1. Heat trace asymptotics

Let (M, g) be a compact Riemannian manifold of dimension m with smooth (possibly empty)
boundary dM. Let dvol,, and dvol,,—; be the Riemannian volume elements on M and on dM,
respectively. Let A, be the scalar Laplacian. Let v be the inward unit normal on the boundary; we
extend v by parallel translation to a vector field defined on a collared neighborhood of the bound-
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ary so V,,v = 0; this means that the integral curves of v are unit speed geodesics perpendicular
to oM. Let

B ¢:=¢lom and B¢ :=vdlyu

be the Dirichlet and Neumann boundary operators, respectively. Impose boundary conditions
B=B  orB=B".Letu: M x (0, 00) — R be the unique solution of

(0r + Ag)u(x,t) =0 (heat equation),

m% u(- 1) =¢1() in L? (initial condition),
t—
Bu(-,t)=0 for t > 0 (boundary condition),

where ¢ is real-valued and smooth on M. Then u(x, t) represents the temperature at x € M
at time ¢t > 0 if M has initial temperature distribution ¢; where the boundary condition B is
imposed on u for ¢ > 0. The solution is formally given by

u(x, 1) :=e "B (x),
where A, g is the associated realization of the Laplacian. The operator e A8 is a smoothing
operator of trace class and, as t | 0, there is a complete asymptotic series of the form [29,30,
43-47]

oo
Trpofe "B} ~ @xt) ™2 " an(M, g, B)t"/2.
n=0

If M is a closed manifold, the boundary condition plays no role and we shall denote these coef-
ficients by a, (M, g). They vanish if n is odd in this instance.

The asymptotic coefficients {a1, az, ...} are locally computable invariants of M and of M as
we shall see presently in Section 2. In mathematical physics, they occur for example in the calcu-
lation of Casimir forces [5,18,33] or in the study of the partition function of quantum mechanical
systems [7,6,33]. They are known in the category of manifolds with boundary for n < 5 [19,32],
and in the category of closed manifolds for n < 8 [1,4]. These coefficients play a crucial role in
the study of isospectral questions. Related invariants for more general operators of Laplace type
also play a crucial role in the local index theorem. See, for example, the discussion and references
in [2,3,20,21,23,26-28,37-39]. They have also been studied with nonlocal boundary conditions
[34]. We also refer to [24] where the heat trace itself is studied and not just the asymptotic co-
efficients. For the study of the asymptotic behaviour of the eigenvalues of A, 5 we refer to [41]
and the references therein. The field is vast and it is only possible to cite a few references.

1.2. Planar domains

In the case of a planar domain £2, the heat trace asymptotic coefficients (with Dirichlet bound-
ary conditions) have been computed for n < 13 by Berry and Howls [17]. Berry and Howls
computed a, for n < 31 in the case of a disc [17], and were led to conjecture that for planar
domains £2 and for n — oo,
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a(2)=al(n— B+ DI (/)™ (2> (1 +0(1)), (La)

where o and 8 are dimensionless quantities and where £(£2) is the length of the shortest accessi-
ble periodic geodesic in §2. In particular, for a disk of radius R and shortest accessible periodic
geodesic 4R, they further conjectured that Eq. (1.a) holds with o = (84/277)~! and 8 = % While
the latter conjecture remains open to date, it is instructive to see that Eq. (1.a) cannot hold in
general. The following counter examples were given in [8].

Example 1.1. Let 0 < ¢ < %, and let

Po={(x1,x2) € R% [x| <1, [xa] < 1—¢},
Os={(x1, 1) eR%: x| <1, xy <1—e, < 1 —e}.
We smooth out the corners of 9P, at xo =4(1 —¢) and of 9Q, at x; =1 —¢, xo=1—¢

isometrically to obtain two convex domains P, and Q. with smooth boundary and with a,, (P;) =
an(Qg) and £(P;) =4(1 —¢), €£(Qg) = 2(2 — ¢). This then contradicts Eq. (1.a).

Example 1.2. Let0 <e <1,0<p <1 —¢, and let

2, = {(xl,xz)eRzi e < x| <1},

20 ={(x1,x) eR% |x| < 1, |(x1 — p, x2)| > ).

We then have that a, (£2;) = a,(£28) and €(2,) =2(1 — &), £(2) =2(1 — ¢ — p) which once
again contradicts Eq. (1.a).

It remains an open problem to construct a pair of iso — a, real analytic simply connected
planar domains which have different shortest periodic geodesics. It has been conjectured that
Eq. (1.a) also holds for balls in R” where 8 depends on m only [31].

1.3. The heat trace asymptotics in the real analytic category

The calculus of Seeley [43—47] and Greiner [29,30] shows that a,, is given by a local formula;
the following result will then follow from the analysis of Section 2:

Theorem 1.1. Let B be either Dirichlet or Neumann boundary conditions. There exist universal
constants Ky, so that if (M, g) is any compact real analytic manifold of dimension m, then there
exists a positive constant C = C(M, g) such that

lan(M, g, B)| < knmC" - vol, (M, g)  for any n.

We note some similarity between the formulae of Eq. (1.a) and Theorem 1.1. The geometric
data of (M, g) appear in C", whereas the prefactor is of a combinatorial nature and depends on
m and n only. We can choose the constant to rescale appropriately under homotheties, i.e. so that
C(M,c*g)=c"'C(M, g).
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We restrict momentarily to the context of closed manifolds, i.e. compact manifolds with empty
boundary. We adopt the Einstein convention and sum over repeated indices. We say that D is an
operator of Laplace type, if in any local system of coordinates we may express D in the form:

D =—(g"09,d, + A*0y, + B). (1.b)

Let a, (x, D) be the local heat trace invariant of such an operator. We shall primarily interested
in the case n even so we shall set n = 2n in what follows. If f is any smooth function on M, then

Tr 2 (fe™'P) ~ () ™/ Ztﬁ / aii(x, D) f (x) dvol,, . (1.c)

=0

The following result shows that the factorial growth conjectured by Berry and Howls for pla-
nar domains pertains in this setting as well as regards the local heat trace invariants on closed
manifolds.

Theorem 1.2. Let (M, g) be a closed real analytic Riemannian manifold of dimension m > 2.

(1) Let D be a scalar real analytic operator of Laplace type on M. Then there exists a constant
C1=C{(M, g, D) so that

|azi(x, D)| < C} -l foranyn > 1.

(2) Let P be a point of M. Suppose there exists a real analytic function f on M such that
df(P) # 0. Then there exists a constant Cy = Co(P, M, g, ) > 0 and there exists a real
analytic function h on M so that the conformally equivalent metric gj, = e*"g satisfies

la2i (P, Ag,) >CY il foranyi > 3.

Remark 1.1. Assertion (1) can be integrated to yield an upper bound on the heat trace asymp-
totics ap;; (D). However, assertion (2) is only valid at a single point of M. Since it in fact arises
from considering a divergence term in the local expansion, we do not obtain a corresponding
estimate for a; (D).

1.4. The heat trace asymptotics in the smooth category
The situation in the smooth non-real analytic setting is very different. Fix a background refer-
ence Riemannian metric 4 and let V" be the associated Levi—Civita connection which we use to

covariantly differentiate tensors of all types. If T is a tensor field on M, we define the C* norm
of T by setting:

k
. h,i
||T||k._;pean);{§‘v T|(P)}.

Changing & replaces || T ||x by an equivalent norm; we therefore suppress the dependence upon /.
But as we will be changing the metric when considering the heat trace asymptotics subsequently,
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it is useful to have fixed 4 once and for all so the associated C* norms do not change. Theorem 1.1
fails in the smooth context as we have:

Theorem 1.3. Let k > 3 be given, let constants Cj; > 0 for n > k be given, and let € > 0 be given.
Let (M, g) be a smooth compact Riemannian manifold of dimension m > 2 without boundary and
let g, be the usual Euclidean metric on R™1,

(1) There exists a function f € C®(M) with || f||lx—1 < € so that if g1 = >/ g is the conformally
related metric, then

|laxi(M, g1)| = Ci  forany i > k.

(2) Suppose that g = O* g, where @ is an immersion of M into R+ There exists an immersion
O with ||© — O1|lk—1 < € so that if g := OF g, then

laza(M, g1)| > Ci  foranyi >k.
1.5. Heat content asymptotics
There are analogous results for the heat content asymptotics. Let ¢ be the initial temperature

of the manifold and let ¢, be the specific heat of the manifold. We suppose throughout that ¢;
and ¢, are smooth. The total heat energy content of the manifold is then given by:

B(91. b2, Ag, B)(1) :=/u(x,t)¢2(X)dvolm-

M

As t | 0, there is a complete asymptotic expansion of the form

B@1, b2, Mg, BY(D)~ ) % f Ay - gadvoly + Yt HD2EIM (g o, Ay, B).
n=0 : M £=0

The coefficients involving integrals over M arise from the heat redistribution on the interior of
the manifold and are well understood. The additional boundary terms ,32? M are the focus of our
inquiry. They, like the heat trace asymptotics, are given by local formulae and have been studied
extensively (see, for example [11-15,22,35,36,40,42] and the references contained therein).

Inspired by the work of Howls and Berry [31], Travénec and §amaj [48] investigated the
asymptotic behaviour of the coefficients 8, as £ — oo in flat space in the special case that ¢ =
¢> = 1 with Dirichlet boundary conditions. The interior invariants then play no role for n > 1
and one has, adopting the notational conventions of this paper, that

oo
B(1. 1. Ag. BY)(®) ~ Vol (M, g)+ Y t“HD2gIM (11, A, B7).
£=0
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After interpreting the results of [48] in our notation, they found that if M is a ball in R of radius
r with m even, then as £ — oo one has:

Be=4x "2 m/2)~ €+ D02 (14 0(1)). (1.d)

The structure of Eq. (1.d) is similar to that of Eq. (1.a). There is a combinatorial coefficient
in m and ¢, while the shortest periodic geodesic appears to a suitable power. However, for m
odd Travénec and Samaj obtained polynomial dependence rather than factorial dependence of
,32M in £ [48]. Furthermore the two examples in Section 1.2 above provide iso-f; pairs of
smooth planar domains with different shortest periodic geodesic lengths. Hence the structure
of the asymptotic behaviour of the S;’s in flat space remains unclear in general.

For ¢ even, the boundary term involves a fractional power of ¢ and there is no corresponding
interior term. This simplifies the control of these terms. Consequently, we shall usually set £ = 2¢
in what follows.

1.6. The heat content asymptotics in the real analytic setting

As noted above, results of [48] showed that the heat content asymptotics on the ball in R™
for m even exhibit growth rates similar to that given in Theorem 1.2 for the local heat trace
asymptotics. We generalize Theorem 1.2(2) to this setting to derive an estimate using conformal
variations which shows that the metric on the boundary does not play a central role in the analysis:

Theorem 1.4. Let m > 2.

(1) Let (N, gn) be a closed Riemannian manifold of dimension m — 1. Let M :=[0,2m] x N.
There exists a real analytic function h(x) on [0, 21 ], which depends on the choice of (N, gn),
so that the conformally adjusted metric gy := e*"{dx? + gy} satisfies:

|'3§eM(1’ 1, Ag,, B7)| =€ voly_1(N,gy) foranyl>3.

(2) Let g, be the standard Euclidean metric on the unit disk D" in R™. There exists a radial real
analytic function h on D™, which depends on m, so that the conformally adjusted product
metric gy = e*! g, satisfies:

|'323eM(1’ 1, Agy. B7)| =€ volu—1(N, gn) forany € >3.

We have estimates for the heat content asymptotics in this setting which are similar to those
given in Theorem 1.1:

Theorem 1.5. There exist universal constants ky , and K¢, such that if (M, g) is a compact real

analytic Riemannian manifold of dimension m and if (¢1, ¢2) are real analytic, then there exists
a positive constant C = C(M, g, ¢1, ¢2, B) such that

<kpmC"-vol, (M, g),

‘/ ¢1 - Ay dvoly,
M

|BEM (1, 2, Ag, BE)| <RemCE - voly_1(0M, g).
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Remark 1.2. Again, the constant C can be chosen so that
C(M, c2g) = c_zC(M, g).
1.7. The heat content asymptotics in the smooth setting
Theorem 1.5 fails in the smooth setting as we have:

Theorem 1.6. Let k > 3 be given, let constants C; > 0 for £ >k be given, and let € > 0 be given.
Let B=B* or B=B". Let (M, g) be a smooth compact Riemannian manifold of dimension
m > 2 with non-trivial boundary. Let ¢1 be a smooth initial temperature and let ¢, be a smooth
specific heat with B¢y # 0. There exists @1 with ||¢p1 — @1 ||lak—1 < € such that:

ﬁzag/[(cbl,qﬁz, Ay, B)=C; foranyf} k.

The heat content asymptotics were originally studied for Dirichlet boundary conditions and
for ¢1 = ¢p =1 [9,10,16]. We have the following theorem in this setting:

Theorem 1.7. Let k > 3 be given, let constants C; > 0 for >k be given, and let € > 0 be
given. Let (M, g) be a smooth compact manifold Riemannian manifold of dimension m > 2 with
non-trivial boundary. There exists a metric g1 5o ||g — g1l2k—1 < € such that

'BzaeM(l’ 1, Ay, B7)=C; forany 2>k
1.8. Bochner formalism for operators of Laplace type

The results given above in Theorem 1.3, in Theorem 1.6, and in Theorem 1.7 rely upon a
leading term analysis of the heat trace asymptotics and of the heat content asymptotics. It is
one of the paradoxes of this subject that to apply the functorial method, one must work with
very general operators even if one is only interested in the scalar Laplacian, as is the case in
this paper. We only consider the context of scalar operators. There is a corresponding notion
for systems, i.e. operators which act on the space of smooth sections to some vector bundle. It
is possible to express an operator D of Laplace type as given in Eq. (1.b) invariantly using a
Bochner formalism [27]. There exists a unique connection V and a unique smooth function E so
that

D¢ = _(guv¢;uv + E¢)s

where we use ‘;’ to denote the components of multiple covariant differentiation with respect to
V and with respect to the Levi—Civita connection. Let I, be the Christoffel symbols of the
Levi—Civita connection and let w be the connection 1-form of V. We then have

1 )
Wy = Eguv(Av +géwrswvld)7

E:B—g”v(axuwv+wuwv—a)wfuvw). (1.e)
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1.9. Leading term analysis

Theorem 1.8 below will play a central role in our analysis, and was established in [20,25,26].
We also refer to related work in the 2-dimensional setting [39]. It has been used by Brooks,
Perry, Yang [21] and by Chang and Yang [23] to show families of isospectral metrics within
a conformal class are compact modulo gauge equivalence in dimension 3. Let T be the scalar
curvature of g, let p be the Ricci tensor of g, and let £2 be the curvature of the connection V
defined by an operator of Laplace type.

Theorem 1.8. Let D be an operator of Laplace type on a closed Riemannian manifold (M, g)
and let n > 3.

(1) The local heat trace asymptotics satisfy:

(=Dl
2n 4+ 1)!
+ lower order derivative terms.

azi(P. Ag) = {—ia"e — @n+2)a" E)

(2) The global heat trace asymptotics satisfy:

1 (=D

a2i(D) = 5 m

(16 == e 2w
M

+4Qi+ 1) — DV . VD E £ 207+ 1|V |

+42n —1)(2n + 1)|V'_‘72E|2 + lower order terms} dvol,, .

In this paper, we will establish a corresponding leading term analysis for the heat content
asymptotics. We shall always assume ¢ is even; thus the lack of symmetry in the way we have
written the interior contributions plays no role. Let V be the connection defined by D as discussed
in Section 1.8. Let D* be the formal adjoint of D; the associated connection V* defined by D*
is then the connection dual to V defined by the relation

Vo1 -d2+¢1- Vi =d(d1 - d2).
Let
¢\ :=Vipilan and ¢ = (V) halom

be the normal covariant derivatives of order £. By using the inward geodesic flow, we can always
choose coordinates (y, r) near the boundary so that d, = v; consequently

o =08 plom if D= A,

Let S be a smooth function on the boundary. The Robin boundary operator in this more general
setting is defined by the identity:

BEg:= (0" +56) ;-
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Let p,(,f,)n := Rumma:m..m be the £th covariant derivative of p,,;, restricted to M. Define =,

recursively for £ even by setting:

2
£+1

2
52:—2n*1/2§ and 5, = Ep_p ife>4.

Theorem 1.9. Let £ > 6 be even. Modulo lower order terms we have:

1)
M (1. 2. D.B) = / (2060 + $160) + £ EvprgpEC
oM
+0(¢(£ 1)¢(1)+¢(1)¢(l_1))
+-25(8" ¢ +¢ PV EED
+0- ¢ gtV ECY 4 = (e—z)uwmp“ P+ fdvoly
@)

ﬁgM(d)l’d)z’ D’B;):/{ (¢(z)¢2+¢1¢(6))+0'¢1¢2E(Z72)

aM
1) (1 (1 ,(e—1 1 1 -
Sty V95 + 018y ") — Bu(@) o+ iy ) ECTY
= (D) (1 - -1 -1
+@2—- 039" B azs(¢§ ‘62 + 195"
e 2 1 1 e 2 1 1 -
+0- ¢1¢zp“ 8 +- }dvolmq :
1.10. Outline of the paper
In Section 2 we will prove Theorem 1.1 and Theorem 1.5. In Section 3, we use Theorem 1.9
to establish Theorem 1.6 and Theorem 1.7. In Section 4, we use Theorem 1.8 to demonstrate
Theorem 1.3. Theorem 1.9 is new and is proved in Section 5 by extending functorial methods
employed in [11,12]. In Section 6, we establish Theorem 1.2. We conclude the paper in Section 7
by demonstrating Theorem 1.4.
2. Local invariants in the real analytic setting
Let o := (a1, ..., a;) be a non-trivial multi-index. We define:

lo| ;= + -+ am, 0y 1= (3 )" ... (Bx, )", 8ijja =0y gij forla|>0.

In any local system of coordinates, the Riemannian volume form on M is given by:

dvol,, = gdx, where g:=/det(g;;).
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Let g be the inverse matrix; this gives the components of the dual metric on the cotangent
bundle. Since the heat trace and heat content asymptotics are given by suitable local formulae,
Theorem 1.1 and Theorem 1.5 will follow from the following result:

Theorem 2.1. Let &, be a local interior invariant which is homogeneous of degree n in the jets
of the metric and a finite (possibly empty) collection {¢1, ...} of additional smooth functions.
Let F,_1 be a local boundary invariant which is homogeneous of degree n — 1 in the jets of
the metric and a finite (possibly empty) collection {¢1, ...} of additional smooth functions. Let
(M, g) be a compact real analytic manifold of dimension m with real analytic (possibly empty)
boundary oM so that the metric g is real analytic and so that the collection {¢1, ...} is real
analytic. There exists a constant C = C(M, g, ¢1, ...) > 0 (Which is independent of the choice
of &, and of F,) and there exist constants k (E,) > 0 and k (F,—1) > 0 (which are independent
of the choice of (M, g, ¢1,...)) so that

< K(gn)cn -vol,, (M, g),

‘/5n(-xvgs ¢17--')dV01m
M

w1 (3, € @1, - ) dVoly—1 | <k (Fne1)C" 1 voly—1(0M, ).

The constant C(M, g, @1, ...) may be chosen so that

C(M,c*g. ¢1,...)=c"C(M,g,¢1,...).

Proof. Suppose first that the boundary of M is empty. For each point P of M, there exists
&(P) > 0 so the exponential map defines a real analytic geodesic coordinate ball of radius &(P)
about P. Let K be a compact neighborhood of the identity in the space of all symmetric m x m
matrices. Since g;; = J;; at the center of such a geodesic coordinate ball, by shrinking &(P) if
necessary, we may assume that the matrix (g;;) belongs to K for any point of the coordinate ball
of radius ¢(P). Since we are working in the real analytic category and since {g;;, ¢1, ...} are
real analytic near P there exists a C = C(P, M, g, ¢1, ...) so that again by shrinking e(P) if
necessary we have that

|d%gij| <C™|al! and |d%¢.| < C™a|! on Bep)(P) (2.a)

for any multi-index «. We cover M by a finite number of such coordinate balls about points
(P1,...) and set C(M, g, ¢1,...) =max, C(P,, M, g, ¢1,...). Since £ is a local invariant, we
may expand:

Ex, )= Ze B glj (x) 3 811/1) (8;[agiaja) : (dfld’kl) s (dfb¢kb) (2.b)
where in this sum we have the relations:

ot + - lota| + 1B1l +---+1Bpl =n, O0<lail, ..., 0<laql.
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Since ¢; F; is continuous on the compact neighborhood C of the identity §, we may bound
|e&’5(g,-j (x))| < E&,E uniformly on /C.

Combining the estimates of Eq. (2.a) with the estimates given above and summing over (&, B)
in Eq. (2.b) yields an estimate of the desired form after integration. Since &, is homogeneous of
degree n, it follows that

Enx, g, b1, .. )=cT"Eu(x, 8. 1,..).

The desired rescaling behaviour of the constant C(M, g, ¢1, ...) now follows.

If the boundary of M is non-empty, we must also choose suitable coordinate charts near
oM. If Q € dM, we consider the geodesic ball BfM (Q) of radius ¢ in dM about Q relative to
the restriction of the metric to the boundary and we shall let [?8, (0) :=10,1) x Bf(ﬂé)(Q) for
some ¢ > 0 be defined using the inward geodesic flow so that the curves r — (r, Q) are unit
speed geodesics perpendicular to the boundary. Again, by shrinking ¢ and ¢, we may achieve
the estimates of Eq. (2.a) uniformly on EE,L(Q). We cover M by a finite number of coordinate
charts B, (P) for P € int(M) and EL,S(Q) for Q € 9M. The desired estimate for &£, now follows.
To study the invariant F,_|, we cover d M by a finite number of coordinate charts él‘ +(Q) for
Q € M and argue as above. O

3. Leading terms in the heat content asymptotics
We shall omit the proof of the following result as it is well known.
Lemma 3.1.
(1) Let k > 1 be given, let constants y, > 0 for £ > k be given, and let € > 0 be given. Let

(M, g) be a smooth Riemannian manifold with non-empty boundary dM. There exists a
smooth function ® on M so that ||® ||x—1 < € and so that

O =y )y fort>k.

(2) Letk > 1 be given, let C > 0 be given, and let € > 0 be given. There exists a smooth function
fonM:=[0,1]with || fllx—1 <e and [,, 3% f|*dx > C.

Proof of Theorem 1.6 and of Theorem 1.7. Let k > 3 be given, let constants C; > 0 for >k
be given, and let € > 0 be given. Let (M, g) be a smooth compact Riemannian manifold of
dimension m > 2 with non-trivial boundary. We first take B = B~ to consider Dirichlet boundary
conditions. Let ¢; be a smooth initial temperature and let ¢ be a smooth specific heat with
B~ ¢, # 0. Since ¢ does not vanish identically on the boundary, there exists a smooth function
Y on M so

/ V¢ dvol,—1 = 1.
oM
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Let {y1, ...} be a sequence of constants, to be determined presently. For v > k, let

v 2]

r
D,(y,r)= Z —,|ij(y) near M.
— @
]_
Since B,; is given by a local formula of degree 2¢, only the constants y1, ..., ¥ play arole in

the computation of /3%’1 ,l.e.

BIM(®, + d1. 2. Ag. B) = BIY (D7 + 1,62, Mg, B) if > L.

We take &y = 0. Since &,; # 0, we can recursively choose the constants y;, and hence the
functions @;, for £ > k so

Ey-vi=Ci— 5%”(@152_1 + ¢1, 92, Ag, B) for ¢ >k
and apply Theorem 1.9 to see:
BIM (@37 + 1,62, Ag. BT) = Cp.

We complete the proof of Theorem 1.6(1) by using Lemma 3.1 to choose @ with ||@|j2x—1 < &
such that

o0 0 if j <2korif jis odd
|y ifj=2efori>k

To prove assertion (2) of Theorem 1.6, we use assertion (2) of Theorem 1.9 and examine

22—1>¢<1).
2 )

the term —Eu;qb; to prove Theorem 1.7, we apply assertion (1) of Theorem 1.9 and

examine the term %(257 —-2) 52E¢1¢2p,§f,ﬁ‘2). As apart from these minor changes the proof is
exactly the same as that given above, we shall omit details in the interests of brevity. O

4. Leading terms in the heat trace asymptotics
4.1. Proof of Theorem 1.3(1)

We set E =0 and 2 = 0 in Theorem 1.8 to study the Laplacian and see thereby that there
exists a non-zero constant d, so:

a2f1(Ag) =dj; /{(ﬁZ —A— 1)|Vﬁ_21'|2 +2‘Vﬁ_2p|2
M
+ Qim(R, VR, ...,V"R)} dvol,, .

Let ¢ > 0 be given. We restrict to a single geodesic ball B of radius 3§ for some § > 0 about a
point P. Let 6 be a plateau function so that & = 1 for |x| < § and 6 = 0O for |x| > 2§. We shall
define the functions f¢, fx+1, ... recursively and consider the conformal deformation:

— POCSHED 42 (1)

8n 8-
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Let k > 3. Choose 0 < 81 for k < p so that || fill—1 < 81 for k < w implies:
Constraint 4.1.

(1) foo :=limy_oo{fx + -+ fu) converges in the C* topology for any £.
(2) goo :=1limy_ 0 g, converges in the C ¢ topology for any £.

3) 1 fllk-1 <e.
4 llgn — gu+ill <27He for any pu.

A priori, one must consider jets of degree 2n in computing az;; (A, ) (and in fact this is the case
when considering the local heat asymptotic coefficients of Eq. (1.c)). However, by Theorem 1.8,
only the jets of the metric to degree n play a role in the computation of the integrated invariants,
arp.

Constraint 4.2. Choose 0 < Si < SL fork < pso || fullu—1 < Si for k < w implies:

(1) lazi(Ag, ) —azi(Ag, )| <27Hfor3<k<n<p.
@) la2i(Ag) — 1 < azi(Ag)| for 3 <k < i

The polynomial Qj ,,(-) involves lower order derivatives of the metric.

Constraint 4.3. Choose 0 < 8% < 82 for k < p so that || fill—1 < 83 for k < p implies there
are constants C,L = Cu( fiereees fu_l) depending only on the choices made previously so

|z (Ag,)| = 1dyl /{ 2vile, |2 + (u> = — 1)V p*} dvol,, —C),
M

> |dﬂ|/{|2V”_lrgu|2}dvolm -C},.

Bs
On Bjs, the plateau function 6 is identically 1 and we have:
gu=eTrg, 1.
From this it follows that
V"2 =(m— 1)8)';‘1 fu + lower order terms.

Since g;; is in a compact neighborhood of §;;, we may estimate:

|V 2z, ’2(p) > |8;l]_2‘[|2 = |8)’Zl fi |2 + lower order terms. (4.2)
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Constraint 4.4. Choose 0 < Si < 82 for k < u where 8:1 = Sﬁ(fk, ..+, fu—1) depends on the
choices made previously so that || fi,[lu—1 < Bi for k < p implies there are constants Ci =

Ci( Sks -+, fu—1) depending only on the choices made previously so

_ 2 2
f |V 21, | dvol, > / |92 fu|” dvol,, —C;.
By By
Theorem 1.1(1) now follows from Lemma 3.1(2). We can choose recursively f, subject to
the constraints given above so that || f,,||,,—1 is arbitrarily small and so that f B |8,’fI fM|2 dvol,,
i

is arbitrarily large.
4.2. The proof of Theorem 1.1(2)

Let (M, g) be a hypersurface in R”+!. We fix P € M. After applying a rigid body motion,
we may assume that P = 0 and that the normal to M at P is given by e;,+1 :=(0,...,0,1).
Thus we may write M as a graph over the ball B3s in R™ in the form x — (x, fo(x)) where
fo(P) =0 and dfy(P) =0. Let 0 be a plateau function which is 1 for |x| < § and O for |x| > §.
We shall consider the perturbed hypersurface defined near P by x — (x, fo(x) 4+ 6 (x)(fi(x) +
--+)) where f,(P) =0 and df, (P) = 0. This hypersurface agrees with the original hypersurface
away from P. We shall need to establish an analogue of Eq. (4.a). The remainder of the analysis
will be similar to that performed in the proof of Theorem 1.1(1), and will therefore be omitted.

Suppose we have a hypersurface in the form ¥ (x) := (x, F(x)) where F(0) =0 and
dF(0)=0.Let F; := 0y, F, F;j := 0y, Z)XjF, and so forth. We compute:

lp*(axl-) =¢&; + F,-em_,_l,
gij =0ij + FiFj,
1
Tjur = SAFjkFi+ FjtFi+ FjeFi + Fu Fj = FjiFi = Fu Fj} = FiFi,
T = g" FjFy,
Rijkl = gl"{ijFin — FjiFj,} + lower order terms,

where the lower order terms are either 4th order in the 1-jets or linear in the 2-jets and quadratic
in the 1-jets. We suppose F = F,,_| + f,, where we set f,, = &, cos(a,x') cos(b,x?),

T =4e,a, b’ {cos® (ayux') cos? (byx') — sin®(ayx') sin® (bx ')} 4

Vi 2] = 4, b |cos? (ayx") cos® (byx') — sin®(ayx") sin’ (b +---,
where we have omitted lower order terms either involving 2 or not multiplied by the appropriate

power of al‘i bﬁ . To simplify matters, we suppose § = and that a,, and b,, are non-zero integers.
We use the fact that we are dealing with periodic functions to compute:
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g s
/ / |cos2 (auxl) cos? (buxz) — sin? (aﬂxl) sin? (buxz) |2dx2 dx!

XIZ—JT Xzz—ﬂ

:alzlblzl / / |cos cos ( 2)—sin2(xl)sm ( )| dx?dx!

1— 2
xXl=—aymx*=—b,m

_a_lbﬂ auby / / |cos cos (xz) —sinz()cl)sinz()c2)|2dx2abc1
xl=—m x2=—n
=(2n)>.
We shall take b, = aM, take a,, large, and take ¢, appropriately small to complete the proof.
5. Leading terms in the heat content asymptotics
This section is devoted to the proof of Theorem 1.9. Let D be an operator of Laplace type on a
compact smooth Riemannian manifold (M, g) with non-empty boundary. We adopt the notation

established in Section 1.8 and in Section 1.9. We shall always take S to be real in defining the
Robin boundary operator. One then has the symmetry

B(¢1, 2, D, B)(1t) = B(¢2, ¢1, D*, B)(1). (5.2)

If ¢ is even, the lack of symmetry in the way we expressed the interior terms plays no role and
thus Eq. (5.a) yields:

B (@1, 42, D, B) = B3 (42, 61, D*, B). (5.b)

Let indices {a, b} range from 1 to m — 1 and index the tangential coordinates G ymh
in an adapted coordinate system such that 9, is the inward unit geodesic normal. We then have

ds?® = gap(y,r)dy* o dy’ +dr odr.

We define the second fundamental form by setting:

1
Lgp = g(Vam aybs 0r) = _Eargab'

Results of [11,12] yield the following formulae which will form the starting point for our analy-
sis:

Lemma 5.1. Adopt the notation established above. Then

(1) B3M @12, D B7) = == [y d1b2.dvoly,—1.
2 BYM (1.2, D, BY) =0.
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2 2
3) BIM (¢1,¢2, D, B7) = — NG {g(qs?)m +610°) + P12 E — b1.at2.a

oM
2
— “Laa(0" 2 + ¢16")

1 1 1
+ | —=LaaLpp — ~LapLap — _Pmm>¢l¢2} dvoly,_1 .

12 6 6

— W

2 2
) BIM (¢1, 42, D, BY) = = / g(‘f’f” +561) (65 + Sp2) dvol,,_; .
oM

We begin the proof of Theorem 1.9 by expressing ,32 M modulo lower order terms, in terms
of certain invariants involving maximal derivatives with unknown but universal coefficients; the
symmetry of Eq. (5.b) plays a crucial role in our analysis. Standard arguments (see [11]) show
the coefficients in the following expressions are independent of the underlying dimension of the
manifold:

ﬂeaM(cbl,(bz, D.B7)
= [ a2+ 0100) + ol 88" + 0" )

oM
— — — 1 1 — — 1 1 —
+e 101 ECD e (0 b+ 0103 ) ECY 4 e 191 gV ECTY

+ 1, ¢12p8 P + -} dvoly, 1,
BIM (41, ¢, D, BY)

:/{621(45;6)@+¢1¢§€))+cz2(¢§€*1)¢§1>+¢il)¢£e—1))

oM

+el 1 mnECD el (002 + 9195 ) ECY el 30V ECY
+d; (01 Vb2 + 910y V) + S (01 05" + 91 0y )
+di3S(0195” + 9192 EC +df5Sp12E ) 1 dianl”
+-- -}dvolm,l .

We will determine all the coefficients except d;' 5 in what follows. Recall that

2
£+1

2
EH = —2n_1/2§ and &y =

Eo_».

Lemma 5.2. Let £ > 4 be even. Let B=B~ or B= B;r.

(1) Let D be self-adjoint with respect to the boundary conditions defined by B. If B¢ =0, then
BIM (1. 92, D.B) = 121 Bi—2(¢\” + E. . D, B).
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- 5 + + =
2) Co1 =80 cpyp= 0, Cl1= 0, and Cpp=—&0.
() e, = —2)8 ¢,3=0,¢f =0, ¢/, =5 and r =0.

4) df | =d}f,=—5.

Proof. We follow [11] to derive assertion (1) as follows. Let {A,, ¢, } be a complete spectral
resolution of Dp. Here {¢,} is a complete orthonormal basis for L*(M) of smooth functions
with D¢, = A, ¢, and B¢, =0. Let

VM,D(f) = / f¢;4 dvol,
M
be the associated Fourier coefficients. Then

B@1.42.D.B)(1) =Y e Myl @)y (¢2).

n=1

If B¢y =0, then

y2 (D)) = / Dy - gy dvol,, = f b1 Dy dvolyy = 1y (1),
M

M

Consequently we have that:
B(Dé1, 2, D, B)(1)

o ()" i
~ / D"y - grdvoly + 3 1“2 (D1 4. D. B)

n=0 i k=0

=Y ey P Doy (@) =Y e My L @0y ()
n=1 u=1
9 O —tA D D 0
—o 2y @0y (@) =~ B@1.¢2. D.B)(1)

ot o

o0 _ j_l ) o
~> EJ. ’_) o fo¢1 -gadvol, — Y %t“—“/zﬂfﬂf(mm, D, B).
Jj=1 '

M =0
The asymptotics defined by the interior integrals are the same. We note that — D¢ = ¢§2) +E¢.
We set k = ¢ — 2 and equate the asymptotics defined by the boundary integrals to establish
assertion (1).

If £ = 2, then the relations of assertion (2) would follow from Lemma 5.1 modulo the caveat

that we have but a single term cf2¢}1)¢§1) rather than 2 distinct terms in that setting. This will

let us apply the recursion relation of Assertion (1) even if £ =4. Let ¢1|om = ¢§1) lom = 0. We
set E = 0 and consider cflqﬁfl)@ and cfzqﬁg_l)q&él). These terms arise in ﬁg_z(qb?), ¢, D, B)
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only from the corresponding terms czc_ 1 1((1);2))(2_2)(1)2 and czt_l 2(¢§2))(‘5—3)¢£1). Assertion (2)

now follows from the recursion relation

2 2
+ + + +
Co1 = 1 1%—2,1 and ¢, = 1 1%—2,2'

To prove assertion (3), we first take Dirichlet boundary conditions. Let £ > 4. Let ¢§k) lag =0
for k # 1. No information is garnered concerning e, | or r, . The term ez_zq’)i])(sz €=3) arises

in Bg—» (q)iz) + E¢1, ¢2, D, B) only from the monomial ¢, (¢§2) + E¢) D¢y, It now follows
that

2

= =D,

=(L—2)E,.

Since the coefficient ¢, ,, = 0, the term ¢f1)¢§1)E(l_4) does not arise in the invariant
2 _
g%ﬂe—z(fﬁg )+ E¢1, ¢2, D, By) and thus

€3 =0.

Next we examine Neumann boundary conditions. We take S = 0 and suppose ¢](k) lam = 0 for
k > 1. No information is garnered concerning ezr3. Since czrl =0, the term ezrl¢>1¢2E ¢=2) and
the term ejzd)]d)él)E“_?’) can arise in the invariant ,3@,2(4);2) + E¢1, ¢o, D, B) only from the
term czz(¢fz) + E¢1)(2_3)¢§1). We conclude

+ _ + _ + _ =
ee)l—O and €)= o =—El.

£+1
The argument that rZ‘ = ( is similar and is therefore omitted. This establishes assertion (3).

To examine assertion (4), we assume @1y = ¢§1)|3M = 0. Again, we set £ = 0. We study
the terms dZ' 1 S¢§£_1)¢2 and dequsf‘z)(p;”. The case £ = 4 is a bit exceptional as these terms

arise in B2(¢\”, ¢2, D, B) only from 27 ~'/228(¢>) D¢, and from 27 ~1/228(¢*)ep" . This
shows that

I Ve

+ o+ -
dyy=dj,= Ey.

Wl
SN A )

For ¢ > 6, these terms decouple and the recursion relation proceeds without complication to
show

2
£+1

2
+ + o + — _ 5
df,l = d[—z,l = —Ly and d£,2 = 7 1 1—22 = Ly, O

We can relate Neumann and Dirichlet boundary conditions. Let M := [0, 1] and let b €
C®(M). Let £, be the inward unit normal; £(0) = 1 and (1) = —1. Define:
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A:=0,+0b, A*:=—3,+b, D; = A*A, Dj; := AA™,
S:=¢b, Bfi=eA, Ei:=b —b%,  Ey:=-b —b. (5.c)
Then B;rqb = 0 simply means A¢|yy = 0. Furthermore E; is the endomorphism defined by D;.

Lemma 5.3. Adopt the notation established above. Let £ > 6 be even.
(1) BM (1. ¢, D1, BE) = — 21 Br-2(Ad1. Ao, D2, B7).

() e, =L-51¢/3=2—0)E, d3=-2-5,.

Proof. Again, we follow [11] to prove the first assertion. Let {A,, ¢, } be a complete spectral
resolution of (D) B We obtain as above that

—0,B(p1. b2, D1. BE) (1) =D hue M1y L1 (91)y,0 ().
w

We restrict henceforth to A, > 0 since the contribution of zero eigenvalues to the above sum is
zero. Let

_ A%

v

Then {A,,, ¥} is a spectral resolution of D, on Range(A) = ker(D2)L with Dirichlet boundary
conditions. Since A¢,, |3p = 0, the boundary terms vanish and we may express:

v (Af) = f (Af, ¥) dvoly, = Af, Ay, dvoly,

./1 /
—— | (
M e
1
= \/T /(f» A*A¢u>dV01m = )\uylf)l(f)-
m
M

This then permits us to express

B(Ad1, Ad1, D2, B7)(1) =Y due™ My, PN (¢0)y,” (62)
"

which yields the identity

—3B(01, 2, D1, B ) (1) = B(Ad1, Ada, D2, B7)(0).

Assertion (1) now follows by equating terms in the asymptotic expansion in exactly the same
fashion as was used to establish assertion (1) of Lemma 5.2 (the extra negative sign cannot be
absorbed into D).

We apply the relations of Eq. (5.c) and use the fact that eZ] =¢y_,,=0toexamine

— — — —4
{¢§1)¢2b(2 2)’ ¢§1)¢2bb(5 3)’ ¢§1)¢él)b(5 3)’ ¢§1)¢él)(b2)( )}
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The assumption that £ > 6 is employed to ensure that 52(¢§l 3)¢>(1) + ¢§1)¢§£—3)) does not
produce such a term. We compute at the boundary component x = 0:

(1 -3 = (1 _ — (1 _

e VBTV = — B Vab D + 2 BV pabb I 4 -
M () =4 _ + (1) (1) -3 + () (1) 72\(—4)

62,3‘7’1 ¢, E, =e;3¢, b, b )_32,34’1 *, (b) +--

’

1 —4 1 _
d+3S¢( )¢ Ei ):dz‘3¢§ )(pzbb(e 3)+’

o {(e” + b1)" TP (8D + ba) + (61 + b1 ) (8" + b))

1
{8 — 5 280 D 20 5B BN
2 —4
Tirie 21 (01" +b¢1) (05" + bepo) ES Y
2 .- 1 - D (D (e— D, _
= _2 T 16572,1{_¢§ )¢2bb(€ 3) ¢§ )¢£ )b(( 3) _¢§ )¢§ )(bZ)(€ 4)} 4.

This gives us the following relations:

(@) ¢y b D: —E¢ = — 2,

() ¢f pobb 2. By +dfy=—E0( =2 + 2ep,
© 919 b ef = =20 =D Ee + e s

A ¢fpy" B ED: —ef s = 2rey .

This then yields the following 3 relations:

(1) ©+@:0=—2 =28 +2- e, 5,0 €, 5, =U—=)F - Er=(t-2)5 .
(2) () — () =2¢/;=2(t —2)Ers0 e[ ;=2 — £) 5.

B) © =) —d3+ef3—2-Er=—U—Ersod;=e/;+(L—HE=-2-5,. O

We now work in dimension m > 2 to examine
oM -
ﬂf (¢1 ) ¢27 Da B )

/{CH% ¢2+651¢1¢2E(l 2)+r 182080 4. }dvoly—y .
oM

Let My :=[0, 1] and @ € C* (M) satisfy a|yp, =0. Let
=—92, My:=M;xS', Dy:=D;—e "y
Lemma 5.4.

(1) If =2, then 0= BIM (1,7, —32, B).
Q) r; = %(5—2)55.
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Proof. We follow the treatment in [11] to prove assertion (1). We consider the function u(r, t) =
e~ "P1.57 1. This solves the equations

(3 + D)u=0, limu(.n=1 in L*(My), B u=0.
t—
Since u also solves the equations
(3 + Dy)u =0, limu(.0)=1 in L*(My), B u=0,
t—

we also have that u(-, 7) = e 'P281 as well. Since dvoly, =e*drdo,

1 27
,BMZ(I,e_“,Dz,B_)(t)zf /u(r, e " e* ") do dr
r=06=0

1

=2 / u(r, tydr =27y, (1,1, Dy, B7)(0).
r=0

Since the structures are flat on M, ,3ng (1,1, D1,B7) =0 for £ > 0 and A’,‘W] 1 =0. We equate
terms in the asymptotic expansion to see ,BaMZ (1,7 Dy B~) =0 for £ > 0 as well.
¢

We apply assertion (1). We use the formalism of Eq. (1.e). We have dslzw2 =dr? 4 %" 4p?
where «(0) =0 and «(r) = 0 near « = 1. We compute:

1 _ 1
Np=Dp=-In =V, o= 5¢ I =—=al,
wy =0, EC? = %O!(Z) +-e
=04, ¢ = —a® 4 ...,
-2 ¢
r(nm )I—Ol()+~".

We examine the coefficient of «©) in B for £ even:

— ¢ -
Ce,1¢1¢§ )= 5 a® 4 ...,
_ I
eg’ld)](sz(Z z)zzﬁdga(z)-F,

ry d1¢aph, ) =—rpa® -

It now follows from assertion (1) that r, = %(E — 2)Ey. This completes the proof of Lemma 5.4
and thereby completes the proof of Theorem 1.9 as well. O



2314 M. van den Berg et al. / Journal of Functional Analysis 261 (2011) 2293-2322

6. Estimating the heat trace asymptotics on a closed manifold

In this section, we shall prove Theorem 1.2. We shall proceed purely formally and shall use
the discussion in Sections 1.7-1.8 of [27] (which is based on the Seeley calculus [44,45]) to
justify our formal procedures. As in Eq. (1.b), let

D=-g"9,9, —A*d, — B

be an operator of Laplace type. Throughout this section, C = C(M, g, D) will denote a generic
constant which depends only on (M, g, D) (and hence also implicitly on m) but not on n; c(m)
will denote a generic constant which only depends on m. If we take D = Ag, then C =C(M, g).

We introduce coordinates £ = (£1, ..., &,) on the cotangent bundle to express a covector in
the form & = Eidxi. The symbol of D is pa(x, &) + p1(x, &) + po(x) where:

p2(x,§) =g (EE;,  pi(x. €)= A*(0E&, and po=B.
There are suitable normalizing constants involving factors of «/—1 which we ignore in the in-
terests of simplicity henceforth since they play no role in the estimates we shall be deriving. Let

C :=C — [0, 00) be the slit complex plane and let A € C. Following the discussion in Lemma
1.7.2 of [27], one defines inductively:

ro(x, &, 1) := (1§ =),
ran(x,&,0) = —ro(x,&, 1) - Z dg pr(x, &) -dyirj(x,§,2) /el (6.2)

la|+j+2—k=n,j<n
In this sum k =0, 1,2 and |¢| < 2 — k. The symbol of e 1D ig given by:
eo(-x7§’t)+"'+en(-xa€7t)+"'

where, following Eq. (1.8.4) of [27], one sets:

ep(x, &, 1) = ! /e_”‘rn(x E, N dA;

2wA/—1
Y

here y is a suitable contour about the positive real axis in the complex plane. Then, following
Eq. (1.8.3) of [27], one may obtain the local heat trace invariants of Eq. (1.c) by setting:

-1
an(x, D) = (y/det(gi))) /en(x,é, 1)ds. (6.b)
Rm
To measure the degree of an expression in the derivatives of the symbol, we set:
o ij\ __ a Ak o —
degree(dxg ) = ||, degree(dx A ) =la|+1, degree(dx B) = |a| + 2.

Note that if D is the scalar Laplacian, then B =0 and A* = ¢g='3,.¢"/ g has degree 1 in the
derivatives of the metric so this present definition is consistent with our previous definition in
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this special case. It is immediate from the definition that ry is of total degree O in the jets of the
symbol of D. Furthermore, since

degree(df pr) =2 —k and degree(dyr;) = |a| + degree(r)),

we have by induction that

degree(r,) =n. (6.c)
There is a similar grading on the variables (£, 1). One defines:
weight(§;) =1 and weight(A) =
It is then immediate that g has weight —2 in (£, A). Clearly
weight(dg pr) =k — |«| and  weight(dy'r;) = weight(r;).
Thus it then also follows by induction from Eq. (6.a) that

weight(r,) = —2 —n. (6.d)

Let n be odd. Since the weight of r,(x, &, 1) is —n — 2 in (&, A), it follows that e, (x, &, 1) is
an odd function of £ and hence the integral in Eq. (6.b) vanishes in this instance. This yields
an(x, D) =0 for n odd. Let [-] be the greatest integer function.

Lemma 6.1.
(1) We may expand ry, in the form:

2n+1

PMOGEN= Y Y qum s EP R (6, 0).

j=lin+11BI=2j—n=2

(2) There exists a constant C(M, g) so thatifn =2n > 0and if |B| =2j —n — 2, then

‘/fe J(x £, A)éﬁdkdé‘ C(M c. )"
R™ y

Proof. We apply the recursive scheme of Eq. (6.a) to obtain an expression for r, of the form
given in assertion (1). By Eq. (6.c), r, has degree n in the derivatives of the symbol of D. Thus
there are at most n x-derivatives of 7o which are involved in the process. Each x-derivative of r(
adds one power of r( (other variables can be differentiated as well of course so we are obtaining
an upper bound not a sharp estimate). Each step in the induction process adds 1 power of 7. Thus
Jj <2n+1.By Eq. (6.d), r,, is homogeneous of weight —n —2 in (&, 1). Since || —2j = —n—2
and |B| > 0, we may conclude that j > 1 + %n > [%n] + 1. Assertion (1) now follows.



2316 M. van den Berg et al. / Journal of Functional Analysis 261 (2011) 2293-2322

We use the Cauchy integral formula to estimate:

[ [ e < g [t
R"l

The quadratic form g’/ is positive definite. Thus we may estimate |£|> > ¢|¢ |2 for some ¢ =
e(M, g) > 0 where |$|£ = ‘51 + -+ é,% is the usual Euclidean length. Note that || < |$|“3‘.

. _1g2 _olg? . . .
Since e~ ! <e? &1 , We may use spherlcal coordinates to estimate:

o
‘/f (= Jé‘ﬂd)»dé‘ _1)| /e_”zr“s‘”"drvolm—l(Sm_l,gSmfl).
o

Rm y

Since |8] < 2j < 4n + 4 is uniformly and linearly bounded in n, we may rescale to remove ¢

in e7¢" at the cost of introducing a suitable multiplicative constant. We may then evaluate the
integral to estimate:

(|f3|+m)y

,)\ 2 B n
'// |§| .§ drd&| <C(M, g) 7( DU

Since j —1— %| B| = n the desired estimate follows; the shift by m can be absorbed into C (M, g)"
since we have restrictedton > 0. O

Let D(sC C C™ be the complex polydisk of radius ¢ of real dimension 2m about the origin in
C™ given by setting:

Dt .= [Z=(G1,....z2m) €C™: |zi] e for 1 <i <m}.
We let Dgg = Déc NR™ be the corresponding real polydisk. We also consider the submanifold S
of real dimension m in C"” (which is not the boundary either of the complex polydisk Déc or of
the real polydisk D§) given by:
S, = {ZG(C’": lzil=¢ forl<i <m}.
We consider the holomorphic m-form

dw=QRa~—-1)"dw...dw,

Let f be a holomorphic function on the interior of D& which extends continuously to all of D&
and let « is a multi-index. If z belongs to the interior of the polydisk D;C, then we shall define:

Zo(f)(2) = / Fa)wy —z) 77N (W — zm) T T dw.

weS,
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We may then use the Cauchy integral formula to represent:
Y f(2) =alZy(f) forze int(Df).

Let 8 = B(i, @) be the multi-index («1, ..., i1, + 1, &i+1,...,0,). We then have:

O Lo (f)(x) = (i + 1) - Zp(f)(x). (6.¢)

We introduce variables { f,} for the {g/, A¥, B} variables; we have a total of %m(m -1+
m + 1 such variables. Since we are in the real analytic setting, we can choose real analytic coor-
dinates about each point P of M which are real analytically equivalent to the polydisk DIZR(P) of
radius 2 in such a way that the variables { f, } extend continuously to Dg(P) with f,, holomorphic
on the interior of DéC(P). The functions | f,,| are uniformly bounded on DéC(P). Ifze DIIR(P)
and |w| € SéC(P), then |z; — w;| > 1 and thus we have uniform estimates

|Za (f1)(2)| < C(M, D) forany v, a. 6.9

We decompose r;, in terms of monomials of the form

rJEP gl gida L () - Ly (foy)- (6.)

Here we assume degree{d; f,,} > 0 since we have made explicit the dependence on the variables
of degree 0. Thus b < n since, by Eq. (6.c), r, is homogeneous of degree n in the jets of the
symbol. There are no g'/ variables in ry. Each multiplication by 8? p> can add at most one g'/
variable; each multiplication by 8g p1 or po adds no g/ variable. Each application of 3% to
rj does not add a g'/ variable (and can in fact reduce the number of g%/ variables if they are
differentiated). Thus the number of g/ variables is at most n. Thus in considering monomials of
the form given in Eq. (6.g), we may assume a < n. We summarize these constraints:

j<2n+1, —n—2=|8]-12j, a<n, and b<n. (6.h)

Lemma 6.2. Let c(m) := 50m?2. We can decompose r,, as the sum of at most ¢(m)"n! monomials
of the form given in Eq. (6.g) satisfying the constraints of Eq. (6.h) where the coefficient of each
monomial has absolute value at most 1.

Proof. Since rg can be written as a single monomial with coefficient 1, we proceed by induction.

(1) Consider —rgdg, p2 - 0x,7n—1. Bach k generates m terms so there are m? terms generated
in this way. Differentiating ré generates at most 3n terms since j < 3n by Eq. (6.h). Dif-
ferentiating the g%/ variables generates at most n terms since a < n. Differentiating the 7
variables generates at most b + Y _ |«;| < 2n terms by Eq. (6.¢). Thus we generate at most
m?(3n 4+ n + 2n) = 6m>n terms from each monomial of r,_;. This can be written in terms
of at most

6m’n - c(m)™ '(n — 1)! = 6m>c(m)" " 'n! monomials.
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(2) Consider —roagkl ngz p2 - axkl axkz rn—>. A similar argument shows this generates at most

m2(6n)(6(n — 1)) new terms from each monomial of r,_». This can be written in terms
of at most

36m*n(n — 1) - c(m)""*(n — 2)! <36m*- c(m)"~'n!  monomials.
(3) Consider —roAkSkrn_ 1. This can be written in terms of at most
m-cm)" 'n — 1) <m?c(m)” 'n!  monomials.
(4) Consider —roAkaxk rn—>. This can be written in terms of at most
6mn - c(m)"~2(n — 2)! < 6m>c(m)" 'n! monomials.
(5) Consider —roBr;,_>. This can be written in terms of at most
c(m)"2(n —2)! <m?c(m)*'n!  terms.

The above argument shows that r, can be decomposed as the sum of at most of 50m>
c(m)"n! = ¢(m)" - n! monomials each of which has a coefficient of absolute value at
most 1. O

Proof of Theorem 1.2(1). We consider monomials where the coefficient has absolute value at
most 1. We have shown that there exists a constant ¢(m) so that r, can be written in terms of
at most c(m)"n! such monomials. We may then use the constraints of Eq. (6.h), the estimates of
Eq. (6.f), and the estimate of Lemma 6.1 to construct a new constant c(M, g) and complete the
proof of Theorem 1.2(1) by bounding:

|an(x, D)| <c(m)'n!-C(M, g, D)*" - C(M, g)" <C(M g. D)"nil. O

Proof of Theorem 1.2(2). Let P be a point of a closed real analytic Riemannian manifold
(M, g). Let f be areal analytic function on M so that df (P) # 0. Since f is continuous and M
is compact, | f| is bounded. By rescaling and shifting f, we may suppose without loss of gener-
ality that f(P) =0 and that | f (x)| < 1 for all points x of M. We make a real analytic change of
coordinates to assume that g’/ (P) = 4;; and that f(x) = cy-x1 near P. We shall choose ¢ = £1
recursively and define:

h(x)=Y_a27F f(x)*.

k=3

This series converges uniformly in the real analytic topology so # is real analytic. Let £;(-) be a
generic invariant which only depends on the parameters indicated. Let g;, = ¢*g. Let 1 > 3. We
use Theorem 1.8 to see that:
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(927h)(P) = e52 " cH i)l + EL (e ... 1),
Tg, (P) =cCm (3§1h)(P) + lower order terms  for some |c;,| > 1
(—1) AT g (P) = gacn2 T H Q) + E2 (el .. -1, &)

n-n!

ayi(P, Ag) = (—1)ﬁ*1mAﬁ711 + lower order terms
n-nl i . 3
=Cmmcfn8n n(2n)!+5ﬁ(8],...,Sfl,],g).

We set

+1 ifenEler, ... 8-1,8) 20
1 ifenEer, . i1,8) <0

With this choice of &j;, there is no cancellation. As %# > % for n > 3, we obtain the desired
estimate:

PR i s (3 2\
‘aZn(P Ag)}/cmm f"2 n( )‘ ) ni’l‘> (ﬁcf nl. O

7. Growth of heat content asymptotics
This section is devoted to the proof of Theorem 1.4. We first examine a product manifold

[0,1] x N. Let {g;} be a sequence of signs to be chosen recursively. We replace the function
f(x) of the previous section by sin(x) and define:

h(x)= &2 sin(x)*

This series converges in the real analytic topology to a real analytic function # which is periodic
with period 27 and which satisfies 2(0) = h(27) = 0. We set

gm =M (dx* + gn).
The inward unit normal is given at 0 by v(0) = d, and at 27 by v(2w) = —0,. If j is odd, then
{8Jh}(0) = {th}(Zn) =0 since # is an even function. And clearly we have that {(Bj)h}(O)
{(=9,)/h}(2) if j is even. Consequently
h90) =hY 27) forany j.

This ensures that the behaviour of % is the same on the boundary components and gives rise to
the factor of 2 vol,,_1 (N, gn) in Eq. (7.a) below. We have:

hCO©0) =67 27D+ EXer . g7y
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Since m > 2, there is a non-zero constant ¢, with |c;,| > 1 which only depends on m and not on
¢ so that:

PP O0) =7 cm2 QD+ E2(er. . 57y gN).

We may then apply Theorem 1.9 to express:

1 - =
,3%”(1, L, Ay gy, B7) = ”{E(% —2)8,7em27420)! - 2vol,,— 1 (N, gN)}
+ES(E1, 8712 EN)- (7.a)
Set

8_'_{+1 ifegz.(el,...,e,g_l,gzv)>0}
R B B R N R R

Since there is no cancellation in Eq. (7.a), we may estimate:
_ I _- _ - 7
(B3 (11, Apr gy B7)| > 5 Q8 = 2 Eyzem(2D) 127" - 2v0l—1 (N, g).

The desired estimate in assertion (1) of Theorem 1.4 now follows since:

1(247 2)Eyrem 20127 > (20— 2) 2 22 )iy .9.3... 00
— —2)E,;¢ le; > ). —— 2.3,
2 2eem ¢ 2041 3m
202 _ 4 _ _
= %04 20> 22 =0 forl>3
20+1 14

We now turn to the case of the ball and apply a similar analysis to establish assertion (2)
of Theorem 1.4. The functions sin(x) is now replaced by the function (xl2 + -+ x,zn — 12,
the operator dy is replaced by the radial derivative d,, and the boundary components x = 0 and
x = 2m are replaced by the single boundary component r = 1. The remainder of the argument is
the same and is therefore omitted. O
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