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Abstract

In this paper we use fractal geometry to investigate boundary aspects of the first homology group for finite
coverings of the modular surface. We obtain a complete description of algebraically invisible parts of this homology
group. More precisely, we first show that for any modular subgroup the geodesic forward dynamic on the
associated surface admits a canonical symbolic representation by a finitely irreducible shift space. We then use
this representation to derive a complete multifractal description of the higher-dimensional level sets arising from
the Manin—Marcolli limiting modular symbols.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Let Co(G) refer to the space of cusp forms of weight 2 for some arbitrary modular subgroup G. That
is, G is a finite index subgroup of the modular group I" := PSL;(Z). It is well known that there is a dual
pairing between C»(G) and the first homology group H; (Mg, R) of the associated compactified cusped
Riemann surface M of genus g. That is, we have

(1) : Hi(Mg, B) x Co(G) — C.  where (y, f) = f £ dz.
Y
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Each element of H| (Mg, R) can be represented by integrating the 1-form fdz along some smooth path
between two points &, n in H U P'(Q), and this determines the modular symbol {§, n}g € Hi (Mg, R).
A possible way to extend these symbols to the non-cuspidal boundary of hyperbolic space, and therefore
to give a non-trivial homological meaning to algebraically invisible parts of Hi(Mg, R), has been
suggested by Manin and Marcolli [18]. They introduced the concept ‘limiting modular symbol’, which
is given for x € R by (whenever the limit exists)

1
to(x) = lim —{i,x +iexp(—=1)lg € Hi(Mg, R).

Note that the limit in the definition of £ exists if and only if it exists for each 1-form fdz with
f € C2(G), and hence it is sufficient to compute it for a fixed complex basis f1, .. fg of C2(G).

The aim of this paper is to use fractal geometry in order to investigate the level sets which arise
naturally from these limiting modular symbols. That is, for & € R?$ we consider

Fo={x eR: ((Lg(x), fi),.... (lc(x), frg) =},

where for_1 == SRe(fk) and fo = Jm(fk), fork=1,...,g.

A first analysis of this type of level sets was given in [18,20] for modular subgroups which satisfy the
there so called ‘Red-condition’ (see [18]). There it was shown that for these groups %{i, x+iexp(—t)}g
converges weakly to zero with respect to the Lebesgue measure on the unit interval. Subsequently, this
result was improved in [20] by showing that £ (x) is equal to zero Lebesgue—almost everywhere.
Besides, these papers obtained “non-vanishing ” of limiting modular symbols only for the end points of
closed geodesics, that is for quadratic surds. In these trivial cases the limiting modular symbol turns out
to be given by integrating along the closed geodesic and then normalising by the hyperbolic length of
that geodesic.

The aim of this paper is to extend these results to arbitrary modular subgroups and to obtain that
the limiting modular symbol is not equal to zero for a large class of perfect sets of positive Hausdorff
dimension. For this we will give a detailed construction of a shift space Yg, referred to as the modular
shift space, which is canonically associated with G. We then show that Y is finitely irreducible (see
Proposition 3.1 for the definition), which in particular implies that every modular subgroup satisfies
the Red-condition, and hence shows that the results of [18,20] do in fact hold for arbitrary modular
subgroups.

Our main results are summarised in the following theorem, where ,/B\G : R?® — R refers to the
proper concave (negative) Legendre transform of the proper convex function B¢ : R?8 — R, given by

Ba (@) = inf; cgag (BG (1) — («[1)).

Main Theorem. For an arbitrary modular subgroup G we have that the modular shift space g is
finitely irreducible.
Moreover;, for g > 1 there exists a strictly convex and differentiable function Bg : R*® — R such that
for each o € VBg(R*9) C R?9,
dimp (Fo) = B6 (). (1.1)

In here, we have that B (0) = 1, and that Bg has a unique minimum at 0. Also, we in particular have

t6(Fo) = {ha},
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where hy € Hi(Mg, R) is uniquely determined by ((hy, f1), ..., (ha, f2g)) = a. Furthermore, the
description of the spectrum in (1.1) is complete in the sense that

VB (R29) = [ e B F(@) # 0}

The paper is organised as follows. In Section 2 we recall some basic facts on modular symbols. This
includes a brief histogram on exact dual pairings. In Section 3 we first give a reminder on a beautiful
construction which allows to visualise real numbers from a modular surface perspective. Subsequently,
we show how this can be generalised to arbitrary modular subgroups. Here, the main result will be to use
ergodicity of the geodesic flow to obtain that the so obtained generalised modular shift spaces are always
necessarily finitely irreducible. In Section 4 we introduce a limiting modular symbol naturally arising
from these generalised modular shift spaces, and show how these relate to the underlying branched
geometry of numbers. In Section 5 we will collect facts from the thermodynamic formalism which turn
out to be crucial in the proof of our main theorem, which will then be given in Section 6.

Remark. 1. It is well known that the modular subgroup quotient H/G can be viewed as a complex
algebraic curve permitting an arithmetic structure. Similar to the familiar picture in which H/I’
represents the moduli space of elliptic curves, H/ G represents the moduli space M (G) of elliptic curves
E£(G) equipped with some finite additional structure determined by G \ I'. Hence, by adding the cusp
points we obtain a pre-compactification of M(G), given by including all possible ways in which £(G)
degenerates to C \ {0}. Moreover, if we further include all degenerations of £(G) to non-commutative
tori, we derive the compactified moduli space My(G) whose boundary is given by the non-commutative
space P'(R)/G. Since the level sets F,, are clearly G-invariant, transferring the results in this paper to
the language of elliptic curve degenerations yields that the modular multifractal spectrum corresponds
to a continuous family of elements of the boundary of Mo (G) consisting of the ‘bad quotients’ F,/G.
(For the relation of non-commutative geometry and modular subgroups, and for some of the literature
on this, we refer to the recent survey article [4] and to [21]).

2. Let us also mention that the concept ‘limiting modular symbol’ could easily be extended to more
general concepts of ‘modular symbols at infinity’. For instance, one could consider £ ¢,y given by

€G.p.y(x) = Lim ¢(x, D{i, x +i¥ (x, Dlg,

for functions ¢, ¥ : R x R™ — RT such that ¢(x, ) and v (x,t) tend to zero for ¢ tending to
infinity. Here, Lim represents either lim, limsup, or liminf. However, in this paper we concentrate
on the Manin—-Marcolli limiting modular symbols for which ¢ (x,t) := 1/t, ¥ (x,t) = exp(—t) and
Lim = lim.

2. Preliminaries for modular symbols

For a modular subgroup G consider the space Cr(G) of cusp forms f : H — C of weight k € Z,
given by

e f is holomorphic on H as well as in each cusp of G;
o f=(g)?. (fog)forall g € G;
e f vanishes at each cusp of G.
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Throughout this paper, let Mg refer to the (possibly branched) covering surface (HU P Q) /G of
M of genus g, assumed to be compactified by having added the cusps.

Recall that a p-chain is a formal sum ¢, = ) _; k; N;, where the N; are p-dimensional smooth oriented
submanifolds of M, and the coefficients k; are elements of some Abelian group K. The p-homology
group H,(Mg, K) of Mg is then given via cycles and boundaries by H,(Mg,K) = {c, : dc), =
@}/{dcp+1}. Obviously, we have that H,(Mg, K) = 0, for each p > 2. In particular, H; (Mg, Z) is
obtained geometrically by taking all loops in Mg as generators and then factoring out the relation that
two loops are homologous, that is they only differ by some boundary. By triangulating M such that the
directed edges of the triangulation represent the generators of the Abelian group Hi (Mg, Z) (modulo
the relations given by zero-homologous edge cycles), each element of Hy (Mg, Z) can be written as a
Z-linear combination of the directed edges. Hence, H{ (Mg, Z) is a finitely generated Abelian group
which is always equal to either Z?9 or to a free product of Z>9 with some torsion subgroups of the form
Z» and/or Z3. Given that H{ (Mg, Z) is known, one can then apply the universal coefficient theorem to
determine H{ (Mg, K). Indeed, we have that H| (Mg, K) = H{(Mg, Z) @7 K, and hence H; (Mg, K)
is a free K-module of dimension 2g, provided that K is a field. In particular, this shows that the space
H{ (Mg, R) is a real vector space of dimension 2g.

In order to see how Hj(Mg, R) fits in with C>(G), note that by de Rham theory we have that
the 1-cohomology group H L Mg, R) is isomorphic to the de Rham cohomology HJR(Mc;, R) =
{closed 1-forms}/{exact 1-forms}, and hence defines a dual pairing (see e.g. the survey article [7])

()t HH(Mg,R) x Hjz (Mg, R) — R, given by (y, ») :=/a).
Y

By Hodge decomposition, there exists an isometry between H(}R(Mg, R) and the space Hi\ (M¢g) of
harmonic 1-forms. By considering real and imaginary parts of the pull-backs of these harmonic forms to
HU P'(Q), we finally obtain an isomorphic representation of Hi (M) by the holomorphic cusp forms
C2(G). It follows that C2(G) is a g-dimensional C-vector space (and hence a 2g-dimensional R-vector
space) (cf. also [28])). Hence, summarising the above, there is an exact dual pairing of homology and
cusp forms, which is given by the R-bi-linear map

() : HH(Mg, R) x C2(G) — C, (v, f) = f f(z)dz.
1

Also, let us recall for later use that by de Rham theory we have for a fixed basis (yk)ig: |» consisting of
cycles in Hi (Mg, R), that the set

{(ro ) (v F)) =1, 2g}

is a basis for C® over R (cf. [5, p. 10]). For the 2g x 2g real period matrix Ilg := (<yk, fj))k,j, this means
that

Il € GLyg(R) . @2.1)

Note that the above dual pairing shows that an element of H; (Mg, R) can be viewed as a path in Mg, or
alternatively as a path in HU P! (Q). Therefore, by viewing it as a path in HHU P! (Q) and noting that only
the end points £, n € HU P(Q) of the path matter, this allows to represent an elements of H; (Mg, R)
by the so called modular symbol {¢, n}g € H1 (Mg, R). In particular, for each g € G, any smooth path
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from £ € HU P'(Q) to g(£) projects to a closed path in Mg, and hence corresponds to a homology
class in H{ (Mg, Z). Clearly, this class is represented by the modular symbol {§, g(§)}s, obtained by
integrating 1-forms f dz, for f € C»(G), along any smooth path from & to g(£). One easily verifies
that {£, g(§)}¢ does not depend on &, and that the assignment g — {&, g(§)}¢ gives rise to a surjection
of G onto H{(Mg, Z) (the kernel of this group homomorphism is generated by the commutators of
G). For the calculus with modular symbols, the following immediate identities are useful. For each
£,n,¢e€HUPY(Q)and g € G, we have

¢.6)6 =0, . n¢ = —{n. &}c., & .1l +{n. ¢} = {&. ¢)a,
. nlc ={g€). gm}c, and {&,gE)}c =1{n. g}c.

So far, we only considered paths between points in H U P!(Q) which lie in a single G-orbit of some
element of H U P!(Q). In general, that is for arbitrary modular subgroups G, it is not clear how to
define modular symbols between elements of P'(Q) which are not in a single G-orbit. However, for
congruence subgroups Io(N), defined by

To(N) = {(‘C’ Z) er

it is well known that this can be resolved, and this is the essence of the following theorem.

CEOmodN} for N € N,

Theorem (Manin—Drinfeld [17,6]). For each &, n € PY(Q), we have
&, nbryvy) € Hi (Myvy, Q) .

Finally, let us recall a few useful facts about modular subgroups and in particular also congruence
subgroups Iy(N).
For instance, for the index « = [I" : To(N)] of IH(N) in I', we have [26]

1
KN:Nl_[(l-I-—).
pIN p

Also, for the number Ny of Ih(/N)-inequivalent elliptic fixed points of order k € N and the number N,
of I'hy(N)-inequivalent parabolic fixed points, we have [28]

if 4|N if 9|N

0 0
Ny = 1_[ (I4+[(=1): p]) otherwise, N3 = 1—[ (1+1[(=3): pl) otherwise,
PIN pPIN

and

Neo= ) @(gcd.(d N/d)).
d|N,d>0
where ¢ is the Euler function and [:] refers to the Legendre symbol of quadratic residues.

For arbitrary modular subgroups G, the following formula for the genus g of Mg is an immediate
consequence of the Riemann—-Hurwitz formula. With Rj the number of G-inequivalent elliptic fixed
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points of order k € N, Ry, the number of G-inequivalent parabolic fixed points, and « the index of G in
I', we have [28]

3. Modular shift spaces

One of the main ideas of this paper is to investigate limiting modular symbols by using a shift space
which generalises the shift space for the continued fraction expansion of elements of [—1, 1] (see e.g. [1,
2,9,27,13]). In this section we give the construction of this shift space canonically associated with the
geodesic dynamic on the Riemann surface arising from a modular subgroup. Note that this construction
extends the usual coding procedure for the modular surface to arbitrary modular subgroups. For ease of
notation, we put Z := [—1, 1] NI, Z_; :=[—1,0]NTand Z4; := [0, 1] NI, where I denotes the set of
irrational numbers.

We begin with recalling from [27] the notion of ‘type-change’ for an oriented geodesic in the upper
half-plane H. For this note that H can be tiled by the so called Farey tessellation, that is the tessellation
by I'-translates of the ideal triangle with cusp-vertices at 0, 1 and {ioc}. Consequently, each oriented
geodesic / with irrational end points is covered by infinitely many tiles of this tessellation. By travelling
on [ in positive direction, each of these tiles gets intersected such that there is always a single vertex of
the three cusp-vertices seen either on the left or on the right of the intersection of / with the tile (the other
two vertices are seen on the opposite side). In case the single vertex is seen on the left, we say that the
visit is of type L, otherwise it is called of type R. If in here two successive visits are of different type,
then one says that / changes type at the point where it intersects the edge at which the two involved tiles
intersect. -

Now, let us consider the set L of oriented geodesics / in H with initial point /_ and end point /4,
given by

L= {l=0_,1p):0<|l_| <1 <|ly],l--14 <0, and[_, [ €T}.
Each element [ of £ r can then be coded by its successive ‘type-changes’, that is

e L"2R"1yL"R™ ..., ifly =1
s coded by { ...... R'-2L"-1y RML™ ... ifly < -1,

where y; refers to the point at which / intersects the imaginary axis. This type of coding is closely related

to the continued fraction expansion of elements y € 7,1, given for y1, y2, ... € N by
1
y=buy,...l=—"7—.
i+ 5

Namely, we have that

I_=—[n_1,n_p,...] and Iy =([ng,ny..17" ifly>1
I-=[n_i,n_n,...] and Iy =—[ni,na,...17" ifl, <—1.

Next, consider the subset C, r of the unit tangent space UT (H) consisting of all those unit tangent
vectors which are based at the imaginary axis and which give rise to geodesics / € L. We then
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have that the Poincaré section S,  associated with L r is given by the canonical projection of C r onto
UT (Mr). More precisely, let [ € L be given such that / is coded by ... L"-2R"-1y, L™ R"2 . ... With
T : z = z + 1 referring to the parabolic generator of I', we have that T7"!(l) is a geodesic which
starts in [—(n; + 1), —n1] and ends in Z, 1, and hence T ~"! (/) is not an element of L. However, if we
additionally apply the elliptic generator S : z > —1/z of I', then we obtain that the resulting geodesic
" .= ST~"1(l) is an element of £, and one immediately verifies that

I =[ni,n,...] and I} =—[ng,n3,..17"
Hence, in this situation we have
ST_n] : l = (_[n—19 n-a,.. ']a [n17 na,.. ]) d l/ = ([nl’ n-i,.. ']v _[n23 ns,.. '])

The dynamical idea behind this coding step is as follows. Let v; € C, r be given, and let v; be the vector

in [’ (5 ) obtained by sliding v; in positive direction along / until the next type-change takes place. The
significance of ST "! is that ST "™ (vl/) is an element of Cp such that its projection onto UT (M) is

precisely the first return to S; when starting from the projection of y; onto M in the direction of v;.

Clearly, we can proceed in a similar way if the geodesic [ turns out to be coded by
Lo RP2LMTy R O In this case ST gives rise to the assignment

I =(n_1,n_a,..1,—[n,n2,..1 Y > 1U'=(=[n1,n_1,.. .1, [n2,n3, .17 1.
This procedure is summarised by the Poincaré-map 73p L r — L r, given by

By [T L= (lneng, s ng, 17

PUTsTO ifl=(nonea, . —[nnung, . 7.
Here it is important to remark that the restriction Pr of the action of 73p to the second coordinate can
also be described by the ‘twisted Gauss-map’

Gr:1T—1, x = SPrS(x).

The reason why Gr is called twisted Gauss-map originates from its link to the usual Gauss-map
G :7Zy1 —» Zy1,x — 1/x — [1/x] (where | 1/x] denotes the integer part of 1/x). Namely, one
immediately verifies

Gr(=SPrS) : x > —sign(x)G(|x|).

Note that G can alternatively be derived directly if instead of L r one starts with the following set of
oriented H-geodesics

Lr={=(_,14):0<|ly|<1<|l_|,l_-1; <0, and[_, 1, T}.

These geodesics can then also be coded by the type-change mechanism as explained above. Here, the
relevant section Cr C UT (H) is the set of unit tangent vectors based at the imaginary axis, giving
rise to the geodesics in L. The Poincaré section arising from this will be denoted by Sr. One then
immediately verifies that G coincides with the map obtained by restricting the Poincaré map arising
from this alternative approach to the second coordinate.
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Also, note that for k € Z~ := 7\ {0} the k-th inverse branch P;lk of Pr has the property

- (=00, —11NT— {y~ ' € [1,00) : y = [k, y3,...1} ifkeN
Pk 11, 00) NI — {—y~ ' € (=00, =11 : y = [|k|, y2, ...} ifk ¢ N.

In particular, this shows that P;lk can be expressed in terms of the generators of I" by P;lk = T*S. On

the other hand, for the corresponding k-th inverse branch g;lk of the twisted Gauss-map we immediately
have

-1 _ 1o _ k _ k. Z—H_)I—k ifkeN
Gry =SPryS=ST"sS = sT* : {1_1 1, k&N,

where [ = {sign(k)[y1, y2,...] € Z : y1 = |k|} refers to the k-th basic interval.

We can now use standard ergodic theory to obtain our actual code space via the inverse branches
of Gr as follows (cf. [3,25]). One immediately verifies that the set o = {I : k € ZX} is a partition
of Z, such that the sequence of refinements (\/?:_01 g;’ (a))nen generates the Borel o-algebra. Hence,
in terms of inverse branches of G the twisted continued fraction coding of 7 is given as follows. For
ni, no, ... € N, we have

[n1,n2,..] = lim ST™ST™ .. STV ™ (T, )
k— o0 =D

. _ _1\k+1
—lnna, )= lim STMST ™" STCVT(T ).
Therefore, by defining the shift space
AN
5, = {(xl,xz,...) c <Z ) - xixi1 <0, foralli eN}

equipped with the shift map oy : (x1, x2,...) — (x2, x3, ...), one immediately verifies that
Py — 1, (x1, x2, ...) > —sign(x)[[x1], |x2f, .. .]

is a bijection for which p o o, = Gy o p.

Our next goal is to generalise this modular coding procedure to arbitrary modular subgroups G. For
this, let Eg refer to a fixed set of left-coset representatives of the quotient space G \ I'. In this more
general setting the relevant set of oriented geodesics is given by Lg = |J,cp o e(Lr). Note that there
is a 1-1-correspondence between L and the Poincaré section Sg for the geodesic flow on M, where
S is given by the canonical projection of Cg = |, Ec e(Cr) onto UT (M¢). We then adopt the above
modular coding procedure in order to obtain a code space also in this more general situation. For this

we proceed as follows. Assume that X' := U,e £, (€(Z) x {e}) is equipped with the topology inherited

from R. The G-generalised twisted Gauss-map G : X — X is then given by

Golx, e) = <eS'PpSe_1(x), e>, fore € Eg, x € e(T).
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Analogous to the situation before, we now have that for k € Z" and e € Eg the (k, e)-th inverse branch
ga,l(k,e) of G is given by

X e(Zy1) x {e} = e(T-1) x {e}, (x,e) — (eSTkefl(x), e) ifkeN

Y6, tke) *
O T ) x e} = e(Toy) x e}, (x.e) (eSTke_l(x), e) itk ¢ N,

Hence, we can again use standard ergodic theory to obtain our actual code space via the inverse

branches of Gg. This time the basic intervals are Iy, = e(lx) x {e}, for k € Z" and e € Eg.

Also, ag = {Ilx, : k € ZX, e € Eg} is a partition of Y such that the sequence of refinements

(\/:.’:_01 ggl (a))nen generates the Borel o-algebra of Y. Hence, in terms of inverse branches of G the

G-generalised twisted continued fraction coding of X is given as follows. Let (x, ¢) € X be given.
Then x € e(Z), and we have that there exist ny, np, ... € N such that eil(x) = +[ny1, ny, ...]. By the
above modular coding, we then have

lim eSTST™ L STCVM (T ) e () € T
x = ko (3.1)
lim ST ST~ ... STCY (7 10) ife' () € Ty,

k— 00

Clearly, the assignment (e(£[n1, n2, ...]), e) —= ((Fn1, £n2,...), ) gives rise to a bijection between
26 and Z’G = Xy x Eg. Unfortunately, the space Z’G is not a proper shift space. Nevertheless, such a
proper shift space can be obtained by keeping track of the cosets GeST*"1 ST¥"2 ST+ which are
visited during the approximation of x given in (3.1). That is, we successively mark down as a second
parameter the cosets in which those images of the directed imaginary axis lie on which the type-changes
occur. More precisely, we define the shift space Yg by

X = {((x1, e1), (x2,€2),...) € (ZX x E)N : (x1,x2,...) € 5y, exp1 = 7y, (ex) for all k € N},
where the map 7y, : Eg — Eg is defined by, with =¢ referring to equivalence mod G,

Ty (ex) : =, ek ST,
One immediately verifies that the assignment

((x1,x2, .., 0) > ((x1, €), (x2, Ty, (€)), (X3, T, (T4, (€))), . . .)

defines an isomorphism between Z’G and Y, and hence Y is also isomorphic to Y. Of course, the
advantage in using X to code the geodesic rays in M which arise from Sg is, that it becomes a proper
shift space when equipped with the shift map

o: X — Vg, ((x1,e1), (x2,€2),...) = ((x2,€2), (x3,€3),...),

as well as with the canonical metric d, given for ((xx, ex))k, ((x,/{, e,/())k € Xg by

o0
d((Crts ek (e )0 1= 2027 (1= 8 e ) ) -
i=1

Note that the system (Xg, o) relates to ordinary continued fraction expansions as follows. For
((xk, ex))x € X one immediately verifies by way of finite induction, using the matrix representation of
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the elements in I,
€k+1 = Tx (ek) =5 ekSTXk = Tx_y (ek—l)STXk
G Ck—1 STH ST = ...

N o —sign(x1) pr—1(x) (—DF pr(x)
e1ST* ... ST = e ( o1 (1) (—1)k+1 sign (x1) g (x) >

=

Here, p,(x)/g,(x) refers to the n-th approximant of the ordinary continued fraction expansion of
x = [|x1], |x2], .. .], with the usual convention go(x) := p_1(x) := 1 and g_1(x) := po(x) := 0.

Remark 1. 1. At first sight it might appear that the step from S’G and/or X to X is just technical and
that it achieves only little. However, this step will turn out to be crucial, since it will allow us to employ
certain standard results from thermodynamic formalism, a formalism which is well elaborated for shift
spaces of the type (XLg, o). - ~ -

2. We remark that (X, o) can also be represented by the skew product (X, o), where o : Y — Xg
is given by

o ((x1,x2,..0,0) > ((x2,x3,...), T, (€)) -

Clearly, the assignment 7((x1,e1), (x2,€2),...) = ((x1,x2,...),e1) gives rise to an isomorphism
7 : Y6 — Xg, which is a dynamical conjugacy in the sense that ¢ o T = 7 o 0. N

Also, note that throughout we will often identify an element ((xx, ex))x € g with ((xp)x, e1) € X,
as well as with (eq (—sign(x)[|x1], |x2],...]), e1) € 6.

3. Let us also mention that (Xg, o) can be represented by a conformal graph directed Markov system
(for an extensive discussion of these systems, we refer to [22]). Namely, define V := {(e, 1) : e € Eg}
to be the finite set of vertices, £ = 7" xE G the countable infinite set of edges, and let the two functions
i,t : &€ — V be given by i((k,e)) = (e, —sign(k)) and 7((k, e)) := (tx(e), sign(k)). Furthermore,
let the edge incidence matrix A = (A, )y vec be defined by A, , = 1ift(u) = i(v),and A, , =0
otherwise. We then have that (V, £, i, ¢, A) is a directed multigraph with associated incidence matrix A,
and one immediately verifies that the subshift Ag = {(ux)x € EN . Augugy, = 1, forallk € N} is
isomorphic to Y. In order to derive the conformal graph directed Markov system, define compact sets
Ze,+1y :=e(Tq1) and Lo 1) == e(Z_1), forall e € Eg. Also, for each (k, e) € £ define

Dlk.e) = eST* (1 (€))7 : Lig(e),signk)) = Le,—sign(k))-

(Note that here the maps ¢ ) are viewed as Mobius transformations). With these preparations, one now
immediately verifies that the system

G = {¢u ' Tiwy = Liw) | u € 5}

satisfies all the requirements of a conformal graph directed Markov system, apart from that a priori
the maps ¢, are not necessarily uniformly contracting. However, similar as for Schottky groups [22,
Example 5.1.5], this can be resolved by replacing the system @ by a sufficiently high iterate of itself.

The final aim of this section is to show that for each modular subgroup we have that the modular
shift space Y satisfies a certain transitivity condition called ‘finitely irreducible’ (for the definition,
see Proposition 3.1 below). Let us remark that the main results in [19] are based on the assumption
that the so called ‘Red-condition’ holds (see [19] for the definition). One immediately verifies that this



M. Kessebohmer, B.O. Stratmann / Topology 46 (2007) 469-491 479

Red-condition is in fact equivalent to finite irreducibility of the shift space Yg. However, the approach
in [19] allows to verify this condition only for congruence subgroups. Indeed, the proof of [19,
Proposition 1.2.1] is based on the fact that for congruence subgroups (/) there is an isomorphism
between the set of modular symbols and the set of M-symbols (that is P!'(Z/NZ), the projective line
over the ring of integers mod N (see also [5])). This then allows to verify the Red-condition algebraically
in terms of elementary congruence calculations. In contrast to this, our approach is completely different.
To obtain the result for all modular subgroups G, we combine an elementary observation for the shift
space X with the ergodicity of the geodesic flow on M.

In the following, X, refers to the set of admissible words of length 7 in the alphabet 7" x Eg, and
Ec*; = UneN Eg;

Proposition 3.1. For each modular subgroup G we have that the modular shift space (Xg, o) is finitely
irreducible in the sense of [22]. That is, there exists a finite set W C XL, such that foralla, b € 7" x Eg
there exists w € W such that awb € L.

Proof. Let (m, ), (n,¢”) € Z" x Eg be given. For simplicity, let us only consider the case in which
m < 0 and n > 0. Clearly, the remaining cases can be dealt with in an analogous way. Now, the aim is
to show that there exists a universal constant ¢ = ¢(G) € N and a finite set W C Eé of words of length
at most ¢ such that

(m,eYwn,e”) € L, forsomew € W. (3.2)

For this, observe that if (m, e")w(n, e”) € X then (m, ) w(s, ") € X, for all s € N. This shows
that the assertion in (3.2) does not dependent on n. Similarly, observe that with ¢ := T7,,(¢’) we have
(m, e)(r,e) € Zé, for all r € N. This shows that when starting from the second symbol (r, e) the
assertion in (3.2) does not depend on the first entry m. Combining these two observations, it follows that
in order to obtain (3.2) it is sufficient to show that there exists a finite set W' C Jf; of words of length at
most ¢ — 1 with the property that in the situation above we have that there exists w’ € W’ such that

(r,ew'(s, e’y € X%, forsomer,s e N. (3.3)

For this, note that by construction we have that (k,e) € 7" x Eg represents the basic interval
I_k .. Furthermore, in terms of cross sections we have that /_; , represents a certain subset Cy , of
the cross section e(Cr) C Cg. That is, Cy . is the set of those unit vectors v which are based at
e({z € H : Re(z) = 0}) such that the oriented H-geodesic given by v terminates in e(/_j) and starts
in either e([1, 00)) (if k is positive) or e((—oo, —1]) (if k is negative). Define C, := | J; oy Ck.e (resp.
Ch = Uken C—k.e), and let Sf C 8¢ be the projection of C;t onto UT (Mg). Expressing the assertion
in (3.3) in these terms, it follows that we have to show that there exists v € S5 and v’ € S, such that
v = ¢;(v) for some ¢t > 0, where (¢;);cr refers to the geodesic flow on UT (M¢). In order to see this,
note that we clearly have that for each e € Eg there exists V,” C C, such that for § > 0 the flow-box
V,(8) = {¢:(v) e UT(Mg) : v €V, ,t € (—8,8)}is a measurable set of positive Liouville measure.
Moreover, by choosing the § sufficiently small as well as the Vei such that the base points of their vectors
are well separated from the elliptic fixed points and are contained in some small compact interval, we
can assume without loss of generality that the VejE () are pairwise disjoint and that the restriction of
the universal covering map to each of these boxes is a bijection. Now, recall that the geodesic flow on
UT (Mg) is ergodic with respect to the Liouville measure [10,11], and that this ergodicity is equivalent
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to the statement that for all measurable U,V C UT (M) of positive Liouville measure there exists
t = t(U,V) > 0 such that ¢;,(U) NV # 0 (see e.g. [23, Theorem 7.2.11]). Using this and coming
back to the assertion in (3.3), we now have that there exists 7 = #(V5 (8), V,,(8)) > 0 such that
b1, (V7 (8)) NV, (8) # 0. Hence, there exists v € S5 and € € (—26, 28) such that ¢y 4(v) € S,,. By
putting v" := ¢4 (v), the assertion in (3.3) follows. This finishes the proof. [

Remark 2. Let us remark that in the proof of Proposition 3.1 the constant c(G) is obtained as follows.
For each of the transitions between two different boxes from the set of flow-boxes {VejE (8) : e € Eg}
determine the number of crossings of the Poincaré section S during the transition. The constant ¢(G)
is then obtained by adding 1 to the maximum of these numbers (note that this maximum exists, since
there are only finitely many flow-boxes; also, here the adding of 1 takes the transition from (m, e) to
(r, @) into account). Clearly, our approach only allows to deduce that c(G) is finite, but it does not permit
to determine the actual value of ¢(G) for a particular modular subgroup. However, in [19, Proposition
1.2.1] it was shown by arithmetic means that for congruence subgroups IH(N) we in fact have that
c(lo(N)) =3.

4. The limiting modular symbol for Y

We already introduced the limiting modular symbol £ in the introduction, which was there defined
on R. We now define a slightly different version of such a symbol, namely the limiting modular symbol
ZG defined on Y.

Definition 4.1. The limiting modular symbol ZG 1 Y — Hi(Mg,R) is defined for arbitrary
((xk, ex))r € X by (whenever the limit exists as an element of H; (Mg, R))

~ . .
€6 (((xx, e0)g) = lim —{i, ey (x + i exp(—1))}c.
t—o0 t
Here, we have set x := —sign(x)[|x1], |x2|,...] € Z.

Note that £5(x) does not depend on the starting point i of the paths along which one integrates, nor
does it depend on the choice of the geodesic {x +i exp(—¢) : ¢ € R} (in fact, any path having x as its only
accumulation point in P1(R) would do). Also, concerning the existence of the limit in the definition of
£¢ the following holds, which is of course similar to what has been remarked on £¢ in the introduction.
Namely, since (-, -) is a perfect dual pairing, the existence of this limit is guaranteed if the limit

lim <%{i, e1(x +iexp(—1))}c, f>

t—00

exists either for each f € C2(G), or equivalently, for each member of a basis of C2(G).
The following proposition gives the main result of this section.

Proposition 4.2. For ((xx, ex))x € Xg we have

6 ((Ck ex))i) = Z{ek (i00) , e (0)) -

lim —————
700 210gqn(IXI)
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Si=mum &3 elfz) & &2

Fig. 1. Approximating path for a point (x, e1) € Xg.

Proof. Let ((x, ex))x € X be given. Our first aim is to show that

n

~ . 1 ,
log (G @) = Jim oo —s ; fex (i00) . ex (0)}g

exists if and only if lim,,_, o tn_l{i, e1(x + iexp(—1ty))}g exists, for some sequence (f,),en tending to
infinity. More precisely, we will show that if one of these limits exists then both limits coincide, that is

~ 1
€G.q (((xks e))i) = nli)n;o t—{i, e1(x +iexp(—n))}G- 4.1)

For this we proceed similar to [19, Proof of Theorem 0.2.1] as follows. Let [(x) refer to
the oriented hyperbolic geodesic from ioco to x, and define & = e1(ico) and &, =
e1(—sign(x1) pp—2(|x1)/qn—2(|x])), for n > 2. Then consider the path @ := wiw, ... which runs in
succession through the oriented hyperbolic geodesics w, which start at &, and end in &, (cf. Fig. 1).
Clearly, when viewing w as a path in H U P!'(Q) it is a connected oriented path which approximates
e1(x) in its forward direction. Next, define y, := w, N e (l(x)) for n € N, and observe that the oriented
geodesic path from y, to y,41 is homologous to the geodesic path which runs from y, via §,4+1 to y,+1.
It follows

{ns yn+1lg = ns Enridg + Entts yurilg,  foralln e N

Before we continue with this argument, first observe that we have for alln € N,
{&n: Env1lg = {en(i00), €a(0)}g  and  €,(0) = €,11(i00).

Indeed, this can be seen as follows. Define g| := id., and for n € N let

—sign (x1) pa—1(lx]) (=" pa(lx)
qn—1(x]) (=" sign (x1) ga(lx) ) '

We then have that e1g,(ic0) = &, and e1g,(0) = &,41. Also, since e, =¢ €1 gy, there exists g, € G
such that g,e, = e1g,. Using these facts as well as the G-invariance of the modular symbol, we obtain

g1 = ST ... ST = (

{en(ioc0), en(o)}G = {gnen(ioo)» gnen(o)}G = {elgn(ioo)’ elgn(o)}G
= {g‘_n’ gn-l—l}G :
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Using this observation, we proceed with the above argument as follows. For each n € N, we have

n
li, yrtle = i yabg + 2 yarile =t yalg + D e yiride
k=2

= {i. vl + ) (b E1de + (vt v o)

k=2
n+1
= {i, y2lg — (&2, g — {net, Ensadg + Ytk Ekridg
k=2

n+1

={i,&1}¢ — n+1, énr2lg + Z k. Err1lg
k=1

n+1

= {i. &1} — nt1. Ens2lg + Y fer(io0), ex(0)}g -
k=1

Now, let #, be defined implicitly by ej(x 4+ i exp(—t,)) = y,. Using elementary hyperbolic geometry
in the context of for instance Ford circles (or alternatively, see e.g. [14, paragraph 3]), one immediately
verifies that for all n € N sufficiently large we have exp(t,) =< (g, (|x N)2.

This allows to finish the proof of (4.1) as follows.

6. (% e))) = Z fex (i00) , ex (0)}g

lim —————
”_’OOZIOg‘Inq |)
= lim — ({i,yn}G + {)’na";:n+l}G —{i, SI}G)

= Jim i (3wl = Jim i (x+ d exp(—1,))e
In order to finish the proof of the proposition, it remains to show that the limit lim,_, 1, 1 {i,e1(x +
i exp(—1n))}G 1s independent of the particular chosen sequence (z,). That is, our final aim is to show
that the existence of £ 4 (((xk, ex))x) implies that EG g (k> ex)i) = ZG(((xk, ex))x). In order to prove
this, we argue similar as in [14, paragraph 3] as follows Suppose that EG g (((xk, ex))r) exists, and define
n; :=sup{n € N:2logg,(|x|) <t}and o), := (Eg,q(((xk, er))k), h), for arbitrary ¢t > Oand i € C2(G).
We then have

(li.e10x +iexp(—0))g . h) (£ tatoon oo )

i
ltn_l)igp ! 21og gn, (|x])
5 100), ex (M)}, h
i 210g g, (1x]) {{i, €1 (x + i exp(=1)} , h) t<k§1 tex(i00). ek (0} >
= lim sup

P 21 1og g, (Ix1) B 2110g g, (1x])
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{i,e1(x +iexp(=1)}s — th {ek(i00), ex(0)}g » h>
=1

< lim sup
t—00 t
2
> fer(io00), ex(0)}g h>
. ‘ZIquﬂtﬂxD -t k=1
+ lim sup
t—00 t 2log gn, (Ix])
) const. . log |x;41] . log |x;41]
< lim sup + limsup |op| ————— = 0 + limsup |op | —————.
1—00 t n—00 log gn (1x]) n—00 log gn (1x])

This shows that if o, = 0 holds for all 2 € C2(G), then zg(((xk, er))k) exists and has to be equal to
£6G,q(((xk, ex))x). Hence, in this case the proof is finished. Therefore, we can now assume without loss
of generality that there exists & € C2(G) such that oy, > 0. By the above, in order to finish the proof of

the proposition it is sufficient to show that lim sup,,_, o, llggg(‘gjléﬂ) = 0. For this, observe

n+1
kZ {ex(ic0), ex(0)}g . h
1

ap = lim
n—00 2log gn+1(lx])
n
<Z {ek(i00), ex(0)}g + {ent1(i00), e441(0)} g » h>
. k=1

=1

n—>00 2log gn(|x]) + 210g |xp+1]

<i (ex(io0). e ()} h> 14 o169 en Oleet)
k=1 <i{ek(ioo>,ek<0>}c,h>
k=1

= lim Tog| |

n— 00 og |xp+1

2log g (fx) (1 + re2iintl)
1+ ({en_H(iOO),€,1+1(0)}G,h>
<k§ {ek<ioo),ek<0)}c,h>
= o lim - ;
—00 0g |Xn+11
" T+ Tog gD
Now, suppose by way of contradiction that lim sup,_, ., llggg);;’zr;ﬂl) > 0. Then there exists a subsequence
. 1 n . .. .
(n) such that limy_, o % > 0, and consequently we have limy_, oo |x,, +1| = 00. Combining this
ng

with our assumption o, > 0, it follows

e 10g g, (1)) (lenc+1G00). en1 @} 1) 1

k ni 1
- < > em(i00). em(©)) . h> s @
m=1
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.. . . : log [Xpp1]
This is a contradiction, and hence it follows that lim sup,, _, , 15 e () = 0. O
For our final result in this section, recall from the introduction that fi, ..., fq refers to a fixed R-

basis of C2(G) given by the real and imaginary part of some complex basis of C2(G). We then define for
e € Eg and a € R?9,

]?O,(e) = {x el : ((xk,ex))k € Xg,e1 =e
such that (€ (((xk. e))k)s f1)s - -+ (Lo ((xks e, frg)) = @},

where we have set x := —sign(xy)[|x1], |x2[,...].

Lemma 4.3. For each e, ¢’ € Eg and o € R?8, we have
dimp (Fale)) = dimp (Fa(e)).

Proof. Let e, ¢/ € Eg be given. Since X is finitely irreducible, it follows that there exists n € N and
((x1,€e1),...,(xn,e,)) € Zé such that e; = e and ¢, = ¢’. This implies that there exists g € G such
that eST*1 ... ST* = ge’. Then note that for g := e~!ge/ = ST ... ST* one immediately verifies
that g(Z) C Z. Using this observation, the G-invariance of the modular symbol, and the fact that the
limiting modular symbol does not depend on the starting point of the path along which one integrates,
we obtain for each y € Fy(¢) and o € R?9,

. 1 . / . . . ] . / .
Jim_ — {i.e/(y+iexp(-1)}, = Jim — {g(D), g¢'(y +iexp(—=1)},

1
— lim - {i, ee_lge'(y—l—iexp(—t))}c

t—oo
R S )
= lim " {i,eg(y +iexp(—1)}g
N .
= lim — {7, e(g(y) +iexp(—1))}g -
t—0o0 t

This shows that §(.7'§a (e)) C .7?0, (e). Since g is conformal, and hence in particular bi-Lipschitz, and
since e, ¢’ € Eg were arbitrary, the lemma follows. [

5. Modular potential and pressure function

In this section we collect results from the general thermodynamic formalism which will be required
in the proof of our Main Theorem.
Let I : Y6 — R refer to the canonical potential function associated with the Gauss-map G, given by

I ((xx, e))i > log |G ([xil, |xal o .. D).
Also, we require the potential function J : Y — R29 given for ((xg, ex))x € LG by

J (s e))i) = (({er ((00) , e1(0)}, f1) 1 - ... ({e1 (100) , e1(0)}G. fag)) -

where we will think of J as given by the vector J =: (J1, ..., Jag).
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Finally, the modular pressure function P : R?8 x (1/2, o) — R associated with J is then defined for
t=(t,...,hg € R29 and B € (1/2, c0) by (here, [ ] refers to the cylinder set in Xz)

P(t,B) = lim llog Z exp sup S, ((t|J(x)) — BI(x)).
n—-oon weﬂg xelw]
Note that (¢|J) — B1 is acceptable in the sense of Mauldin/Urbanski [22, Def. 2.1.4], and this implies
that P is well defined. Also, since J is Holder continuous and bounded, one immediately verifies that
(t]J) — BI is summable for each 8 > 1/2 (for the definition of summability we refer to [22, p. 27]). In
particular, this also gives that P is continuous. An argument similar to [ 14, paragraph 6] (see also [12,13])
then gives that lirnﬂ\ 1 P(t, B) = oo and limg_, c P(f, B) = —oo. Combining this with the continuity
of P, it follows that there exists a function

B : R?% = (1/2, 0) (5.1)

such that for each ¢ € R?9 we have P(t, Bg(t)) = 0.
We require the following facts from the general thermodynamic formalism, which can be found for
instance in [22].

e For the potential function (¢|J) — B¢ (¢)I there exists a unique ergodic Gibbs measure i, g, which is
positive on open subsets of Y. In particular, we hence have that there exists a constant Q > 1 such
that for each w € X and x € [[w] we have

iy () -0 52
—exp (Sp (1[I (x)) — Ba () (x)) —nP(t, B(1))) —
For ease of notation, throughout we put i, = 1 g -
e By setting
aP(t, B) aP(z, B)
%P (1. fa (D) = —— and 3P (1, (1) = a—’g :
i Nwpow) B lawpown
we have foralli € {1, ..., 2g},
0, 0. o) = [ S and 93P 0. o) =~ [ 1au (53)
With «; (¢) := 9, B (¢), the implicit function theorem then implies that
0: P (¢, t Jid
ai(t) = w P, Po®) _ f il foralli € {1,...,2g}. 5.4)

0P Bo(®) [ Idu’
Let us deduce some further results crucial for the proof of our Main Theorem. Note that parts of the
proof of the following result are inspired by a similar argument given in [16].

Proposition 5.1. The Hessian (V2Bg)(t) is strictly positive definite for all t € R?S. In particular, the
function Bg : R2% — R s strictly convex and the gradient map VBg R29 — VBg (R29) is a
diffeomorphism with a well-defined inverse t : V fg(R*9) — RS,

Proof. As before, let u; = g, denote the unique Gibbs measure for the potential function
(t|J) — Bg(t)1. Also, for ease of exposition, let Jo := —1I, as well as dy := 9dg and 9; = 9, for
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i=1,...,2¢.Since t — P(t, Bc(¢)) defines a constant function, its partial derivative with respect to ¢;
vanishes for alli =1, ..., 2g. This implies

9 P (1, Bg(t)) = —do P (t, BG (1)) 0 Bg (1), foralli =1,...,2g.
By taking partial derivatives with respect to 7; on both sides of this equality we obtain
0ij P(t, BG(1))0o; P(t, B (1))0;Bc(t) = —(do; P(t, B (t))) + doo P (t, B () B (1))0; Ba (1)
— P (1, B (1)) 9ij Bg (1) .
Hence, by defining

A= (3;P (t, Bc (1)) . and C:=(c;j)

i,j=0,...,.2 ij’
where
i@ fori=0,j=1,...,2¢g
Cl] T 3,']' fOI‘i,j = 1,...,29,
we obtain

.....

Using (5.3), it is now sufficient to show that B is strictly positive definite, or equivalently, that A is
positive definite on the image Im(C) of C. Here,

2g
Im(C) = {(inai,/\l,...,ng) t (M, hag) € RZQ}.
i=1

For this it is sufficient to show that we have for all y = (yo, y1, ..., y2¢) € Im(C) \ {0},
yTAy > 0.
In order to prove this, note that by [22, Proposition 2.6.14] we have

0y P (B 1) = Y e (U = Uy 0 0F = (I

=0
o0
=3 (U5 = UG 0 0F = () = 0 (4, ).
=0
Using this, it follows
2g 2g 2g 29
v Ay = Z vivjo? (Jin Jj) = Z of (yidi.yjJj) = of (Z yidi, Zyifi)
i,j=0 i,j=0 i=0 i=0

2g
= O’t2 (Z y,'Ji> > 0.
i=0

Since o« = s (Ji) /e (I), we have for y = O Ajati, Ay, ..oy A2g) € Im(C),

2g 2g
Lt (Z ridi — Zk,u,-l) =0.
i=1 i=1
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Let us assume by way of contradiction that af(zfjo vi Ji) vanishes. Note that atz(zizio yiJi) = 0if and

only if 21.220 yi Ji is cohomologous to 0 within the class of bounded Hdélder continuous functions. The
latter means that there exists a bounded Holder continuous function u on X such that (cf. [22, Lemma
4.8.8)])

2g
Zy,-],-:u—uoa. (5.5)
i=0

Hence, it remains to show that (5.5) implies (A1, ..., A2g) = 0. In order to see this, we distinguish the

following two cases. First, if Zl.zil ria; # 0 then ijl ridi — 21.2:91 Ajo; I is an unbounded function

(since I is unbounded). Since the right hand side of (5.5) is bounded, we then immediately have a
contradiction. Secondly, if 2122 | Aia; = 0 then consider F = ng | AiJi. We first investigate how F
behaves on elements w = ((xk, ex))r € Xc which are periodic in the second coordinate, that is where
there exist p € N such that ey,; = ej forallm = 0,1,...and j = 1,..., p. In this situation
we necessarily have that S, 1 F(w) = 0, since otherwise we would have lim,, oo |Spp—1 F(0)| =
lim, o0 [mS),—1 F(w)| = oo which contradicts (5.5). Therefore,

2g 4
Sp1F(@) =Y Aj <Z fex (i00) , ex(0)g , fj> =0. (5.6)
j=1 k=1

Now let {yi, ..., y24} be a basis of Hi(Mg, R) consisting of cycles. Each y; can be represented by
an oriented closed geodesic in M. The forward directions of these geodesics correspond to elements
Zi = [x1, x2,...] € [0, 1] which are periodic in their continued fraction expansion, of period 2r; say (if
the period is odd, then replace the geodesic by twice the geodesic. Since E is finite, it follows that there
exists m; € N and ¢;;; € Eg such that for the element w; = ((—x1, ¢;,1), (x2, €;.2), (—x3,€;3),...) €
XY we have e; 2,k = €;,1, for all k € N (note, in this step it is vital that the periods were chosen to be
even). Hence, w; is of period 2m;r; and the set

2m;ri

> ek (i00) e}, :i=1,....29

k=1

contains a basis of H; (Mg, R). The assertion now follows from combining (2.1) and (5.6). [

The following immediate corollary shows that S and its Legendre transform Bg, given by
Bo(a) = inf {BG(1) — (t]e)},
teR29
are in fact a Legendre transform pair (cf. [24]).

Corollary 5.2. For the Legendre transform EG of Bg, we have for each vector a € V g (R?9),

B (@) = B (1 (@) — (t(@)]a).

For the final proposition of this section we require the following lemma.

Lemma 5.3. For any measure . € M(Xg, o) we have that the first marginal of [l := o7 ' is a shift
invariant measure on (X, 0y). Furthermore, if [i can be written as a product measure v QP on Xy x Eg
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such that v(U) > 0 for all non-empty open subsets U C Yy, then P is equal to the equidistribution on
Eg, that is P({e}) = 1/k, forall e € Eg.

Remark. Note that the first part of this lemma in particular shows that v is a o,-invariant measure on Y.
It is then an immediate consequence of the ergodic theorem and the symmetry of Eg, that the limiting
symbol vanishes almost surely for product measures of this type. In fact, this special situation occurs for
the generalised Gauss-measure as discussed in [19], as well as for the Lyapunov spectrum arising from
continued fraction expansions with bounded entries as studied in [20].

Proof of Lemma 5.3. For the first part let A C X, be some given Borel set. We then have
T(AXEg) =0 (a‘—l (A x EG)> =i ((8—1A) x EG) .

For the second part of the lemma let p, := P({e}) for e € E¢, and define p := max{p, : e € Eg}. Also,
let ¢’ refer to some element of E¢ such that p,, = p, and define form € Nand e € Eg,

C)ly = {x € (ZX)N DTy Ty, (€) = e/}.

For n greater than the maximal word length of the elements in W, the & -invariance of [t then gives

pzpe:%zn:ﬁ( " (2 x {e} ZM(UC /x{e}>

ecEg

I IICIRITIED I M CHRS

ecEg eEEG m=1

BI»—

Now, note that } .. v(C}",) = 1, and therefore ZeeEG = m=1 V(C ) = 1. Combining this with

the fact that by assumption we have i Yo _vcer o) > 0, the calculation above implies that p, = p for
eache € Eg. 0

Proposition 5.4. We have 9;, P(0, BG(0)) =0, foralli € {1, ..., 2g}.

Proof. Since ¢ is the unique ergodlc Gibbs measure for the potential function —1, it follows from
Lemma 5.3 that the pull-back oo 7~ Uof o to ZG can be written as a product measure v ® P, where
P refers to the equidistribution on E¢. Next note that with S referring to the elliptic generator of ' of
order 2, we have that {eS : e € E¢} is a set of representatives of G \ I'. Using this, it follows

3, P (0, B (0)) = / l{e (00) . ¢ )} . fi) duo

1
==Y ({e(ic0).e(0)g. fi)

eeEG

_ Z {eS (ic0), eS (0)}g , fi)

eEEG



M. Kessebohmer, B.O. Stratmann / Topology 46 (2007) 469-491 489

=—Z:kw)dmm6ﬁ>

ecEg

=——§jw0w>amMLM=—%meG@y

EEEG

This implies that 9;, P (0, B (0)) = 0. [

Corollary 5.5. The function Bg : R*® — R has a unique minimum at 0 € R?9, and B (0) = 1.

Proof. Combining (5.4) and Proposition 5.4, it follows that VB5(0) = 0. Also, by Proposition 5.1
we have that B¢ is strictly convex. Combining these two observations, it follows that B has a

unique minimum at zero. Finally, note that P(0,1) = 0 (see [14]), which immediately implies that
gOy=1. 0O

6. Proof of Main Theorem

The fact that X is finitely irreducible has already been obtained in Proposition 3.1. For the remainder,
let @ € R?9, ¢ € Eg, and consider the set

SnJ (x> €x))k)
Fale) = {x €L ((xr,ex))k € Lg,e1 =e, lim =ag,
¢ w00 ST (¥, e))
where as before, we have set x := —sign(x1)[|x1], |x2], ...]. One immediately verifies that (qn(lxl))2 =
exp(S, I (((xx, ex))x)), and hence by Proposition 4.2 we have for each ((xx, ex))x € Yg and « € R28,

~ ~ . Snd ((Cxk, €x))ie)
(€ (((xk, ex))i)s f1)5 - (LG (((Xk, €x)k), fag)) = <= lim =
( 2 n=00 S, I (((xk, €x))k)
This shows that F,(e) = j-:a (e), for all e € Eg. Hence, by Lemma 4.3, it is now sufficient to compute
dimpy (Fy(e)) for some fixed e € EG For this, let B(y, r) refer to the interval of length 2r centred at
y=1[yi,y2, ...l €y, let By, y, ={lx1,x2,...]:x; = y;, for1 <i < n}, and define

ny(y) =min{n : By, ,, C B(y, r}, my(y) :=max{n : By, .y, D B(y,r)}

.....

Note that we clearly have that |n,(y) — m,(y)| is uniformly bounded from above. Using this and the
Gibbs property of the pull-back i,y of is(a) to Y6 (see (5.2)), we then have for each @ € VB (R?9)

and for , ,)—almost every (e(x), e) € G, where as before x = —sign(x1)[|x1], [x2], ...] € Fy(e) and
((xk, exr))x refers to the corresponding element in X,
. log it ) (B(e(x), r) x {e})
lim
r—0 logr
m (t@)1Sn, (e d (((xks €))i)) — BE@)) S, (T (ks €))i)

r—0 —Sn, (e (((xk, €x))ic)
= B (t(@)) — (t()]a) = Bg(a),

where the last equality follows from Corollary 5.2. Note that by combining (5.4) and the ergodicity of p;,
we have that 1t o) (e(Fa(€)) x {e}) /1t (o) (e(Z) X {€}) = 1. Therefore, we can apply the mass distribution
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principle (cf. [8]) which gives
dimp (Fu(e)) = Bo (@).

The remaining assertions of the Main Theorem are obtained as follows. Since F, can be written as
a countable union of conformal images of /t\he sets Fy(e) for e € E, we have that dimy (F,) =
dimg (Fy(e)). This shows that dimy (Fy) = Bg () foralla € VB¢ (R?9), and hence gives the assertion
in (1.1). The facts B¢ (0) = 1 and that 8 has a unique minimum at 0 € R?9 have already been obtained
in Corollary 5.5. Likewise, the analytic properties of Sg stated in the Main Theorem can be deduced
from Proposition 5.1. Next, for the assertion that the dimension spectrum is complete we refer to [15,
Theorem 1.2] (note that the results in [15] are applicable, since B¢ is strictly convex, and since by
Remark 1, Section 3 we have that Y can be represented by a graph directed Markov system). Finally,
note that since the minimum of B¢ is contained in VB¢ (R29), an immediate application of the results
in [15] 2gives that the dimension formula (1.1) continues to hold for all elements in the boundary of
VG (R9).
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