=
View metadata, citation and similar papers at core.ac.uk brought to you by : CORE

provided by Elsevier - Publisher Connector

IOURNAL OF NUMBER THEORY 34, 21-32 (1990)

On Two Classical Theorems in the Theory of Orders*
J. BRZEZINSKI

Department of Mathematics, Chalmers University of Technology
and University of Goteborg, S-412 96 Gditeborg, Sweden

Communicated by O. Taussky Todd
Received August 15, 1988; revised January 13, 1989

The paper contains generalizations of the Latimer—-MacDuffee theorem and the
Chevalley-Hasse-Noether theorem. It shows that the two theorems are closely
related to each other by means of a duality, which depends on simultaneous actions
of the idéle groups on maximal orders in central simple algebras and on embed-
dings of maximal commutative subrings into such orders. < 1990 Academic Press, Inc.

INTRODUCTION

The purpose of the paper is to generalize two well-known theorems
about orders and to point out very close connections between them.

The first theorem was published by C. G. Latimer and C. C. MacDuffee
in 1933 (see [6,9]):

(0.1) THEOREM. Let A= M (Z) and let S=17[8], where f(0}=0 for a
monic separable polynomial fe Z[ X] of degree n. Then there is a one-to-one
correspondence between the A* = GL,(Z)-orbits on the (ring-)embeddings of
S into A and the ideal classes of S.

Notice that if ¢: S — A4 is an embedding, then the action of 4* is defined
by conjugation, that is, (poA)(X)=41"'o(x) i for xeS and ie A* Of
course, there is a bijection between the embeddings and the solutions to
f(X)=0in A.

The second theorem was published independently by C. Chevalley,
H. Hasse, and E. Noether in 1934 (see {3, 5, 7]). It gives a characterization
of a class of ideals in maximal orders of finitely dimensional central simple
algebras over global fields, which are extended from ideals in maximal
commutative suborders. E. Noether defined in her paper a bouquet of
orders (in German “Gebiet” but a better non-reserved English term seems
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to be difficult to find) as a family of all maximal orders in such an algebra
A having the same intersection § with a given maximal commutative
subfield L of A and such that the completions of the orders in that family
are equal at all ramification points of 4. In terms of bouquets the
Chevalley-Hasse—Noether theorem can be formulated in the following way
(see [7, Sect.Il, Satz 2; Sect. III, Satz 1]):

(0.2) THEOREM. Let A be a finitely dimensional central simple algebra
over a global field K and let S be the maximal order in a maximal com-
mutative subfield of A. If A and A’ are two orders belonging to a bouquet of
S, then there is an S-ideal a in L such that A'a=aA.

Note that one can write A'=a4a ™", and then the theorem says that A
and A’ belong to the same orbit of the group of S-ideals acting by conjuga-
tion on the maximal orders containing S.

The first theorem can be easily generalized by means of a result proved
by Chevalley and used by him and Hasse in their proofs of the second
theorem (see (2.2)). The Latimer—-MacDuffee theorem is valid when Z is
replaced by any principal ideal domain R, and S by any R-order in a
commutative semisimple algebra of dimension » over the quotient field KX
of R (see (2.3)).

The second theorem also has a far-going generalization. Replacing K by
the quotient field of any Dedekind ring R, L by any maximal commutative
semisimple subalgebra of 4, and modifying the notion of bouquet to
consist of maximal orders whose completions are equal at each point where
the algebra is not split, we get that the Chevalley-Hasse—Noether theorem
is valid for every Gorenstein order S in L (see (2.6)).

Still the most interesting point is that the two theorems are essentially
dual in a suitable sense, so each of them is an easy consequence of the
other one. The duality follows from the fact that the idele group of 4 acts
by conjugation both on maximal orders in A and on the embeddings of S
into A. This makes it possible to apply a purely combinatorial class
number formula for transitive actions of groups on pairs of sets proved
in [2]. The two theorems can be translated to some quantitative
statements related to the actions of the idéle group and then connected by
the class formula (see (2.9)).

In Section 1 we introduce the basic notions and the terminology. In
Section 2 we prove the general versions of the two theorems and explain
relations between them. In Section 3 we extend the Latimer—-MacDuffee
theorem still further, obtaining a generalization to the case of arbitrary
global fields.
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1. PRELIMINARIES

First, following [2], we recall some necessary facts concerning actions of
groups on pairs of sets.

Let Xx G — X and G x Y — Y be actions of a group G on two sets X and
Y, that is, x(g,g,)=(xg,) g, and xe=x when x€ X, g,, g,€ G and e is the
neutral element of G. Similarly for the action of G on Y. We assume that
both actions are transitive.

Let #=XxY be a relation such that (xg,y)e# if and only if
(x, gv)€ R. We shall say that #-(X, G, Y) is a G-relation. If xe X, denote
G(x)={geG:xg=x} and #(x)={yeY:(x,y)e#}. Define similarly
G(y) and #(y) when ye Y. Let E(x, y)={geG:(xg, y)e R} (we shall also
write E,(x, y) when necessary). If E is a subset of G consisting of whole
double cosets AgB, where A4, B are subgroups of G and g€ E, then A\E/B
denotes the set of all such double cosets in E, and |4\ E/B} its cardinality.

Let (x, y)e # and let N be a subgroup of G(x). It is easy to see that N
acts on %(x). The orbits of N on #(x) are in a one-to-one correspondence
with the elements of the set N\E(x, y)/G(y), whose cardinality will be
denoted by ey (x, y). Similarly, if N is a subgroup of G(y), ey(x, y) will
denote the cardinality of the set G(x)\E(x, y)/N, whose elements are in a
one-to-one correspondence with the orbits of N on #(y). These remarks
imply the following “duality™

(1.1) PropoSITION. Let (x, y)€R. Then the orbits of G(x) on #(x) and
G(y) on R(y) are in one-to-one correspondences with the elements of

G(x)\E(x, }’)/G(J’), that iS, eG(x)(xs }’) = eG(y)(xs }’)

We shall work with actions of groups related to algebras over quotient
fields of Dedekind rings. Recall some relevant notions. Let R be a
Dedekind ring with quotient field K, and let 4 be a finitely dimensional
separable K-algebra. If M is an R-module, then M will denote the comple-
tion of M with respect to the topology defined by the non-zero prime ideal
p of R Let A be an R-order in 4, that is, a subring of A4 containing R,
finitely generated and projective as an R-module and such that K4 = 4. Let
F#(A) be the idéle group of A4, that is, #(A4) consists of a = (a,) such that
a, belongs to the group of units 4 ¥ for non-zero p € Spec R and a,, € A for
almost all such p. The idéle group acts on the R-orders in A: If
a=(a,)e #(A4), then ada~"' denotes the R-order such that (ada™ 1), =
a,A,a;" for each peSpec R. The existence and uniqueness of ada™
follow from the “local-global principle”: For each R-order A there is a
unique R-order A’ such that A=A, for almost all peSpec R and 4 is
equal to an arbitrarily chosen R, -order for the remaining p (see [4. (4.21)]).
Two R-orders A and A’ such that A’ =aAa~"', ae #(A4), are said to belong

!
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to the same genus of orders. It is well known that the maximal R-orders
form one genus (see [4, (26 .23)]).

Let S be an R-order in a commutative K-algebra L. An R-embedding
¢: S — A is called optimal (pure) if 4/¢(S) is R-projective. It is easy to see
that ¢ is optimal if and only if Ko(S)n A4 = ¢(S). This condition is clearly
satisfied if @(S) is a maximal commutative subring of A. If ¢ is optimal, we
shall say that A contains ¢(S) optimally.

The general situation described at the beginning of this section appears
later in two special cases.

{1.2) ExampPLEs. (a) Let S be a maximal commutative subring of a
maximal R-order 4 in A, and let L=KS. Let G= #(A4), X=the set of
¢=(¢,) such that ¢,:S,—> A4, is given by ¢,(x) =a;‘xav, where
a=(a,)€ #(A), Y =the set of the orders 4" =ada~", xe #(4), that is, the
set of all maximal R-orders in A. The actions Xx G — X and Gx Y — Y are
defined by

(poa)y(x)=a, '¢,(x)a, and aod' =ad'a "

Let

R={(p,A'): 9,:S,— 4, and ¢, is optimal }.

It is easy to check that #-(X, G, Y) is a G-relation. Let x = (idg,) and
y=A. We shall write x=S for simplicity. Then G(S)=_¢(L) the ideal
group of L, Z(S)=the set of maximal orders optimally containing S,
G(A)={ae #(A):ada""'=A}=: A4 (A4), and #(A)=the set of optimal
embeddings ¢ = (¢,) such that ¢,: S, — 4,. Only the first equality needs
an explanation. We have

G(S)={ae #(A):V,a,x=xa, for xe §,}
=)l Ly =J(L)
since a, commuting with each element of the maximal commutative
subring L, =K, S, of 4, must belong to L,. Moreover, a,e L,nA¥ =S}
for almost all p € Spec R.
We shall apply (1.1) when 4A=M,(R). Let #(A)=1II,4}, peSpec R.

Then e, 4)(S, A)=ey (S, 4), since N(4,)={acA}ad,a '=4,}=
K} A¥ implies that the orbits of A47(A4) and #(A) are the same. Thus

(1.3) e“i((A)(SsA)=e~M(A)(SaA)=e;(L)(SsA)

according to (1.1).
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(b) Keeping the notations as above, let 4 =M, (R). Let G=A4%,
X =the set of all embeddings ¢:S— 4 such that ¢(x)=a 'xa, where
ae A*, Y=the set of all orders A’ =ada~"', ae A* Define the actions of
G on the two sets and # similarly as in (a) (removing p). Of course,
A-(X,G,Y) is a G-relation. Now G(S)=L* and G(A)=N(A)=
{ae A*:ada '= A} = K*A* Noting that the orbits of N(A4) and A* on
AR(A) are the same and using (1.1), we now get

(1.4) €4S, Ay=en (S, A)=e;.(S, A).

Finally, recall that there is a general relation between the numbers of
orbits on optimal embeddings and the class numbers

r

(15) X HA) (S A) =H(S) eia (S. 4),

when all the components are finite. 4, represent the isomorphism classes of
maximal orders in A. H(A,) is the two-sided class number of A,, that is,
the order of the group of the two-sided A,-ideals modulo principal two-
sided A,-ideals. e ,,(S, 4) is the number of optimal embeddings of S into
A, modulo the action of A}. h(S) is the locally free class group of S,
that is, the order of the group of locally free S-ideals in L modulo the
principal S-ideals. e, (4(S, 4) is the number of local optimal embeddings
©=(9,), ¢,: S, = 4, modulo the action of %(A4)=1IT,A¥, p e Spec R (see
[2, (22)]).

2. THE LATIMER—-MACDUFFEE THEOREM AND
THE CHEVALLEY-HASSE-NOETHER THEOREM

Let R be a Dedekind ring with quotient field K, and let S be an R-order
in a semisimple commutative K-algebra L. By an S-ideal we shall always
mean an S-ideal I in L such that KI= L. Two S-ideals I and I' are in the
same class if there is ae L* such that I'=al. I is locally free if there is
o€ #(L) such that = Sa. The cardinality of the muitiplicative group
formed by the classes of locally free S-ideals will be denoted by A‘/)(S)
(compare (1.5)). An S-ideal 7 belongs to S if O(I)={aeL:alcI}=3S.
Denote by #(S) the cardinality of the set of classes formed by the S-ideals
belonging to S. The classes of all S-ideals form a set whose cardinality
is > 5-A(S’), where S’ are all R-orders in L containing S. Occasionally, we
call this sum the wide class number of S and denote it by 2/)(S). Recall
that S is called a Gorenstein order if Homg(S, R) is S-projective (see
[4, p. 776]). ’
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(2.1) ProposITION. (a) AY(S)=h(S) if and only if S is Gorenstein.

(b) If R is a discrete valuation ring, then h(S)=1 if and only if S is
Gorenstein.

(c) h(S)=hYS) I h(S,), where the product is over all non-zero
peSpec R

Proof. For (a) and (b) see [1,(23) and (2.7)]. For (c), let
X={peSpec R:p+#(0) and S, is not Gorenstein}. X is finite (possibly
empty) since S, is maximal in L, for almost all p € Spec R. Let I, represent
all classes of locally free S-ideals and let I,, represent all classes of
S,-ideals belonging to S, for p € X. Consider S-ideals equal to the product
of I, for some k by an S-ideal I such that [, =S, for p¢ X and I, =1, , for
pe X and some /. The existence and uniqueness of so defined S-ideals
follow from the “local-global principle” for lattices over Dedekind rings
(see [4, (4.21)]). The set of them has cardinality 2)(S) IT A(S,) and it is
easy to check that they represent all 4(S) classes of the S-ideals belonging
to S.

The following lemma was used by Chevalley and Hasse in their proofs
of (0.2) (see [3, p.87; 5, p.14]). The result is similar to the Skolem-
Noether theorem and it can be proved in a similar way (see [4, (3.62)]).
We give a short proof for completeness.

(2.2) Lemma. Let A= M ,(K) and let L be an n-dimensional commutative
semisimple K-algebra. Then any two K-embeddings ¢;:L— A,i=1,2, are
A*-equivalent, that is, there is ae A* such that ¢,(x)=ap,(x)a="' for xe L.

Proof. Fix an isomorphism 4 = End(K") and let K7, be K" considered
as an L-module via ¢,. The two L-modules are L-isomorphic (to L) since
each simple L-module must be represented in the decomposition of K7,
exactly once (dimension over K!). Choose as a the matrix of the
isomorphism between the two L-module structures on K.

We are now ready to prove the Latimer~MacDuffee theorem:

(2.3) THEOREM. Let A= M ,(R), where R is a principal ideal domain and
let S be an R-order in an n-dimensional commutative semisimple K-algebra
L. Then there is a bijection between the classes of S-ideals in L and the orbits
of A* on the R-embeddings of S into A such that a A*-orbit consists of
optimal embeddings if and only if the corresponding ideal class consists of
ideals belonging to S.

Proof. Let ¢:S— A be an R-embedding. According to (2.2), there is a
basis U= (u,, ..., u,) for L over K such that /U= Up(l) when /e L. Hence
Iy=Ru + --- +Ru, is an S-ideal. If U’ is another basis satisfying
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IU' = U’p(l), then U’ =aU for some ae L*, so I, and I, are in the same
class. In fact, there is X € GL,(K) such that U'=UX, so U =Ue(l) X =
U'e(l)= UXe(l). Hence (/) X=Xo(l) for le L. But ¢(L) is a maximal
commutative subring of A4, so Xeo(L). If X=¢(a), acL*, then
U’ = Ugp(a) = aU. Define the class of I, as the class of S-ideals correspond-
ing to ¢. If ¢': S— A is another embedding A*-equivalent to ¢, that is,
@o'(l)=M 'o(I) M for some Me A* and all /e S, then [UM = Up(l) M =
UMo'(I). But I,,,=1,, 50 ¢ and ¢ define the same class of S-ideals. Thus,
we have a mapping from A*-classes of embeddings to L*-classes of
S-ideals.

It is clear that for each S-ideal I=Ru,+ --- + Ru,, the equality
IU = Ugp(l) defines an R-embedding ¢: S — A. If U is replaced by another
basis U’ = UE, E€ A*, then ¢ is replaced by ¢’, which is 4*-equivalent to
@. If I'=al, ae L*, then aU defines the same ¢, since [(aU)= (aU) o(]).
Thus each class of S-ideals defines a A*-class of embeddings.

Clearly the two functions between the sets of 4*-classes of embeddings
and L*-classes of S-ideals are inverse to each other. It remains to prove the
last statement concerning optimal embeddings and ideals belonging to S.

Let ¢ be an optimal embedding and let U be a corresponding basis. If
I, <1, then IU=Ug(l) gives p(l)e Ano(L)=¢(S), so [e S, thatis,
belongs to S. Conversely, let 7 belong to S and let U be an R-basis of 1.
If (/) e A, then [U= Uep(l) gives lI< 1, so [€ S, that is, 4 n@(L)=o(S).

(2.4) Remarks. (a) Using the notations of (1.2) (b), the last part of
Theorem (2.3) says that e ,.(S, 4)=h(S). This statement will be called
the strong Latimer-MacDuffee theorem. If S” denotes an R-order in L
containing S, then the set of A*-orbits of all embeddings S — A has the
cardinality Y e «(S’, 4), and the set of classes of all S-ideals has the
cardinality 3 ¢ h(S')=h™)(S). The Latimer-MacDuffee theorem, that is,
the first part of (2.3), establishes the equality of the last two sums, which
follows immediately from the strong version.

(b) If R=Z and S=2Z[0], where f(#)=0 for a monic separabie
polynomial fe Z[ X] of degree n, then the first part of (2.3) is the original
version of the Latimer-MacDuffee theorem, since the embeddings
Z[6] > M,(Z) are in a one-to-one correspondence with the solutions to
f(X)=0 in M, (Z). Note that Z[#] is a Gorenstein order, since
Hom,(Z[6], Z)=Z[8]1* =(1/f(0)) Z[#], where Z[0]* ={xeQ[0]:
Tr(xZ[01<Z} and Tr:Q[6]—Q is the trace function. Therefore,
according to (2.1) (a), A(S) = A (S).

The dual of the Latimer—MacDuffee theorem is the following result:

(2.5) THEOREM. Keeping the notations of (2.3) let L A and S=LnA.
Then there is a bijection between the classes of S-ideals in L and the orbits
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of L* on the maximal orders containing S such that an L*-orbit consists or
orders optimally containing S if and only if the corresponding ideal class
consists of ideals belonging to S.

Proof. According to (1.4) and (2.4) (a), e,+(S, A) =€ 4.(S, A)=h(S), so
there is a bijection between the L*-orbits on maximal orders optimally
containing S and the ideal classes of S-ideals belonging to S. Let S’ denote
an R-order in L containing S. The set of all maximal orders containing S
is the disjoint union of the sets of maximal orders optimally containing 5.
Therefore, the set of orbits of L* on the maximal orders containing S has
the cardinality Y g e,.(S’, 4) =3 ¢ h(S) = h™)(S).

Of course, it is possible to prove (2.5) directly and then deduce the
Latimer-MacDuffee theorem (2.3) by using (1.4).

We now turn to the Chevalley-Hasse—Noether theorem. Let A be a cen-
tral simple K-algebra, and let S be an R-order in a maximal commutative
semisimple subalgebra L of 4. Recall that two maximal orders 4 and A’
belong to the same S-bouquet if AnL=A4"nL=S and 4,= A, for each
p € Spec R such that 4, is not split over K,,.

(2.6) THEOREM. Let R be a Dedekind ring with quotient field K, and let
A be a finitely dimensional central simple K-algebra. Let S be an R-order in
a maximal commutative semisimple K-subalgebra L of A. Then all maximal
orders in the same S-bouquet belong to the same ¢ (L)-orbit if and only if S,
is a Gorenstein order for each p € Spec R such that A, is split over K,,.

Proof. Let A and A’ be maximal orders belonging to a bouquet of S.
We want to find a=(a,)e #(L) such that A'=ada~'. For almost all
p, A, =4, and then one can take a, = 1. For a finite number of remaining
p, A, is split and 4, = A4,. If S is Gorenstein, then according to (2.5) and
(2.1) (b), e.s(S;, A4,)=h(S,)=1, so L acts transively on the bouquet of
S,. Therefore, one can find a, € L} such that 4, =a,4,a;". If S, is not
Gorenstein, then 4(S,) # 1 by (2.1) (b), so there are at least two orbits for
the action of L} on the bouquet of S,. If A" is such that 4, and 4, belong
to different L}-orbits, then A’ #adx~" for all xe #(L), that is, A" and A
are in different orbits of #(L). The existence of A’ with the above property
follows from the “local-global principle” (see Section 1).

(2.7) Remark. Note that #(L) acts on the set of all maximal orders
optimally containing S. The action of #(L) can be replaced by an action
of the group I(S) of locally free S-ideals. In fact, mapping an idéle a € #(L)
onto a locally free S-ideal Sa, one gets a surjective homomorphism with
kernel IT,S}=(S). Since #(S) acts trivially on any (maximal) order
containing S, there is a natural action of I(S) on these orders. Thus the
statement of (2.6) may be formulated in the language of ideals as in (0.2).
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If A is a matrix algebra, then the Chevalley-Hasse—~Noether theorem can
be extended by a more specific quantitative result.

(2.8) THEOREM. Keeping the assumptions of (2.6), let A= M ,(R). Then
the cardinality of the set of #(L)-orbits on the maximal orders optimally
containing S, or equivalently, the cardinality of the set of U (A)-orbits on the
optimal embeddings S, — A, p € Spec R, is equal to I h(S,).

Proof. Let us show that e ,;(S, 4)=II,h(S,). S, is the maximal order
in L, for almost all p e Spec R, and then A(S,) = 1. For each of the finitely
many p such that A(S,)# 1 choose h(S,) orders representing all L}-orbits
on the S -bouquet (see (2.5)). Consider /T h(S,) orders A’ such that 4, is
equal to one of the chosen R, -orders when A(S,)#1 and 4,=A4, when
h(S,) = 1. The existence and uniqueness of such orders A’ follow from the
“local-global principle” (see Section 1). It is easy to see that the orders A’
represent all orbits of #(L) on the S-bouquet.

(2.9) Remark. 1f A=M,(R), where R is a principal ideal domain, then
the Latimer—-MacDuffee theorem and the Chevalley-Hasse-Noether
theorem are closely related by the duality of (1.1). In this case (1.5) reduces
to

e4+(S, 1) =h(f)(5) eiII(A)(Sa A),

since t=1 and H(A)=1. The strong Latimer-MacDuffee theorem says
that e ,.(S, A4) = A(S). The Chevalley~Hasse-Noether theorem, as in (2.8),
says that e, (S, 4)=1II,h(S,), peSpec R. If the first of the theorems
holds, then using (1.3) and (2.1)(c), we get

ej(l_)(S9 A) =ew(A)(S, A)=eW(A)(S’ A) =h(S)3h(f)(S) = th(Sp)'

Similarly, the second of the theorems implies the first.

3. A FURTHER GENERALIZATION

What can be said about e,.(S, 4) when in the Latimer-MacDuffee
theorem (2.3} the principal ideal ring R is replaced by a Dedekind ring? In
this section, we give an answer to this question assuming, for simplicity of
formulations, that K is a global field. But, in fact, all results and proofs
which follow are valid for arbitrary Dedekind rings, when the cardinalities
involved in (1.5) are finite.

Keeping the notations of (2.3), let Nr: L - K be the norm map and
Nr: 4 - K the reduced norm map (see [4, Sect. D] and observe that
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Nr(a)=det(a) for ac A= M ,(K)). If I is an S-ideal in L or a A-ideal in 4,
denote by Nr(I) the R-ideal generated by Nr(x), xel Let CI(R) denote
the class group of R, and let A4,(R)=|CI(R)"|(h(R)=h(R)). If a is an
R-ideal, its class in CI(R) will be denoted by [a]. Let Clg(R) be the
subgroup of CI(R) generated by the classes [Nr(/)], where [ is an
S-ideal belonging to S. Note that if a is an R-ideal, then Nr(aS)=a", so
CI(R)" is a subgroup of Clg(R). If P is a finitely generated projective
R-module, let [P] denote the Steinitz class of P in CI(R), that is, if
P=a,® --- @aq,, where a, are R-ideals, then [P]=[a, ---a,] (see [4,
(4.13)]). Note that if ae #(L), then [Sa]=[S][Nr(Sa)] (see [4, Sect.
D]).
The main result of this section is the following:

(3.1) THEOREM. Let S be a Gorenstein R-order in L. Then there are
hs(R)/h,(R) isomorphism classes of maximal orders A in A= M (K) such
that e 4+(S, A)#0, and for them e (S, A) = h(S)/hs(R).

Proof. First of all observe that by (2.1)(a) and (2.8), #Y(S) = h(S) and
ex (S, 4)=1, so the right hand side of (1.5) is A(S). In order to simplify
the left hand side, note first that H(A,)=h,(R) for k=1, .., t. In fact, the
two-sided A-ideals in any maximal R-order A are Aa, where a is an R-ideal
(see [4, (26.23)]). It is well known that Aa is principal if and only if
Nr(Aa)=a" is principal (see [8, p.386] where K need not be global).
Therefore, the mapping Aa+ [a”] induces an isomorphism of the two-
sided class group of A with CI(R)".

In order to simplify further the left hand side of (1.5) and to finish the
proof of (3.1), we only need the following result, which we prove as
Propositions (3.2) and (3.4): e 44(S, 4,) is the same for all k for which it is
different from 0 and it happens for exactly hg(R)/h,(R) values of k.

(3.2) PROPOSITION. e 4.(S, A,) #0 for hs(R)/h,(R) values of k.

Proof. First of all, let us note that if 7 is an S-ideal in L such that
KI=L, then the natural R-homomorphism S — Endg(/) 1s an optimal
embedding if and only if I belongs to S. It follows easily from the proof of
(2.3) using localizations at p € Spec R.

Next observe that if S — Endg(P) is an embedding, where P is a projec-
tive R-module of rank #, then P as an S-module is isomorphic to an S-ideal
I'in L. In fact, K®, P is an L-module whose annihilator is trivial, so
K®z P~ L as L-modules, since the dimensions of both modules over K
are equal. Thus P considered as an S-submodule of K® P is isomorphic
to some S-ideal 7 in L.

We also need the following result:
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(3.3) LeMMA. If P is a projective R-module of rank n, then there is an
optimal embedding S — End g(P) if and only if [P]=[S]1[Nr(1)] for some
S-ideal I in L belonging to S.

Proof. Let S— End,(P) be an optimal embedding. Then according to
the observations above, P~ I, where [ is an S-ideal in L belonging to S.
Since S is Gorenstein, 7 is locally free, that is, there is a € #(L) such that
I=Sa. Thus [P]=[Sa]=[S][Nr(Sx)]. Conversely, if the last equalities
hold, then P~ S« as R-modules. Hence P has a structure of an S-module,
and as such, it is isomorphic with an S-ideal belonging to S. Thus the
embedding S — End z(P) corresponding to this structure is optimal.

We are now ready to finish the proof of (3.2). It is well known that
A, =Endg(P,), where P, are projective R-modules of rank n such that
[P,] represent all cosets of CI(R)” in CI(R) (see [4, (26.25; 8, Satz 3,
p. 386]). As we have seen in (3.3), there is an optimal embedding S — 4,
if and only if there is an S-ideal I, belonging to S such that
[P,]1=[S][Nr(I;)]. Let [S], denote the image of [S] in CI(R)/CI(R)
Then the elements of CI(R)/CI(R)" corresponding to k for which there
is an optimal embedding S — A, are exactly the elements of the coset
[S1.(Cl5(R)/CHR)") in CI(R)/CI(R)

(3.4) PROPOSITION. If € ,4(S, A;) #0, then its value does not depend
on k.

Proof. Let A be a maximal order such that e,.(S, 1)#0 and Sc 4.
Then using (1.2)(b), e (S, A)=|L*\E 4+(S, 4)/A4*|. Let in the notations
of (1.2)(a), E'y(4(S, A) = {ae #(4):(S,a°4)eR and o is principal }. It
is easy to check that the mapping

L*\E ((S, A)/A* = L*\E'; (S, A)/%(A

given by L*aA*+s L*a%(A), where a = (a), is well defined and injective.
But it is also surjective. Indeed, if a € E'y(4(S, 4), then a4 =aA for some
ae A*. It is easy to check that ae E 4.(S, A), so L¥a@(A)=L*(a) U(A) is
the image of L*aA*.

Now let A,=a,Aa;' be such that ¢:S—A,, where ¢(x)=
a;'xa,, a,eA* is an optimal embedding. As for 4, e,.(S, 4,)=
ILENE's (4( Sk, Ar)/%(A)l, where L,=e@(L) and S, =@(S). It is easy
to see that mapping L*a%(A) onto L¥(a;'ao;')%(A,), one gets a
bijection between L*\E', (S, A)/U(A) and LF\E'; ,\(Sy, A)/U(A,), s0
€42(S, A, )=e44(S, A).

641:34:1-3
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