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1. Introduction
Letn > 1beaninteger and f € C"[a, b]. Denote by e; the monomial functions e;(t) =t',i=0,...,n—1,t € [a, b]. Let
A : Cla, b] — R be a continuous linear functional which annihilates all polynomials of degree at mostn — 1, i.e.,
A(e)) =0, i=0,...,n—1.
Ifg:[a, b] x [a, b] - R and, for s € [a, b], h: [a, b] — R, h(t) = g(t, s), then we use the notation
Ac(g(t, 5)) = A(h).
The divided difference of the function f on the distinct knots xo, . . ., X, € [a, b], is defined by
n
f(xi)
(X0, - s X f1= D ' :
= (K —Xo) ... (X — Xi—1)(Xi — Xit1) ... (Xi — Xp)
Fork € N, k > 1, we recall the notation for the truncated power
k .
ok [t—s|+t—s\" [0, ift <s,
(t—s), = <72 =Vt—ak ift>s, t,s € [a, b].
With k = 0, we obtain the Heaviside step function

0 . 0, ift<S,
(t_s)+‘_{1, ift >s.

As usual, we use the notation

b
Il = / \F G0 2dx.

Throughout the proof, we need the following simple result.
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Proposition 1. If g € C![[a, b] x [a, b]], then we have

d 0
aAs(g(s, t)) = A <&g(s, t)) , t,sela,bl]

2. Main result
The following is the main result of the paper.

Theorem 2. The functional A satisfies the following inequalities:
A < Mlf “ll2, k=2,....n

where

M= A (- 92)
k (Zk —1)! As (A
are the best possible constants. The equality is attained if and only if f is of the form

f&)=C (At -9 sela b,

where C is an arbitrary constant, and the symbol (—k) denotes a kth antiderivative of f.

Proof. By applying A to both sides of the Taylor formula

(k=1)
f() g @

b
(t—a* 1+ /(r—s)’:lf“‘)(s) ds, tela,b]

ro = (k= 1)! (k—1)!

(see, e.g., [1, p. 122]), we get

1 b _
A= =5 / A ((t = 9 F9s) ds, (1)

and using the Cauchy-Schwarz inequality yields

1 2 b b
20 = () | @9t e [ ooy e @

The problem now is to calculate the integral

b
/ (A (¢ = ) ds.
a
To do this, let
us) = A (t—93"), selabl
Since A is linear and continuous, we obtain

(=Dk@2k — 1)!

(k) _
uTE =T A (€ =9).

Eq. (1) gives

(=D@k—1)! (P .
0= S, el 9 e
and hence
’ - (=D (k= DY? .
/a (Ar ((t - s)’jr 1))2 ds = WAS (A[ ((t _ S)2+l 1)) )

Inserting this in (2) completes the proof of the theorem. O
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3. Applications

Example 3 ([2]). For A(f) = [xo, ..., xn; f], we obtain the following inequality:

(_l)k
2k — 1)1 [.

forallf € C¥[a, b, k=2,...,n

. £12 . 2k— 1 k)2
[Xo. ... xni fI2 < A e A (e N TR

Example 4 ([3, p. 166, Ex. 130]). Let f' € AC[a, b]. Thenforanyp > landa<c < b
— — D b 5
‘f(b) f© _fo-f@|_ (zpp Lo a)> ’ (f o dt)ﬂ

c—a
Forp = 2 and c = (a + b)/2, Example 4 yields

Example 5 ([3, p. 166, Example 131], Zmorovich). If f* € AC[a, b], then
b 1" 2 12
[ ooy az B (f( )—2f( ) +f(b)>

Example 6. With A(f) = L(a, b; f)(x) — f(x), where L(a, b; ) is the Lagrange interpolating polynomial

L(a, b; f)(x) = 7f(b) + 7f(a)
and k = 2, we get

ab-—s)? (b—s)3x_ (=s+x+1s—x3

’

At —5)) =

—b —a+b 8
(x —a)(b—x)
M2 = Y= )
«/§«/b—a
IL(a, b; fY(x) — f(®)| < (f\;;bf If"ll2,  x € [a, b].

The equality is obtained for

(b — a)|s — x|> + s>(a(—6b + s + 3x) + bs + 3bx — 2sx)

f©= 1200 — a)

Example 7. With A(f) = fabf(x) dx — (b — G)M' and k = 2, we get

At —5)3) = —%(b 9} 2a4bis),
_b-a?

M, =
EPWET

b
/ Fdx— (b —a) .

f(a) +f(b)‘ - (b —a)*?
2 T 2430

Example 8. With A(f) = f fx)dx — (b — a)f (%42), and k = 2, we get

At —5)3) = % (2(b—s)4+§(a—b)(a+b—2$+ |a+b—2$|)3>,

(b — a)*?
85

a+b (b — a)>?
dx— (b — "Ia.
/f(X) x — ( a)f( )‘5 575 1Nl

M, =
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Example 9. With A(f) = fa” fdx — 222 (f(a) + f (%) + £ (b)), and k = 4, we get

At —9)) = %(b—s)s - ﬁ(b—a) (128(b )’ + @(a+b—25+ la+ b — 2s]) )
B (b — )%
1152414
/ ﬂmdx—9———Q()+f< )+f(0 =0y,
11524/14

Example 10. With A(f) = L(0,0, 1, 1; f)(x) — f(x), and x € [0, 1], k = 4, where L(0, 0, 1, 1; f) is the Lagrange-Hermite
interpolating polynomial attached to f on the double knots 0 and 1, we get

x2(1 —x)2V/3+x — x2
My =
64/35

IL(0,0, 1, 1, /)x) — f()Il =

x*(1—x>2V/3+x—
6+/35

4
IIf( 'z

Example 11. With A(f) = fab f (%) Pp(x) w(x) dx, where Py, ..., P, is a system of orthonormal polynomials with respect to
the weight function w on [a, b],

b
/ P(x)Pi(x)w(x)dx = &;;, 1,j=0,...,n,

and D = [a, b] x [a, b], we obtain
2

b b k 2
/ ( / (t—s)’j:an(t)w(t)dt) gs = D (k= DY 1()21(:5 1)})') / / (t — )27 TPy (8) w(t) Pa(s) w(s) dtds,

and

va_m //h—@”lmmm@waMQNMHWW;

1)'
k=2,...,n

For some generalizations of Zmorovich’s inequality see [4,5]. See also [6-9].
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