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a b s t r a c t

Let n > 1 be an integer, f ∈ Cn[a, b], and A: C[a, b] → R a continuous linear functional
which annihilates all polynomials of degree at most n − 1. We give sharp inequalities of
the form |A(f )| ≤ Mk‖f (k)‖2, k = 2, . . . , n.

© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Let n > 1 be an integer and f ∈ Cn[a, b]. Denote by ei the monomial functions ei(t) = t i, i = 0, . . . , n− 1, t ∈ [a, b]. Let
A : C[a, b] → R be a continuous linear functional which annihilates all polynomials of degree at most n− 1, i.e.,

A(ei) = 0, i = 0, . . . , n− 1.

If g: [a, b] × [a, b] → R and, for s ∈ [a, b], h: [a, b] → R, h(t) = g(t, s), then we use the notation
At(g(t, s)) := A(h).

The divided difference of the function f on the distinct knots x0, . . ., xn ∈ [a, b], is defined by

[x0, . . . , xn; f ] =
n∑
i=0

f (xi)
(xi − x0) . . . (xi − xi−1)(xi − xi+1) . . . (xi − xn)

.

For k ∈ N, k ≥ 1, we recall the notation for the truncated power

(t − s)k
+
:=

(
|t − s| + t − s

2

)k
=

{
0, if t < s,
(t − a)k, if t ≥ s, t, s ∈ [a, b].

With k = 0, we obtain the Heaviside step function

(t − s)0
+
:=

{
0, if t < s,
1, if t ≥ s.

As usual, we use the notation

‖f ‖2 :=

√∫ b

a
|f (x)|2dx.

Throughout the proof, we need the following simple result.
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Proposition 1. If g ∈ C1[[a, b] × [a, b]], then we have

d
dt
As(g(s, t)) = As

(
∂

∂t
g(s, t)

)
, t, s ∈ [a, b].

2. Main result

The following is the main result of the paper.

Theorem 2. The functional A satisfies the following inequalities:

|A(f )| ≤ Mk‖f (k)‖2, k = 2, . . . , n,

where

Mk =

√
(−1)k

(2k− 1)!
As
(
At
(
(t − s)2k−1+

))
are the best possible constants. The equality is attained if and only if f is of the form

f (s) = C
(
At(t − s)k−1+

)(−k)
, s ∈ [a, b],

where C is an arbitrary constant, and the symbol (−k) denotes a kth antiderivative of f .

Proof. By applying A to both sides of the Taylor formula

f (t) = f (a)+
f ′(a)
1!

( t − a)+ · · · +
f (k−1)(a)
(k− 1)!

(t − a)k−1 +
1

(k− 1)!

∫ b

a
(t − s)k−1

+
f (k)(s) ds, t ∈ [a, b]

(see, e.g., [1, p. 122]), we get

A(f ) =
1

(k− 1)!

∫ b

a
At
(
(t − s)k−1

+

)
f (k)(s) ds, (1)

and using the Cauchy–Schwarz inequality yields

A2(f ) ≤
(

1
(k− 1)!

)2 ∫ b

a

(
At
(
(t − s)k−1

+

))2
ds
∫ b

a

(
f (k)(s)

)2
ds. (2)

The problem now is to calculate the integral∫ b

a

(
At
(
(t − s)k−1

+

))2
ds.

To do this, let

u(s) := At
(
(t − s)2k−1

+

)
, s ∈ [a, b].

Since A is linear and continuous, we obtain

u(k)(s) =
(−1)k(2k− 1)!

(k− 1)!
At
(
(t − s)k−1

+

)
.

Eq. (1) gives

A(u) =
(−1)k(2k− 1)!
((k− 1)!)2

∫ b

a

(
At
(
(t − s)k−1

+

))2
ds

and hence∫ b

a

(
At
(
(t − s)k−1

+

))2
ds =

(−1)k((k− 1)!)2

(2k− 1)!
As
(
At
(
(t − s)2k−1

+

))
.

Inserting this in (2) completes the proof of the theorem. �
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3. Applications

Example 3 ([2]). For A(f ) = [x0, . . . , xn; f ], we obtain the following inequality:

[x0, . . . , xn; f ]2 ≤
(−1)k

(2k− 1)!

[
x0, . . . , xn; [x0, . . . , xn; (t − s)2k−1+

]t
]
s ‖f

(k)
‖
2
2

for all f ∈ Ck[a, b], k = 2, . . . , n.

Example 4 ([3, p. 166, Ex. 130]). Let f ′ ∈ AC[a, b]. Then for any p > 1 and a < c < b∣∣∣∣ f (b)− f (c)b− c
−
f (c)− f (a)
c − a

∣∣∣∣ ≤ ( p− 12p− 1
(b− a)

) p−1
p
(∫ b

a

∣∣f ′′(t)∣∣p dt) 1p .
For p = 2 and c = (a+ b)/2, Example 4 yields

Example 5 ([3, p. 166, Example 131], Zmorovich). If f ′ ∈ AC[a, b], then∫ b

a

(
f ′′(t)

)2 dt ≥ 12
(b− a)3

(
f (a)− 2 f

(
a+ b
2

)
+ f (b)

)2
.

Example 6. With A(f ) = L(a, b; f )(x)− f (x), where L(a, b; f ) is the Lagrange interpolating polynomial

L(a, b; f )(x) =
x− a
b− a

f (b)+
x− b
a− b

f (a),

and k = 2, we get

At((t − s)3+) =
a (b− s)3

a− b
+
(b− s)3 x
−a+ b

−
(−s+ x+ |s− x|)3

8
,

M2 =
(x− a)(b− x)
√
3
√
b− a

,

|L(a, b; f )(x)− f (x)| ≤
(x− a)(b− x)
√
3
√
b− a

‖f ′′‖2, x ∈ [a, b].

The equality is obtained for

f (s) =
(b− a)|s− x|3 + s2(a(−6b+ s+ 3x)+ bs+ 3bx− 2sx)

12(b− a)
.

Example 7. With A(f ) =
∫ b
a f (x) dx− (b− a)

f (a)+f (b)
2 , and k = 2, we get

At((t − s)3+) = −
1
4
(b− s)3(−2a+ b+ s),

M2 =
(b− a)5/2

2
√
30

,∣∣∣∣∫ b

a
f (x) dx− (b− a)

f (a)+ f (b)
2

∣∣∣∣ ≤ (b− a)5/2

2
√
30
‖f ′′‖2.

Example 8. With A(f ) =
∫ b
a f (x) dx− (b− a)f

( a+b
2

)
, and k = 2, we get

At((t − s)3+) =
1
8

(
2 (b− s)4 +

1
8
(a− b)(a+ b− 2s+ |a+ b− 2s|)3

)
,

M2 =
(b− a)5/2

8
√
5

,∣∣∣∣∫ b

a
f (x)dx− (b− a)f

(
a+ b
2

)∣∣∣∣ ≤ (b− a)5/2

8
√
5
‖f ′′‖2.
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Example 9. With A(f ) =
∫ b
a f (x) dx−

b−a
6

(
f (a)+ f

( a+b
2

)
+ f (b)

)
, and k = 4, we get

At((t − s)7+) =
1
8
(b− s)8 −

1
768

(b− a)
(
128(b− s)7 +

1
128

(a+ b− 2s+ |a+ b− 2s|)7
)

M4 =
(b− a)9/2

1152
√
14
,∣∣∣∣∫ b

a
f (x) dx−

b− a
6

(
f (a)+ f

(
a+ b
2

)
+ f (b)

)∣∣∣∣ ≤ (b− a)9/2

1152
√
14
‖f (4)‖2.

Example 10. With A(f ) = L(0, 0, 1, 1; f )(x) − f (x), and x ∈ [0, 1], k = 4, where L(0, 0, 1, 1; f ) is the Lagrange–Hermite
interpolating polynomial attached to f on the double knots 0 and 1, we get

M4 =
x2(1− x)2

√
3+ x− x2

6
√
35

‖L(0, 0, 1, 1; f )(x)− f (x)‖ ≤
x2(1− x)2

√
3+ x− x2

6
√
35

‖f (4)‖2.

Example 11. With A(f ) =
∫ b
a f (x) Pn(x) w(x) dx, where P0, . . ., Pn is a system of orthonormal polynomials with respect to

the weight functionw on [a, b],∫ b

a
Pi(x)Pj(x)w(x) dx = δi,j, i, j = 0, . . . , n,

and D = [a, b] × [a, b], we obtain∫ b

a

(∫ b

a
(t − s)k−1

+
Pn(t) w(t) dt

)2
ds =

(−1)k((k− 1)!)2

(2k− 1)!

∫ b

a

∫ b

a
(t − s)2k−1

+
Pn(t) w(t) Pn(s) w(s) dtds,

and

A2(f ) ≤
(−1)k

(2k− 1)!

∫ ∫
D
(t − s)2k−1

+
Pn(t)Pn(s) w(t)w(s) dtds ‖f (k)‖22,

k = 2, . . . , n.

For some generalizations of Zmorovich’s inequality see [4,5]. See also [6–9].
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