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1. Introduction

Let C be a closed convex subset of a real Banach space E. A mapping T : C — E is called nonexpansive if ||[Tx — Ty| <
lx — y|| for all x,y € C. Also a mapping T : C — C is called asymptotically nonexpansive if there exists a sequence
{ky} C [1, c0) with k, — 1asn — oo such that

(T — Tyl < knllx — yll

forallx,y € C and eachn > 1. The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [1] as
an important generalization of nonexpansive mappings. It was proved in [ 1] that if C is a nonempty bounded closed convex
subset of a real uniformly convex Banach space and T is an asymptotically nonexpansive self-mapping on C, then F(T) is
nonempty closed convex subset of C, where F(T) denotes the set of all fixed points of T. Strong convergence theorems
for asymptotically nonexpansive mappings have been investigated with implicit and explicit iterative schemes (see [2-5]
and references therein). On the other hand, using the metric projection, Nakajo and Takahashi [6] introduced the following
iterative algorithm for the nonexpansive mapping T in the framework of Hilbert spaces: X = x € C and

Yn = anXp + (1 — ay) Ty,
G={zeC:lz—yull = llz—xull},
Q={zeC:{x,—2z,x—x,) >0},
Xn+1 =PcannX, Tl=0,1,2,...,

(1.1)

where {o,} C [0, o], @ € [0, 1) and P¢,nq, is the metric projection from a Hilbert space H onto C, N Q,. They proved that
{x,} generated by (1.1) converges strongly to a fixed point of T. Xu [7] extended Nakajo and Takahashi’s theorem to Banach
spaces by using the generalized projection.
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Matsushita and Takahashi [8] recently introduced the following iterative algorithm in the framework of Banach spaces:
Xo =x € Cand

Cn=rco{zeC:l|lz—Tz| < tallXn — Txall},
Dp={zeC: (X, —2z,J(x—xy)) = 0}, (1.2)
Xny1 = PerpX, n=0,1,2,...,

where coD denotes the convex closure of the set D, ] is normalized duality mapping, {t,} is a sequence in (0, 1) witht, — 0,
and Pc,np, is the metric projection from E onto G, N D,. Then, they proved that {x,} generated by (1.2) converges strongly
to a fixed point of nonexpansive mapping T.

In this paper, motivated by (1.1) and (1.2), we introduce the following iterative algorithm for finding fixed points of
asymptotically nonexpansive mapping T in a uniformly convex and smooth Banach space: x; = x € C, C; = Dy = C and

Ch==co{z € G1: |lz—T"z|| < tyllxn — T"%y]l},
Dp={z €Dy_q: Xy —2,J(x—x,)) =0}, (1.3)
Xn1 = PeyrppX, n=1,2,...,

where coD denotes the convex closure of the set D, ] is normalized duality mapping, {t,} is a sequence in (0, 1) witht, — 0,
and P¢,np, is the metric projection from E onto C, N Dy,

The purpose of this paper is to establish a strong convergence theorem of the iterative algorithm (1.3) for asymptotically
nonexpansive mappings in a uniformly convex and smooth Banach space. The results presented in this paper extend and
improve the corresponding ones announced by Matsushita and Takahashi [8] and many others.

2. Preliminaries

In this section, we recall the well-known concepts and results which are needed to prove our main convergence theorem.
Throughout this paper, we denote by N the set of all positive integers. Let E be a real Banach space and let E* be the dual of
E. We denote the value of x* € E* at x € E by (x, x*). When {x,} is a sequence in E, we denote strong convergence of {x,} to
x € E by x, — x and weak convergence by x, — x. The normalized duality mapping J from E to 2" is defined by

Joo = (X" € E* 1 (x, x*) = |Ix]I* = [Ix"[|}
for all x € E. Some properties of duality mapping have been given in [9].

A Banach space E is said to be strictly convex if ||(x + y)/2|| < 1forallx,y € E with ||x|]| = |yl = 1andx # y.A
Banach space E is also said to be uniformly convex if lim,_., » ||X, — ¥x|| = O for any two sequences {x,} and {y,} in E such
that ||x,|| = |lynll = 1and lim,_,  [|X; + ¥a|| = 2. We also know that if E is a uniformly convex Banach space, then x;, — x
and ||x,|| — ||x]| imply x, — x.Let U = {x € E : ||x|| = 1} be the unit sphere of E. Then the Banach space E is said to be
smooth if

i lIx + tyll — lIx]]

im——

t—0 t
exists for each x,y € U. It is known that a Banach space E is smooth if and only if the normalized duality mapping J is
single-valued. Let C be a closed convex subset of a reflexive, strictly convex and smooth Banach space E. Then for any x € E
there exists a unique point X € C such that |[xg — x|| = minyec ||y — x||. The mapping P : E — C defined by Pcx = X is
called the metric projection from E onto C. Let x € E and u € C. Then, it is known that u = Pcx if and only if

(u—y,Jx—w) =0 (2.1)
forally € C (see [10,11]). The following proposition was proved by Bruck [12].

Proposition 2.1. Let C be a bounded closed convex subset of a uniformly convex Banach space E. Then there exists a strictly
increasing convex continuous function y : [0, co) — [0, co) with y (0) = 0 depending only on the diameter of C such that

n n
Y ( T (Z Aixi) — Z)\.iTxi
i=1 i=1

holds for any nonexpansive mapping T : C — E, any elements x4, ..., X, in C and any numbers Ay, ..., A, > 0 with
A1+ -+ 4+ Ay = 1. (Note that y does not depend on T.)

1<i<j<

) < ma_Xn(HXi = x|l — ITx; — Tx;||)

Corollary 2.2. Under the same suppositions as in Proposition 2.1, there exists a strictly increasing convex continuous function
y : [0, c0) — [0, co) with y (0) = 0 such that

1 n 1 1
y{—|[T" E Aixi | — E LT™x| ) < max (||Xi =Xl = —IT"x; — TijH)
km = — 1<i<j<n ki

for any asymptotically nonexpansive mapping T : C — C with {k,}, any elements x1, . .., X, in C, any numbers A1, ..., Ay > 0
withi{+---+ A, =1landeachm > 1.
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Proof. Define the mapping S, : C — E as Spx = 1/k,T™x, for allx € C and each m > 1. Then S,; is nonexpansive for
all m > 1. From Proposition 2.1, there exists a strictly increasing convex continuous function y : [0, c0) — [0, co) with
y(0) = 0 such that

n n
V4 ( Sm (Z )\ij) — ijsmxj
j=1 j=1

for all m > 1. Thus, by using the definition of S,,, we obtain the desired conclusion. O

) < max (”Xj — x|l — ”smxj — SmXkll)
1<j<k<n

Lemma 2.3 ([2, Lemma 1.6]). Let E be a uniformly convex Banach space, C be a nonempty closed convex subset of E and
T : C — C be an asymptotically nonexpansive mapping. Then (I — T) is demiclosed at 0, i.e., if x, — x and x, — Tx, — 0, then
X € F(T), where F(T) is the set of all fixed points of T.

3. Strong convergence theorem

In this section, we study the iterative algorithm (1.3) for finding fixed points of asymptotically nonexpansive mappings
in a uniformly convex and smooth Banach space. We first prove that the sequence {x,} generated by (1.3) is well defined.
Then, we prove that {x,} converges strongly to Pr(r)X, where Pg(r) is the metric projection from E onto F(T).

Lemma 3.1. Let C be a nonempty closed convex subset of a reflexive, strictly convex and smooth Banach space E and let
T : C — C be an asymptotically nonexpansive mapping. If F(T) # (J, then the sequence {x,} generated by (1.3) is well defined.

Proof. It is easy to check that G, N D, is closed and convex and F(T) C C, for each n € N. Moreover D; = C and so
F(T) C C; N Dy. Suppose F(T) C C, N Dy for k € N. Then, there exists a unique element x;,; € C¢ N Dy such that
Xk+1 = Pcynp X. If u € F(T), then it follows from (2.1) that

(X1 — U, J(X — Xk41)) = 0,

which implies u € Dy 1. Therefore F(T) C Cg41 N Dy4q. By mathematical induction, we obtain that F(T) C G, N D, for all
n € N. Therefore, {x,} is well defined. O

In order to prove our main result, the following lemma is needed.

Lemma 3.2. Let C be a nonempty bounded closed convex subset of a uniformly convex and smooth Banach space E and let
T : C — C be an asymptotically nonexpansive mapping with {k,} and {x,} be the sequence generated by (1.3). Then for any
keN,

lim ||x, — T" *x,]| = 0.
n—-oo
Proof. Fix k € Nand put m = n — k. Since x, = P¢,_,np,_,X, we havex, € C,_; € --- C Gj. Since t;; > 0, there exist

Y1,...,yv €Cand Ay, ..., Ay = 0OwithX; + .-+ Ay = 1such that

N
Xn — Z )Li.yi
i=1

and [ly; — T"y;|| < tmllXm — T™xpll foralli € {1,..., N}.Put M = sup,.c [|x|l, u = Pryx and ro = sup,,o1 (1 + ky) [|1x, — ull.
Since C and {k,} are bounded, (3.1) implies

< tm, (3.1)

1 & 1 1 N 1
Xn—— Y Ai| < (1 - —) Ixall + — [ %0 — > Ay < (1 - —) M + G, (32)
km = km km — km
and |ly; — T™yill < tmllxm — T™Xm |l < tm(1 + k) ||Xm — u|| < 1oty foralli € {1, ..., N}. Therefore
1 _. 1
Yi— —Ti| < | 1—— | M+roti (33)
km km
foralli € {1, ..., N}. Moreover, asymptotically nonexpansiveness of T and (3.1) give that
1 N 1
—T" AMYi ) =T, | < 1= — | M+ tp. 34
0 (; lyl) s _< km) m (3.4)
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It follows from Corollary 2.2, (3.2)—(3.4) that

1 N N
o = Tl < 0 = — Y Ay + Z (i — T",)
ki 4= =
1 N 1 N
F [Soar 1 ()| | L1 () -1
km im1 km e
1 1 m m
=2(1-~ M+2fm+7+y max ||.Vi_.Vj||_7”TYi_T.VjH
km km
1 1 .
<2(1-—— M+2tm+—+y max yi— —T"yi| + |y — —T"y;
km 1<i<j<N km

1 otm 1
<2(1=—— |M+2tm+ 24y 2(1= — )M+ 25t ).
km km km

Since lim,_, o k, = 1 and lim,_, o t;, = 0, it follows from the last inequality that lim,_, o, [|x, — T, || = 0. This completes
the proof. O

Theorem 3.3. Let C be a nonempty bounded closed convex subset of a uniformly convex and smooth Banach space E and let
T : C — C be an asymptotically nonexpansive mapping and let {x,} be the sequence generated by (1.3). Then {x,} converges
strongly to the element Pr(r)x of F(T), where Pg(ry is the metric projection from E onto F(T).

Proof. Putu = Pgx. Since F(T) C C, N D, and X1 = P¢,np,X, we have that
X — xpp1ll < llx —ull (3.5)
for all n € N. By Lemma 3.2, we have

-1 —1
%0 — Txpll < l1%0 — T" "Xl + IT"" 'xn — Txy||

< 1% — T x|l + k1 [IT" 2%, — Xn]]| = 0 asn — oo.

Since {x,} is bounded, there exists {x;,} C {x,} such thatx,, — v.It follows from Lemma 2.3 that v € F(T). From the weakly
lower semicontinuity of norm and (3.5), we obtain

Ix —ull < llx — vll < liminfilx — xy, || < limsup [|x — Xy | < [lx — u].

i—o00
This together with the uniqueness of Pr(r)x, implies u = v, and hence x,, — u. Therefore, we obtain x, — u. Furthermore,
we have that

lim [[x — xy[l = lIx — ull.
n—oo
Since E is uniformly convex, we have that x — x, — x — u. It follows that x, — u. This completes the proof. O
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