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A system of m bodies interacting with each other according to the relativistic 
mechanics is given. Let N = {l,..., m} and y,(r) = (r,(r), r;,(r)) be the position- 
velocity vector in R6 of the jth body and y(r) the list of all such vectors for j in N. 
Let T,,(f) be the time required for a wave traveling in a vacuum at the speed c of 
light to reach the jth trajectory from the kth trajectory at the point (I, r,(r)) in the 
time-position space. Let z(i) denote the list of vectors I,,~(/) = y,(/ - T,4(f)) for i, j, k 

in N, j # k. Let ./be a continuously differentiable function from an open domain G 
into R6”. Consider the dijferential equation (A) y’(r)=/(y(r), z(f)) for all r>O. 
Assume that the initial trajectory y(r) is known. Assume that the initial trajectory is 
Lipschitzran with bounded kinetic energy. If  at I = 0 the trajectory satisties the dif- 
ferential equation, then the trajectory can be extended in a unique way to a 
maximal solution of the ditferential equation (A). At the end of the paper the 
equation is generalized IO include the equations of Einstein-Loretz-Maxwell 
describing the N-body problem of the classical electrodynamics. ,I” 1986 Acadcmlc 

Press. Inc. 

PRELIMINARIES 

Assume that we have a system of bodies interacting with each other 
according to the relativistic mechanics. Assume that the index j (j = l,..., m) 
corresponds to thejth body. Let 

be its trajectory in the four dimensional time-position space. Let Tjk(t) be 
the time required for a wave traveling at the speed of light c to reach from 

l This paper is dedicated to the memory of Professor Stanislaw M. Ulam, the late Professor 
of Biomathematics at the University of Colorado, whose quest into the matters of the 
mathematical and physical universe has stimulated, influenced, and inspired numerous 
researchers for over a half of a century. 
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the kth trajectory the jth trajectory at the point (t, r,(f)). This function 
must satisfy the Lorentz time delay relutions (see [l]) 

(.T,Jt) = P,(t) - r,(r - T,,(t))I. 

Let v,(l) be the velocity of thejth body and let y,(f) denote the state vector 
(r,(t), vi(t)) and let y(f) be the list of the state vectors y,(f) for j= l,..., m. 

Denote by r(f) the list of time delays TJt) for j, k = l,..., M and let L,k 
denote the operator mapping a pair of functions y, T into the function 
defined by means of the formula 

for all r and all j, k = l,..., m. Let L be the list of all the operators L,k. Then 
the Lorentz time delay relations can be written in the form 

cT= L( y, T). 

Let z(r) denote the list of vectors 

for all i, j, k = l,..., m such that j # k. Denote by X the operator mapping 
the pair of functions y, T into the function z. 

Note that for fixed values of t and j the state vector yj(t) lies in the 
Euclidean space R6. Thus the vector z(f) lies in the space Z= R” where 
n = 6m2(m - 1) and y(l) in Y = RP where p = 6m. 

Let G be an open set in the Cartesian product Y x Z and let f be a con- 
tinuously differentiable function from G into Y. Consider the differential 
equation 

Y’(f)=f(Y(t)T Z(l)) 

for r 6 S. This equation represents a list of equations such that 

Y;(r) =f,(y(r)v Z(l)), 

where j = l,..., m. 
It will be convenient to split these equations even further into com- 

ponents (gj, hi) =f, and write them in the form 

r,‘(l) = g,(y(t), z(l)), u;(t) = h,(y(t), z(t)). 

The first component gj will be called the velocity component of the vector 
function f, and the second one h, the acceleration component. 
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RELATIVISTIC MOMENTUM AND EQUATIONS OF MOTION 

Consider a body moving with velocity u. Its relativistic momentum 
according to Einstein (see [2, 33) is given by the formula 

p = rn~U/( 1 - lu12/c2)‘:2. (A) 

The inverse formula is given by 

u=pc/(m,:c2+ 1pi2p2. (B) 

Thus the momentum and the velocity are in one to one correspondence. 
The Newton-Einstein law of motion representing the relation between the 
force F acting onto the body and the momentum is p’ = F. 

To find the equation for the derivative of the velocity, differentiate the 
formula (B), and substitute for the momentum p the expression given by 
the formula (A). The resulting formula will be of the form 

u’ = H(m,, v, p’), 

where the function H is infinitely continuously differentiable on its domain 
with respect to the variables Y and p’. 

Now let us consider a system of m bodies interacting with each other. 
The equations of motion of the jth body will be of the form 

r:(f) = c’,(l), 

c,‘(r) = Hh,, u,(f), F,), 

where F, is a continuously differentiable function of the vectors y(t) and 
z(r). Combining these two equations into a single one we obtain an 
equation of the form 

Y;(t) =f,(y(th Z(I)) 

for j = l,..., m. Thus the resulting equations are of the form considered in 
the previous section. 

PHYSICAL INTERPRETATION OF THE EQUATIONS 

It will be convenient to introduce the emission timefunctions by means of 
the formulas 

fik(f) = r - T&(l) 
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for all I for which the delay function T,Jt) is well defined. The meaning of 
the value ~,~(t) is the following. If a wave is emitted by the kth body at the 
time f-= t,k(r) it will reach the trajectory of the ith body at the time r. 

Let ~,~(t) denote the state v( f,Jr)) for fixed i, k such that i # k. Such 
states will be called remote states. Note that the vector z(f) consists of the 
list w,,(t) for i, k = l,.,., m such that i # k. 

Now the meaning of the differential equation 

y;(t) =fJ.Y(r), z(t)) 

is the following. The rate of change of the state v,(t) of thejth body at any 
time I depends on the state v(t) of the system of bodies at the time t and on 
all remote states I of the system at the times t-= tJl), where 
i, k = l,..., m and i # k. It is clear that such equations include a large class 
of causal relations due to interactions between the bodies of the system and 
the waves. 

For systems of bodies which do not involve collisions it is possible to 
extend the list of parameters wik to a much larger set of physical 
parameters and to prove the existence and uniqueness of solutions. This 
will be done in the section on “Systems with Positive Separation.” 

PROPERTIE 0F INITIAL DOMAINS 

Since every physically meaningful system of bodies is a part of a larger 
system with finite total energy E, the kinetic energy of the system along its 
trajectory y should remain bounded. 

Thus from Einstein’s formula for kinetic energy we get (see [4]) 

mojc2/( 1 - luj12/c2)“2 - mOjc2 < E. 

Using it we derive the inequalities 

for all j = l,..., m, where 

q = (1 - l/!J2)“2, 6 = 1 + E/(Mc2), 

M=min{mOj: j= l,..., m}. 

Note that since 6 > I we must have q < 1. Assuming that the acceleration is 
bounded almost everywhere one ends up with absolutely eontinuous trajec- 
tories in the sense of Lebesgue with bounded almost everywhere derivative. 
This is the same as the class of the Lipschitzian trajectories (see [S]). 
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It will be convenient to consider sets of such trajectories, called in the 
sequel the initial domains. These domains can be considered as closed sub- 
sets of suitable Banach spaces of continuous functions. 

Denote by x(r) the restriction of the trajectory y(t) of the system of m 
bodies to the interval J= (1: t < ~1. From previous considerations we may 
assume that for some positive numbers q < 1 and A the following 
inequalities hold 

iv,(d - Vj(t’)l GA / f  - Z-1, (B) 

for i= l,..., m and for all I in J. Let I be the compact interval (s, e ). 
Denote by 

ax, q, A, 4 

the set of all possible trajectories v(t) = (r(l), u(t)) such that 

Y(l) =x(r) for all f ds 

and moreover the inequalities (A) and (B) are satisfied for all I, t’<e. Such 
a set D(x, q, A, I) will be called an initial domain generated by the initial 
trajectory x and the parameters q, A, I. 

Note that every initial Lipschitzian trajectory x with bounded kinetic 
energy generates a nonempty initial domain D(x, q, A, I) for some 
parameters q, A, and I. 

THEOREM I. Let D = D(x, q, A, I) be an initial domain. For every 
trajectory y in D there exists a unique continuous time delay function T such 
rhat 

CT(~)= L(y, T)(t) for UN r,<e. 

The proof makes use of Banach’s fixed point theorem (see [6]) and 
properties of a norm. The contractive constant for the operator 

F( T) = L( Y, WC 

is equal to the constant q. The proof is similar to the proof concerning the 
time delay operator considered by the author in [7, 83. 
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L~RENTZIAN TIME DEI~AY OPERATOR 

Now define an operator Q on an initial domain D = D(x, q, A, I) 
assigning to a trajectory y from D the solution T of the Lorentz time delay 
relations 

cT= L(y, T). 

This operator Q will be called the Lorentziun time delay operator. 
Assume that P is an operator from an initial domain D into a space 

C(I, CI) of continuous functions from I to U. Such an operator will be 
called nonanticipating if for every two functions y, z in D and every number 
s in the interval I the fact that y(t) = z(r) for all t <<s implies that the 
images P(y) and P(z) coincide for all t 6s. 

THEOREM 2. The Lorentziun time delay operator Q defined on an initial 
domain D = D(x, q, A, I) and considered us an operator from a set of the 
space C(I, Y) into the space C(I, R”), where n = m2, is nonanticipating and 
Lipschitziun. The Lipschitz constant does not depend on the size of the 
interval I, 

The proof uses the triangle inequality, the Lipschitzian property of the 
norm, and the definition of an initial domain. 

INTERVAL OF SIGNIFICANCE OF INITIAL TRAJECTORY 

For a given trajectory y define the value of the diameter operator 
diam(y) by the formula 

diam(y)(t)=max{Irj(t)-rk(t)l:j,k=l,...,m) 

for all t in the domain dam(y) of the trajectory y. 
Consider an initial domain D(x, q, A, I) generated by the parameters 

x, q, A, I= (s, e). Let b = b(x, q, A, I) be a function of these parameters 
defined by the formula 

b = -(diam(x)(s) + 2cu)/(c( 1 -q)), a = (e-s). 

THEOREM 3. Given are two initial domains D = D(x, q, A, I) and 
D- = D(x-, q, A, I). Let 

b = min{ b(x, q. A, 0, W-, q, A, 4) 

and 

x(0=x’-(t) for all t in (6,s). 
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Then for every two trajectories y in D and y- in D- the equality 

y(t) = y-(t) for all t in I= (s, e) 

implies the equality 

T(t)= T-(t) for all t in I, 

where T= Q(y) and T” = Q( y’). 

The interval (6, s) defined in this theorem will be called the interval of 
significance of the initial trajectory (cf. [9]). 

PROPERTIES OF THE OPERATOR U 

Recall the definition of the operator X mapping a trajectory y and the 
time delays T into a function z = A’( y, T) by means of the formula 

z,(t) = Yi(t- T,,(f)) 

for all t < e and i, j, k = l,..., m such that j # k. 
Now consider the operator 

WY) = WY, Q(Y)) 

on the trajectories y from some initial domain D(x, q, A, I). 

THEOREM 4. The operator U considered on an initial domain 
D(x, q, A, I) is nonanticipating and Lipschitzian and maps the initial domain 
into a set of untformly Lipschitzian functions. The Lipschitz constants in this 
theorem do not depend on the size of the interval I, 

Now let us assume that we are given a trajectory y from some initial 
domain 0(x, q, A, I) and that initially the equation 

Y’b)=f(YbL WY)(S)) 

is satisfied. This initial condition is equivalent to the condition 

x’(s) =f(x(.~), WX)(.~)). 

The last condition implies that the vector 

4s) = (x(s), W)(s)) 

belongs to the domain G and 

Ih,(z(s))l <A for all j. 
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Since an initial domain as a function of the parameters y and A is 
increasing, one may assume that in the preceding inequalities we have the 
strict inequality “ < .” Otherwise replace the constants by slightly bigger 
constants. Then, if the trajectory v(r) satisfies the equation in some interval 
I starting at t = s, we can conclude from its continuity that it must belong 
to an initial domain D(.u, q, A, I) for a sufficiently small interval I= (s, e). 

Since by assumption the function .f is continuously differentiable on its 
domain G, there exists a closed ball B(z(s), E) around the point r(s) of 
radius E in the Cartesian product space Y x Z such that 

Ig,(z)l < cq and 

for all z in B(z(s), E) and allj. Moreover for some constant L 

Ig~(~)-gj(~‘)l G LIz-z-l, PI) 
/h,(z) - h,(z’)l < LIZ-z-I, (B,) 

for all z and z- from the ball &z(s), E) and all j (see [lo]). 
Let V denote the operator defined by the formula V(v) = (y, I!/(Y)) for 

all y from some initial domain. Note that the operator V is nonanticipating 
and Lipschitzian on every initial domain D and the image set V(D) consists 
of uniformly Lipschitzian functions. 

Denote by C = C(x, q, A, s, e, A E, L) the initial domain D = (x, q, A, I), 
where I= (s, e), satisfying the following condition 

where 

.s<e<s+min{a,,~~}, 

a, = l/(LlU), u2 = Efw, 

and I VI denotes the smallest Lipschitz constant of the operator V on D and 
w  denotes the Lipschitz constant for the family of functions V(D). Such 
a domain C will be called a conrrucrive domain generated by the initial 
trajectory x and the functionJ 

These considerations can be summarized in 

THEOREM 5. if y is a Lipschitziun trajectory with bounded kinetic energy 
satisfying the differential equation 

Y’(f) =f(y(rL uY)(t)) 

for all t in some interval (s, e- >, then there exists a contructive domain 
C(x, q, A, s, e, f, E, L) containing it. 
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THEOREM 6. For every initial Lipschitzian trajectory x with bounded 
kinetic energy satisfying the initial condition 

(x(s), Ux)(s)) is in G and x’(s) =f(x(sh W)(s)) 

there exists a nonempty contractive domain C(x, q, A, s, e, f E, L) generated 
by it. 

To prove this theorem show that a linear extension of the initial trajec- 
tory onto a sufficiently small interval (s, e) will belong to a contractive 
domain C(x, q, A, s, e, J E, L), where q and A are selected so that 
q- <q < 1 and A- < A and the constants cq’ and A- majorize, respec- 
tively, the velocities and the accelerations on the initial trajectory x. 

EXISTENCE OF LOCAL SOLUTION 

THEOREM 7. For every contractive domain 

C = C(x, q, A, s, e, S, E, L) 

there exists a unique trajectory y in C such that the differential equation 

r’(t) =f(v(t)* Uy)(t)) =f(v(t), WY, n(t)) 

and the Lorentz time delay relations 

CT(t) = L( y, T)(t) 

are satisfied for all t in (s, e). 

To prove the theorem translate the differential equation into an 
equivalent integral equation and apply Banach’s fixed point theorem 
(see [6]). Note that a constructive domain being also an initial domain 
can be considered as a closed set in a suitable space of continuous 
functions. 

GLOBAL UNIQUENESS 

Assume that we found a solution y of the differential equation with 
Lorentzian time delays in a contractive domain C(x, q, A, s, e, f, E, L). 
Taking the endpoint e as our new starting point s and the trajectory y as 
our new initial trajectory x one can extend the solution onto a larger inter- 
val. The object is to show that between all possible extensions there exists a 
maximal extension. Moreover, the maximal extension is unique. 
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THEOREM 8. Let I be an interval starting at the point s. The interval may 
be either open or closed, either bounded or unbounded. If y and y- are two 
trajectories extending the initial Lipschitzian trajectory x with bounded 
kinetic energy onto the interval I in such a way that these trajectories y and 
y- satisfy the differential equation 

y'(t) =f(Y(t), WY)(r)) =f(y(t), X(Y, T)(t)) 

and the Lorentz time delay relations 

CT(t) = UY, T)(t) 

on the interval I, then these trajectories are identical on the entire interval I, 
that is 

v(t) = v’(t) for all t in I. 

The proof uses the local existence theorem and the fact that an interval 
in the space R of reals forms a connected set (see [ 111). 

MAXIMAL SOLUTIONS 

Now take all possible solutions y- extending an initial trajectory x such 
that the domain dom( y’) = I* forms an interval. Let I be the union of all 
such intervals. 

If a point t belongs to I, it belongs to some interval II being the domain 
of a solution y-. Put 

Y(l) = Y-(t). 

From the global uniqueness theorem follows that the value y(t) is well 
defined, i.e., it does not depend on the choice of the function y-. Moreover 
the obtained trajectory y is the solution of our differential equation on the 
entire interval I. 

Note that the graph of the function y contains in it the graph of any 
other solution of our equation. Such a solution is called maximal. 

Now again consider the differential equation 

u’(t) =f(v(t), WY)(t)) =f(r(th NY, T)(~)) 

with Lorentzian time delay relations 

CT(I) = UY, T)(t) 

(A) 

for all t 2 s. 
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THEOREM 9. Every initial Lipschitzian trajectory x with bounded kinetic 
energy satisfying initially at time t = s the differential equation (A) can be 
extended in a unique way to a maximal solution of the differential 
equation (A). 

SYsmms wm4 PosrrlvE SEPARA~ON 

In the previous sections we did not assume that initially the bodies are in 
a positive distance from each other. Let us define the operator sep(y) on 
the trajectories y by the formula 

sep(y)(t)=min{(r,(t)-r,(r)l:j# k,j,k=l,...,m} 

for all t in the domain of the trajectory y. This operator will be called the 
separation operator. 

THEOREM 10. Let D = D(x, q, A, I) be an initial domain with I = (s, e ). 
Assume that the separation satisfies initially the inequality 

0 < e -s < sep(x)(s)/(4c). 

Then for every trajectory y in D and the delay function T = Q(y) we have the 
estimate for the emission time functions 

fjk(f) = t - Tjk(f) 6s 

for all t in (s, e) and all j and k such that j # k. 

The proof makes use of properties of the norm and of the Lebesgue 
theorem on the relation between an absolutely continuous function and its 
derivative. 

EQUATIONS WITH REMOTE PARAMETERS 

Let tjk(t) and y(t) be defined as before. Let P denote a nonanticipating 
operator well defined on continuously differentiable trajectories y with 
bounded kinetic energy such that the image P(y) represents a continuous 
function. Denote by NAC the class of all such operators. For instance, the 
operators Q and U belong to the class NAC. The following operators 
representing various physical quantities defined on trajectories also belong 
to the class NAC: 

p”(Y)=v; 
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the acceleration of thejth body. 

P,(J) = P,’ 

the force acting on the jth body, 

PI(Y) = T,, 

the delay time from the kth to the jth trajectory, 

the emission time. 
Let P, be a finite list of operators of the class NAC with index i changing 

in a set N. Let a(r) denote the list of all the quantities of the form 
Pi(y)(f,k(r)) for all i in the set N and all j, k = l,..., m such that j # k. This 
list a(t) will be called a list of remote parameters. Consider the following 
differential equation 

Y’(I)=f(L Y(f), U(l)) for all I b s. (A) 

Assume that the initial trajectory x(r) is continuously differentiable for 
all t <s. Assume that the kinetic energy of the system along such a trajec- 
tory remains bounded. Assume that the function f is continuously differen- 
tiable from an open set G into the space Y = R”, n = 6m. 

THEOREM 11. If iniriu1f.v at the time t = s the bodies have a positive 
separation and the trajectory y(t) satisfies at t = s the difSerentiul equation 
(A), then the trajectory can he extended in a unique way to a maximal 
solution of the d$ferentiul equation (A) along which the bodies have posirive 
separation. 

The proof makes use of the theorem on the emission time functions from 
the previous section and a modified definition of the contractive domain. 

Note that for a sulliciently small interval (s, e) the vector u(t) 
representing the list of remote parameters depends only on the initial 
values x(l) of the trajectory for r < s and thus it represents a fixed con- 
tinuous function well defined on the interval (s, e). 

The differential equation considered in the above theorem contains as a 
particular case the Einstein-Lorentz-Maxwell differential equations describ- 
ing the n body problem of the classical electrodynamics (see [ 1-3, 10, 12, 
133). For summary of the equations, see [ 143. The proof of this fact will be 
presented in a separate paper. 
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