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for particular observer, therefore it could be witnessed by proper uncertainty game experimentally. We
first investigate an uncertainty game between a free falling observer and his static partner holding a
quantum memory initially entangled with the quantum system to be measured. Due to the information
loss from Hawking decoherence, we find an inevitable increase of the uncertainty on the outcome of
measurements in the view of static observer, which is dependent on the mass of the black hole, the
distance of observer from event horizon, and the mode frequency of quantum memory. To illustrate
the generality of this paradigm, we relate the entropic uncertainty bound with other uncertainty probe,
e.g., time-energy uncertainty. In an alternative game between two static players, we show that quantum
information of qubit can be transferred to quantum memory through a bath of fluctuating quantum fields
outside the black hole. For a particular choice of initial state, we show that the Hawking decoherence
cannot counteract entanglement generation after the dynamical evolution of system, which triggers an
effectively reduced uncertainty bound that violates the intrinsic limit —log, c. Numerically estimation
for a proper choice of initial state shows that our result is comparable with possible real experiments.
Finally, a discussion on the black hole firewall paradox in the context of entropic uncertainty relation is
given.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction tainty bound can be dramatically violated [4]. Quantitatively, the
quantum-memory-assisted entropic uncertainty relation (EUR) can
One of the most remarkable features of quantum physics is be expressed as
Heisenberg’s uncertainty principle, which bounds the ability of an
observer holding classical information to precisely predict the out-  S(Q|B) + S(R|B) > —log, c + S(A|B) (1)

comes of incompatible measurements on a quantum particle. For
incompatible measurements Q and R, the uncertainty relation can
be recast by entropic measures as [1-3] H(Q) + H(R) > —log;c,
with H the Shannon entropy for the probability distribution of the
measurement outcomes. The overlap between observables Q and
R is a constant ¢ = max; |(a,‘|bj>|2 with |a;) and |bj) the corre-
sponding eigenvectors, thus providing a state-independent lower
bound indicating an intrinsic uncertainty in any quantum systems.
However, once the observer has access to previously determined
quantum information of measured system A, stored in a quan-
tum memory B which is entangled with the system, the uncer-

where the quantum conditional von Neumann entropy S(A|B) =
S(paB) — S(pp) could be negative [5] and has significant opera-
tional meaning [6]. In the extreme case where A and B are max-
imally entangled, the right-hand side (r.h.s.) is vanishing, enabling
us to predict the outcomes precisely. Otherwise, if A and B are not
entangled, the constant bound — log, c is recovered. In this mean-
ing, as been experimentally verified [7], the negative conditional
entropy is a sufficient condition for entanglement [8], therefore
the quantum-memory-assisted EUR (1) can be used to efficiently
witness quantum entanglement.

Falling in a relativistic realm, we can expect [9] that the
quantum-memory-assisted form of uncertainty relation would
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Queensland, Brisbane, QLD 4072, Australia. is highly observer-dependent (see review [10] and references

E-mail address: j.feng1@uq.edu.au (J. Feng). therein). With the appearance of causal horizons, quantum en-

http://dx.doi.org/10.1016/j.physletb.2015.02.058
0370-2693/© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by
SCOAP3.


http://dx.doi.org/10.1016/j.physletb.2015.02.058
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://creativecommons.org/licenses/by/4.0/
mailto:j.feng1@uq.edu.au
http://dx.doi.org/10.1016/j.physletb.2015.02.058
http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2015.02.058&domain=pdf

J. Feng et al. / Physics Letters B 743 (2015) 198-204 199

tanglement exhibits a degradation phenomenon for a noninertial
observer due to the Unruh effect in flat space [11,12], or for a
static observer located at a fixed distance from the event horizon
of black hole [13,14]. The behavior of entanglement in a dynami-
cal spacetime has also been investigated [15-18]. This environment
decoherence should certainly modify the above quantum-memory-
assisted uncertainty bound [19]. For instance, an uncertainty game
between two players Alice and Bob in noninertial frame has been
explored in [9], which shows an increasing uncertainty in bipar-
tite system pap of free Dirac field, and a periodic evolution of
uncertainty for localized quantum system restricted in cavities,
providing an efficient relativistic entanglement witness that could
be detected experimentally [7].

In this Letter, we explore the EUR (1) in the curved background
outside a Schwarzschild black hole, and show that Hawking radia-
tion introduce a nontrivial modification on the uncertainty bound
for particular observer, therefore could be witnessed in a proper
uncertainty game in principle [7]. In an uncertainty game between
a free falling player and a static player, we show that the entan-
glement between quantum memory and the measured quantum
system should be degraded by Hawking radiation, therefore result-
ing an inevitably increase of the uncertainty on the outcome of
measurements. We give the quantum-memory-assisted uncertainty
bound explicitly, which is dependent on three physical parame-
ters, i.e., the mass of the black hole, the distance of observer from
event horizon, and the mode frequency of quantum memory. We
show that the most significant modification on uncertainty bound
happens in the vicinity of event horizon, and becomes ignorable
as both observers leave away from the black hole. Moreover, one
can also utilize a quantum memory with high enough frequency to
make a precisely prediction on the outcomes of incompatible mea-
surements. We illustrate the generality of our results by comparing
them with other uncertainty probe. In particular, an explicit link to
Aharonov-Anandan time-energy uncertainty [21] is given.

In an alternative game between two static players outside a
Schwarzschild black hole, we show that the uncertainty caused by
Hawking decoherence can be counteracted and even overcome. By
the interaction with a bath of fluctuating quantum fields outside
the black hole, entanglement could be generated between mutu-
ally independent system after a quantum dynamical evolution [20].
In this meaning, the quantum information of qubit can be trans-
ferred and stored in quantum memory which triggers a negative
conditional von Neumann entropy S(A|B), and enables a viola-
tion of uncertainty bound —log,c for particular player. Beside a
similar dependence on the physical parameters in the first sce-
nario, we show that the uncertainty bound of final equilibrium
system is also sensitive with the choice of initial bipartite state
of quantum memory and the qubit to be measured. By choosing a
particular Bell-diagonal state as initial state, we show that the un-
certainty bound can be effectively reduced and violate the intrinsic
bound — log, c after quantum dynamical evolution. Numerically es-
timation shows that our results are comparable with possible real
experiments.

2. Uncertainty game between free falling player and his static
partner

2.1. Vacuum states in Schwarzschild spacetime
To address an uncertainty game in the background of a black

hole, we first recall the definition of vacuum states in the curved
space. We consider a Schwarzschild black hole described by

-1
2M 2M
ds® = —<1 — T)dt2 + (1 - T) dr® 4+ r*dQ? )

where M is the mass of black hole and d? is the line element in
the unit sphere. With the presence of event horizon at Ry =1/2M,
the observer outside the black hole has no access to the infor-
mation about those particle states inside the horizon. In terms of
thermo-field dynamics [22], this information-loss results a thermal
character of the vacuum perceived by stationary observer, related
to a spectrum with Hawking temperature Ty = x /27 where sur-
face gravity is k = ﬁ.

Consider a massless Dirac field which satisfies [iy*(d, —
')y =0, where I'y, is spin connection. To specify its vacuum
structure for different observer, we introduce the Kruskal coordi-
nates

U=—4Mexp[—«k(t —r")], V =4Mexp[k (t +1)] 3)

where r* =r+2MIn|1 —r/2M| is tortoise coordinate. In terms of
the new coordinates, the maximal analytic extension of (2) is

1
ds® = —Z—Kre‘z”dUdV +1r2(d6? + sin® 0dp?) (4)

which has a near-horizon structure approximated by Rindler man-
ifold. This enables us to analyze the vacuum structure of quan-
tum field similar as for accelerated observer in flat space [14,
23]. For a free infalling observer (Alice) with proper timelike vec-
tor d; o< (dy + dv), the Hartle-Hawking vacuum |Oy) is analogous
to Minkowski vacuum. For an observer (Bob) with static timelike
Killing vector d; o« (Udy — Vdy), the Boulware vacuum |0); corre-
sponding to positive frequencies associated to 9; is analogous to
Rindler vacuum in flat space. Similarly, another vacuum |0); re-
lated with —9; could be find.

Nevertheless, one should be very careful on the validity of
above analogy, since it can only work in the vicinity of the black
hole. For Bob resisting in a position ry close enough to the event
horizon, his proper acceleration is a = k//1 —2M/rq. This pro-
vides a constraint that Rindler approximation could only make
sense if ro/Ry — 1 < 1 [24]. Taking into account that |0y) =
®); 10w )1 and its first excitation [1y) = @);[1;)H, We can ex-
press Hartle-Hawking vacuum and its excitation in Boulware basis
as [12,24]

1
00 1 = [1+exp (—2y1—1/Ro)] ?104,)1100)1

+[1+exp(Ry1—=1/Ro)] 11w 1l1ay ),
|1a),-)H = |1a),-)l|0w,->11 (5)

where Rg =rg9/Ry =19/2M and Q =2mw/k = 8w wM is the mode
frequency measured by Bob in terms of the surface gravity. It
should be emphasized that the parameterization in (5) allows us
to analyze the uncertainty bound as a function of the distance of
Bob to the event horizon, besides its dependence simply on Hawk-
ing temperature [14,23].

[NE

2.2. Uncertainty bound in Schwarzschild spacetime

We now turn to an uncertainty game between Alice and Bob
[4], where Bob sends Alice a qubit A, initially entangled with his
quantum memory B. After Alice measuring either Q or R and
broadcasting her measurement choice, Bob needs to minimize his
uncertainty about Alice’s measurement outcome. To investigate the
influence of Hawking effect on this game, we consider the bipar-
tite system of Alice and Bob, initially sharing a Bell-diagonal state
in a free falling basis

3
1
pAB=Z(1A®lB+ZCiUiA®O.iB) (6)
i=1
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where o; are Pauli matrix and the coefficients 0 < |c;| < 1. These
states are the convex combination of four Bell states and reduce to
maximally entangled states (Bell-basis) if |c1| = |c2| = |c3| = 1. The
states (6) are the generalization of many important quantum states
in quantum information theory, e.g., Werner state [25], and have
important experimentally application in testing EUR [5]. Following
[13], we assume that Alice has a detector which only detects mode
with frequency k and Bob has a detector sensitive to mode w. Af-
ter their coincidence, while Alice remains free falling into the black
hole, Bob falls toward the black hole and then locates at a fixed
distance ro outside the event horizon. Therefore, the states corre-
sponding to mode @ must be specified in Boulware basis. Since
the static observer cannot access the modes beyond the horizon,
the lost information reduces the entanglement between A and B,
therefore modifies the uncertainty bound.

In particular, after transforming Bob’s states according to (5)
and tracing over all degrees in region I, we obtain a reduced den-
sity matrix for bipartite system involving free falling observer Alice
and static observer Bob with quantum memory

1 _QJI—T/Rg1-1
pA,:Z[l—i-e vi=1/ko] {C303A®o,l?3+1’q®|0)1(0|

3+ eVT-1/Ro 4 2o~ QVI=1/Rg

11 1)1
= ®1):(1]
2
+3 aft +e—9v1—1/R0]”zakA®o,‘?k} (7)

k=1

where o/, =0);(1]+[1)1(0], 0%, = —i|0); (1| +i[1);(0] and o'} =
[0);(0] — |1);(1] are Pauli matrix constructed in Boulware basis.

To specify the uncertainty bound on the r.h.s. of (1), we need
to calculate the conditional von Neumann entropy of (7) that is
S(A|I) = S(par) — S(p1). The reduced density matrix p4; has an
X-type structure with eigenvalues

b= 401 +e—:2m) [1+e VIR0 o5 6],
2=4a +e—slzm) [1+e VIR0 ey—g |,

T+ e—ém) [+ e VIR0 — e 16,
A 1 [ 4e VTR0 _cy g7,

~ 4(1 + e-2VT-1/Ro)

where £, = \/(q +¢2)2(1 + e~ 2V1-1/Ro) 4 ¢—2QV1-1/Ro_ The von

Neumann entropy of (7) is then given by S(pa;) = —2?21 Ai X
log; A;. Further, for the quantum memory positioned at ro with
p1 =Trapar, the associated entropy is

1

S(/)I)—Hbln(z(1+egm)> (8)
where the binary entropy Hyin(p) = —plog, p — (1 —p)log, (1 —p)
is defined. On the other hand, once Alice decide what measure-
ment she would make, the complementarity ¢ of the observables
Q and R is a fixed constant, provides a intrinsic part of uncer-
tainty in (1). In our game, we assume that the qubit A of Alice is
measured by one of the Pauli operators. For any two observables
oj and oy (j #k=1,2,3), the complementarity is always % De-
noting the r.h.s. of (1) as Uy, we finally have

4

1

Ub=1_z;Ailogzki—Hbin<2(1+eQm)> 9)
i=

1.0F; "
Uy
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Fig. 1. The uncertainty bound Uy is a function of Ty and Ro. The maximally en-
tangled state with c; = —c2 =c3 =1 has been chosen, and the relative distance of
Bob to event horizon ro/Ry < 0.05Ry is assumed thus Rindler approximation can
be hold. In the inset we plot the dependence of U, to Hawking temperature, where
red color denotes higher Uj. In particular, at R =1 we have U, =1.

which is clearly dependent on the mass of the black hole M, the
distance of Bob from event horizon Rg, and the mode frequency
w of quantum memory. We illustrate the uncertainty bound (9) in
Fig. 1, where a particular choice of maximally entangled Bell state
with ¢1 = —c =c3 =1 has been made.

Firstly, we observe that for static observer Bob, the uncertainty
bound Uy is sensitive with the distance of his position to the event
horizon. For rg = Ry, quantum memory is disentangled with the
system, we have U, =1 agreeing with the intrinsic part of (1). As
both observers leave away from the horizon, the modification on
uncertainty bound becomes ignorable, consequently, uncertainty
game in an universes containing event horizons are not jeopar-
dized. We also note that it is enough to investigate the modifica-
tion in the vicinity of event horizon, e.g., ro/Ry < 0.05Ry, where
Rindler approximation works and all characterful behavior of Uy
would appear.

Even in the proximities of a Schwarzschild black hole, we show
that uncertainty bound of measurements could still be drastically
reduced with growing €. Since Q = 2w w/k = w/Ty, we conclude
that outside a black hole with fixed mass (i.e., fixed Hawking tem-
perature), static observer can predict precisely the outcomes of in-
compatible measurements on a quantum particle by choosing field
modes with enough high frequency w to hold. Moreover, since the
significant change on Uj, observed by static observer matches the
accuracy of current technology [5], entropic uncertainty bound (9)
indeed provides an efficiently witness of Hawking radiation from
the event horizon. On the other hand, as depicted in the inset of
Fig. 1, where red color denotes higher Uy, we find the uncertainty
bound U} always increase with higher Hawking temperature. This
just means that Hawking radiation is essentially plays a role of
environment decoherence which increases the uncertainty in our
prediction of measurement outcomes [13,14,24].

2.3. Relationship between entropic uncertainty and
Aharonov-Anandan time-energy uncertainty

We would like to illustrate the generality of our results by
comparing them with another uncertainty measure, i.e., Aharonov-
Anandan (AA) time-energy uncertainty [21], recently proposed to
probe Hawking effect simulated by graphene morphologies in lab
[26]. In particular, during the time evolution of a nonstation-
ary quantum state |¢(t)), there is a nonzero energy uncertainty
AE2(t) = (¢(O[H?|p(1)) — ((()|H|p (). Specify to a evolu-
tion from initial to final states by Bogoliubov transformation (5)
W (6)) = J~1(0)|y (1)), we then have the corresponding AA energy
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uncertainty Aaa = AE2(9) charactering Hawking effect. Here J(6)
is generator of transformation (5) with 6 = (€2, R, t) [12] and can
be expressed as

J(0) = explarctan(e %Y1~ 1/Roy @!TelT 4 glelhy) (10)

where 6% and ¢* (X = {I,II}) are fermionic particle and antipar-
ticle operators annihilating Boulware vacuum |0); and |0). After
some standard but tedious calculation [27], we obtain

1
AAA(Q,RO)ZN/EO)(Z-Fe*Q«/]*]/Ro +eVT-1/Ra) "2 (11)

which is a product of coefficients in transformation (5) [26] and
have similar dependence on @ and Rg as in Fig. 1. Therefore we
could use this AA energy uncertainty as building block to reexpress
our entropic uncertainty bound (9). For instance, for the maximally

entangled state with ¢c; = —c; =c3 =1, we have
8 1 1+D 3 3+D
U log, = + = Hpjin(——— —Hpjin(———— 12
b g23+2 bm( ) )+2 bm( 6 ) (12)

where D = ,/1— A%A. Since many familiar uncertainty relation
could be deduced from EUR (1), such as position-momentum un-
certainty [1,28], we believe that our results provide a novel mean
to investigate the Hawking effect in a general framework.

3. Uncertainty game between two static players

In previous section, we demonstrated that the increment on
the entropic uncertainty bound (9) due to the presence of a black
hole. The Hawking radiation associated with the event horizon just
provides an “environment decoherence” on the entanglement be-
tween the qubit to be measured and a quantum memory. This
phenomenon can be better understand in a framework of open
quantum system [29], where a static detector subjected to a bath
of fluctuating scalar fields outside the black hole and the Hawking
radiation plays the role of vacuum noise. Interestingly, in certain
circumstances [20,30-32], heat bath can enhance entanglement
rather than destroy it, which means initially mutually independent
systems can become quantum correlated after long enough time
evolution in the bath.

In this section, we explore an alternative uncertainty game be-
tween two static players outside Schwarzschild black hole. The
quantum system A to be measured by Alice and the quantum
memory B hold by Bob are modeled by two two-level atoms which
are in interaction with a bath of fluctuating massless quantum
scalar fields outside the black hole. After the total system (atoms
and external fields) reaches a equilibrium, the quantum informa-
tion of A is transferred and stored in quantum memory through
entanglement generation between them, which could be witnessed
by the negative conditional von Neumann entropy S(A|B) [8] that
may significantly reduce the entropic uncertainty bound.

3.1. Master equation

Following the discussion in [20], the total system Hamiltonian
is

3
wo
H=— ni¥i+H H 13
2 ;1 i+tHeo+ Hj ( )

where % = 0' ® 18 + 14 ® 0 are symmetrized two-system
operators, wq is energy level spacing of the atoms, A is a di-
mensionless coupling constant. Hg is the Hamiltonian of free
massless scalar fields satisfying Klein-Gordon equation outside a
black hole, and can be expanded as @, (x) = YN X @) +

(Xﬁ)*d)(*)(x)], with ¢ (x) are positive and negative energy field
operators and X;i are the corresponding complex coefficients. H; =
A Zizo[(a/j ®18)®, (£, x1) + (14 ®O‘£)¢M(t, X»)] describes the in-
teraction between the atoms and the bath.

We study the dynamic evolution of the total density matrix
Prot = Pag(0) ® |0)(0] in the static frame of atoms, where p(0)ap
is the initial reduced density matrix of the two-atom system,
and |0) is the vacuum state of field ®(x). In a weak coupling
limit, the two-atom system density matrix pap(t) = Tre P (T) is
seen evolving in time according to a one-parameter quantum dy-
namical semigroup of completely positive maps, generated by the
Kossakowski-Lindblad form [20,31]

ad
m%(r) = ~i[Hefr. pa5(T)] + LIpap (7)] (14)

where t is the proper time of static atoms. The effective Hamilto-
nian is

3 . 3
_ %o v ! @ (B
Hegt = 7‘Zn,z, -5 > Z Hijo" o (15)
i=1 o, f=A,Bi,j=1

with the coefficients H;; determined by the Hilbert transforma-
tion of standard Wightman function G;j(x — y) = (0|®; (x)®P;(y)|0)
which gives C;j(A) = %Pffooo dw ga’jf;)) a principle integral of
Fourier transformation on Gj;, i.e., Gjj(A) = f_°°oo drei’\’Gij(t). The
Lindbladian operator in (14) is given by

3
C..
L= Y > 20" paso( —1o{”0 " pas)]  (16)
a, f=A,Bi,j=1

where the Kossakowski matrix Cj; can be written as

Cij = Adjj — iBejjeny, + Cnin;j (17)
with
1
A= E[Q(wO) +G(-wo)]l, C=g(0)— A,
1
B= E[g(wO) = G(—wo)] (18)

3.2. Entanglement generation and entropic uncertainty bound

We now turn to an uncertainty game between two static ob-
server Alice and Bob, each holding a two-level atom as the qubit
to be measured and quantum memory. Since what we concern is
the quantum-memory-assisted entropic uncertainty bound of the
atom system after its evolution to an equilibrium state in a fi-
nite time, we should first demonstrate that how the entanglement
could be generated between quantum memory B and the qubit A
to be measured. By expressing the reduced density matrix of the
two-atom system as

3 3
1
pap(@ =71 @17 + 3 pi%i+ ) pijof @0 (19)
i=1 i,j=1
and inserting it back into (14), the reduced density matrix at equi-
librium is [31]

pi= (T +3)n;,

K
3+ K2

1 2 2
=372 [K*(7 + 3)ninj + (r — K7)8;5] (20)
where K = B/A is the ratio of the two constants appearing in
the Kossakowski matrix, whose positivity implies 0 < K < 1. One

Pij
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can also observe that the final equilibrium state is depend on the
choice of initial state by T =) "; p;;(0) which is a constant of mo-
tion and satisfies —3 < 7 < 1 to keep pap(0) positive. To make the
discussion more concise, we come to a simple example with a unit
vector as i = (0,0, 1) which gives the equilibrium state

G+D)(K—=1)?
4(3+K2) 0 0 0
0 3—1—(T+DK? 2(t—K?) 0
_ 4(3+K2) 4(3+K2)

Pap = 0 2(1—K?) 3—7—(t+1)K? 0
4(34+K2) 4(3+K?2) 5
B4+D)(K+1)

0 0 0 4(3+K?2)

(21)

In order to determine whether the final equilibrium state is entan-
gled or not, we calculate the negativity [33] which is a measure of
distillable entanglement and is defined as N(p) = % YAl —A) =
— 21, <0*i» where A; are the negative eigenvalues of partial trans-
posed density matrix of (21). The value of negativity ranges from
0, for separable states, to 0.5, for maximally entangled states. Form
(21), we can straightforwardly obtain

/K 42+ K2(9+4T1+12) - B+ D)1+ K?)
- 43 + K?)

(22)

which reaches maximum 0.5 at 7 = —3 and is vanishing at 7 =

53K =, agreeing with [31].
To calculate the entropic uncertainty bound in rh.s. of (1),
we give the von Neumann entropy of (21) which is S(pap) =

- Z?:l Xilogy A; with eigenvalues

(1+K?*3+1) _(1-K?B+0)

M=—t =" 7
T A+ K A3+ K2)
(1-K*»@+1) 1-1
3=4—2, 4 = (23)
B +K2) 4

From the definition (19), the quantum memory B hold by Bob is

given by pp =Trapap = 3(15 — K;i;?% ). corresponding to a bi-
nary entropy S(pp) = Hbm(%). Finally, we can get the

entropic uncertainty bound from (1) for the uncertainty game im-
plemented when the two-atom system evolves to an equilibrium
state, which is

4 log, 3+ K?)
1—1 K2-(3B+1K+3
+Hbin< 7 >_Hbin< )

23+K?)
~3+71) Z[ 3+K2]log2[1+( K] (24)
i=0,1

3471
Up=1+ +

To demonstrate the possible violation of uncertainty bound
—log, c, it is particularly important to choose a proper initial state
pap(0). In our case, we need to select a initial state that the un-
avoidable Hawking decoherence would not be sufficient to coun-
teract entanglement generation after the dynamical evolution of
system, thus leaves an equilibrium state gives U, < 1. For example,
we can start with a Bell-diagonal state with ¢ =c; =c3=-0.75
corresponding to T = —2.25. Implementing the uncertainty game
with this initial state, one obtains the intrinsic uncertainty bound
Up =1 for measurement o; and oy with j # k. In passing from
this initial state to its corresponding equilibrium state, the corre-
sponding increase in negativity can be easily computed from (22)
as

3N = N[p] — N[p(0)]

_ V(4K? +9)? + 9K? — (4K% +9) (25)
B 8(3+K?)

and the uncertainty bound (24) becomes

U1 i (B m 4K* — 3K +12
b= bin 16 bin 8(3+K2)

+ 3 1 3B+K?
16 2

_2[16

If Kossakowski coefficients lead to U, < 1, we conclude that the
entanglement generation during the dynamical evolution of the
total system (atoms and external fields) can efficiently lower the
uncertainty bound.

(-1)3K

G+ 1(2)] logy[1+ (=1)'K] (26)

3.3. Boulware vacuum and Hartle-Hawking vacuum

In order to explore the behavior of above uncertainty bound
in a specific curved background, we need to calculate the Kos-
sakowski coefficients (17), which determined by the scalar field
correlation function in the vacuum state. For Schwarzschild space-
time, as mentioned in previous section, one can at least define two
vacuum states, i.e., Boulware and Hartle-Hawking vacuum states.
This requires us examine uncertainty bound (24) in these two
vacua, respectively.

For Hartle-Hawking vacuum, the Wightman function is [34,35]

ooym 0, ¢9)%
GZ(&X’)=Z/| :4(M<)i>)| [
1

iwAt

e—ia)At )
Ri(w, )|

1 —e2nw/k

+ e2nw/k _ 1

IRi(, r>|2]dw 27)

whose Fourier transformation is

oo

Q(k)zf e G (x, X)dt

8 | 1— e 27rJ/8oo/k

—00
_y 20+ 17 [Ri(h/Z00.D)I?
- 1 — e—2Th/800/K

IRi( /800, )2 ]

Then the Kossakowski coefficients can be given explicitly close to
the event horizon and at infinity [20]. By using the geometrical
optics approximation [35], we finally have a simple result

eZﬂwoJ%/K -1 1

Here we introduce the same parameterization as in (5). Plugging
it into (26), we have the entropic uncertainty bound for two static
atoms in a bath of fluctuating scalar field in the Hartle-Hawking
vacuum, which is depicted in Fig. 2.

At close to the horizon, i.e., when ro - Ry, K — 0, we ob-
tain N = 0 which means that no entanglement between the final
states of the quantum memory and system to be measured could
be generated. From (26) we obtain U, =1 indicating an intrinsic
uncertainty.

However, when ro grows, we have a nonzero entanglement
increment N > 0. As mentioned before, this suggests the quan-
tum information of qubit A has been transferred and stored in
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Fig. 2. The uncertainty bound Uj, is a function of w, Hawking temperature Ty
and Rp. After quantum dynamical evolution, two static two-level atoms (model-
ing the qubit to be measured and a quantum memory), can be more entangled,
therefore reduces the entropic uncertainty bound for incompatible measurements.
In the inset (a), the dependence of Uy on the choice of initial state is demonstrated
for K =0. In the inset (b), we plot the asymptotic behavior of uncertainty bound at
Ro — oo, where the red color denotes higher Uj.

quantum memory after the dynamical evolution of total system,
therefore induces the uncertainty bound. From Fig. 2, we note that
for atoms with fixed energy spacing, higher Hawking temperature
Ty introduces additional uncertainty in U, as Hawking decoher-
ence counteract part of entanglement generation. Conversely, for
a Schwarzschild black hole with fixed mass, observer can choose
his atom with large energy spacing to get more precisely pre-
diction on measurement outcomes. As both observers leave away
from the horizon, the influence of Hawking effect on the measure-
ment uncertainty could be ignored. In the asymptotic case rg — oo,
(28) approaches a maximal value K — tanh(£2), the dependence
of uncertainty bound (26) on Hawking temperature is depicted in
Fig. 2(b).

For Boulware vacuum, the Wightman function of scalar field is
[34]

eflwAt

G =Y [ S Wm0

Im 0
x [[Ri(@, 1% + |Rj(w, ) *lde (29)

The corresponding Fourier transformation with respect to proper
time reads

20+1
G0 = Y2 IR0 /00. 1 + Rk /Boa. D100
1

where 6()) is the step function. Then the Kossakowski coefficients
are [20]

o s 21+1 2 2
A_B_l;—lsm[ﬁ%,(w,rn + [Ri(w, 1) ] (30)

which gives K = 1. We can easily obtain the entanglement gen-
eration in this case as N ~ 0.011, which indicates that after the
total system reaches a equilibrium with respect to Boulware vac-
uum, the quantum information of qubit A has been transferred
and stored in quantum memory. Interestingly, in this case, we find
that the entropic uncertainty bound can be reduced to Uy ~ 0.722
everywhere outside the event horizon. This is just because there is
no thermal radiation present with respect to the Boulware vacuum,
which indicates the same amount of entanglement generation as
that in Minkowski vacuum [30].

4. Summary and discussion

In this Letter, we investigate quantum-memory-assisted EUR in
the curved background outside a Schwarzschild black hole. We find
a nontrivial relation between uncertainty bound (9) and Hawking
effect in two sample uncertainty games. For an uncertainty game
between a free falling observer and her static partner who holds
a quantum memory initially entangled with the qubit to be mea-
sured, we show that in the view of static observer, the entropic
uncertainty bound (9) increases due to entanglement degradation
provoked by Hawking radiation. To save this, the static observer
should be placed at a far distance from the event horizon or
choose a quantum memory with high enough mode frequency.
On the other hand, since entanglement between static systems
could be generated through a bath of fluctuating external field, by
modeling the quantum particle to be measured and the quantum
memory with two static atoms interacting with an external scalar
field, we find Hawking decoherence can be overcome and leads
to a lower entropic uncertainty bound (26) after the quantum dy-
namical evolution of atoms system. We show that the uncertainty
bounds for both games are dependent on three physical param-
eters, i.e.,, the mass of the black hole, the distance of observer
from event horizon, and the mode frequency of quantum mem-
ory. Moreover, for open quantum system, uncertainty bound is also
sensitive with the choice of initial bipartite state of atoms. Numer-
ically estimation for a proper choice of initial state shows that the
reduction of uncertainty bound is comparable with possible real
experiments [7].

Our study raises several implications. Firstly, since Hawking ra-
diation always plays a role as an environment decoherence, the
affected uncertainty bound should certainly be a result of compe-
tition between Hawking decoherence and the entanglement evolu-
tion of uncertainty game system. Once generalize to a cosmological
background [36], additional entanglement generation from the dy-
namical evolution of spacetime should be taken into account [37].
Since uncertainty bound is a sort of measure of quantumness [38],
it is reasonable to expect that such investigation of (1) in a cos-
mological frame may shed new light on the quantum-to-classical
transition in early universe [39].

Secondly, to illustrate the generality of our results, we em-
ployed AA time-energy uncertainty (11) as building block to re-
express the uncertainty bound. Although we demonstrated this
relation in a specific case, a rigorous link between two uncertainty
measure could be established. For instance, in a geometrical view,
AA time-energy uncertainty is a statement about the velocity of
the Killing flow on CP" manifold with Fubini-Study metric [40],
which defines a distance measure on manifold satisfies a trian-
gle inequality. For pure state, this gives geometric derivation of
entropic uncertainty relation [41]. The generalization of this ap-
proach might prove a rigorous link between entropic uncertainty
and other uncertainty probe.

Finally, while the methodology we adopted in this Letter is
compatible with common interpretation on Hawking decoherence
[10,42], Almbheiri et al. (AMPS) recently revealed [43] a profound
conflict between core quantum properties of black holes and the
equivalence principle, indicates a sharp paradox that an observer
falling into a black hole would either witness a violation of En-
tanglement Monogamy (EM) or burn up by a firewall structure
erecting around the event horizon. Despite the rapid and inten-
sive response of physics community (see [44] for instance), rang-
ing from skepticism to ambivalence to endorsement, this firewall
paradox is still an unsettled research question. While an overall
struggle with the issue is beyond the scope of present Letter, here
we make a first move by relating the paradox to an entropic un-
certainty relation. To proceed, recall that the stretching spacetime
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around the horizon creates correlated Hawking pair {b;, ¢;} at each
time step t;. AMPS argued [43] that after the black hole evapo-
rate more than half mass, the resulting early Hawking radiation
A ={by,---,bn} should be entangled with a late radiated quanta
B = b1 by unitarity [45] and also with inside quanta C = cp4q
by equivalence principle, thus violates monogamy of quantum en-
tanglement. In an entropic view, AMPS just adapted that the entan-
glement entropy of the emitted quanta necessarily increases with
each emission, i.e., S(B|A) > In2, which contradicts the traditional
complementarity that entropy must decrease after the halfway
point via the unitarity postulate [46]. One should note that the
AMPS argument indeed implies an observer falling into a black
hole can perform a feasible experiment to witness the violation of
EM. For tripartite state papc, taking advantage of the monogamy
of entanglement, EUR (1) can be generalized to a tripartite uncer-
tainty relation for black hole as [4]

S(QB) + S(R|C) > —logy ¢ (31)

where B and C can be viewed as two separate quantum memo-
ries. The conditional von Neumann entropy S(X|B) quantifies the
uncertainty after the measurements X € (Q, R) are performed. The
post measurement state is pxg =Y, (ITx ® 1)pap(ITlx ® 1), where
Iy = |¥x){(¥x| and {|¥x)} are the eigenstates of the observable X.
This inequality can be interpreted for a black hole as follows. If one
can use a late radiated quanta to predict the outcome of the Q
measurement with certainty (i.e. S(Q|B) = 0), then the necessarily
uncertainty about the outcome of the R measurement assisted by
inside quanta (i.e. S(R|C) > 0) is inevitable as long as the measure-
ments are incompatible (i.e. ¢ < 1). The AMPS argument can now
be translated into the context of uncertainty principle, and sug-
gests that the observer falling into a black hole would either hit
the firewall or perform a proper uncertainty game to witness the
violation of the tripartite uncertainty relation (31). In this mean-
ing, further exploration on a subtle uncertainty game involving the
firewall paradox may shed new light on our understanding of the
field. We will report the related work elsewhere.
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