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Abstract

By the homogenization approach we justify a two-scale model of ion transport in porous media for one-dimensional horizontal
steady flows driven by a pressure gradient and an external horizontal electrical field. By up-scaling, the electroosmotic flow equa-
tions in horizontal nanoslits separated by thin solid layers are approximated by a homogenized system of macroscale equations in
the form of the Poisson equation for induced vertical electrical field and Onsager’s reciprocity relations between global fluxes (hy-
drodynamic and electric) and forces (horizontal pressure gradient and external electrical field). In addition, the two-scale approach
provides macroscopic mobility coefficients in the Onsager relations.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

The electroosmosis phenomenon first discovered by F.F. Reiss (1808, Moscow University) implies that a difference
in the electric potentials applied to the water in a U-tube results in a change of water levels (see Fig. 1) when the tube
is filled partially with thin sand. Later G. Kwinke (1859) discovered an inverse phenomenon amounting to the effect
that flows through a membrane induce electrical field.

Both these phenomena have their origin in an electrical double layer associated with the interface between minerals
and pore fluid [15]. The surfaces of the mineral grains in rocks usually display net electric charges due to the presence
of unsatisfied chemical bonds, whereas groundwater is electrolyte in nature. In water-saturated porous rocks an electric
potential is therefore usually produced at the contact between the water and solid. As a result the electric charges
within the fluid separate into an electrical double layer. The inner or Stern layer consists of ions adsorbed onto the
solid surface through electrostatic and Van der Waals’ forces, while the outer diffuse or Gouy layer in the water is
formed by ions under the influence of ordering electrical and disordering thermal forces.
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Fig. 1. Electroosmosis.

Charge separation in the double layer is responsible for electrokinetic phenomena. In the presence of an outer
electric field, a relative motion between the outer diffuse ions and inner strongly bound ions occur (electrophoresis
and electroosmosis). Due to viscosity, the bulk neutral fluid is also involved into motion. On the other hand, a relative
motion of cations and anions produced by a pressure gradient (or due to sedimentation) results in a difference of
electric potentials and electric current.

Understanding and managing electroosmotic flow is central both to microchip separations of analytes in nano-
channels and to the manifold techniques associated with separations analysis [7]. The transport at nano-channels is
markedly different from that occur in microchannels. The most notable feature at the nanoscale is dominance of the
electrical field transverse to the flow direction, which could significantly affect the electroosmotic flow.

Most advanced models of ion transport [12] are nonlinear systems of partial differential equations consisting of
the Navier—Stokes equation for bulk fluid and some generalizations of the Nernst ionic flux equations coupled with
the Poisson equation for electrical field. Such systems can be resolved only numerically; this is why many authors
perform simulations to study electrokinetics and species transport problems quantitatively.

In this paper we develop an asymptotic approach for the qualitative analysis of the above mentioned electroosmotic
flow equations. To this end we consider horizontal flows through a vertical membrane, and we treat this membrane as a
number of thin horizontal liquid layers of the same thickness /; separated by thin solid layers of the same thickness /.
Driving forces are horizontal pressure gradient and horizontal electrical field. Electroosmotic force manifests itself by
way of an induced vertical electrical field. If N is the total number of liquid layers, the total membrane thickness is
equal to L = N (h; + hy). In our study the total thickness L is fixed and the ratio § = (h; + hy)/L is a small parameter.

By the electrical double layer theory, the solid/liquid interface is not a mathematical surface but rather a transition
layer. The question of boundary conditions is a matter of current research [11]. Commonly, the no-slip boundary
conditions for fluid flow are applied at the shear plane where the electric potential is termed as the ¢-potential. The
Stern layer is not included in the flow domain and the solid domain is assumed electrically neutral. This is why the
Poisson equation for electrical field becomes the Laplace equation inside the solid layers. Since there is no charge
concentration at the no-slip planes we set at these planes the condition of continuity of the normal component D - n of
the induction vector D = ¢E, assuming that the solid and the liquid dielectric permittivities are different. Thus, we do
not specify potential values at the inner solid/liquid interfaces. Instead, we write the no-jump conditions for D - n.

Our asymptotic analysis is the well-known homogenization procedure based on two-scale asymptotic expansions
[2,6,13] to up-scale the micromechanical picture of ion transport near solid surfaces. We derive both microscale and
macroscale equations. The first equations serve to identify constant coefficients in the second equations. It turned
out that the macroscale equations include a generalized Darcy law for the flows in a porous media with the porosity
@ = hy/(hi + hy).

Being hydrodynamically isolated, the flows in adjacent horizontal slits interact through the vertical electrical field.
Nevertheless, as it follows from the macroscale equations, the macroscale horizontal fluid flux V does not depend
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on the vertical variable. With J standing for the macroscale horizontal electrical current, the generalized Darcy law
which we derive is

V =—A11px — A2V, J ==X px — AnVy, (D

where p, is the horizontal pressure gradient and v, is the horizontal gradient of electric potential. System (1) re-
lates fluxes and forces; such systems are known in thermodynamics of irreversible processes as a number of the
Onsager reciprocity relations [5]. We calculate the mobilities A;; and verify that they obey the Onsager symmetry
relation A12 = A1. For flows in a thin capillary, the kinetic coefficient A1, was first evaluated by Boltzmann and
Smoluchowski [14]. The full macroscale system consists of Egs. (1) and a Poisson equation for macroscale electric
potential. To derive rigorously governing micro and macro equations we adopt a hypothesis about a small order of
magnitude of the solution-ions diffusion coefficients.

Proofs of the mathematical results below are strongly based on a priori estimates independent of § of the norm
ll|l 71 for solutions of the nonlinear nonlocal Poisson—-Boltzmann equation

(e@¢:),=—f(9), 0<z<L, )

where €(z) is a discontinuous stepwise periodic function with the periodicity cell a,, < z < an+1, any1 — an = 0(5);

given a liquid interval a, < z < b, (b, < an+1), the nonlocal term f (¢) defined as follows:
_ 4 _ an+b
f(@)|a,, <z<apy) = 47Tl|a,, <z<b, Zci qiexT (@(dn) W(Z)), d, = %,
+

where 1(z)|, is the characteristic function of the set w.

The theory that we develop for Eq. (2) reveals that there are three types of electrolytes depending on the sign
of the number E =) ¢; ¢;. Particularly, in the case of the “convex” electrolyte when E < 0, any solution of (2)
satisfies the alternative property: either ¢,(z) # 0 for any z or there is a unique point d,, such that ¢.(d,,) = 0 and
(z—dm)@;(z) > 0 for z # d,. To study the potential of the convex electrolyte in the alternative case when the property
¢, (z) # 0 does not hold, we pass to a rearrangement function ¢’(z’), which is a shift transformation of the function
¢(z), such that

agl,=—f'(¢)), 0<Z<L =L, (3)
’ ’
_ i (T AN — ! (] a +Cl 1
f,((p/)|a,’1<z’<a;l+1 =4n Zci giexr @)=yt ))’ dy/, = ) at )
+

where &; = const is the value of £(z) on the liquid domain and the points a,, are chosen in such a way that a, - a, =

b, — a, and ag = a(/). It is essential that (p; ,(z) = @, (z) at the corresponding points z’ and z, and the function goé ()
is continuous everywhere whereas ¢,(z) has jumps at the points a, and b,. Next, we introduce the local function
w' ™ (7)) = ¢/(z') — ¢(d),) which solves on each interval a/, < 7’ < a, ., the “local” equation

W,y = —41 Zc;qie_%w’ w(dr/l):O. (4)
+

Taking into account the fact that the right-hand side of the equation in (4) is a convex function of w, we estab-
lish a comparison inequality for any two solutions of (4). We find out that the local function w’ ™ (z’) is given by
an explicit formula at the interval with the center point d,, which enables us to estimate the norm of w’ ™ (z’) in
HYd, <7 < a,, . 1)- Applying the comparison inequality we verify that there is an extension W’(z’) of local solu-

tion w’ " (z') onto the entire interval 0 < 7 < L’ such that W’ (z’) serves as a majorant for any local function w’ ™ (7).
On this way, we estimate the norm of ¢’(z’) in H'(0, L’) using the local equality wé,(")(z’) = ¢ (2).

2. Basic equations

The slow bulk flows of a binary electrolyte solution are governed by the Stokes equation

8V ..
p—:—Vp+uAv+EZq’—p’+pg. (5)
dt i M
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Here p is the total density, v is the total velocity, u is the viscosity, m; is the ion mass, p is the pressure, p4 (p—) is
the mass density of the positive (negative) ions, g; is the ion charge, E is the electrical field, g is the mass density of
the gravitation force. If e is the elementary charge, g; = z;e where z; is the valency of each ionic species. In chemical
journals the ratio ¢; = p; /m; is known as concentration.

As for the momentum law for the ion flows, we start from the Nernst equilibrium equation [14]

_Pigi kT

0= dy = ——dpi,  E=-Vy, (6)

mi
where ¢ is the potential of E, k is the Boltzmann constant, and 7 is the temperature. Equality (6) implies that the
chemical potentials are constant when all the contact phases are in equilibrium.

When we pass to dynamics, we generalize the force balance law (6) as follows [16]
v pigi

kT i
ot = AV — o Vp + Pl E g 4 B
ot m; m; mi

(v—vi)+ pig, @)

where the drag-force parameter y; is given by the Stokes—Einstein—Sutherland formula [10]
kT

= E

Here v; is the ion velocity, w; is the viscosity of the ith ion component, and «; is the volume fraction, o1 + ap < 1.

The fifth term in the right-hand side of (7) is the diffusion force, with D; being the coefficient of diffusion. In what

follows, we neglect the ion viscosities u; and the terms «; V p since both o and «p are small.
The Poisson equation reads

Vi ®)

divD=4ry 2% p=gE E=-vy, ©
T M
where D is the electric induction vector and ¢; is the dielectric permittivity of the electrolyte. The bulk and ion mass
conservation laws are

a .
divv=0, p =const, % + div(p;v;) =0. (10)

Inside the solid dielectric, the electrical field obeys the equations
divD=0, D=¢&E, E=-Vy, (11)

where & is the dielectric permittivity of the solid dielectric.
3. One-dimensional flows

Our study is motivated by the electrolyte flow through a membrane of thickness / (see Fig. 2) when the inflow
pressure p_ (on the left) is greater than the outflow pressure p+. It is the pressure gradient (p4 — p_)/l = —«
which mainly controls the flow. It is also possible that the flow is due to the external electrical field E =
—(* —y¥7)/l=—pB. Commonly, an inflow density p; of the ith ion is prescribed.

We study electrolyte steady flows through the horizontal layer of thickness L consisting of N horizontal thin slits
a, < z < b, of the same thickness h; separated by layers b;,, < z < a, 41 of a solid dielectric of the same thickness /.
The central points d,, of the liquid intervals @, < z < b,, are the points of reference where the ion inflow densities p;
take the prescribed values p; .

Let Oy and Qj stand for fluid and solid domain

Or={x,z: —00<x <+00, 7€ 2y}, O, ={x,z: —00<x <400, 7 € £},
N-1 N-1

Qr=Jlan<z<by),  2i= b <z<an),
n=0 n=0

an=n(h; +hy), by=ay+h, dy=a,+h/2.
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Fig. 2. Flow trough membranes.

We look for steady solutions of the fluid equations (5)-(10) in the domain £2 ¢ in the form
v=(v().0,0), v;=(v;(2).0,0), pi=pi(2), p=ax+P@). ¥=PBx+¢Q),

where o = const and 8 = const. System (5)—(10) reduces to

i
pu—a—BY cigi=0, =",
+

m;
—P.— .Y cigi —pg =0.
+

kTCl'

—Bciqi + (v—v;)=0,

1

—ciqip; —kTci; — gcim; =0,
8@z, = —4m ZCiCIi-
T

In the solid domain §2; the potential ¢ solves the equation
€592z =0.
Conditions of continuity of the potential ¢ and the induction field D are

atz=ayand z=0,: [¢]=I[ep;]=0, atz=d,: c=c;,

wheren =1,..., N — 1 and [¢]|;=,, stands for the jump of a discontinuous function ¢ at the point z:

[@]lz=z = (}i_r)no(w(zo +0) — @(z0 — 0)).
No-slip conditions of the velocities are
atz=a,andz=>b,: v=0, wheren=0,...,N.
We assume that ¢ satisfies the external boundary conditions

@lz=0 = %o, @l=L =¢L.

1231

12)

13)

(14)

15)
(16)

a7

(18)

19)

(20)

Thus, one-dimensional flows are governed by Eqs. (12)-(17) and conditions (18)—(20). Let us derive some conse-

quence of the above formulation.
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In what follows we assume that the dielectric permittivity function

e, €82y,
gz{’ !

21
gy, ZE 82 @b

is extended periodically for every z.
Let us exclude the concentrations c;. Eq. (15) reduces to

d
d—z(qﬂp + kT Inc; +m;gz) =0.

Integrating between d,, and z € (a,, b,), we obtain

gm;j
kT

Ci=¢; CXP[Z—}(fﬂ(dn) - 9() + (dn — Z):|~ (22)

Hence, the potential ¢ solves in each liquid domain (a,, b,) the Poisson—Boltzmann equation [14]

— qi gmi
E1¢zr = —4T ) ¢/ qi eXP[—(w(dn) —9@) + = (d, — z)}. (23)

With [z], standing for the entire part of a number z, the functions

z
h

Z

wo=nl2l. Ho=""1n
a\l) = he» d\2) = A

> L, Hb(Z):hl+h[

}, h=h + hy 24)
e

take the constant values ay, d,, and b, if a, < z < an41. Let x be the characteristic function of the liquid domain 2 ¢.
Thus to define ¢ on the whole interval 0 < z < L, one should solve the equation

qi

gm;j
kT +

(¢(Ha(2)) — 9(2)) T

(e¢2): = —4mx(2) Y ¢ i exp[ (Ha(2) - z)} (25)
+

jointly with the conditions (18) and (20). Observe that the function §; = H,;(z) — z is periodic, and & = h;/2 — z on

the interval of periodicity 0 < z < h.

4. Scaling and identification of a small parameter

We look for an asymptotic solution of problem (12)—(20) assuming that the ratio
h 1

L N
is a small parameter for some positive entire number N. We argue by the homogenization approach, so the entire
interval £2 = {0 < z < L} is fixed and § varies in (0, 1). In that case

h(8)=8L, h;=38h;, hy=8hs, hj+hg=L, &:=h;/L.

Here, @ is porosity, is much more smaller relative to the jump conditions (18) should be modified.
We call z € §£2 a slow variable and we introduce the fast variable y = z/(6L). With é being small, the periodic
functions £(z) and yx (z) oscillate strongly and they can be represented as functions of the fast variable

- Z ~ Z
£(z) :8<8_L>’ x(2) = X((S—L)

where

B e, O<y<a,
8(y)={

1, O0<y<®,

d ¥ =
and - x() {O, P<y<l

&, P<y<l,

are periodic functions with the period equal to 1. In what follows the functions

E.(0)=—Ly, E()=L@/2—y), & =L@®-y), yeY=(0,1)
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are extended periodically. One can verify easily that functions H,(z), H4(z), and Hp(z) defined in (24) can be repre-
sented as

Ha(z)=Z+5€2(§L>, Hd<z)=z+8§d<5%), Hb(Z):Z+5§b<SiL>.

With the above notations at hand, the function ¢(z) solves on the entire interval 0 < z < L the problem

~f <
((5)w) -0 0

[ z _ qi ~( 2 ogm; ~ ( z
f=*m<ﬁ>ékﬂme7P(H4&G?»—w@}+kT§<ﬁ))

with the boundary conditions (20). It follows from (12) and (16) that the bulk velocity satisfies the equation

s Bei s
TEQRY PUz A+ T—@ =0 z€982%: v=0. 27
47
With ¢; given by (22), the ion velocities solve the problems
kTc;

ze .ch: — Bcigi + (v—1v;)=0. (28)

]
Let us perform scaling, using the bar-sign f for a reference value of the variable f and the prime-sign f’ for a
dimensionless value of f,i.e. f = f f’. The special scaling notations are accepted for the following variables:

/ !/ =/ -/ =/ =/
z=L7, x=Lx, c¢=cc, gi=4qq;, v=vv, V=70V,

a=pd/L=ppy/L. B=@p'/L=¢V, /L, Hu(z)=LH@).

D; =DD],

The length

47\ 2:32
is known as the Debye length. In terms of dimensionless variables equations (12)-(16) in the fluid domain read

/L2 s T Goc
MOLTY B () (22 (229) g =, (30)
p/L )y = mw \L>Jo\kT )3\ p )3 °°
qe vl
—ﬁ’qi’D;(ﬁ)l + <3)5(v’—v;)=o, 31)

12 ‘i@ ’ ’ ’ é(/_) 11yl o) 1ot gm;L rot /
(L_dz)2<ﬁ>l‘/’z’z’Z_JT;CiqieXP(qi(ﬁ)l{fp (Hd(Z))_(p(Z)}+( T )7(Hd(z)—z)>. (32)

In the solid domain, Eq. (17) reads (ss)(,tpé,zf =0.
Assuming that the dimensionless quantities (-); satisfy the equalities

()i=8", i=1,...,6, ()7 =0, (33)

we obtain a hierarchy of problems to study. In this paper we restrict ourselves to the case when all the powers n; are
equal to zero, i.e. (-); = O(1). The meaning of these hypotheses is the following. The relation (-); = O (1) implies that
electroosmotic force and thermal force are of the same order. Observe that the relation (-); = O (1) holds, for example,
for the symmetric electrolyte (where z4 =z_ and ¢ =c_) in water at T =298 K, z = 1, with the {-potential equal
to 25 [mV] [7]. When (-); is not small, the Debye—Hiickel linearization of the Poisson—Boltzmann equation does
not work. Under the condition (-); = O(1) the Debye length /; can be longer compared to electrical double layer,
moreover the double layer overlapping could occur. Indeed, it is useful rule of thumb [7] that [y = 9.6/(z+/¢ ). For the
above mentioned electrolyte with the counterion molar concentration ¢ = 0.01 [mM] we have [; = 100 [nm], whereas
the double electric layer is normally only a few nanometers thick [7] and the nanocapillary membrane may have the
pore diameter of 15 [nm] [4]. For such cases the hypothesis (-)2 = O (1) is natural. Hypothesis (-)3 = O(1) amounts
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to the effect that the horizontal pressure gradient and the applied horizontal electrical field are of the same order. The
relation (-)4 = O(1) means that viscous response is of the same order as the applied horizontal pressure gradient.
The dimensionless quantity (-)s is the Péclet number Pe, thus the hypothesis Pe = O (1) implies that convection
and diffusion are of the same order. For water with low electrolyte concentration ¢ the hypothesis ()¢ = O(1), i.e.
&s/e1 = O(1), is natural. Clearly one can assume that (-)7 = 0 since m; is negligible.

We close this section by reminding the Debye—Hiickel approach to the Poisson—-Boltzmann equation (23) in the
single layer z > 0 with the boundary conditions ¢ — 0 and ¢, — 0 as z — oo and ¢|,—9 = ¢p. In the case of symmetric
electrolyte, the linearized equation (23), in the SI system of units where 47 is substituted by 1, becomes lﬁ(pZZ =—q,
since the nonlocal term ¢(d) vanishes as d — oo. Clearly, ¢ = {oe~%/!d is a solution. This explains the notion (29).

5. A priori estimates for solutions of the Poisson-Boltzmann equation

We proceed by returning to the dimensional variables. First, we study how solutions of problem (26)—(28) depend
on §. We call the electrolyte concave, linear or convex if

Zci_q,- >0, Z ¢; qi =0, Z ¢; qi <0,
+ + +
respectively. We remind that g; = g4 > 0 and g» = g— < 0. Denote

_Amgicp _Arlgaley —I . @
P1 —81 D %) 781 ) 1 T’ T
With these notations at hands, Eq. (23) in the fluid domain reads

r2(@(2)—¢(Hq(2))) —ri(p@)—¢(Hy(2)))

%) (34)

$zz = P26 — pie
We prove that there is a positive constant By such that
L
/ ¢2(z)dz < By, OglzfgL|g0(z)| < By. (35)
0

Here and in what follows, constants B; do not depend on §.

Linear electrolyte. First, we consider the case when p; = p» = p. We start from the following assertion: if there
is a point zg € [ay, an+1], such that ¢;(zo) = 0 then ¢, (d,) = 0 also. Indeed, assume zg < d,. The function w(z) =
©(z) — @(dy,) solves the problem

wz; =g1(w), w(dy) =0, w;(z0)=0, (36)

where

d

gy =28 sy = P P PP
dw ri r r1 r

We multiply Eq. (36) by w and integrate between the points zg and d,, using the inequality wgi(w) > 0. As a result

we obtain

dy d,
/(|wz|2+w81(w))dZ=0 and /lwz|2dz<0.
20 20

Thus, our claim is proved. The case zg > d,, can be considered similarly.
Next, we assert that ¢, can vanish only at the points d,,. Indeed, if there is z} € [ay, a,+1] such that ¢,(z}) =0
then, by the above arguments, ¢,(d,) = 0 also. Clearly, w,(d,) = w(d,) = 0. It follows from (36); that

d
d—z(wf —2g(w)) =0. (7
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Integrating between d,, and z we obtain the equality
wg =2g(w).

Hence, the solution w is defined on each interval (a,, d,) and (d,, b,) uniquely up to the sign by the formula

w
4 / do —d (38)
J @ "
By this representation, w, # 0 if z # d,,. The claim is proved. Observe, that by (38), the values of w, are defined at
the points a, and b, uniquely up to the sign.
Now we prove that ¢,(d,;,) =0= gozz(dn_l)—i- <p§ (dn+1) = 0. Assuming that ¢, (d,,+1) > 0, we derive from (37) the
representation formula for the function w®™*D () on the interval (an+1,bn+1)

w(”“)(z)
dw

V2 +2g(w) -

The value of the constant « should be such that the continuity condition

—dui1, 1= WV (dg) (39)

ew" (@ns1 — 0) = eV @y 1 +0)
be true. One can verify that the solution of the boundary-value problem
Wz =g1(w), wz(an1+0)= _zw 2 (@1 —0),  w(dps1) =0, (40)

on the interval a, 4| < z < dj,+1 is uniquely defined and is given by the representation formula (38), with d,, substituted
by d,+1. By uniqueness, « = 0.

By the above discussions, the solution ¢ of the problem (18), (20), (25) is strictly monotone on the whole interval
0 < z < L otherwise ¢, (d,) = 0 for each n. In the first case

oﬂiai‘L'“”(Z” < By, By =max{|¢l, |¢L]}- (41)

We multiply the equation
(e@)¢:), = —4mx ()Y i ai exp(kq—}{w(Hd(z)) - go(z)}) = f(g), (42)
+

by the function ¢(z) — ¢o(z),
L — %o

wo(z) = Z+ %o,

and, because of the estimate (41), we obtain the inequality
L L
/E(Z)wz (R)dz< By + / &(2)pzpo; dz. (43)
0 0
Now, to derive the first estimate in (35), it suffices to apply the Young inequality
%(pﬁ + iwﬁz- (44)
Let us consider the second case. Clearly, | f| < B3. We again multiply Eq. (42) by ¢ — ¢ to arrive at the inequality

lpz 0] <

L L

/S(Z)wf(z) dz < /(S(Z)wz%z + B3lo — ¢ol) dz. (45)

0 0
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On the other hand,
Z é‘ { Z Zl Z
L — %0 2
— Qo= dz — ——7z, dz< | = d dz. 46
© — o /‘/’z b4 7 ¢ /Igozl b4 /ze(z)wz(z) z+/28(z) z (46)
0 0 0 0

Now, from (45) and (46), both the estimates (35) follow.
Convex electrolyte. Let us consider “convex” electrolyte with the condition p; > p;. On each fluid interval a, <
z < b,, the function w is continuous and

wZZ :gl(w)9 w(dn) :07 (47)
where

dg(w
1(w)=£, gw)y=Plemnw L P2oow PL_ P2
dw r r r r

Observe, that the function g is convex and g1 (w) = p2 — p1 for w > 0.

Step 1. We prove the following assertion:

©;(z0) =0 forsome zg € (an,by) = @.(d,)=0.
Assume zo < d,,. Given A > 0, the function w* = Aw solves the boundary-value problem

wh =gi(w'), whd) =0, wl(z)=0, (48)
where

A
dg (w)’ g)‘(w) _ ﬂe*rlw/l + &erzw/)» _ ﬂ _ Q
dw r r r r

ghw) =

We multiply Eq. (48) by w* and integrate between the points z( and d,, using the inequality wglk(w) = (p2 — prw.
As aresult we obtain

dy dy dn
/(|w;|2+w’\g’}(wk))dz:0 and /lwzlzdzg %[ledz.
20 20 20

Thus, ¢, (d,) = 0 since A is arbitrary. The case zo > d,, can be considered similarly.

Step 2. We prove that ¢, (z) # 0 on the whole interval (0, L) otherwise there is d,, such that
@z(dn) =0, (z—dm)ez(2) >0, Vz. (49)

Let (ay,, byy) be the first interval such that ¢, (z,,) = 0 for some z,,, € (am, by,). Then @, (d,,) = 0 and, on the interval
A < 7 < by, the function w™ (z) = ¢(z) — ¢(d,,) solves the problem

d
7 (w2 = 28@) =0, w(dn) = we(dp) =0. (50)
Integrating between d,, and z € (a;,, b;;), we obtain the representation formula
wi™ (2)
dw
= |z —dnl, w™ = [2¢(wm)sign(z — dy). 51
22(@) |z | 7z g( ) gn(z m) (1)

Clearly, ¢,(z) <0 for z < d,, and
0 < w™ (a,) =w™ (by), 0> wém) (am) = —wgm)(bm).

It is impossible that ¢, (z;,+1) = 0 for some z,,+1 € [@m+1, bm+1]- Indeed, if it is the case, we have ¢,(d;;+1) =0
and the function w1 on the interval (am+1, bm+1) 1s given by the same formula (51), with d,,, substituted by d,,+.
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Hence, w§”” (byy) > 0and wg'"H) (am+1) < 0. These inequalities contradict to the no-jump condition [ew_] = O at the
points by, and a,,+1. Hence, ¢, (z) > 0 on the interval [ay,+1, by,+1]. By the same reason, ¢,(z) > 0 for z > d,,. If ¢ is
monotone on the whole interval 0 < z < L, it is clear that |¢(z)| < max{|¢p|, |¢z|} and one can proceed as in the case
of the linear electrolyte.

Step 3 (Exclusion of solid domain). Let us consider the alternative case (49). We exclude the solid domain by passing to
a rearrangement function ¢'(z'), 0 <z < @ L = L' as follows. We divide the interval 0 <z’ < L into N subintervals
of the same length 8/; by the points a; =iéh;, i =0,..., N, a;,=0, aj, = L'. We define
(p/(Z/)la(’)<z’<ai = (P(Z/),
i
0 g <ceaf,, = 0@ +ai —a)) = (p(@) = o). ifi>1.
k=1

Denoting d! = a; + 8h;/2 and taking into account the no-jump conditions (18), we see that the function ¢’(z’) belongs
to C1[0, L'] N W?°(0, L') and solves the problem

N

Ol =g1(0'@)—H)@)). ¢ O =¢. ¢'L)=c—> (pla)—ebi-1)). (52)
k=1

where H)(z') is a step-wise function such that
Hé(z/) =di/ ifal{ <7 < al/»H.
Because of the equalities

Ak

olag) —@br—1) = / @ dE =

b1

61859 (bi1 = 0) _ &18hs@), (ay)

Es Es

the boundary condition at 7' = L’ in (52) writes

N
1— @)L
oLy =¢r - % > elap. (53)
s k:l

One can verify that correspondence between the functions ¢(z) and ¢’(z’) is bijective.
The condition (49) means that

o, (d,) =0, (' —dy)es(z')>0, Vz (54)
Clearly, the function w’ ™ (z') = ¢'(z') — ¢/(d.,) is given by the formula

w/(m) (Z/)

dw R, ’ rm) _ | (m)) qi / /
m = |Z —dm|, wz, = 2g(w’ m )s1gn(z _dm)’ (55)

on the interval |z’ — d/, | < 8y /2.
The integral fow ¢ ?(w) dw is well defined for any w > 0. The function W’(z’) defined by the formula

W'(Z)
dw

2g(w)

=|z’—d,’n|, 0<7 <L/, (56)

is an extension of the function w’'™(z"), |7/ — d/,| < 8h;/2, given by (55). Clearly, W'(z') solves equation
w,r,» = g1(w) on the whole interval 0 < z < L'.
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Step 4. We claim that W/, (z') > w ,(") (z') > 0 for any interval a,, <z’ < ay,_,n>m,and W/,(z') < w/,(") (z)) <0 for

any interval a), <z’ <a/, ;, n < m. To this end we first prove the following comparison inequalities.

n+1°
Lemma 5.1. Let w; and wy be two solutions of the equation w;; = g1(w) on the interval a < z < b such that
wi(a) > wa(a) and wiz(a) 2 waz(a). Then wi(z) > wa(2) and wi;(z) 2 wy,(2) foranya <z < b.

Proof. Let us denote w = w; — wy. Given z > a, we integrate the equality w,, = fu'g'((zz)) g"(s)ds over the interval
(a, z) to obtain that

wi(s) z
w,(2) = wy (@) + / ds / EdE w) =wa) + / w, (€) dE. 57)

a wy(s) a

By continuity, the inequality wi(z) > w2(z) is valid not only for z = a but on some interval a < z < zg. Due to
convexity of the function g(w), the inequality w,(z) > 0 holds for a < z < zo. Hence, w(zp) > 0, w;(z9) = 0 and one
can extend the interval a < z < zo. Assume that the maximal interval a < z < z, does not coincide with the interval
a < z < b. It means that w(z,) =0 and w;(z) > 0 for a < z < z4. But this claim contradicts the second equality
in (57). The lemma is proved. O

Due to (54) and (55) we have
/(m)(a

Let us compare W'(z") and w' ™+ (z) on the interval a’ +1 <7 < am+2

/(’”‘H)(a ) <0 and W' (a’ m+1) > 0. The continuity of (p (7)) implies that W (amH) =w mal) =
/(m'H)(a +1) By Lemma 5.1, W/(z') > w’™*D(z’) and W’ @) = w//(mﬂ)(z) fora), ., <7 <a, . The same

arguments are applied for the functions W’ (z') and w’ "+ (7’ ) on the interval a < 7 <a etc. Thus,

m+3>

N—1 ak+l

L/
/|<pz| d7/ —Z /|w“k>| dz/</|W£/|2dz/<B (58)
a, 0

and

/

4

§o+/<p2/(S)ds <B
0

l¢'(2)] = (59)

It follows from the identity

Z

w™(z) —w™(d,) = / wé")(s)ds

dn

that |w™ (z)| < B for any interval a, < z < b,. Then one obtains estimates (35) as in the linear electrolyte case. The
case of concave electrolyte (p2 < p1) can be considered similarly.
One can write the Poisson—Boltzmann equation as

(e@¢:), =e1x (g1 (w(2) = &1(p2 — px (@) + &1 x (D) (g1(w(2)) — £1(0)), (60)
where w(z) = ¢(z) — ¢(Hy(2)) and g1(0) = p2» — p1. It follows from (35) that

N—1 An+1

Z / wg(z)dng, max |w(z)|
0 0<z<L

n=

ap

We prove that there is a constant B independent of § such that

g1 (w(2)) — g1(0)] < BS. 61)
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To this end, we pass to the function ¢’(z") solving the problem (52). By definitions,
g1(w)) — g1(0) = g1(¢' (') — Hy(2)) — g1(0).

Let 7' lies in the interval a, <z’ <a, , then

Z/

a(w'@)) - 10) = / gu (W' ()¢l () d2 (62)
dy
We integrate the identity

Z/

0, (@) =, () = / @l,(x)dx
4
over the variable z’l to obtain that

N

L Ve
L'gl @) =¢L— 80— ) (wla) —¢bi-1) + / dz} / ¢l (x) dx.
1 0 1/1

Observe that

N
> (par) — o))

1

L
</|(pz|d2~
0

It follows from Eq. (52) that |<p; - is bounded uniformly in 8, hence |<p; ,| verifies this property also. Now, estimate (61)
results from (62) and from the inequality

Z/

/ Guw(w'(2)) @ () d7’

/
dn

< 8h; max )| max |¢’,(z)]/2.
< |wlgmjgww( )| max, |¢ D]/

6. Existence

Here we consider the question of solvability of problem (25), (18), (20) for any fixed value of §. We apply the
Leray—Schauder fixed point theorem [8] and to this end we define operators A;, 0 < A < 1, as follows. Given a Holder
continuous function v € C%(£2), 0 < o < 1/2, we find a function ¢(z) € H'(£2), ¢ = A; v, as a unique solution of
the linear boundary-value problem

/ £(2)0: (Y (2) dz = —hey / 1 @81 () — v(Ha(2)) ¥ (2) dz. ©63)

2 2

for any test function ¥ € HO1 (£2) where ¢(0) = ¢p and ¢(L) = ¢ Clearly, ¢ € Cc*t?[q,, b,] and XS creqp,, an+1]
for any n. Thus, the operators A, : C* (£2) = C*(£2) are well defined and a fixed point of A1 solves the problem (25),
(18), (20).

Because of a priori estimates (35) and the continuous embedding of H'!(£2) into C 1/2(£2) there is a constant M
such that [|¢, ||c12 < M for any fixed point ¢, of A;. Given a constant M > M, we introduce the ball

U={veC*): vl <M}

in the Banach space C%(£2). The restrictions A, : U — C%(£2) enjoy the following properties. By constructions,
the boundary of U does not contain fixed points of A;, 0 < A < 1. The set UAE[O,I] A, (U) is compact in C¥(£2)

because of compact imbedding of C'2(£2) into C*(£2) for 0 < & < 1/2. The family of maps {v — Ajv}ico,1] is
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equicontinuous on U. The mapping (A, v) — A, v is continuous from [0, 1] x U to C¥ (£2). The operator Ag has a
unique fixed point in the interior of U, and the mapping v — v — Ag(v) has an inverse near this fixed point. This
means that we have verified all the conditions of the Leray—Schauder theorem. Thus, problem (25), (18), (20) has a
solution ¢ € Hl(.Q) such that ¢ € crte la,,b,] and ¢ € Crte [bn, an+1] for any O <n < N — 1. The derivation of a
priori estimates (35) independent of § is justified.

7. Two-scale compactness

We consider the passage to limit in problem (26)—(28), as § — 0. First, we recall the following convergence re-
sult [1,9]

/f(x,%)dx—)f/f(x,y)dxdy, Vf e L' (2; Cor(Y)),
2

Y

where £2 is an open bounded set in R” and Y is the unit cube in R”. In what follows, we use a special type of
convergence in L2(£2). A sequence u® C L%(£2) is said two-scale converges [1,9] to a limit u € L?(£2 x Y) if for any
Y€ C®(82; CX.(Y)) one has

per

;g%fu‘s(z)w(z,§>dze/fu<z,y)w<z,y)dzdy. (64)
2 Y

The two-scale limit has the following property [1,9]. From each bounded sequence in L*($2) one can extract a
subsequence which two-scale converges to a limitu € L*>(£2 x Y).

As for derivatives, we will use the following assertion [1,9]. Let u®(z) and u‘;(z) be bounded sequences in L*($2).
Then there exist functions u € L2(2), w e L2($2; H;er(Y)) and a subsequence such that both u®(z) and ug(z) two-
scale converge to u(z) and u;(z) + wy(z, y), respectively.

Because of the estimates (35), there are a sequence ¢°(z) and two functions ¢°(z) and ¢'(z, y) such that ¢° €
L*(2) and ¢' € L*(2; Hy,,(Y)) and

/ qo“(zw(z, ﬁ) dz > / f L@V (2 y) dzdy,
2 Y

/ wf(zw(z, 8%) d:= [ [ +aenmppendzdy,
2 Y

Yy € C*°(£2; ngr(Y)) as s — 0[1,9].
We have

-z - z
/ 8<ﬁ>w§ufz<z>dz= —8'/ X(ﬁ)&(wa)wz)dz, U € Hy (%2). ©65)
2 Q
Taking ¥ (z) =46 W(SL'L), with ¢ € leer(Y ) N Cg°(Y), and sending § to 0, we obtain a microequation in the cell ¥

[ [et@+ebcnypmazar=o (66)
Y

With the function ¢°(z) at hand, we find ¢'(z, y) by the method of separation of variables in the form ¢'(z, y) =
(p?(z)w 1(¥), where w1 (y) is a periodic solution of the problem

d o 1 dw1 _ _
E(s(y)(l + ZW)) =0, /wl(y) dy =0. ©67)
Y
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Clearly, w; is defined uniquely and

1 1dw1 _ D) = D) = 11 P d 71— 68
8(y)< +Zd_>_5h( ) =const, ¢&,(P)= / /€(y)dy ~ 9%  1-o° (68)
0

Taking in (65) ¥ (z) = ¥ (z), with ¢ € H(} (£2), and sending § to 0, we obtain a macroequation on the interval £2

| [eot@+elenmppeizay =-aa0 [ [zow@adza. (69)

Hence, ¢°(z) is a solution of the boundary-value problem

en(@)p), =—4n @Y ¢ qi, ¢ O)=¢0, ¢"(L)=1¢L. (70)
+

Observe that the representation formula for ¢, is exactly the well-known Maxwell formula for the mixture of two
dielectrics [3].

Let us consider the velocity sequence v (z). Integrating Eq. (27) we obtain the following representation formula
for the bulk velocity on the fluid intervals a,, < z < by:

Mv(z)— o

/(z — MGG, G=a—"—¢°. (71)

Let us extend v® by zero onto the solid domain SZ , denoting the extension by 9°(z). It follows from (71) that for
any z € 2

fgp) T ;

¥ o~ a\sL _ _ =

wo (z)—x<5L>< 3 f (Z_HSS[’(SL) A)G(/\)d/\+ / (z A)G(A)dk>_I(G).
4884 () +884(5%)

(72)

Particularly, it follows from estimate (61) that

Bei Bei Shi~( 2 \+( z
1<a - 4—g1<0>) <a - 4—g1< )) 5 ba (S—L)sb(g—J (73)
[1(g1(w’) — g1(0))| < 8*B. (74)

By the above calculations, the sequence 9° /82 two-scale converges

IA)S ts
2 x(y)éa (y)Eb(y)<oc + 8 Zc %) ="(y) ass—0. (75)

Since Pe = O(1) and v = 0(82), we assume that D; = (Szbi. Let v; be the zero extension of v; onto .Q;s. Then it
follows from (28) that
2Pn.5(.2
~S Y _ Bqid DiX(E)
V7 (2) =0°(2) —
Clearly,

~S
.U g BaiDix () L0
R S 70
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8. A corrector and error estimates

The two-scale limits ¢°(z), v°(y), and v?(y) approximate the functions ¢°(z), v%(z)/82, and v? (z)/82 for small
values of 8. Here, we improve the approximations by finding a corrector to the function ¢°(z). We argue by the formal
expansion series [13] approach. To this end we assume that there is a function ¢?(z, y) defined for 0 < z < L and
1-periodic in y such that

9*(2) = 0°(2) + 82 (w1 (y) + 820> (z, y) + 0(8?), (77)

where <p0(z) and wq (y) are defined by (70) and (67), respectively.
We introduce the flux F%(z) as follows

[ z\d d [ z
F‘S(z):g(E)ws(z), d—ZF(S:SlX(E)gI(wa(Z)), (78)

where w?(z) = <p5 (2) — (p‘s (Hy4(2)), and represent it also by the expansion series

F?(2)=F%z.y) +8F'(z.y) +0(), y=2z/(L). (79)
Applying the derivative formula

d , Z 2 z r 5, z

az? (Z’ 8L> e <Z’ 8L> AT

we inset the expansions (77) and (79) into the first equality in (78) arriving at an equality

1
Zak(. <)k = 0(8). (80)
-1
We conclude that (- - )y =0 foreach k = —1,0, 1, .... These equalities imply that
vz =0,  F'(z,y) =2 (@E(1+wi,(»)/L), (81)
F'(z,y) =80 (2% w1 () + 3 (z. y)/L). (82)

Then we insert the expansions (77) and (79) into the second equality in (78). Similarly, we obtain (paying attention to
the powers 8! and 8°) the equalities

0
w?(Z)@{E(y)(l +wiy(»)/L)} =0, (83)
0 = 1a]. 0 L) =
P EN(1+ w1y (/L) + Loy {E(y) (fpzzwl(y) + 1o y))} =& x(¥)g1(0). (84)

We find ¢?(z, y) by the method of separation of variables assuming that there is a function w»(y) such that ¢(z, y) =
(p?Z (z)wa(y). Insetting this representation formula into (84), we obtain that w;(y) should be a periodic solution of the
equation

enpl+ ToL o {EO) w100+ o) =—47x ()Y ai (85)
+

Clearly, this equation has a unique solution satisfying the equality fol wady =0.
Let us introduce a two-scale corrector

¢°(z,¥) = 9°(2) + 802 (w1 (y) + 8202, (D w2 (y).

Its crucial property is that

<5<i)¢§’8>z =X <£>g1(0), g EqDC(z, é) (86)

this equality can be verified in a straightforward manner.
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The difference h = ¢ — ¢ solves the problem

/( )h (Z)l/fz(z)dz—&/ <3L>‘”(Z)(81( )~ 61(0)) dz. 87)
2 2

h(0) = =8¢0 (0)w (0) — 8792, (0)w2(0) = ho,

(L) = =8¢ (Lywi(1) = 87 (Lywa(1) = hy
for any ¥ € Hj (£2). Denoting

ho(z) =z(hy — ho)/L + ho,

we insert the function g =h — hg € H(} (£2) into (87) to obtain that

/5%1 dz=— f EVo.dz — & / X Wo(g1(w’) — £1(0))d
2 2 2
Applying the Young inequality and inequality (61), we conclude that

1¥0ll i) < BS and [ ¢* — ¢ 1 ) < BS. (88)
9. Two-scale model

We can summarize the results as follows. There are functions ¢°(z, y), vo(y), and v?(y) of the slow and fast
variables such that the expansions

A

’(2) = ( ) 0(5), ﬁ8—°( ) 0(5), ”"—°< ) 0(5) (89)

hold in H'(£2). (Two latter estimates follow from (74).) Eqgs. (67), (70), (85), (75), and (76) serving for determination
of these functions constitute a two-scale model.

Being more simple, the two-scale model allows to distinguish between micro and macro variables. The macrovari-
ables are mean values of ¢°(z, y), v°(y), and v?(y) over the fast variable y:

¢(2) = / ¢z, y)dy, V= / V(ydy,  Vi= f v () dy. (90)
Y Y Y
These definitions are natural since, as it follows from the definition of the two-scale convergence, the above mean
values are weak limits in L2 of ¢%, °/82, and 6?/82 as § — 0.
We use macrovariables to formulate macroscopic electroosmotic laws as follows. Integrating equality in (75), we
obtain

V =—Ai1a — A28, oD
where the hydrodynamic and electrochemical mobilities are given by the formulas
L?®3 L2q>3
Mi= o Zc gi- (92)

Let us introduce microscopic and macroscopic electric current
1
=Y aato. = [ o
+
0

One can verify that

J=—-lya —Anp, (93)
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where

L203 L3 Y\ @ -
A2 = 2 ;Ci qis Axn = ﬁ(;ci 611‘) + ﬁ?% Dic; . O

We recall that o and S are the derivatives along the horizontal variable x: @ = p, and § = v,. Hence, we have
derived the macroscopic electroosmotic equations

V =—A11px — A2V, J ==X px — AnVy, (95)

with the mobilities A;; satisfying the Onsager condition of symmetry A12 = A2;.

Eqgs. (95) deliver a simple explanation of the electroosmosis effect depicted in Fig. 1 and they enable us to calculate
the difference of water levels. Indeed, if the total bulk velocity vanishes, the pressure gradient p, can be obtained due
to the following equality

x = — 7 Vx- 96
p le (96)

Egs. (95) also explain why the flow through the membrane (see Fig. 2) induces an electrical field. For neutral
electrolytes we have J = 0, hence it follows from the second equation in (95) that the pressure gradient p, gives rise
to an electrical field such that

A21
Yy =——"—px. o7
A2

The induced electrical field reduces hydrodynamic permeability. Because of (97), it follows from the first equation
in (95) that

Px = —hefWx, hef = A1 — Ala/A22. (98)

Observe, that the mobilities 1;; do not depend on the ¢-potentials {o and ¢;, though these potentials control the
macroelectrical field.

10. Conclusions

We have justified a two-scale one-dimensional model for the horizontal electroosmotic flows in a number of thin
horizontal nanoslits, with a horizontal pressure gradient and a horizontal electrical field being driving forces. The
model was derived within the framework of homogenization in the up-scaling of the pore-scale description consisting
of Stokes equation for bulk fluid flow and the Nernst-like equations for the ion transport coupled with the Poisson—
Boltzmann equation for electrical field. After introduction of an additional (fast) variable, application of a formal
asymptotic expansion technique led to a macroscopic model wherein effective coefficients appear strongly related to
the microscale description. The homogenized model is a generalization both of the Darcy law and the Boltzmann—
Smoluchowski equation. According to this model, both the fluid flux and the electric flux depend linearly on the
horizontal pressure gradient and the horizontal electrical field, with the effective mobilities obeying the Onsager
symmetry condition.
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