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In this paper we show that the vector field XV:” on a based path space W,(M)
over a Riemannian manifold M defined by parallel translating a curve /4 in the
initial tangent space T, M via an affine connection V induces a solution flow which
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1. INTRODUCTION

Let (M, g) be a compact, d-dimensional Riemannian manifold, let 4 be
the Laplace—Beltrami operator, and let W(M) be the path space of all
continuous paths in M with time length [0, 1]. For any o€ M, there is a
unique probability measure P’ on the paths x with x(0) =0 such that
(W(M), x(1), P°) is a 1 A-diffusion process. We fix a base point 0 € M, and
for simplicity use v to denote the diffusion measure P°. The measure v
is called canonical Wiener measure, and is supported on the based path
space W, (M).

Suppose we are given a metric connection V. By parallel translating a
curve 4 in the initial tangent space T, M, we obtain a vector field X" on the
path space W, (M): by definition, for any ¢ € W, (M), define X"(c) to be the
vector field along the curve o given by X"(o), =y,h,, where y is the unique
horizontal lift of o, based on a fixed point u, in the orthonormal frame
bundle O(M), n(u,) = 0. Note that X" is only well defined v-almost surely.

It is natural to ask if there is a solution flow on the based path space
W, (M) induced by the vector field X”. Because X" is only well defined
v-almost surely, one should ask that does the solution flow leave the
Wiener measure v quasi-invariant? These problems are considered and
solved by B. Driver [7] for a metric connection V on the Riemannian
manifold (M, g).
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B. Driver [ 7] has proved that the vector field X” induces a quasi-invariant
flow on the based path space W, (M) provided the metric connection V is
torsion skew-symmetric (TSS) with respect to the metric g.

B. Driver [ 8, 9, 10] further considered a class of so-called geometric vector
fields on the based path space—those vector fields are obtained by parallel
translating adapted vector fields on the Wiener space via a metric and torsion
skew-symmetric connection V. More precisely, if K is an adapted vector
field on T,M, ie. K is a d-dimensional continuous semimartingale which
has form

KS:L: C, dbu—i—ﬁ R, du,

where C, is a Lie algebra o(d)-valued adapted process, R, is an R%valued
adapted process, and b is a standard d-dimensional Brownian motion, then
we formally define a geometric vector field X* on the based path space
W, (M) by setting X*(¢),=y,K,, where y is the horizontal lift of o.
Essentially an adapted vector fields on the Wiener space is the tangent
vector field of a progressive measurable transformation flow which leaves
the Wiener measure quasi-invariant.

It is showed in B. Driver [7, 8, 9, 10] that the pull-back vector field M*
on the Wiener space of a geometric vector field X* by the 1td’s develop-
ment map (defined by the connection V) is still an adapted vector field, so
that such a geometric vector field X* induces a solution flow on the based
path space leaving the Wiener measure quasi-invariant.

In this paper we consider vector fields XV:" on the based path space
W, (M) defined via any affine connection V, and we shall prove that the
vector field XV induces a quasi-invariant flow on the path space W, (M)
provided V is adjoint skew-symmetric. That is we will show that X" is a
geometric vector field in the sense of B. Driver [8, 9, 10], provided V
is adjoint skew-symmetric. If the affine connection V preserves the Riemannian
metric g, then our adjoint skew-symmetric condition is equivalent to that
V is torsion skew-symmetric. However an adjoint skew-symmetric affine
connection does not need to be metric.

The study of vector fields on the piece-wisely smooth path space W (M)
of a smooth manifold M is a classical topic in differential geometry, for
example, in the study of geodesics on a Riemannian manifold, cf. [ 28, 31].
The study of adapted vector fields on the continuous path space W(M) (a
reason to study continuous path space, rather than the smooth path space,
is that there is not any natural measure on smooth path space) has been
motivated by attempts to establish a geometric analysis on the path space
W(M) endowed with for example a Brownian motion measure, cf. [7, 13,
15, 17, 22, 24, 26] etc., where it is needed to extend classical Cameron—
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Martin theorem for Wiener measure [ 3, 4, 5] to the case of curved spaces.
Equivalently we need a nonlinear extension of Cameron—Martin quasi-
invariance theorem of Wiener measure under translation in directions in
the Cameron—Martin space, cf. [25, 30] and the references in [7].

Let (W, (RY), 1) be the Wiener space and let T, be the measurable
transformation from W(R9) to itself; 7T,z=z+w. Then the measure
T ' ou is absolutely continuous with respect to the Wiener measure p if
and only if weH'(RY): the Cameron-Martin space of all R%valued
absolutely continuous functions on [0, 1] with L*integrable first order
derivatives. Instead of considering the transformation 7', we may consider
a transformation flow (7%),.x on Wy(R9) defined by

T!z. =z +tw., Vze Wy(RY),
so that T\ =T, and

t
aTi‘“cho, VieR, ze Wy(RY).
ot
That is, (7)), & 1s the solution flow of the vector field M“(z) = w.

Thus it is natural to study nonlinear transformations on the Wiener
space generated by a vector field. A. B. Cruzeiro [6] first solved a class of
differential equations on the Wiener space induced by a special class of
vector fields, and proved quasi-invariance of the solution flows. P. Malliavin
[22] proposed two classes of natural vector fields on the path space over
a Riemannian manifold, and studied their induced solution flows [24].

A significant breakthrough has been made by B. Driver [ 7] in which he
has proved the pull-back on the Wiener space of the vector field X"
obtained by parallel translating a curve in the initial tangent space via a
metric connection is an adapted vector field, so that he was able to
solve the geometric flow equation, and extend the Cameron—Martin quasi-
invariance theorem to the case of the based path space.

The paper is organised as follows. In Section 2, we recall several basic
facts in differential geometry and introduce the notion of adjoint skew-
symmetric connection. Section 3 is the main part of this paper, in which we
deduce a formula for the pull-back vector field. We define a vector field on
the based path space over a Riemannian manifold via an affine connection.
The main difference from that of B. Driver [ 7] is that we always pull back
a vector field via the Levi-Civita’s connection rather than the affine
connection V, because the law of the diffusion generated by the projection
of the Bochner-Laplacian defined by an affine connection may not be
absolutely continuous with respect to the Wiener measure. As soon as a
pull-back formula of a vector field is obtained, we can employ the same
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strategy in B. Driver [7] to construct a solution flow. Thus in Section 4,
we recall a result about solution flow on the Wiener space induced by a so-
called 1t&’s vector field. Finally in Section 5 we use results in Sections 4
to obtain a solution flow on the based path space, and followed by an
integration by parts formula.

2. AFFINE CONNECTIONS

In this section we recall several basic notions and facts about affine
connections, and establish notations as well. Our standard references are
[11,29].

Let M be a d-dimensional smooth manifold, and let 7: L(M)— M be its
frame bundle. L(M) is a principal fibre bundle with its structure group
GL(d). Each ue L(M) is a frame of the tangent space T, M at x =n(u), so
that u is an isomorphism from R to 7, M determined by

ué:éiEia lf u:(-x7 (Ela'"a Ed))’

where (E,) is a base of 7', M, and we use the convention of summation over
repeated upper-lower indices.
The canonical 1-form 0 on L(M) is the R%valued 1-form defined by

OVy=u"'n V), VVeT,L(M),

where 7, is the differential of the bundle map 7.

The vertical tangent bundle VTL(M) is the kernel of the canonical
I-form 6.

An affine connection thus is an assignment of a complementary horizontal
tangent bundle HTL(M) such that

T,L(M)=VT,L(M)® HT,L(M),  YueL(M),

each HT,L(M) is invariant under the natural right action of GL(d) on the
frame bundle L(M), and the field u > HT,L(M) is smooth, for detail, see
[29].

An affine connection can be described via a connection form w; by
definition which is a gl(d)-valued 1-form on L(M) satisfying the following
conditions:

(1) wo(R,),=ad(a ")cw, for any ae GL(d), R, is the right action,
and ad(a ') is the adjoint action of GL(d) on its Lie algebra gi(d).

(2) w(A*(u))=A, for any Aegld), ue (M), where A*(u) the
fundamental tangent vector of 4, i.e. 4*(u) is the differential of # — Rey,(.4)u at
t=0.
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It is clear that 4*(u)e VT,L(M). Given a connection form w on L(M),
the horizontal tangent bundle is defined to be the kernel of the connection
I-form o.

We will use h: TL(M)— HTL(M) to denote the projection along the
vertical tangent bundle VTL(M).

Given a connection, the torsion form @ and the curvature form 2 are
2-forms on L(M) defined by

OV, Vy)=do(hV,, hV>), Vi, Ve TL(M)
and
QVy, Vy)=dw(hV,,hV,),  VV,, V,eTL(M)

respectively, where d denotes the exterior differential, and for any 1-form o«
we use the convention that

du(Vy, Vo) = Vi Vy) = Vo Vi) — o[V, V2]),

if V,, V, are two vector fields.
The first structure equation:

do(v,, V,) = —a(V)0(V,) +o(V,)0(V,) + O(V,y, V),
YV, V,eTL(M). (1)

The second structure equation:
do(Vi, Vo) = —[o(V,), oV,) 1+ Q(Vy, V), YV, V,eTL(M).  (2)

We say an affine connection w is torsion free if @ =0.

Given a C'-curve ¢ in M, 6(0) =x and a base point u e L(M) such that
n(u) = x, there is a unique horizontal lift y of ¢ such that y(0)=u, where
we say y is the horizontal lift of ¢ if n(y(¢))=0(t) and j(t)e HTL(M).
Hence any tangent vector Xe T .M there is a unique horizontal lift
XeHT,L(M) such that n*(X’) =X, for any ue L(M), n(u) = x.

For any ue L(M), and ¢eRY we use B(u)é (or B,¢) to denote the
unique horizontal lift in 7,L(M) of uleT,,M. Then B:L(M)—
L(RY, TL(M)) is a smooth section of the fibre bundle n: L(RY, TL(M)) —
L(M). B is called the standard horizontal vector field, although it defines
d vector fields on L(M).

By definition w(B,¢) =0, and

O(Buf):fa (Ra)*(Bué):BRuu(ailé)’
for any ue L(M), ¢ e R? and a e GL(d).
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Given an affine connection w, the covariant derivative V is defined by

Vi¥e=u S YO)| L Vue LOM), )= x

for Xe T .M, a vector field Y on M, where y is the unique horizontal lift
(with based point u) of g, and any curve ¢ in M such that ¢(0)=x,
d(0) = X. Also we call a covariant derivative V an affine connection.

We next assume that M is endowed with a Riemannian metric g. An
affine connection w is called a metric connection if its corresponding
covariant derivative V preserves the metric g, i.e.

dg(X, Y)(Z)=g(V,X, Y) + g(X,V,Y)

for any vector fields X, Y, Z on M.

If w is a metric connection, then w restricted on the orthonormal frame
bundle O(M) of (M, g) is o(d)-valued, so is its curvature form Q. O(M) is
a principal bundle with its structure group O(d); o(d) is the Lie algebra of
o(d).

The unique torsion free, metric connection is called the Levi—Civita
connection, denoted by D.

If V, V are two affine connections, then

S(X,Y)=V,Y—-V,Y,
defines a (1,2)-type tensor on the manifold M. In this case we write

V=V+S.

DeriNiTION 1. Let S be a (1, 2)-type tensor on M, and g be a Riemannian
metric. Then we say S is skew-symmetric with respect to the metric g if

g(S(Z, X), )+ g(S(Z,Y), X)=0, VX, Y, ZeTM,
and we say S is adjoint skew-symmetric with respect to the metric g if
gS(X,Z), Y)+ g(S(Y,Z), X)=0, VX, Y, ZeTM,
respectively.
ProposiTiON 1. (1) Let V=D+S be an affine connection on the

Riemannian manifold (M, g). Then V is a metric connection if and only if S
is skew-symmetric.

(2) Let V=D+ S be a metric connection on (M, g). Then S is adjoint
skew-symmetric if and only if 'V is torsion skew-symmetric: torsion tensor of
the connection V is skew-symmetric with respect to the metric g.
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Remark. 1. 1If a metric connection V is torsion skew-symmetric, then
the projection on M of the Bochner-Laplacian Ly =3, B;B; is the
Laplace-Beltrami operator, B, = Be,, where (¢,) is the standard base of RY
and B is the standard horizontal vector field defined by V.

_ 2. If V is a metric connection and V,Y=D,Y+S(X,Y), then
V,Y=D,Y+S(Y, X) is an adjoint skew-symmetric affine connection.

3. We say an affine connection is adjoint skew-symmetric if S=
V — D is adjoint skew-symmetric.

3. NATURAL VECTOR FIELDS

In the sequel we are working with a Riemannian manifold (M, g) with
its Levi—Civita connection D. Points oe M and u, € O(M), n(u,) = o0, are
fixed. The curvature form, development map, horizontal lift etc. are those
defined by the Levi-Civita connection D, and the based point u, if
appropriate, except otherwise specified.

For a manifold N and a point u e N, we will use W>(N) (resp. W,(N))
to denote the family of all continuous, piece-wisely smooth paths (resp. the
space of all continuous paths) with time length [0, 1] starting at wu.

In order to introduce a class of vector fields on the path space W, (M),
we first recall the development map associated to the Levi—Civita connection D.

Let o€ W (M). Then its unique horizontal lift y is the unique solution
of the differential equation:

dy,zB(’)/,) yfl OdO',, Yo=U,.

Let z, = {{ 0( o dy,). Then it is easily seen that y is the unique solution to the
differential equation:

dyt:B(yt)Odth y():u()a (3)

and o,=n(y,). We will denote by y=1(z), z=J '(¢), and by ¢ =J(z).
I (or J) is called the development map (or Itd map if involved paths are
semimartingales).

Given a WeT,W* (M), ie. W is a smooth vector field along the path
o€ W, (M) starting at zero, so that W(r)e T,, M. Let z=J '(o). Then we
define

M=J.'W,
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the pull-back of the tangent vector W by the development map J ~'. By
definition, if ¢®e W, (M) such that ¢°=¢ and

dot(t
TN e, viero 1,
d8 e=0
then
_dz"(t) o 11/ s
T | T

Using the first and the second structure equations, we can obtain the
following formula

t ps
M,:K,—fo jo Q(B,, ~dz,, B, K,)dz,, 4)

where K, =7, 'W,, and 7 is the unique solution of Eq. 3. Note that K is
R“-valued. Formula 4 can be deduced by the use of the same method as in
[7, 18]. If W(¢t)=vy,h,, then K,=h,.

We are now given another affine connection @ with its corresponding
covariant derivative V. We use B to denote the standard horizontal vector
field defined by &. Let o€ W, (M), and z=J '(¢), and y be the unique
horizontal lift of g, i.e. y is the unique solution of Eq. 3. Using 7 to denote
the unique horizontal lift of ¢ under the connection @&, so that ¥ is the
unique solution of the differential equation:

dj,=B(j)§, ' oda,,  po=u,. (5)

Note that y, e O(M), 7, € L(M), and
n(y)=n(7,) =0,

Define XV-" to be a vector field on W, (M) for he H(RY) by

XV-"a),=7%,h, Yo e W, (M). (6)
Let z=J'(o) and define

MY (z) =T XV (o). (7)

By formula 4, we need to calculate K(z), =y, ',h,.
To this end, we set H,=7,'j,. Then H, € L(R?, R?), and H,=id.
Let S be the (1,2)-type tensor defined by

V,Y=D,Y+S(X,Y).
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In a local chart (x', .., x), let ds> = g, dx'®dx/, D=(I"}), and V = (I'}),
so that S%=T"%—T"%.
We can write

and
3(t)=(a,, (E\(1), .., E4(1))), E(t)eT, M.
Note that g(E;, E;)=6,. For any e R, we have
H,E=H](1) ey,
where (e, ..., e,) is the standard base of R? and
Hi(t)=g(E,(1), E;(1))
= gula(1)) E(DEN1).

Using these notations, we can write Eq. 3 and Eq. 5 in local chart
(cf. [27]):

do'(t) = E(t) - dz*(1),

dE(1) = —T",(a(1)) EX(1) da™ (1),
and

do'(1)=E'(1) - dz*(1),

dE|(1) = = T',(a(1)) Ef(1) > da™(1),

respectively, where Z=J"'(g), J is the development map defined via the
connection @. Hence

dE(1) = — T (o(0) E51) E2(1)= dz*(1). (8)
Since E; is an orthonormal base, we have
Ej(l) = g(Ej(t): E (1) E(1)= H{(Z) E (1),

so that
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Inserting Eq. 9 into Eq. 8, we get

dEj= —T',(a(1) H}(1) E}(1) EZ(1) o dz*(1).
Thus we have

L 02 =
dH = g, E* < dE!+ gy E! - dE* + 29 EXE! o do
i i § § i axq i j

=gyl HIEXEPE? odz™— g, I HPELEXE™ o dz”

mp

—8uS,, HI EJEFEY odz" + % HIE}E}ES - dz".
Since D is the Levi-Civita connection,
5agxn:{,, = glnriim + gmzrlqn,
so that
dH/= —g,{,S,’anngEj"‘E;" odz®,
H(0)=47.
That is,

dH,= —g(S(y, cdz,, y(H,—)), y,—),

H,=id.
In other words,

d{H,&n)pi=—g(S(y, odz,, y(H,E)), ym), V& neR?,
Hy=id.

Hence we have proved the following

THEOREM 1. Let (M, g) be a Riemannian manifold with its Levi—Civita
connection, and let V=D + S be an affine connection. For any ae W (M),
and he H'(RY), define XV-"(c),=7h,, where § is the unique horizontal lift
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of o under the connection V. Let z=J (o), and MV "(z)=J* XV /(o).
Then

MYH(z),= | Hodh = | oS0, o dz. . (H b)), ~)

[ J, Q0 de ) (10)

where y and H are the unique solutions of the equations:
dy,=B(y,)edz,,  yo=1u,,
and
dH,= —g(S(y,edzs, y(H,—)), 7,—),  Ho=id,

respectively.

4. ITO’S VECTOR FIELDS ON WIENER SPACE

Adapted vector fields on the classical Wiener space (W, (R9), u) are
proposed and discussed in detail by B. Driver [8, 9, 10], although various
authors [3, 4, 5, 6, 24, 22] have noticed several progressive measurable
transformation flows on the Wiener space (W, (R9), u) which leave the
Wiener measure y quasi-invariant.

In this section we introduce a sub-class of adapted vector fields on the
Wiener space ( W,(RY), u); which consist of those vector fields defined by
solving differential equations. The vector fields in this class are called It6’s
vector fields.

For making sense of our next discussion we regard a path in W,(R?) as
a continuous semimartingale on (W,(RY), #, %, o, 1), where o is a
standard R“valued Brownian motion under the measure u, and #, %, are
the natural filtration of w. A vector field M on Wy(R“) by definition is a
map from W,(RY) to the tangent bundle TW,(RY), ie. for any
o€ Wy(R?), M(o) is a vector field along g, so that M(c), € T, R”. However
R? is flat, we identify 7,(R¢) with R so that M(c) is a continuous curve
in RY Given such a vector field M, its solution flow (¢7),. by definition
is a family of progressive measurable maps &' from W (RY) to W,(RY),
such that

% _

Py =M(¢&h), Eoz. =z, Vz e Wy(RY).
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Now we assume that solution flow (&'),.r exists and &' leaves the
Wiener measure quasi-invariant for each ¢, i.e. the law of the semimar-
tingale &’ is absoultly continuous with respect to the measure x. Then the
local martingale part of &' must be a d-dimensional standard Brownian
motion, so that z’ has the following Doob—Meyer’s decomposition:

&= W' + variation process, VieR.

By martingale representation theorem (cf. [32], p. 187), we can write
W= j 0" dw,.
0
Since W' is a Brownian motion, so that O’ is O(d)-valued. Hence

sdO',
IZOZ‘[O dt

and C=dO0"/dt|,_, is o(d)-valued. Thus M(z) has the following decomposition:

dz!
M), =%

dw,, + variation process;
t=0

M(w),= J C, dw,, + variation process,
0
where C is o(d)-valued.

PROPOSITION 2. If M is a vector field on (W(RY), u) which induces a
quasi-invariant, progressive measurable flow, and

M(w),= f C, dw, + variation process.
0

Then C, is o(d)-valued.

Now we consider an Itd’s vector field on (W, (RY), u). Let M(z) be the
unique strong solution of the following stochastic differential equation:

dE,= f\(E,, z,;, hy, t)odz, + [5(E,, z,, h,, t) dh,, Ey=e,,
dMl:f:;(M,,E,,Z,,/’l,,l)OdE,, MOZOa
where /1 is an R"-valued continuous function with finite variation, f; is

L(RY, R™)-valued, f> is L(RY, R™)-valued, f; is L(R"”, R) valued, and they
are all smooth. M(z) is an R“%valued continuous semimartingale for any
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d-dimensional semimartingale z, so that z— M(z) defines an adapted
vector field on the Wiener space ( Wy(RY), ). Since

thszfl(Mra Era Zts hta t) OdZ,
+f3f2(MtrEt’Ztrht’ [) dht’ M0=0a

we have (cf. [7, 8) 9, 10])

THEOREM 2. If in addition ff,; which is L(R?, RY)-valued; is valued in
the Lie algebra o(d), f5f, has bounded derivatives and h e H'(RY), then there
is a unique quasi-invariant solution flow of the Itd’s vector field M. That is,
there is a unique measurable map E': W, (RY) — Wy(RY) for each t e R, such
that

(1) ¢&'is a d-dimensional continuous semimartingale for each t € R,

(2) The law (&) 'ou of the semimartingale &' is equivalent to the
Wiener measure u for each t e R,

(3) &'ol&*=E&"* for any t, seR,
(4) (&Y, is the solution flow, ie.

ac;
dr

M(&Y,, E=id, pu—aeVteR se[0,1].

(&Y),cr 1s called the Driver’s flow of the adapted vector field M.

5. DRIVER’S FLOW ON PATH SPACE

In this section we are going to look for a solution flow induced by a
vector field XV on the based path space W,(M), ie. to solve the
geometric flow equation:

g_ V. h(rt 0 __:
dt_X (", "=id.

We assume that (M, g) is a d-dimensional, compact Riemannian manifold
with Levi—Civita connection D. Let v be the unique probability measure on
the based path space W, (M) such that the coordinate process (x,), o, 17 18
a Brownian motion on the Riemannian manifold (M, g) starting from o,
and let #, Z be the natural filtration of (x,).
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Let V be an affine connection, and V=D + S, and let 1 e H'(RY). Define
XV:-"(g),=7,h,, where 7, is the solution of the differential equation:

dj,=B(j,) 7, 'edo,,  Jo=u,,

for any continuous semimartingale ¢ on M.
By Th. 1, we define an Itd’s vector field MY:" by

MYA(z),= | Hodh = | oS0, odzy. . (H )., ~)

—Lt L Q(y, odz,, y.(H,h,))edz,,

for any continuous R“valued semimartingale z, where y and H are the
solutions of the stochastic differential equations:

dys = B(ys) OdZS, Yo=Uy,s
and
st: _g(S(ysodZs’ ys(H,v_))’ y.r)) HOZid’

respectively, and od denotes the Stratonovich’s differential.

If furthermore z is a Brownian semimartingale, i.e. the local martingale
part of z is a d-dimensional Brownian motion, then we can write M"¥:" in
1t6’s form:

MVvh(z),=f C(z)sdzs+ftR(z)y ds, (11)
0 0
where

€2 = | Q0o dzyn v H )+ &S 2 Hb)L =), (12)

and

R(Z)s = Hs}is + %@S(ys)(ys(Hshs)a - ) - %V@S(ys)(ys(Hshs)s - )

+3Ric(y,(H,hy)). (13)
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We have used the following definitions in the above formulas. Given a
(1,2)-type tensor S on the Riemannian manifold (M, g), we define two
maps
fS: O(M) - U—((Rd)®49 R)a
fs: O(M) = L(R") ®°, R)
by
Ss@)(&y, ey €4) = 8Dy, S)UE, u3), uly), (14)

and

Ss@)(&y, s C6) = g(S(uCy, uls), uls) g(S(uly, ucs), ule), (15)
respectively. Then Og; VOs: O(M) — L((RY) ®?, R) defined by

d

Osw)&En) =Y Fsu)e,enn e,é e, (16)
i j=1
and
d
V@S(u)(é’ ’7)= Z fS(u)(eisei’ é» 77)’ (17)

i=1

respectively, for any &, # € RY, where (e,) is any orthonormal base of R“
We recall also that Ric denotes the Ricci tensor defined by

d
Ric(X)= ) Q(B,(X),ue;) e;,VXe T .M, uec O(M), n(u)=x,

i=1

where (e;) is any orthonormal base of R
Since 2 is o(d)-valued, so that we have

ProrosiTioN 3. If the (1,2)-type tensor S=V —D is adjoint skew-
symmetric, then C(z) is o(d)-valued.

In the remainder of this paper we always assume S=V — D is adjoint
skew-symmetric. By Th. 2, there is a unique solution flow of MY*" on the
Wiener space Wy(RY), i.e. there exists a family (&), of measurable maps
from Wy(RY) into W,(RY), such that each &’ is an R%valued continuous,
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Brownian semimartingale with law equivalent to the Wiener measure
w; E o & =E""% almost surely with respect to u; and

@_ V,h(zt 0__: .
=MV, O=id pac.

Define {': W, (M) — W (M) by
4”:]05’0]71.
Then (' is v-a.e. well defined, and we have (cf. [8]):

THEOREM 3. The family ({'),.g is a solution flow of the vector field
XV-" That is,

1. (' is an M-valued continuous semimartingale with law equivalent to
the Brownian measure v,
2. (ol =01 v-ae.,
3. (¢Y),cr is a solution flow of XV
ac’

—i= XV, O =id, v-a.e.

In the final we write down an integration by parts formula in our
context, using Bismut’s method (cf. [2]).
Let 5=J"'(x) be the standard Brownian motion. For any ¢€ R, let

bf,:f b, +e [ R(b),du

s
0 0
Then b° is a Brownian semimartingale, and

b’

2| =MV, (18)

e=0

Let o°=J(b®). Then by Th. 1, we have

dO_{,‘

7 =X"V""(q). (19)

e=0

We say a real valued function F on the based path space W, (M) is a
smooth function, if

F(o)=F(o,,, ... 0,), 0<t < - <1<, (20)
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for some smooth function F on M*. For such a function F, we define

D[v,h]F(U):

i

dF(o,, ..o, )7.h,.). (21)

i
1

I =

Note that the right hand side of Eq. 21 is well defined v-almost surely. It
is easy to see that

d

D[V,h]F(U):i

F(o°%), v—a.e., (22)

so that Dy ,1F is well defined, ie. it does not depend on the special
representation of F. Note we can rewrite Eq. 22:

dFi(O-t]’ (] O-t/\»)(yt,-(Ht,-hr,-))

1

D[V,h]F(U):

H'M»

1

<VF1'(01‘|’ A O-tk)’ yt,(Ht,ht;)>

I
I

—

i

k
= Z <V,T1 VF[(O-H’ ) o.tk)b Ht[hl,'> R4

i=1
where y and H are the solutions of the differential equations:
dys=B(y,)odbs,  yo=u,,
and
dH,= —g(S(y,~db,, y(H,—),y,—),  Hy=id,

respectively.
Let x° be the probability measure on W, (R“) such that

dlu &
du

=exp [e r exp(—eC(b),) R(b), dbu—%gz r |R(b)|idu} ,

and let K* denote the right side of the above equation.
Let Y*=K?%-J. Then

dy:
de

=j1 R(b), db,.

e=0
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Using P. Lévy characterisation theorem (cf. [ 32], p. 141) and Girsanov’s
theorem (cf. [32], p. 303), one can show that b® is a d-dimensional
standard Brownian motion under u*, so that

d & ~

— B [FoJ(b%)]=0.

de
Hence we have

d

. EV(F(O_[) Y«’.‘) — O’

de
which yields that

1
E(Dye.F) =~ (F[ Rb), b, ). (23)

where b=J ~!(x) is a standard Brownian motion.
There are several papers by various authors about integration by parts
formulas, e.g see [2, 6-8, 12, 13, 15, 16, 18-20, 23] etc.
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Note added in proof. 1In [12], and using a different method, Elworthy and Li also proved
an integraton by parts formula for the vector fields considered in this paper.
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