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Abstract

In this paper we construct a parametrix for the forward fundamental solution of the wave and Klein—
Gordon equations on asymptotically de Sitter spaces without caustics. We use this parametrix to obtain
asymptotic expansions for solutions of (0 — A)u = f and to obtain a uniform L? estimate for a family of
bump functions traveling to infinity.
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction

De Sitter space is an exact solution of the vacuum Einstein equations with positive cosmo-
logical constant. In this paper, we study the forward fundamental solution of the wave and
Klein—Gordon equations on asymptotically de Sitter spaces. This is the unique operator E
(which we identify with its Schwartz kernel) which satisfies (0 — A) E; = I and is supported in
the forward light cones, i.e., for a compactly supported smooth function f, the functionu = E f
satisfies
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O —=Mu=f,

u =0 near past infinity. (1)

Here X is the Klein—Gordon parameter. If Eq. (1) is considered as a massive wave equation,
the condition A < O corresponds to positive mass. We construct a parametrix for this problem
and establish asymptotic expansions for solutions. As an application of our parametrix, we prove
a uniform L? estimate for the operator applied to a family of bump functions tending toward
infinity. We postpone to a future paper the consideration of Strichartz estimates and semilinear
wave equations on asymptotically de Sitter spaces.

The study of the decay properties of the wave equation on various natural classes of space-
times is an active area of research. For example, Dafermos and Rodnianski [3] and Melrose,
Sé Barreto, and Vasy [19] have obtained decay results for solutions of the wave equation in the
context of the de Sitter—Schwarzschild model of a black hole spacetime.

Our definition of asymptotically de Sitter spaces is given in [24] (called asymptotically de
Sitter-like spaces in that manuscript) and follows the definition of asymptotically hyperbolic
spaces given in [14,16]. An asymptotically de Sitter space is a compact manifold with boundary
equipped with a Lorentzian metric having a prescribed asymptotic form near the boundary. This
pushes the boundary off “to infinity”.

The microlocal structure of the fundamental solution for general real principal type operators
has been studied extensively. The solution operator for the Cauchy problem for general real
principal type operators is a Fourier integral operator associated to a Lagrangian submanifold
of phase space given by the flowout of the Hamilton vector field of the principal symbol of the
operator. This was first described in this language by Duistermaat and Hormander in [5]. In [20],
Melrose and Uhlmann constructed the forward fundamental solution for a real principal type
operator as a paired Lagrangian distribution. These are distributions associated to two cleanly
intersecting Lagrangian submanifolds in phase space.

Guillemin and Uhlmann [8], Joshi [11], Melrose and Zworski [21], Hassell and Vasy [9],
and others have all generalized the notion of paired Lagrangian distributions. Guillemin and
Uhlmann defined a much more general class of paired Lagrangian distributions, which Joshi re-
stricted slightly in order to construct a well-behaved calculus. Joshi then used this calculus to
construct complex powers of the wave operator on Riemannian manifolds. Melrose and Zworski
defined a class of distributions associated to an intersecting pair of Legendrians, while Hassell
and Vasy later expanded this notion to describe the spectral projections on a scattering mani-
fold.

Polarski [23] computed the propagator for the equation of the massless conformally coupled
scalar field in the static de Sitter metric, which has been transformed to the Einstein open uni-
verse. Yagdjian and Galstian [25] computed the fundamental solutions for the Klein—Gordon
equation in de Sitter spacetime transformed by the Lemaitre—Robertson change of coordinates to
the special case of the Friedmann—Robertson—Walker—Lemaitre spacetime. They represented the
fundamental solutions and solutions of the Cauchy problem using hypergeometric functions and
proved L? L1 estimates.

Vasy [24] generalized and extended Polarski’s result to asymptotically de Sitter spaces. He
exhibited the well-posedness of the Cauchy problem and showed that on such spaces, the solution
u of (O — A)u = 0 with smooth Cauchy data has an asymptotic expansion at infinity. Indeed, if x
is a boundary defining function for the conformal compactification of an asymptotically de Sitter

space X and 4/ % + A is not a half-integer, then « has an expansion
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n—1, [@m=12 n—1_ [@m=12
u:u+x2+\/ T VS +h

where u and u_ are smooth on X. (The difference between this expression and the correspond-
ing one in [24] is due to differing sign conventions for Lorentzian metrics.) In the case of an

integer coincidence, u_ is instead in C*°(X) + X2V @H(logx)C“(X). Vasy also showed
that solutions of the wave equation exhibit scattering, i.e., that the data u4 may be specified at
one of Y4 (future and past infinity, respectively), which fixes the data at Y.

Our result extends the work of Vasy to the study of the fundamental solution (0 — M) EL =1
on asymptotically de Sitter spaces. We require three global assumptions in our study of asymp-
totically de Sitter spaces:

(Al) Y=Y, UY_, with Yy and Y_ a union of connected components of ¥,

(A2) each bicharacteristic y of P converges to Y4 as t — +o0 and to Y_ as t — —o0, or vice
versa, and

(A3) the projection from T*X to X of the flowout of the forward light cone from any point
p € Y_ is an embedded submanifold of X (except at the point p, where it always has a
conic singularity).

The first two of these assumptions are not particularly restrictive. They imply that the manifold
is topologically a product Y x R, but are reasonable from a physical viewpoint in that they
imply a time orientation on the manifold. Colloquially, assumptions (A1) and (A2) prevent the
breakdown of causality on X.

Assumption (A3) is needed only to obtain sharp global statements about the fundamental
solution, but our construction works in some neighborhood of Y (i.e., a neighborhood of future
infinity) without this assumption.

Assumption (A3) prohibits the development of caustics, which significantly narrows the class
of manifolds considered. De Sitter space just misses being covered by (A3), though a slight
modification of our construction still applies here. Indeed, the projection of the flowout of the
light cone from a point p € Y_ is a smooth embedded submanifold of the interior of de Sitter
space, but intersects itself at Y. Section 16 discusses the minor modifications needed to handle
this case.

If we slightly enlarge the spherical cross section of de Sitter space, then this new space satisfies
the assumptions above. The assumptions above are stable under perturbation, so the construction
applies to perturbations of this enlarged version of de Sitter space.

In order to remove the assumption (A3), we could combine the Poisson operator construction
of [24] with the local description of the forward fundamental solution (given in [20]). Phrasing
this in a geometric way is left to a future paper.

The main result of this paper is the following (we state it more precisely and define the relevant
classes of distributions later):

Theorem 1. Suppose (X, g) is an asymptotically de Sitter space. There is a compactification )?(2)
of the interior of X x X to a compact manifold with corners such that the closures of the diagonal
and the light cone both intersect all boundary hypersurfaces transversely. X (2) is constructed by
first blowing up the boundary of the diagonal in X x X and then blowing up the set where
the projection of the flowout of the light cone hits the side face. On this compactification, the
forward fundamental solution of O — A lifts to be the sum of a paired Lagrangian distribution,
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smooth down to the front face, and a conormal distribution associated to the light cone with
polyhomogeneous expansions at the other faces of X 8.

We call a tempered distribution f on X forward-directed if it a smooth function on the interior
of X that vanishes to all orders at Y_. The work of Vasy [24] implies that if f is forward-directed,
then we may apply E to f.

A function f is polyhomogeneous with index set E on X if it has an asymptotic expansion of
the form

Y X (ogx)an(y)

(r,))eE

near Y.
Let F and F; be the following two index sets:

Fi={(.D: j,leNo, I < j},
Fy={(s£() +m,0): m € Ny}, (2)

where 5. (1) = 251 &,/ @D 4y

A corollary of Theorem 1 describes the polyhomogeneity of the solutions of P(A)u = f.

Theorem 2. If f is forward-directed and polyhomogeneous on X with index set E at Y, then
E f is forward-directed and polyhomogeneous with index set F, where

F=FUFRUE.

Here E is regarded as an operator and U denotes the extended union of two index sets:

(z,p)€eEUF & (z,p)€eEUF
or p=p'+p"+1 with(z,p')€Eand (z,p")€F.
As an application of our parametrix, we obtain a uniform L? estimate for a family of bump

functions traveling to infinity. We leave more general L” mapping properties and Strichartz esti-
mates to a future manuscript.

Theorem 3. Suppose ~d) € CX R} x R;’_l) is supported near (1,0). For (x,y) € X, let
f.» @, y) =¢ (%, 252). Suppose that p, 1, and r satisfy

X

2 < p<oo,

L [0,
> max| =, N, ——— ,
" 2’ 4
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—1 —1)2
1>max<o,—”2 +m‘/(n ; ) —i—k).

IE+ £5) | x—+20-rp Lo (x:ag) < CE 2P 3)

and

Then

Here the constant C depends on the family f5 5 but not on (x, y).

In particular, for the wave equation, A =0, and we may letl =0 and r > max(%, %). In
this case,

VE 4 £ a2 1o (x.ag) < CE2P.

Theorem 1 follows from a parametrix construction that comprises the bulk of this paper. The
main ingredient in the proof of Theorem 2 is the pushforward theorem of Melrose. Theorem 3
follows from Theorem 1 and the L? estimates proved by Vasy [24].

The paper is broadly divided into three parts. The first part consists of Sections 2 through
9 and develops the tools necessary to construct the parametrix. The second part contains the

construction, which begins with an outline in Section 10 and concludes in Section 15. The last
part, consisting of Sections 17 and 18, proves Theorems 2 and 3.

2. Asymptotically de Sitter spaces

We start by describing the de Sitter space. Recall that hyperbolic space can be realized as
one sheet of the two-sheeted hyperboloid in Minkowski space. It inherits a Riemannian metric
from the Lorentzian metric in Minkowski space. De Sitter space, on the other hand, is the one-

sheeted hyperboloid {—Xé +>0 X 12 = 1} in Minkowski space, but now the induced metric is
Lorentzian. A good set of coordinates on this space, which is diffeomorphic to S” x R, is

Xo =sinhT,

X; = w; coshr,
where w; are coordinates on the unit sphere. The de Sitter metric is then
—dt? + cosh® T dw?.

If welet T = e " near T = 400, then T = 400 corresponds to 7 = 0 and the metric now has the
form

—dT? + 3(T? + 1)2 do?

- @)

Our definition of an asymptotically de Sitter space is based on the form (4) of the de Sitter
metric.
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Definition 4. (X, g) is asymptotically de Sitter if X is an n-dimensional compact manifold with
boundary Y, g is a Lorentzian metric on the interior of X, and, for a boundary defining function x,
there is some collar neighborhood [0, €), x Y of the boundary on which g has the form

_dx?  hx.y.dy)

8= 2 2 g

X X

where 4 is a smooth symmetric (0, 2)-tensor on Y that is a metric on the boundary {0} x Y.

A calculation similar to the ones in [14] or [16] shows that the sectional curvatures of asymp-
totically de Sitter spaces approach 1 as x — 0.

Let O, the wave operator, be the wave operator (d’ Alembertian) associated to g, and, for
A eR, let P = P()) =0 — A be the Klein—-Gordon operator. We are seeking the fundamental
solution of the Klein—-Gordon equation, i.e., a distribution E_ ; such that P(A)E , = I. Note
that the principal symbol o> (P) is given by the dual metric function of g.

Definition 5. We say that the bicharacteristics of P over X°, the interior of X, are the integral
curves of the Hamilton vector field of the principal symbol o> (P) inside the characteristic set
of P (the set where o (P) vanishes).

Throughout this paper, we assume that both (A1) and (A2) hold. These assumptions are intro-
duced primarily to ensure that X exhibits a coherent causal structure.
Because g is conformal to the incomplete pseudo-Riemannian metric

g=—dx*+h

near Y, the bicharacteristics of P (near Y) are reparametrizations of the bicharacteristics of
—dx? + h. g is complete, so the global assumptions imply that each bicharacteristic y (f) has
a limit in $§ X as t — Fo0.

Physicists (e.g. [6]) have long known that these assumptions imply the existence of a global
‘time’ function T € C*°(X) such that T|y, = %=1 and is monotone on the nullbicharacteristics
of P. Note that 1 — x and x — 1 have the desired properties near Y and Y_, so the assumptions
mean that such functions can be extended to all of X. Moreover, T gives a fibration X > [-1,1]
and so X is diffeomorphic to X x S for a compact manifold S. This also shows that Y and Y_
are both diffeomorphic to S.

We also assume that assumption (A3) holds. This assumption ensures that the boundary of the
flowout of the light cone in the cotangent bundle is actually the cotangent bundle of a submanifold
in the base. It allows us to work with an adapted class of conormal distributions rather than
a class of Lagrangian distributions. Note that the projection of the flowout is automatically an
embedded submanifold for small times. Moreover, because the nullbicharacteristics agree in the
compact and non-compact settings (i.e., for ¢ and g), there is a neighborhood of Y, such that
the projection of the flowout of the forward light cone from any point in this neighborhood is an
embedded submanifold. If we then restrict to data supported in this neighborhood, we may use
our construction below even in the absence of assumption (A3).

In this paper we adopt the convention that [ §(x —X)8(y — ) f (X, §)dg = f(x, y). In particu-
lar, this breaks the formal self-adjointness of the operator P (1). When we seek a right parametrix,
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then, we must use the transpose of the operator P (A) with respect to this metric. We may write
this out explicitly as

xdVh x0Vh
Pt()»)z(xax)2+(n+1)x8x+#xax_i_szy_i_n(l+ \x/z )—x.

We also adopt the convention that when we are applying a differential operator to the variables
in the right factor, we use a subscript R.

In our consideration of the forward fundamental solution of P (1), it is useful to have the no-
tion of forward-directed data, which are simply tempered distributions (or polynomially bounded
smooth functions) on X that vanish to all orders at Y_.

(&)

3. The Cauchy problem and scattering

In [24], Vasy studied both the Cauchy problem and the scattering problem on asymptotically
de Sitter spaces. The Cauchy problem seeks a solution the equation

P(Mu =0,
{ Mu ©)

u| x, = Yo, Vulzy =v1,

where X is a Cauchy hypersurface, V is a vector field transverse to X, and ¥, Y| are smooth
functions on X.

Via a positive commutator argument, Vasy showed global existence and uniqueness for so-
lutions of the Cauchy problem (6) on asymptotically de Sitter spaces. One may use any “time
slice” {T = const} from the diffeomorphism X = R x Y, as the Cauchy hypersurface needed to
pose the Cauchy problem.

Vasy further proved the following a global solvability result for the inhomogeneous equation
on asymptotically de Sitter spaces under assumptions (A1) and (A2).

Theorem 6. (See Theorem 5.4 of [24].) Suppose that A € R, and that 11 satisfy

1 1
Iy >max| =,I(}) ), [ <—max| =,l(}) ).
2 2
0,14,

Then for f € H, - (X), Pu= f has a unique solution u € HOI’M’L (X).

Here (1) = R/ % + A while the Hy"""9" = x4 x?" H" measure both regularity and
decay at Y., Y_ separately. The spaces H' are weighted Sobolev spaces measuring regularity
with respect to the 0-vector fields defined in the following section.

In particular, for any f € C*°(X) (indeed, for any forward-directed tempered smooth func-
tion), there is a unique solution u € x:)oxfo HOl (X) to Pu = f. (Here x4 is a defining function
for Y4, so the notation means that u is tempered at Y and vanishes to infinite order at Y_.) There
is thus a distribution E£4 on X x X that can be called the forward fundamental solution of P.
In other words, E is such that for each p € X, PE (p) =4, and E{(p)(q) =0 forge X
not in the domain of influence of p. In terms of the identification X = R, x Y, this means that
E(p)(q) vanishes when 1 (g) < t(p).
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Vasy (cf. Theorem 5.5 of [24]) proved also that solutions of the Cauchy problem (6) have
unique asymptotic expansions near the boundary Y of X of the form

n—1 (n—1)2

n-l nl_ [@=12
u=uyx 2 VN oa Ay x2 T A

where u|+ are smooth up to the boundary of X. When the difference between the two exponents

(1171)2
is an integer, then u_ is instead only in C*°(X) + XV 3 er(logx)Coo(X). Moreover, one
may specify u|y_, uniquely determining u+|y, . He showed (cf. Theorem 7.21 of [24]) that
when there are no integer coincidences the map sending the data

(uyly_u_ly )= (uily, u-ly,)

is a Fourier integral operator associated to the canonical relation given by bicharacteristic flow
from Y_ to Y. This is via an explicit parametrix construction on an appropriate blow-up of
X x Y, and the static model of de Sitter space appears in the consideration of the rescaled normal
operator at the front face of this blow-up.

Observe now that for (xo, yo) € X away from the boundary of X, the restriction of the kernel
of the fundamental solution to the slice X = x¢ agrees with a multiple of the solution of the
Cauchy problem

PAM)u =0,
u(i07 ) = 07

Vu(xo, ) =8(y — ),

at least in the region to the future of (xg, yo). (Here V is as in Eq. (6), i.e., a linear combination
of Xd; and X5 transverse to {X = Xo}.) In particular, we can understand the fundamental solu-
tion in this region by understanding the solution operator for the Cauchy problem, which Vasy
studied.

The solution operator for the Cauchy problem is the composition of the Poisson operator
and the Cauchy-to-scattering operator. Vasy showed that these are Fourier integral operators, and
their canonical relations intersect transversely, so we can compose them. The result is an operator
with canonical relation given by the restriction of the conormal bundle of the flowout of the light
cone, restricted to X = X but lifted to a blown-up space. This blown-up space agrees with a slice
of the space we define later. Vasy’s construction blows up [X x Y, diag Y], which turns into
what we call Icf; under this composition. Applying this operator to a delta distribution gives
a conormal distribution on our space, and the log terms in Vasy’s construction become the log
terms in our construction, though this requires careful bookkeeping. Viewing this as a distribution
parametrized by X gives the fundamental solution in a neighborhood of the interior of what we
call If; away from the other boundary hypersurfaces.

4. 0-geometry
Recall from [16] the Lie algebra of 0-vector fields,

Vo = {vector fields vanishing at 0 X}.
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Fig. 1. Passing from X x X to the 0-double space X(% =[X2,0A].

The universal enveloping algebra of this Lie algebra is the algebra of O-differential operators,
Diff{j(X).
We may use the Lie algebra Vy(X) to define the natural tensor bundle 07 X, whose smooth

sections are elements of Vy(X). Its dual, °7* X, has smooth sections spanned (over C*°(X)) by
4x and dﬁ
X X

Recall that 7*X is endowed with a canonical 1-form given by

dx dy
a:édx+u-dy:x§?+xu~?.

In particular, 07*X is endowed with the canonical 1-form

d d
Oa:t—x+n-—y.
X X

(7

Just as T*X is endowed with a symplectic form given by w = do, °T* X is endowed with the
symplectic form %w = da.

As in [14] or [16], we define the 0-double space X xo X = X% as the blown-up space
[X x X,0A]. X xo X is a manifold with corners agreeing with X x X on the interior. It has
three boundary hypersurfaces — the left face If = {x = 0}, which is the lift of the boundary hyper-
surface {0} x X in X x X; the right face rf = {x = 0}, which is the lift of X x {0}; and the front
face ff, which is the boundary hypersurface introduced by the blow up construction. Recall also
that X, g is equipped with a blow-down map S : X % — X x X. A neighborhood of the front face
ff is depicted in Fig. 1.

This construction is perhaps best thought of as an invariant way of introducing spherical co-
ordinates near the boundary of the diagonal in X x X. Indeed, a valid coordinate system near the
front face ff is given by spherical coordinates:

,Off=\/x2+)?2+|y—9|2,

X X ,
bp=—, O = —, 0 = ;
Pff Pt Pt

where 0 € St |, a quarter sphere. It is often more convenient to work with projective coordinates
near the front face:
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rf_

If_

Fig. 2. A two-dimensional view of X(%.

e - I'f+

Fig. 3. Another view of X, 8 The horizontal lines represent the y, y axes.

In the projective coordinates (s, z,X,y), we may compute the lifts of the vector fields
X0y, X0y, Xz, and )an. Indeed, we have

X0y ~> 50, X0y~ 59z,

)ZajMfag—Sas—Z‘az, )an’\»)zay—az.

Recall that the front face is the total space of a fibration. Indeed, it is the total space of a bundle
over Y with quarter-sphere fibers. In local projective coordinates (s, z, X, ¥) near the front face,
the fibers are given by {x =0, y = const}. An asymptotically de Sitter metric on X induces a

h(0,y y dz)

Lorentzian metric — 2 + on the interior of the fibers. By an affine change of coordinates

in the fiber, this metric may be written as — df + df which is the Wick rotation of the (negative
definite) hyperbolic metric on an upper half-space.

Due to our assumptions (A1) and (A2), the space X has two boundary components Y4 and Y_,
so it is useful at this point to give names to the components of the left face, right face, and front
face. We call ff, the component of the front face that comes from blowing up the diagonal
near Y4 x Y4, and ff_ the other component. Similarly, we give the name 1f; to the lift of the
hypersurface Y4 x X and If_ to the lift of Y_ x X (and rfy, rf_ denote the lifts of X x Y and
X x Y_, respectively). This naming scheme is illustrated in Figs. 2 and 3.
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We should also recall the trivial half-density bundles 2 > (X) and Q%(Xg), which are triv-
ial bundles. In local coordinates (x, y), fo}: (X) is trivialized by the global section y = |dg|'/%.
The bundle Q%(X x X) is trivialized by v = |dgrdgr|'/?, where dg; and dgg are the lifts
of the densities from the left and right factors of X x X. Up to a nonvanishing factor, the
Jacobian determinant of the blow-down map X(Z) — X x X is r", so v lifts to r"/ 2,u, where
W is a nonvanishing section of the standard half-density bundle .Q%(X(z)). For example, we
may take 1 = |dr d0 d¥|'/? in local polar coordinates. In projective coordinates, we may take
w=|dsdzdxd3|'/?, and then v lifts to ¥/ (times a nonvanishing factor). In this paper, we
adopt the convention that v and y are flat, i.e., for a differential operator L, L(uy) = (Lu)y and
L(uv) = (Lu)v. In particular,

L(up) = L()Efn/zuv) = (L()Zf”/zu))v = (i"/zL()?*"/zu))/L.
Our operator P (1) commutes with X, so P(X)(up) = (P(A)u)u.
On the fibers of the front face, elements of DiffS(X ) lift to differential operators on X(z) that
restrict to differential operators on the fibers of the front face by setting X = 0. We call this

restriction to the fiber over p € Y the normal operator and denote it as N, (A) for A e Diffj(X).
As an example, in projective coordinates the normal operator of P(}) is given by

Np(P() = (s85)% — (n — 1)(s9s) + s> A, — . (8)

The inclusions ff C X% and If C X(z) induce inclusions on the tangent bundles Tff C TffX% and
Tif C Tis X, 3. These inclusions induce natural projections on the cotangent bundle:

e T;;Xé — T*f and mel}‘Xé — T*If.
Let ZX% denote the doubling of X(z) across ff, and let T;}‘X% denote the restriction of the
cotangent space to the front face. As in [12], we say that a smooth closed conic Lagrangian

submanifold A C T*X% is extendible if it intersects Tf}‘X(z) transversely. Recall that in this case
there is a smooth closed conic Lagrangian submanifold A¢ C T*2X (2) such that

A=AnT*X;, A’ =mp(ANTEXE).

Note that there are many choices for the extension A°.
We recall a result [12]:

Lemma 7. (See Lemma 2.1 of [12].) Let A C T*X(Z) be an extendible Lagrangian. Then Ay =
(AN Tf}‘X%) is a Lagrangian submanifold of T*ff.

For future use, we collect a bit more information about the symplectic structure of 7*X 8. The
space °T*X x OT*X is endowed with the symplectic form

w=nfwx + 1iwx, 9)
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where wy is the symplectic form on O0r*x (coming from the canonical 1-form (7)) and 7; the
projection of the jth copy of °7* X . Moreover, the blow-down map 8 induces a smooth map

O7*X x OT*X — T*X}
which is an isomorphism on the interior.

The identification of T*X and °T*X over the interior of X then induces a smooth map
07+ X x 0T*X — T*X(z) over the interior of X x X. This map identifies the 1-forms

dx _dx d _dy - -
T_+TT+TI'_+77'Ty and ods+E&dx+¢-dz+p-dy,
X X X X
and so we must have
TX T T -y
o=—), §=t+r+ﬂy~y,
X X x X
X1 no, 0
{=—, w=—-+=. (10)
x X

Observe that in these coordinates, the symplectic form w takes a familiar form:
do nds+dENdX+dE Ndz+dp Ady.
5. Polyhomogeneity and conormal distributions

In order to consider the pushforward of a distribution, we need the notion of a b-fibration.
We recall from [17] that an interior b-map f : X — Y of manifolds with corners is a function
mapping X — Y and X \ X — Y \ dY such that each boundary defining function for ¥ pulls
back to a sum of products of boundary defining functions for X. More precisely, suppose that
M (X) is the set of boundary hypersurfaces of X, and, for each G € M(X), let I(G) be the
ideal of functions vanishing at G. Suppose that H is a boundary hypersurface for Y and I (H) is
the ideal of functions vanishing on H. We say that f : X — Y is an interior b-map if

rran =T 16 e,

GeM(X)

Here e (G, H) is a collection of nonnegative integers that we call the exponent matrix of f. We
set (ef) ={H e M|(X): ef(H,G)=0, VG € M| (Y)}.

For an interior b-map f, the differential f, : T, X — T Y extends by continuity to the
b-differential

fe 2Ty X — OTr)Y.

Recall that a b-fibration between two manifolds with corners is one that is both b-normal and
a b-submersion. A b-submersion is a b-map with surjective b-differential. A b-normal map is
one such that the b-differential is surjective as a map Ny H — ? N ()G on the interior of each
boundary hypersurface H. Here G is the face that contains the image of H.
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We say that a discrete subset £ C C x Ny is an index set if (z;, k;) € E with |(zj,k;)| — oo
implies that Nz; — 00, (z,k) € E implies that (z + p, k) € E for all p € Ny, and if (z, k) € E,
then (z, p) € E forall p € Ny with 0 < p < k. We say that £ = {Ey: H is a boundary hypersur-
face of M} is an index family if each Ey is an index set.

Our construction below shows that certain distributions have asymptotic expansions. We make
this notion more precise by recalling the definition of a polyhomogeneous distribution.

Definition 8. A polyhomogeneous distribution is a distribution that is smooth on the interior
of M, and, near each boundary hypersurface H of M has an asymptotic expansion of the form

> xjyllogxp)au(x,y),
(s,l)eEn

where xy is a defining function for H, Ey is an index set for H, and ay; are smooth functions
independent of xg. Near the corners of M, we require that polyhomogeneous distributions have
an appropriate product-type expansion.

For an extended discussion of polyhomogeneous distributions, we refer the reader to [15,17],
or [18]. We adopt the convention that ag; should take values in the half-density bundles.

Recall that if f and g are polyhomogeneous with index families F and G, then fg is polyho-
mogeneous with index set F + G.

We also require the following lemma, which can be found in [17] or [18], and allows us to
understand the polyhomogeneity of the pushforward of a distribution:

Lemma 9. If f : X — Y is a b-fibration between compact manifolds with corners, then for any
index family IC for X with

RC(H) > -1 ifH e (ey),
the pushforward gives

fo A (X 2@ fE) > AT (Y: 2@ E),
J = fkK.

Here J = f4K is the pushforward of the index family K. In particular, for a boundary hyper-
surface H of Y,

J(H) = U {(z/ef(G. H). p): (z. p) e K(G)},

GeM|(X), e (G,H)#0

where | is the extended union defined by (z, p) € K U J if and only if (z, p) € K U J or
p=p +p ' +1with (z, p’) € K and (z, p") € J.

‘We recall the definition of the space of conormal distributions (see, for example, [10] or [17]).
If M is a manifold with corners and Z is an interior p-submanifold, then /7 (M; Z) is the space
of conormal distributions of order p associated to Z. Here we only need the case when Z has
codimension one and meets the boundary hypersurfaces transversely. In local coordinates (x, y)



1686 D. Baskin / Journal of Functional Analysis 259 (2010) 1673-1719

where M is given by x; > 0fori =1,...,k and Z is given by y; =0, then u € I”(M; Z) has
the form

/eiywa(x, v, n)dn,

R

with a a half-density valued classical symbol of order p 4+ n/4 and n = dim M (note that we
are using the order convention consistent with the orders of Lagrangian distributions in [20]).
Because x behaves as a parameter, the boundaries cause no problems here.

We also need several refinements of this notion. The first is when we allow the symbol a to
have an asymptotic expansion (in x) near the boundary of M. We need the space Aghgl P(M; Z)
of conormal distributions associated to Z with polyhomogeneous expansion at the boundary
of M. These are merely conormal distributions in the sense above, but where we allow the symbol
a to have a polyhomogeneous expansion in the x variables.

The second generalization we require is to allow the symbol to have a mild type of singularity
at n = 0. In particular, we allow symbols of the form ) j n+i0)YJa j- The singularity at O only
affects the growth of the distribution as y — 00, and so we may avoid complications by mul-
tiplying our distribution by a cutoff function supported near y = 0. We need this generalization
later in order to prove a lemma about the support of our distributions.

6. The Hamilton vector fields

By analogy with the definition of the Hamilton vector field, we recall from [12] the definition
of the O-Hamilton vector field.

Definition 10. Given p € C*°(T*X), the O-Hamilton vector field of p, denoted Oy »» is defined
by

Oa)(-, OH,,) =dp.
In local coordinates where %« is given by (7), °H p is given by
ap 0 a ad a 0] d a a 0
Oszx_p__l’_x_p.__ x_p_l’__p.n R x_P__Pn C—
Jat dx an dy ax  an at dy 0t an
We are interested in the operator P (A), whose principal symbol is the length function

p=—x2>+x%(ho(y, W) +xhi(x, y, ) = =% + ho(y, n) + xh1(x, y, 1),

where we have written h(x,y, u) = ho(y, ) + xhi(x, y, n). This is also the principal sym-
bol of P when P is treated as an operator acting on the left factor of the product space
X xX.

In particular, in the coordinates given by (10), p pulls back to

p=—s%02+5*ho(y + %z,) + s°%h1 (Fs, § + %2, ).
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Thus if @ is the lift of the symplectic form (9) (as in [12]) to T*X%, OHp lifts to H5, which is
given by @(-, Hz) = d p. In these coordinates, we may write

op o 9p d 8p o 9p 0
P dods 0ds do 9 0z 0z OC
ap 0 ap 0 8p a dp 0

0& 0x  0x 0& e 8/,L dy 9y o

An elementary computation then yields

0 oh
H,;:—Zszag < 202 —}—Zh()—i—3sxhl—i—sz)c2 5 1)80
oh _oh d Bh oh d
+ SZ _O + sX 1 — S 0 ~2_1 C—
an an ) oz By 8y le

) ohg oh - 8h1
—s 3—+sh1+s xa——i—sxz — | —

35
oh dh ad
_ S2 _0 _|_sjp 1 C—_—
dy dy o
where hg and k| are evaluated at (Xs, y + Xz, ).
2.2

Note that the characteristic set of P on X (2) is the set where p = 0, i.e., the set where s“0* =
s2(h(3 4+ Xz,¢) + sXh| (sX, § + ¥z, ¢)). In this set, H; has the form

0 ,0h oh oh 0
H~=s2<—203——<xh1+sx —1>——|—(—0+sx—1) —
s

0 do on an 0z
8h
(M ) D (ho | pdh) 0
8y dy a¢ ay dy o
oh oh oh1\ 0
— (2 E2 shy + 25 4 sig —1 = (11)
dy ax &

In particular, we have proved the following proposition:

Proposition 11. Inside the characteristic set of P on X3, H; = Hj; = szﬁL, where ﬁL isa
smooth vector field tangent to the front face that is nondegenerate at s = 0. Similarly, in coordi-
nates (x,y,s = s “Li=s" z) the Hamilton vector field for the lift from the right factor can be

written Hgp = § 2H R, where H R is nondegenerate at 5§ = 0.

The fact that we may factor a power of s> from the Hamilton vector field is useful in the next
section.

7. The Lagrangians

The two Lagrangians that interest us are the lift of the diagonal and the flowout from the
characteristic set of P within this conormal bundle by the Hamilton vector field Hy,.
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The coordinates on phase space given by (10) imply that the conormal bundle of the diagonal,

{.XZ)Z, y=§9 T=-1, n:_ﬁ}»

lifts to

Ag=1{s=1,2z=0, £=0, u=0}.

The Lagrangian submanifold Ay intersects 7 X, 8 transversely at

A)={s=1,2=0,£=0, u=0, ¥ =0} =TX ff,

and so Ay is extendible.

We now set A to be the forward flowout of H; from Ag N X' (P). Because we may write
Hj = s2H 5, with H 5 a smooth nondegenerate vector field tangent to ff1, A; is a smooth sub-
manifold of T*X (%, intersecting Tf*f; X(z) transversely. A; is Lagrangian by general theory (see,
for example, [4]). Thus A is an extendible Lagrangian near ff_ .

To see that A is extendible near ff_, we require the following proposition:

Proposition 12. The Lagrangian Ay is invariant under the flow of H;, — Hg. Moreover, A is
also the flowout by Hg of Ag N X (P).

Proof. A straightforward calculation shows that H; — Hg preserves Ag. Indeed, though this is
a nonzero vector field, the coefficients of ds, d;, d¢, and 9, all vanish at Ag. Note further that
X (Pr)N Ag = X (Pr) N Ag, and so H;, — Hp preserves this set.

In order to see that A; is also the flowout of Hg, we observe that H; and Hg must commute
because they are lifts (from X x X) of commuting vector fields. In particular, because Hg — Hf,
is tangent to Ag N X'(Pr), it is also tangent to Aj. In particular, Hp, is also tangent to Ay. Hp is
not tangent to A, so its flowout must alsobe A;. O

An argument similar to the one above then shows that A; is extendible near ff_ (with Hp
replaced by Hg). (For what we use below, the argument used above suffices, as we only need
that A is extendible in a neighborhood of the diagonal.)

The projection of Hy in X' (P) to T*ff, is given by

0 oh 0 oh 0
HL:S2 —2(7—+2——_—— )
as a¢ 0z dy Ou

so that A? is given by the flowout of this vector field from A8 in T*ff.

Note that the assumption (A3) implies that the projection of A to the base X(z) is a smooth
submanifold. We call this submanifold LC = 7w A. This is a smooth codimension one submani-
fold. Note further that LC is the boundary of an open subset of X2, which we call LC™".
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8. Paired Lagrangian distributions

We are interested in a calculus of paired Lagrangian distributions adapted to the 0-geometry.
These are distributions with a model form

o0
i St E i (v—5). X -y . .
u://e’(x_x_’x)f‘“(} k) ga(t,:, Y _ y,x,y,é,u)drdédu
x X

0 R

e ¢]

// G—1=08+Yug(; s Y, 5,5, & wdtdE du, (12)
0 R»

where a is a symbol.

We briefly recall the definition of a paired Lagrangian distribution from [20]. Suppose M is
a manifold and L, L are conic Lagrangian submanifolds of 7*M intersecting cleanly in codi-
mension 1. We say that u € I""(M; Lo, Ly; Q%(M )) if it is a distributional %-density modeled
microlocally on

o0
/ / S CV=EHIXE o £) dE ds,

0 R}l

where a is a symbol of order m + 5 — 7. In the general case, we require the phase function
to parametrize the Lagrangian pair (Lo, L 1) and a to be a symbol of order m + + =8 2N
where N is the number of variables required to parametrize L. In this model, the phase functlon
parametrizes Lo = N*{0}, while L; = {x; >0, x' =0, & =0}.

We now recall what it means to parametrize a cleanly intersecting Lagrangian pair. Suppose
that Loy, Ly C T*M are two closed conic Lagrangian submanifolds intersecting cleanly in codi-
mension 1 and that L1 = L1 N Lg. Suppose ¢ : My x RQ’ \ {0} — R is homogeneous of degree
1in &, and let

C={(x,8): xeM, § RN\ {0}, dgop(x,€) =0},

We say ¢ is nondegenerate if d;%, j=1,..., N, are linearly independent at any point in C.
We say that ¢ parametrizes a single conic Lagrangian submanifold L if L is locally the image
of the map C — T*M given by (x,&) — (x,dx¢(x,&)). A simple example is the case when
L = N*{0}, in which case we may take ¢ (x, &) =x - £.

In the case of an intersecting Lagrangian pair, we say that ¢ is a nondegenerate parametriza-
tion of (Lo, L1) near g € 0L if

P(x,5,6) =¢o(x,§) +s51(x,5,6), &R,

where ¢ = (xo, dx¢(x,0,§)), dis, 6y (x,0,&) =0, ¢o is a nondegenerate parametrization of Lg

near ¢, and ¢ parametrizes L near g for s > 0 with ds, d g g’ ,and d ¢ 3¢ all linearly independent

at ¢. In particular, the phase function (1 —s —)§ +Y - parametrlzes (Ao, A1) near the front
face of X (2).
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Definition 13. We say that u € I™ (X3: Ag, Ay; 2 > (X(Z))) is a paired Lagrangian distribution of
order m associated to Ag and A on X% if it may be written as the restriction to X% of some
distribution in 1" (2X3; AS, AS; Q3 2X3)).

Definition 14. The class /' (X 2 Ao, Ar; .{2% (Xé)) consists of the paired Lagrangian distribu-
tions that are supported away from the side faces of X 8.

We similarly define the classes ;' (X2 Ag: .Q%(Xé)) and Iy’ (X3 Ay; .Q%(X(Z))) as restric-
tions of distributions on 2X (2) that are supported away from the side faces.

We typically shorten I (X2; Ag, Ay; $22(X2)) and I/ (X2; A; £22(X2)) by suppressing the
half-density factor.
The following proposition follows immediately from Proposition 4.1 of [20].

Proposition 15. If u € I’ (X3: Ag, A1), then WF(u) C Ag U Ay. If B is a properly supported
b-pseudodifferential operator of order O on X%, then

WF'(BYNAg=# = Buell'(X3; A1\dAy),

and

WE'(BYNA1=0 = Buel) (X3 Ao\ dAy).

Note that the orders on Ay and A differ by % This can be seen by integrating by parts once
ins.
Just as in [20], this gives us two symbol maps. For u € 16” (XZ; Ag, Ar),

1
oD w)eCry,a(A1\ A 27 L),
o) ec (Ao\dA;; 27 L
ot /24n/a(A0\ 8415 22 ® Lo),

where the subscript indicates the degree of homogeneity and L; is the Maslov bundle over A;.
Admissible symbols are subject to a compatibility condition at dA; as in [20], but we do not
need the explicit form of this condition here. We do, however, use the fact that if the principal
symbol of u# vanishes then u is one order better.

For these classes to be well defined, we must show that these classes are independent of the
choice of extensions Ag and Af{. (It was already shown in [12] that the classes /" (X 2: A) are
independent of the choice of extension.)

Lemma 16. The class 1’ (X2; Ag, Ay) is independent of the choice of extensions A and Af.

Proof. Suppose that A{ and Xg both extend Ag, while A{ and /T‘f extend Aj. Let u €
1y (2X2; /Tg /Tf) We may find v € I’ X2 A, A7) with the same symbol on Ag U Aj.
Because u and v have the same symbol there, u — v is order m — 1 on Ag U A|. We now
iteratively solve away principal symbols to find w with u — w of order —oo on Ag U Ay, i.e.,
such that u — w is a smooth function on X (2) up to the front face, but supported away from the
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side faces. u — w is then clearly the restriction of an element of /" *2x2; A{, AY), proving the

claim. O
The following proposition follows easily from Proposition 5.4 of [20]:

Proposition 17. Suppose A is a properly supported b-differential operator of order m on X%
and is such that o (A) vanishes on Ay. If u € )?pl(])‘(X(%; Ao, A1), then Au = xPh + xPg, with

he I V2(X2; Ag) and g € IV (X2; Ag, A).

Proof. We start by noting that the action of Diff;”(X(z)) (extended to 2X(2)) commutes with re-
striction to X(z). This follows from the observation that xdy x(x>0y = 0, where x{y>0} is the
characteristic function of a half-plane.

We start by writing u = )Epﬁ|X%, where i € Ié‘ (2X2; A, A7). We apply Proposition 5.4 of
[20] to i, giving us Ail = h + 3.

In particular, we have that Au = xPh + xPg + [A, X”]u. The operator A is a b-differential
operator, so we know that [A, XP] = x? B, where B is a b-differential operator of order m — 1.
We thus have that Au = ¥h + %P (g + Bu), where h and g are the restrictions of / and g to X%.

g, Bue I(/)CJ”"*l(XZ; Ag, A1), proving the claim. O

We also need another statement from Proposition 5.4 of [20], namely that the principal symbol
of the distribution g above is given by the action of the Hamilton vector field of the principal
symbol of A on the principal symbol of u. We only require this on the interior of the double
space and so we do not prove it here.

Definition 18. We define the normal operator of a paired Lagrangian distribution (or a La-
grangian distribution, as in [12]) to be the restriction of its Schwartz kernel to the front face ff.

Note that this restriction is well defined by wavefront considerations and the transversality of
Ap and A to ff. Moreover, by considering the model form (12), we find that the restriction is a
paired Lagrangian distribution in the class 1" (ff; A9, A(l)).

Just as in [16], we have a short exact sequence.

Proposition 19. The normal operator induces exact sequences
0— XIS (XE; Ao) — I (X5; Ao0) — IS (ff; AJ) — 0 (13)
and
0— X1 (X3; Ao, A1) — IJ1(X3; Ao, A1) — 17 (ff; A, AY) — 0 (14)

such that for any differential operator P € Diff}' (X) and any paired Lagrangian distribution u,

Np(Pu) = N,(P)N, (). (15)
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Proof. The exactness of the sequences (13) and (14) follows from Taylor expansion in X near ff.
The proof of (15) is identical to the one in [16]. O
Also note that because LC is an embedded submanifold, elements of Ig -l 2(X 2; A1) may be
identified with distributions of order kK — 1/2 conormal to LC.

9. Another blow-up

In order to understand the solutions of the transport equations, we must introduce another
blow-up. Because our solutions eventually have differing asymptotic behaviors along the light
cone and on the interior of the light cone, we blow up the boundary of the light cone (i.e., at the
left and right faces). This blow-up always makes sense locally near the front face, but to make
sense of it globally we use assumption (A3).

Because the boundary of the light cone meets the corner 1f Nrf_, the order in which we
blow up the two submanifolds LC N If; and LC N rf_ matters. We deal with this situation by
blowing up the submanifold LC N 1fy N rf_ of the corner. We include this discussion primar-
ily for completeness, as this piece of the construction is unnecessary as long as we restrict to
forward-directed data. Indeed, the product of the pullback of a forward-directed function and
any tempered distribution on X 5 will vanish to all orders at this new face.

We first define what we refer to as the intermediate double space. This is the space on which
we solve the transport equations for the conormal singularity. If we restrict to data supported
away from Y_, this space suffices for our entire construction.

Definition 20. We define the intermediate double space
X§, =[X§.LCnrf, LCNIf].

This is a new manifold with corners. We will call lcf the lift of LC N1f and lcf_ the lift of
LCNtf.

Though we may think of this new manifold as an invariant way of introducing polar coordi-
nates near LC N If, projective coordinates are more convenient for our applications. Near lcf
and ff; but away from If;, we may use coordinates p/s, s, and x. Similarly, near lcf_ and ff_
and away from rf_, we may use p/5, §, and x (and the remaining Z and y variables), where
§s=X/x.

Away from the front face and the corner If; N rf_, this is just the blow-up of an intersec-
tion of two hypersurfaces {p = 0} and {x = 0} (or {x = 0}). Near lcf_ but away from lcf,
and ff,, p/x and x are valid coordinates, while near Icf; away from lcf_ and ff_, p/x and x
are valid coordinates. Near their intersection but away from Ify and rf_, p/(xx), X, and x are
valid.

Because lcf; and Icf_ intersect, the order in which we performed the blow-up matters. Near
the interiors of the new faces the two spaces are locally diffeomorphic, but they are not globally
diffeomorphic. This is relevant when understanding the behavior of our parametrix near inter-
sections of these faces, so we instead work on what we call the full double space. In this space
we first blow up LC N If . Nrf_ and then perform the other two blow-ups. Performing this first
blow-up separates the lifts of LC N1f; and LC Nrf_, so the order in which we perform the other
two blow-ups is now irrelevant.
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Fig. 4. The double space fg near ff.

Definition 21. The full double space is given by
X} =[x3,LCNIfy Nrf_, LC N1y, LCNrf_].

This is another new manifold with corners and is the space on which the final parametrix lives.
We call the additional corner scf, for scattering face. We give it this name because this face is
related to Vasy’s construction of the scattering operator in [24]. Near the interior of scf N lcfy,
we may use coordinates given by p/(xXx), x/xt, and x, while near the interior of scf N lcf_,
we may use p/(xX), X/x, and x. We again emphasize that this blow-up is unnecessary if we
restrict to data supported away from Y_. Fig. 4 depicts a neighborhood of ff; in X (2) (or, indeed,
in X ,).

Up to a smooth nonvanishing factor, the Jacobian determinant of the blow-down map
X(Z)’ ;= X% is given by rief, 7ict_, so sections of the bundle .Q%(X(Z)) lift to sections of

(et i) 120 2 (X (2)’ ;). Similarly, sections of §2 3 (X%) lift to sections of rscfrllcgr rllc/f% .Q% (f 8).

One can see that the fundamental solution does not lift nicely to X, 5 by considering the forward
fundamental solution for the Klein—-Gordon equation on the half-space R"} = (0, 00)s X Rg_l
2 2
equipped with the Lorentzian metric _d‘?s—jdz
quires solving the equation

. Finding the forward fundamental solution re-

PMu=348(s — 1Dé(2),

u=0 fors>1.

This solution can be constructed explicitly by taking the Fourier transform in the z variables,
which transforms the equation into a Bessel ordinary differential equation for each value of the
dual variable to z. By applying a stationary phase argument to the inverse Fourier transform of
this family of Bessel functions, one can see that the asymptotic behavior of the forward fun-
damental solution is qualitatively different from its behavior on the interior of the light cone,
justifying the blow-up.

10. Outline of the construction

We present now an outline of the parametrix construction, which consists of five steps. At
each step we construct an approximation of the fundamental solution that captures the “worst”
remaining singularity and yields an error term that is less singular.

We simultaneously construct a distribution that is both a left and a right parametrix for
our operator. In other words, we construct a distribution K such that P(A)K = I 4+ Ry and



1694 D. Baskin / Journal of Functional Analysis 259 (2010) 1673-1719

P()L)IRK = I + R». Here the subscript R denotes the operator acting on the right variables and
P())! is the transpose of P(A) as in Eq. (5). The distributions R; and R, are smoothing oper-
ators that vanish to infinite order at relevant boundary hypersurfaces and should be considered
“negligible”.

First we show that the construction in [20] is valid in a neighborhood of the diagonal, smooth
down to the front face of X, (2). The Schwartz kernel of the identity is a distribution conormal to
the lift of the diagonal to X2, and so the fundamental solution of P(}) is a paired Lagrangian
distribution associated to the lift of the diagonal and its flowout via the Hamilton vector field,
uniformly down to the front face. This is the most singular piece of the distribution but is the most
standard portion of the construction. After cutting off this distribution outside a neighborhood of
the lifted diagonal, this step yields a remainder term that is Lagrangian on the interior, uniformly
down to the front face, and supported away from the side faces. Our assumption (A3) (which
is unnecessary if we are only considering the construction in a neighborhood of Y, ) guarantees
that the Lagrangian remainder term is in fact a conormal distribution associated to the projection
of the flowout of the light cone.

In the second step of the construction, we solve away the conormal error term to obtain a
remainder that is smooth on the interior of the double space. Because the light cone is charac-
teristic for P (1), this reduces to solving a sequence of transport ordinary differential equations.
These may be solved on the interior, but solving each successive transport equation on X, (2) causes
a loss of an order of decay at the boundary. In other words, with each successive improvement of
regularity at the interior, the behavior of the solution at the boundary becomes worse.

We instead solve the transport equations on the intermediate double space Xé’ ;- We solve

these equations on X (2)’ , Tather than the full double space X (2) because transport equations have a
slightly simpler form here. Indeed, the main modification needed to handle de Sitter space is to
solve the equations on X % rather than X (2)’ ,- This step then yields a remainder term that is smooth
on the interior and polyhomogeneous at the light cone faces lcf and Icf_ and the scattering face
scf.

The third step solves away part of the polyhomogeneous remainder at the light cone faces.
We write down a formal series expansion for the solution and solve term by term, which yields
a sequence of ordinary differential equations. The numbers s (1) are the indicial roots of these
equations near the side faces of ?g, so x*:™ golve the equations to first order. In other words,
the fundamental solution has an expansion at the side faces starting with x***). The remainder
term from this step vanishes to all orders at the light cone face and has an expansion at the side
faces.

In the fourth step we solve away the remaining error term at the front face and side faces. This
reduces to another formal power series calculation, and was carried out in [24]. The distribution
we obtain by adding the distributions found in the four steps then solves the left (right) equation
up to an error term that is smooth and vanishing to all orders at the “plus” (“minus”) boundary
faces.

In the fifth and final step, we remove this last error term via an argument showing that the
fundamental solution itself must be in our class of distributions.

11. The diagonal singularity

The aim of this section is to solve away the diagonal singularity of the fundamental solution,
leaving us with a Lagrangian error. The method here is similar to the one found in [12]. We
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use the normal operator to solve away the paired Lagrangian singularity at the front face up to
O (x°°), which allows us to invoke the construction in [20].

Proposition 22. Given f € x? Ié‘(X 2. Ag), there is a paired Lagrangian distribution u €
)EPIO_3/2+k(X2; Ag, A1) such that

POou— f e 1 PH(X3; ).

In particular, if f is the Schwartz kernel of the identity operator, then
f=8(6—1Ds@x " e 2I) (X3 Ao),

and there is a paired Lagrangian distribution u € )Z_"/ZI(;3/2(X2;A0,A1) such that

POYu — f e 2217 2 (X2: Ay,

Proof. On the interior of the manifold we may use the construction in [20], so we localize near
the front face. Because we are only considering distributions supported away from the side faces
for now, we do not need separate arguments for dealing with ff} and ff_.

We start by fixing a cutoff function x € C*°(X %) such that x = 1 in a neighborhood of the
diagonal, but supported away from the side faces of X%. We also note now that P(A) commutes
with multiplication by x.

Consider now the normal operator N, (P (1)) acting on the fiber ff,, over the front face. In the
projective coordinates (s, z, X, ¥), this is given by Eq. (8).

It is easy to verify that N, (P (X)) satisfies the assumptions required to apply Proposition 6.6
of [20]. We may thus find x € I*=3/2(ff; AJ, AY) such that N,(P(A\)k(p) — Ny(i~Pf) €
C®°(ff). Multiplying « by the cutoff function x gives

Np(PGI)(x(p)) = Np(x ™" f) € Iy 2(fF: A9).

By appealing to the short exact sequence (14), we may find some paired Lagrangian distribu-
tion ug € )E/’Ig%/z(xz; Ag, Aq) such that N(x™Pug) = X~ P xx. P()) is characteristic on A,

so we may appeal to Propositions 17 and 19 to write

PRuo — f =vo + wo,
where vg € P IN(X3; Ag) and wg € )Epl(;(_l/z(Xz; Ay).
The distribution vy is supported away from the side face, so x is bounded away from 0 and thus
¥y exP Ié‘(Xé; Ap). We may now again use Eq. (13), Proposition 6.6 of [20], and Eq. (14) to

find u; € 713 *(X2; Ao, Ay) such that

N(PM)N(FPuy) = N(x3 ).
In particular, we may then again appeal to Propositions 17 and 19 to write
PO (x (wo + Xup)) =vi + wo + Xwy,

with v € #7215 (X2; Ag) and w; € #7172 (X2; Ay).
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Iterating this process gives us distributions u ; such that

N N
P(A)(X Zifuj) =y + ) Fu,
Jj=0 Jj=0
with vy € PN H K (X2 Ag) and w; € 715 2(X2; Ay).
We may now asymptotically sum the i-/uj to find u € i”[gis/z(X% Ao, A1) such that

POVGu) — f=v+w, vei®If(X}; Ao), we Ty *(x% A).

We now extend v by zero to 2X2, and use Proposition 6.6 of [20] to find

k=3/2

iely, 7(X§: Ao, A1)

such that P(M)ii + v € C*(2X7). In particular,

POY(xit) —v=1w eIy *(X3; Ay).

The distribution yu + xu then satisfies

PO (u + i) — fex? 1 (x3: 41). O (16)

We should note here that solving the transport equations for the symbols on A (i.e., when
invoking Proposition 6.6 of [20]) actually fixes the behavior of the solution in both components of
A1\ 0. In particular, we may arrange it so that the symbol on A; has an expansion in decreasing
powers of (1 + i0) (here 7 is the fiber variable in A} = N*LC). This allows us to guarantee that
our parametrix # and the error term in (16) are supported on the interior of the light cone. This is
not surprising because the exact solution must also be supported on the interior of the light cone
due to the finite speed of propagation for the wave equation.

The following lemma is also useful:

Lemma 23. When f = «j is the Schwartz kernel of the identity operator, then the distribution
u constructed in this section is also a left parametrix for P, i.e., Ppu — f = X72r, where r is
smooth in a neighborhood of the diagonal. Here PIte denotes the transpose operator for P acting
on the right factor.

Proof. This is an application of the symbol calculus for paired Lagrangian distributions.
We start by observing that (P;, — Pg)k; = 0 because the identity operator commutes with any
operator. In other words, we must have that

/(qu)v: Pv:/;q(Pv):/(P,@q)v.

Now let v = (P — Ph)u € 21X (X3; Ag, A). We know that P v is smooth in a neigh-
borhood of the diagonal, down to the front face, because Py, and PI’e commute. We now invoke
the symbol calculus:
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0=0(PLv)|ag\04, =0 (PL)o (V)| Ag\04,>

and o (Pr) #0on Ap\ A1, so o (v) =0 on this set. This fixes an initial condition for ¢ (v), i.e.,
o (v)|pa, =0. We now use the form of the transport equation

0=0(PLv)|a, = (LA, +c)o(W)|4,,

with initial condition 0, to conclude that o (v)|4, = 0. We may use this argument for any k, so
we must have that v € )E’”/2IO_°°(X2; Ag, A1), proving the claim. O

12. The transport equation

We now wish to solve away the error from Proposition 22. We call this error » and note that
re rg Ig -l 2(X 2: A1). By solving a transport equation for some finite time and multiplying by a
cutoff function, we may assume that this error is supported in a neighborhood of the side faces.

Viewed as a conormal distribution near ff, r may be written as

/‘eigna(s,g,@,i,i,n) dn, a7

where p is a defining function for the light cone and a is a classical symbol of order (k — %) + % .
In fact, as noted in Section 11, we may assume that the symbol has an expansion in decreasing
powers of (17 + 0). Near Icf, Nlcf_, we must replace £ with £

We first fix a defining function p for the submanifold LC. Assumption (A3) guarantees that
LC is an embedded submanifold of X 8. Because N*LC is characteristic for P(A) and dp spans
N*LC, we must have that g(dp,dp) =0 at LC, i.e.

§(dp.dp) = pb, (18)

where b is a smooth function.
In coordinates near X =Y, we may write

xsdsvh
Vh
Our ansatz is that u is polyhomogeneous at Icf and Icf_ and conormal to LC, and so we seek

an expression of the form (17) with a a classical symbol of order k — % + % =k+ 75 —2 with
an expansion in powers of (n 4 i0), i.e., of the form

P\ = (sd;)> — (n — 1)sd; + $3s + 52 Ap — A

u~Z/eign(n+i0)k+%_2_jajdn. (19)

Jj=20

This is because our error r from Section 11 is a Lagrangian distribution of order k — % asso-
ciated to the conormal bundle of LC. LC is characteristic for P (1), so we expect the solution
of P(A)u = r to be conormal of one order better, i.e., of order k — % Moreover, at each step,

we multiply the symbols a; by a compactly supported smooth function in % that is identically
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1 near 0, which makes the singularity of (n + i O)k+%_2_j at 0 superfluous. Note that we could

equivalently insist on expressing our ansatz in powers of (§)+. If £ =0, then the top power seen
here would be —1 +2 — % =1- % the same powers seen in the construction of the fundamental
solution of the wave equation on Minkowski space (in our convention, # is the total dimension
of the spacetime).

Lemma 24. Suppose u is of the form (19), and aj = a;v, where v is a fixed nonvanishing section

of.Q% (X(% - If wewrite y; =k + 5 — 2 — j, then near Icfy. away from Icfy Nlcf_ we have

P(\u ~ Z f ¢ 51 (n + i0)7it! (—2ig(dp, sdaj) (20)
j=0
—i(0sp)(n —3—=2y; + O(s))a;)dnv

+ Zfelg”(n +i0)%i (P(A) —(j+DHm—=3-=2y))
j=0
+ (yj + 0(9))s0s + %(n - %) + O(s)sd; + O(s))z:j dnv 1)

where O(s) is taken to mean an element of sC*° and (s = % 7= y%) are projective coordinates
near the front face.

Proof. We first show the result near ff N1f .
. - . . 1
Write u; = ujv, where v is a fixed trivialization of 22 (X% ;). Say, for concreteness, that

V= Vlzflfz)?_”/zv. We then have that

Pt jv) = (P)iLj)v + g &2 ([P G, g 27" ).

We note also that near Icfy but away from If ., ri¢r, = s(1 + as), where « is smooth, and so
we may easily calculate this commutator:

) Y. 1 1
(e F/2)[P ). gt P57 ] = (=1 + 0(5)) s + O(5)s9; + 3 <n —5+ 0(s)).

We now use this calculation to drop the density factor. We apply P(A) to our ansatz and
use Eq. (18). Integration by parts allows us to exchange powers of § for decreasing powers of

(n +10), as fe’e” = %8,7ei€’7. If we write y; =k + 5 — 2 — j, this yields

PV = <P(A) + (=14 0())s9s + %(n - % + 0(s)>>ﬂ

oo
3 [+ 07 e, dpi dn
j=0
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o0
+Z/ei§"(n+i0)yf+1(—2i§(d,o,sdéj)
=0
—i(3sp)(n —1=2y; =3)a; —i(dsp)a; + O(s)a;)dn

+ Z/ei?"(n +i0)Y (P(k) + (2yj + 1+ 0(s5))sd,
j=0

1 1
—(j+Dm—-3-2y))+ §<n — E) + O(s)sd; + 0(s)>&j dn,

where O (s) is taken to mean an element of s C°°. We now use that g(dp, dp) = pb and integrate
by parts to prove the first part of the claim.

We finish the proof with a similar calculation, where we change our operator to PI’Q and our
ansatz to be one of the following two forms:

o0
u~ Z/e’g”aj(n +1i0)7i dn,
=0
o0
MNZ/ei%"aj(n+i0)Vf dn,
j=0

where § = %, and P}, is given by Eq. (5). We use here that rics_ = §(1 + §) in the first case and
that rief. =% (1 +a@x) and rief, = x(1 + ax) in the second case. O

Lemma 25. Similarly, we may compute the right operator near Icf_ away from the corner:

o0
P ou = ¢S (n +i0) T (=2i g (drp, 5dra;)
R J
j=0
+i(3p)(n+3+2y;+ 0@))aj)dnv

o0
+ ) S +i0) (P()\)% +j+ D+ 342y))
=0

1
+ (v + 0(®)505 + %(n - 5) + 0(5)59; + 0(5))&,- dnv.

We may also compute the behavior of the left and right operators near Icfy Nlef_:

o0
. 1
P(\u~ Z / & (5 4 i0)V E(—Zié(dp, xda,)
=0

— i(Bx,o)(n —3-2y; + O(x))flj)dnv
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+Z/e"%"<n+io>yf <P<x>—<y,~+1><n—3—2yj>
=0

1 1 )
+ (yj + 0(x))xdx + E<n — E) + O (x)xdy + O(x))aj dnv,
oo
; 1
P u = i [0yt (—2i 8 Cdeis
=3 [[ 5101+ i077 1 (218 Tdd)
Jj=0
+i@zp)(n+3+2y; + O®)a;)dnv

+ Ze’%”(n +i0)Yi (P(A)’R + (v + D +3+2y))
j=0
1 1
+(rj + 0@)70z + E(” - 5) + O(X)xd;5 + 0()?))Elj dnv.

Because we wish to solve P(A)u =r up to smooth terms, we wish to iteratively solve away
the terms in the above expansions. The first transport equation we must solve is then

—28(dp, sdag) — (3sp)(n —3 — 20 + O(s))ao = ro,

where rg is compactly supported and comes from the inhomogeneous term.
Because 95 p is nonzero, we may divide by it to obtain the transport equation

hkl(Bka)sazldo n 3 )
—— = 4 s0ay— | = — = — 0 ay = .
90 + 59540 (2 S nt (S)>ao 0.0

Note that yg =k + % — 2, so the coefficient of ag is just k — % 4+ O(s).
Near the face lcf,, given by s = 0, we may use a parameter ¢ along the light cone LC. The
parameter 7 is then equivalent to s, so we may change coordinates to

1
td;ap + <k — E)Elo =0()ag +r.

We note that the solution ag of this equation must have a polyhomogeneous expansion in ¢. In
fact, we prove a more precise version of this statement.

Lemma 26. Suppose that v solves the differential equation

1
tatv—<j—k+§)v=t~c(t)v+b,

where ¢ is smooth in t, and b is polyhomogeneous in t with index set

1
Sj_1={<—k+§+l,i):leNo,igliflgj—l,i:j—lifl}j}
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when j # 0 and b is supported away from t =0 for j = 0. Then v has a polyhomogeneous
expansion in t with index set

1
Ejz{(—k+§+l,i>: leNo, i <lifl <J, i=jifl>j}.

Remark 27. We may prove a similar lemma for solutions of the transport equations on the right,
with appropriate modifications for the index sets.

Proof of Lemma 26. This lemma follows as a simple exercise in the b-calculus of Melrose (cf.
[7] or [18]) or as an exercise in the theory of hyperbolic Fuchsian operators (cf. [2,13], or [22]).
Because the proof of this lemma is elementary, we include it here.

We show this by constructing a formal power series solution.

We start with the case j = 0 so that near t =0, b = 0. We seek a formal power series solution
of the form

. o0
t7k+2 Zvltl.
1=0

Indeed, with this ansatz, the equation becomes

1 > 1 >
17k Zlvz =12 Zqz—l,
1=0 1=0

where g;—1 depends only on c¢(¢) and the first [ — 1 coefficients v; (so g—1 = 0). The coefficient
vo is fixed by the initial condition of the differential equation, and then the remaining coefficients
may be found iteratively.

We then sum this series with Borel summation to find a function with this power series at =0
and the difference between this function and the solution of the differential equation vanishes to
all orders at t = 0.

For general j, we write

—

min(/,

-5y

i1
I i=0

byit! (log )’

~.

Il
=}

with a similar expression for v. A similar calculation then reduces the equation to

oo min(l,j)

S S og ) (( = jyus 4+ G+ D)

=0 i=0

oo I . _
=Y > T og ) (g1 + bu),
I=1 i=0

—



1702 D. Baskin / Journal of Functional Analysis 259 (2010) 1673-1719

where g;—1,; depends on the function c(¢) and the coefficients vy;» where I’ <1 — 1 or!’ =/ and
i’ > i. In particular, we may again iteratively solve for each coefficient and then Borel sum the
result. O

We may now apply Lemma 26 to the first transport equation

1
t0;ap — <j —k+ E)&o +tc(t)ag = b(t),

where ¢(¢) is smooth in . We find that ag is polyhomogeneous in ¢ with index set &. Changing
coordinates back to s tells us that ag is polyhomogeneous in s with index set &.

Letting Q; be the operator acting on a; in the coefficient of (n + i 0)"=/ in Eq. (20), the jth
transport equation is then

WM (3y0)59,,0;

~ . 1. - -
+s0sa; — (J —k—l——)aj—l— O©)aj=—-0ja;.
s p

2
By applying Lemma 26 again, we may conclude that a; is polyhomogeneous in s with index
set £;.

Now let £ = j &;. By repeating the process above, we obtain conormal distributions u; in

I§_3/2_j ( X(z),ﬁ LC) with symbols a; such that

N
P(A)( Zu,> —rery PN (x2 s L0).

j=0

We now wish to asymptotically sum this expression to find # such that P(A)u — f is smooth
on the interior of X 5 e

Lemma 28. There is a distribution u € I§_3/ 2 (X(%‘t; LC), supported on the interior of the light

cone, such that
o0
u~ Z I/tj.
j=0

Proof. Each symbol (1 +i0)" /a ;j 1s analytic (in 1) and exponentially decreasing in the upper
half plane S > 0, so the Paley—Wiener theorem tells us that each u; is supported in the region
{§ > 0}. A standard Borel summation argument completes the proof. O

Putting our factors of rg from Section 11 back in, we have thus proved:

Proposition 29. Given r € rfl; I(I){ -l 2(X 2. 1.Q), there is a conormal distribution,

P AR pk=3/2(y2 .
werf AL 1°2(X5 5 LO),

such that
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PO —r erf ADL (X3 11cfy),

where u is supported away from the corner ff N1t and F is given by

1
Fl= {(j_k+§’l>: Jj,1 € Np, lS]}
We may further arrange that the distribution is supported in the interior of the light cone.
We observe here that an argument similar to the one given in the previous section shows that
Pju — r is again smooth on the interior when we are constructing a parametrix for the funda-

mental solution. In particular, the symbols of u satisfy the transport equations for the actions on
the right factor, and so the following proposition holds:

Proposition 30. There is a conormal distribution u € rf;n/ 2ATF 3 2(X(2) .+ LC) such that

—n/2 &
POyu—rery" AL (X3),

—n/2 & 2
P(Wu—rerg Aplfg(xo,t).

Here the index families F and & are given by

1
Hcf+={(j+§,l): j,lENOa lg]}5

1
Flcf={<j+§—n,l>i J,1 €N, lgj},

1
Elcf+,L={<j+§,l)I Jj,leNg, 1<)y,

1
Elcf,L:{<j+5—n—l,l>: J,1 €Ny, l<j}»

1
Elcf+,R={(j+§—1,l)2 j, 1 €Ny, lgj},

1
Evt r= {(j+§ —n,l): Jj,1 €N, lgj}.

Note that the decrease of —1 for two of the error terms in the above proposition come from
the factors of % in the expression given in Lemma 25. The —n on the “minus” faces comes
from taking the transpose of our operator. This is because we are using sections of the standard
half-density bundle rather than the 0-half-density bundle.

13. The light cone face
We now wish to solve away the error from Proposition 30. We aim to solve away the left error

at Icf; and the right error at lcf_. We show only the left calculation here and observe that the
right calculation is nearly identical.
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We again call the error r, which is in rff phg(X /), 1.e., near ffy, r has an expansion of the
form

o
r N)Z”ZZSVI' (logs)lrjlv,
7 1=0

where yj =j —k+ % We drop the power of x for now because P(A) commutes with X.
We first claim that this error lifts to be polyhomogeneous on the full double space X (2)

Lemma 31. Suppose that r is a polyhomogeneous distribution on X(Z)’t supported in a small

neighborhood of LC with index family F. Then r lifts to a polyhomogeneous distribution on )N((Z)
with index family G, where G is given by

Glcf+ = Flcf+a
Gicf- = Fiet_,
Gsef = Fiet, + Fler_ + 1.

Remark 32. Here the notation F + 1 is shorthand for
(¢,) e F+1 ifandonlyif («¢—1,])€eF.

Proof of Lemma 31. The result follows because the two possible orders of the blow-up are
locally diffeomorphic near LC Nlcfy Nlcf_. The extra 1 in G is because sections of £2 5 (X %’ /)

. . 1
lift to sections of rg.f§2 2 (Xg). O

We may thus consider r as a polyhomogeneous function on X 3

We now proceed in two steps. The first is to solve the away near lcf; and the second is to
show that it has the desired form at If . This only away from the scattering face scf, though the
computation near scf is nearly identical. In this section there are many terms that come from
differentiating our ansatz. We attempt to indicate the origin of the important terms.

Note that the statement about the support in Proposition 30 means that 7 ; is supported on the
interior of the light cone and vanishes to infinite order at LC.

Because we are working near lcf, we first use projective coordinates (s, w = p ,0), where p
is a defining function for LC (as above) and 6 are the remaining variables. In these coordinates,
derivatives of the function p appear as coefficients of d,, in our operator P (A). In particular, s9;
lifts to 595 + (350) 0y — Wy.

We again expect a polyhomogeneous expansion in s. In other words, we expect an expansion
of the form

o
ZZ Vi(logs) uj, (22)
j=01=0

where u j; is regarded as a function of w, 6, X, and y.
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Write u j; = 1 jjv. We again note that we may take ri.f, equivalent to s in this region, giving
us an extra —%sas — %(n — %) in our operator. Applying P (X) to our ansatz yields

j
P(u~Y_" 5" (logs) [(—g(dp, dp) — 2w (d;p) +w?) (32 j;)
j =0

1 1
— ((n + 3 —2]/]-)(85,0) — (n + §>w>8wﬂﬂ
1 1 ~
— ((n —1—ypy;+ §<n — 5) — )»)ujl

. - ;- - .
+Ajouj o1+ Bj—tuj_11+ B uj—1+1+ Xjuj i+ quj,1+2]v,

where

96, [ 96 $9,vh
Ajya=— (Anbdg, — Y (5) <—q)39,39,,, B/, = ﬁm D,

d
q q.r.i.k k

(00 ap
Bjii=— Z%"‘(—’) (8 )ae,aw + (A1) + (370) 9,

8 .
i,k,r 2 2k

1
X1 =2+ 1)(@p —w)dy — (I + 1)(n -3 —2;/,»), Yi=0+1){1+2).

The constants above come from the operator and from sd; landing on the powers of s. The
leading 9, terms come from the (d50)9,, terms when we lift sd; and the Wkt (02, 0) (0 ,0)85] term
in the lift of the Laplacian in z.

Note that because LC is characteristic for O, we must have that g(dp, dp) = pb. p = sw, so
by replacing B with EJ-_H =Bji1— wbai, we may write

J
P(Mu ~ Z ZS’/’ (IOgS)[[Qjﬁjz +Aj oiij o+ Bj_1ilj_1
i 1=0

. 3 y
+ Bl -1 41 + Xt j g1 + Yiidj 42 ]v,
where

Q= (—@sp) +w)wdj — <(8s,0) (n + % - 2)/]-) — (n + §>w>aw

1 1
—(n—l—yj))/j—i(n—E)—)».
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We thus wish to solve a sequence of inhomogeneous ordinary differential equations
Qjiiji =Tj, where

~ ~ ~ ~ g ~ ’ ~
rjp=rji— Xjiuji1 — Yiuj40 — Ajoujo;— Bjquj11— B uj—11+1,

where all terms are supported in {w > 0}, vanishing to infinite order at w = 0. (We know already
that rj; has this property, and we show at each step that i j; does as well.)

It is clear that O is a regular singular point of the differential operator Q ;, so the solutions of
Qv =0 have formal power series expansions at w = 0 with first term given by w*. Here p;
are the roots of the indicial equation —u(u — 1) — (n + % — 2y;)u = 0 (see, for example, [1]),
ie.,

u1 =0, ur=2j—2k —n.

Here we have used that y; = j —k + % Standard ODE techniques (i.e., variation of parameters)
then give us solutions i j; to Q jit j; = Fj; in terms of a basis of solutions for Q ;v = 0. Moreover,
because 7j; vanishes to all orders at w = 0, we may also guarantee that i ; is supported in
{w > 0}, vanishing to all orders at w = 0. Indeed, if v; and v, are a basis for the solutions of
Qjv =0, then

ﬁjl(w):—vl(w)/ ‘1’);5:)01 );;l)((u;/))d + v (w )/ ‘l;((;li )Z;l)((u;/)) dw'.
0

Because 7j; vanishes to all orders at w = 0 (and v; are bounded by w~ for some N ), the
integrals make sense and vanish to all orders at w = 0. Multiplication by v; then preserves this
property.

We may thus solve these equations and now wish to consider their asymptotics near the corner
lef4 N 1f4. Near this corner, the coordinates (s, w, 6) are invalid and so we must use the other
set of projective coordinates (p = sw, W = w~"!, 0). In these coordinates, sd; lifts to (950)3p +
Wow — (950) W23y . The top order terms below then come from the Wy and the constants
come only from the operator.

Because polyhomogeneous distributions are independent of our choice of coordinate systems,
we may also express our ansatz (22) in terms of these coordinates (p, W, 6). In this case, expan-
sions in s are equivalent to expansions in p, so our ansatz here has the form

J
u~y > pliogp) v,
j =0

In the computation that follows, the important point is that s (1) are the indicial roots of our op-
erator P (1), and that this behavior is dominant away from LC because the fundamental solution
is a smooth solution of the homogeneous equation here.
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Apply P (X) to such an ansatz to see

PGy~ Y pl(logp) [(1 = 2 W)W2a3,0js — (n =2+ @1 W)Wawi
(.heF
—AH+qoW)o +WA; 101+ WA/jf],lJrlf)j—l,Hl +WB;j 20 2.
+WBj 5 1410j 2001+ WBJ 51502142,

where we have (via a similar, but more tedious, calculation)
g2 =2(sp) — (3sp)*W + |dp[; W,

q1=—n+2y; =4 (0sp) + 2y; —2)g(dp,dp)W,
qo=(n—=2)y;j(0sp) —y;(y; — Dg(dp,dp)W,

while
Aj1y = 20" (3.,0,) (3., 0) W23y, dw — 2y;h ™" (3, 0)(8,,0,) W,
— (@) W2dw — v (O W,
Ay =+ D[(-20050) +28(dp. dp)) Wdw
— (3;p)(n —2) — 2y; —2)&(dp. dp)W],
and

Bj_21=(Apbp)Wy, — hik(aziep)(aZkeq)Wagp o, »
a1 = =20+ DR (3, 0)(0:,0,) Wi, + (L + 1)(Ogp)W,
B}/_271+2 =—(+DU+2)gdp,dp)W.
We must still take into account the density factor here. In this region, ricf, is equivalent to p.
A similar computation to the one above shows that this leads to two types of terms. One of these

is O (W)W dw, while the other is O(W). This means that they may be absorbed into ¢g; and gg.
Let us now write

Q= —@W)W?3}, —(n —24+qW)Waw — (L +qoW).

We wish to solve a sequence of transport equations (which are really the same equations as above
written in these coordinates) given by

- . - , - -
Qivji=rj—WAj_110j-11 = WA;_; 11 Vj-1041 —WBj_210j-2
/ ~ Vi ~ ~/
—WB; 5 1Vj—2041 = WBj_5 11002142 =T

The solutions of these transport equations are polyhomogeneous conormal functions. Here

the indicial roots of Q; are s+ (1) = % + (”_41)2 + A. More precisely, we have
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Lemma 33. Suppose that u j; solves Q ju j; = F;'l as above. Suppose first that s (L) —s_(A) & Z.
Suppose that ’7}1 is polyhomogeneous conormal at Ify with index set F +1 = (F* + 1)U
(F~ + 1), where

F* ={(s=() +m,0): m e No},

then u j; is polyhomogeneous with index set F = F* U F~
Ifsy(A) —s_(A) =N €Z, thenif ¥, g is polyhomogeneous with index set F + 1, where

F= {(s_(k)+m,l): meNy, [=0forl<N,[l=1forl >N},
then u j; must be polyhomogeneous with index set F.

Remark 34. Note that the index set above means that if sy(X) — s_(A) ¢ Z, then uj €
Ws+M o L Ws-MC® If s, (L) — s_ (1) € Z, then

sp()—s_(M)—1
wip— Y. WO e (14 10gw)C.
m=0

Proof of Lemma 33. We may again construct a formal power series solution (or apply
Lemma 5.44 of Melrose [18]). We omit this here because it has been described in detail al-
ready. The key point is that the operators A j_j , A/j—l,l+l’ Bj_2y, B}—2,1+1’ and B}/_2J+2 are
all elements of W Diff}; (products of W and differential operators tangent to the boundary). This
ensures that the terms we are solving away vanish to one order better at W =0. O

Asymptotically summing Y " p"/ (log 0)u ji then solves away the error r at Icf ;. Note that
because s+ (1) are the indicial roots of N (P (1)), we in fact have that the error term vanishes to
one order better.

When we are constructing a parametrix for the fundamental solution, we may perform the
same construction on the right and the left. We may also add a distribution solving away the right
error at lef_.

Remembering our factors of rg now, we have now proved the following proposition.

n/2

Proposition 35. Given r| € rlclc "/ 2A (Xo 2) and ry € rg (X 2) as above, we may find a

n/ZA]-‘
phg

ishes to all orders at Icfy and is polyhomogeneous with index family Gy, while P()L)tRu —r

vanishes to all orders at Icf_ and is polyhomogeneous with index set G. Here we have that

phg

smooth function u € ry (X(%) vanishing outside the llght cone such that P(\)u — rq van-

Fi, =G 2= {(si()») +m, 0): me No},
Fer, = Elefy,Ls
Fi, =G, 1 ={(—n+s£ () +m,0): m € No},
Fiet_ = Elef_,Rs
Gief 1= Fet. — 1,
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Git,1= b, +1,
Giet, 2 = Fiet, — 1,
G, 2= Fy, +1,
Giet, 1 =Gier_2=Eir, L = Ext_ L = Eit, R = Eit, R =1,

Foet = Escf,L = Escf,R = Gscf,l = Gscf,Z = {(_n + 7, 1< ]}’ (23)
ifst(A) —s—_(A) ¢ Z. If sy —s_(L) = N € Z, then the index sets become

Ef+:{(s_(k)+m,l): meNy, [ =0form <N, l:lform}N},

fr ={(—n—|—s_()»)+m,l): meNy, [=0form <N, l=1f0rm>N},

fy

with corresponding changes for Gyt and G, .
14. The front face

We now wish to solve away the errors on the front face, which we again call r, from the
previous step. We show how to solve away the error term at ff for the operator acting on the left,
and the corresponding calculation at ff_ for the operator acting on the right is nearly identical.
We now suppose that r is the error term from Proposition 35 for the operator acting on the
left.

Because r vanishes to all orders at Icf, we may blow down Icf to solve away 7. In this view,
X~ Pr is smooth on ff, supported inside the light cone, and has an expansion at If; of the form

r~xP Z s% (logs) rjip.
(aj,heg

The generic case here is that [ = 0 when s (L) —s_(A) ¢ Z. We again drop the powers of X from
our notation.
We wish to solve this error away with a function of the same form:

u~ Z so‘f(logs)[ujlu.
(aj.heG

Applying N (P (1)) to such an ansatz yields

N(PO))u~Y"> " s% (logs) [a(erj + 1 = myujs + 20;(L + D141
il

+ 4+ DA +2ujiro— (= DA+ Dujipr+ Azujog — dujr|v
= ZZs“f(logs)l[—((n —1—aj)a; +A)ujl
I

—(n—=1=20))I + Dujip1+ A+ DU+2ujipo+ Azujog]u.  (24)
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The coefficient of uj; in this expression vanishes precisely when o ; = s (1), so we may solve
away the error to all orders at If - because the expansions of r begin at s+ (1) + 1.

Proposition 36. For s (L) —s_ (L) & Z, there is a smooth function u on ff, polyhomogeneous at
If | with index set Fig,, where Fiz, is defined in Eq. (23), such that N (P (L))u — X~ Pr vanishes to
all grders atlfy NIf, . Anidentical statement holds when s, (L) —s_ () € Z, with Fi, replaced
by F,.

Proof. This is clear from the expression (24) for N(P(A))u. O

On the front face, we are then left with an error term r( vanishing to all orders at If f N{f, and
supported inside the light cone. Because ff is an asymptotically de Sitter space, we may now
use Corollary 3.6 of Vasy [24] to find a smooth function on ff,, vanishing to all orders at 1f,
such that N(P(M)u =X Pry.

By iterating this construction (and extending it to the interior of 1fy as well), we may find
uexb .Aphg X (2); If}) such that P(A)u — r vanishes to all orders at ff;. and 1. By gluing two of
these functions together, we may simultaneously solve the left error near the “plus” faces and the
right error near the “minus” faces. This proves the following proposition.

Proposition 37. We may solve away the left error at tf and If;, and the right error at tf_ and
ff_ with a function u € .Aphg(X ), where H is given by

Hiet, = Hier_ =0, H, = F, for the other index sets.

The remaining error terms are in A (X(Z)), where K and KCg are given by

phg

Kif,,L = Kit_ g = Kiet, = Kief_ =0, Kyt .k = By, ,
Kt 1 =Ff_, K, 1 = Kief, R = Hyct-

15. The full parametrix

We now take the various pieces of the parametrix constructed in Sections 11, 12, 13, and 14
to construct a parametrix for the fundamental solution of P.

Putting together the results of Propositions 22, 30, 35, and 37, we have proved the following
theorem:

Theorem 38. Suppose that X is an asymptotically de Sitter space, satisfying assumptions (A1),
(A2), and (A3). We may find a left parametrix K such that P(M)K =1 + Ry andNKP(M =
I + Ry, where the Schwartz kernels of Ry and R, are smooth on the interior of Xg and are
polyhomogeneous with index families E;, and Eg on ?3 We may write K = K1+ K2 + K3, where
K is supported in a neighborhood of the diagonal, K> is supported in a small neighborhood of
the light cone LC away from the diagonal, and all three pieces are supported on the interior of
the light cone. Moreover,

Klerff n/2 2/Z(XO, Ay, Al)
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—n/2 —

Ky erg" P AR 173(X3 1 LO),
—n/2 ~

Ky erg"? A% (X3). 5)

The index families £, Eg, and F are given by

Fee, = {(j—i— %,l): 1<j, eNo},
Fiet_ = Fier, — n,
Fig, = Eyt, g = {(s+(A) +m, 0): m € No},
Ey_ L =Ff = Fg, —n,
Eiet_.p = Fier_ — 1,
Eict, R = Fiet, — 1,
Fyt = Eset,r = Eset g = {(=n + j,D): 1 < j},

2

Et,. . =Ert r=Ef, L =Ef r=Ex, 1 =Exf r="0.

n
Eg_ 1 = Ef, R = {(—— +m,0>: m ENO},

If s (M) —s_(A) € Z, then we must modify Fis, and Fi¢, (and the index sets depending on them)
as described earlier.

Remark 39. As observed earlier, this theorem holds without the assumption (A3) as long as we
are willing to multiply our distribution by a cutoff function supported in a neighborhood of the
front face. In this case, the extra blow-up to obtain the scattering face scf is unnecessary.

Because our remainder terms lose one order of decay at the light cone faces, we lose an
order of decay there when we pass to the exact fundamental solution. The following is a precise
statement of the main result (Theorem 1).

Theorem 40. The exact forward fundamental solution E. is in this class of distributions, but
with index sets Fl’Cf+ = Fier, — 1 and F; = Fir. — 1. In other words, we may write E, =
K1+ K> + K3 with

—n/2

-3/2
Kierg "1, /(X%; Ao, Ay),

—n/2 4 F 71-3/2(y2 .
Ky erg" AL T2 (X5,: LC),
—n/2 ~
Ky e rg"P AL (X5). (26)
Here the index family F is given by

.1 .
Flcf+={<]_591>: l<]7 ]ENO}v F‘lesz'leq,_nv

F]f+={(Sj:()\)+m,O)Z mENo}, Ff_ = kg, —n,
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Fyer = {(_n_1+jal): lgj},
with modifications to Fi¢, and Fit_ when s (1) — s_(A) is an integer.

Remark 41. If we instead adopt the convention that the O-densities are flat, that

/f@&ﬁ@—fﬁ@—iﬁ@@JOZf@JL
X

and we write K as a section of the pullback bundle of 02 3 (X x X), then the index sets change

somewhat. Indeed, if K = K v, where v is a nonvanishing section of the pullback of 00 3 (X xX),
then the same theorem holds, but with index sets

Fet, = Fer. ={(j = 1,D: 1 < j, j €No},
Fi, = Fr_ = {(s+(A) +m,0): m € No},
Fut={( = 1,D: 1<, j €No},
Fr, = Fir_ ={(j,0): j € No}.
Proof of Theorem 40. E is the forward fundamental solution, so if f is a compactly supported
smooth function on X, then P(M)E, f = f and E4 P()) f = f. Moreover, continuity allows us

to extend this to any forward-oriented distribution. In particular, if f is any smooth function on
the interior of X vanishing to all orders at Y_ that is also a tempered distribution on X, then

PMWE+f = f.
ELPOf=f.
Let K be the parametrix for E constructed in Theorem 38. If f is a smooth function on X,
vanishing to all orders at Y, then K f vanishes to all orders at Y_ because K is identically zero in

a neighborhood of If_ and the lift of f vanishes to all orders at Icf_, ff_, scf, and rf_. A similar
argument applies to Ry f and R f. We may then write

(Kf)=E+PMWKf=Erf+ELR [,
(Kf)=KPMELf=E+f+REf.

In particular,
Ei=K—-KRi+RE_LR;.

We then observe that the error terms K Ry and Ry E R have the desired properties, finishing the
proof. O
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16. Modifications for de Sitter space

De Sitter space does not satisfy assumption (A3) because the projection of the forward flowout
of the light cone from a point at past infinity intersects itself at future infinity (though not on the
interior of the spacetime). We briefly discuss the modifications to our construction needed for de
Sitter space. The most important modification is to solve the transport equations on ié rather
than X %y . (Indeed, we could have done this from the outset, but chose not to because solutions

of the transport equations are easier to understand on X (2). )

Observe that the construction detailed above works without difficulty away from the corner
If 4 Nrf_. As mentioned earlier, LC intersects itself in this corner. This intersection is given by
{(0,y,0,—y): y € Y}. Near this intersection, we may write p = x + X — |y + y|, plus terms
vanishing to higher order at the boundary. Note that the function p is no longer smooth at this
intersection because |y + y| = 0 there.

We resolve this singularity by blowing up the submanifold LCN1f; Nrf_ as in Definition 21.
Although this submanifold had codimension 3 when X satisfied (A3), it has codimension n + 1
here. Indeed, this blow-up is almost the same as the one in Section 4 that defined X 8. The function
p now lifts to be smooth on this new space [Xé, LC NIy Nrf_]. Indeed, after the blow-up we
may write

p=~0+s)—z|+ 0X) 27)

near scf N 1f. This is now smooth near p = 0, and so we may blow up LCN1f} and LCNrf_ to
obtain X 8.

We must also modify the manner in which we solve the transport equations. The behavior at
lefy and lef_ may be obtained in the same way as in Section 12, but the behavior at scf requires a
slightly different approach. In Section 9, we showed that the symbol of the conormal distribution
was polyhomogeneous at scf by constructing it on X(Z)’[ and lifting it to 5(%. Because p is not
smooth on X(z) when X is the de Sitter space, we cannot solve the transport equations on the
intermediate double space X, %y ; up to the corner and instead we must solve the transport equation
along lcf_ and lcf, .

Solving the transport equation on these faces requires using the semi-explicit form of p. The
terms where the operator lands entirely on p in Eq. (20) can no longer be ignored. Using the
form (27) for p, we observe that these now contribute a constant term to the equation. Because
Op=s—n—1Ds+s*n—1)+ O0K) and d;p = 1 + O(X).

A computation in the same spirit as those in Section 12 shows that the symbol of K is also
polyhomogeneous at scf with index set

Fyer = {(_” +m,0): m EN()}.

Note that this is the same index set we found before.

The rest of the construction proceeds without change.

The modifications to the construction for de Sitter space correspond to allowing the location
of the pole p in P(A)u =, tend to past infinity. If we require that the point p is uniformly
bounded away from past infinity, no modification is necessary.

In [23,25], the authors do not consider sending this pole to past infinity. Our unmodified
construction recovers a slightly weaker version of the results of these authors when the pole is in
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the interior but the modified construction also describes the behavior of the fundamental solution
when the pole is at past infinity.

17. Polyhomogeneity
The aim of this section is to prove Theorem 2, which was stated in Section 1.

We begin by considering the maps 81 and Bg, where S, g are given by composing the blow-
down maps with projections onto each factor, as in the diagram here:

v2
XO
2
X()
BL l Br
X xX
X X

We require the following four lemmata.
Lemma 42. The maps B and B || cin are b-fibrations.
Lemma 43. The fibers of B and By : LC" — X are transverse to LC.

Lemma 44. For V a b-vector field on X, there is a b-vector field V on )N(% such that (ﬂL)*V =V
and V is tangent to LC.

Lemma 45. Suppose that M and N are manifolds with corners, F : M — N is a b-fibration, H
is a boundary hypersurface of M, and F(H) = N. Suppose also that K € 19(M; H) is polyho-
mogeneous at the other boundary hypersurfaces of M (satisfying the hypotheses of Lemma 9).
Then FyK is a polyhomogeneous distribution on N.

Proof of Lemma 42. Here LC™ is taken as an open manifold away from the cone edge near
the diagonal. K> is supported away from the cone point, so we may restrict our attention to this
region.

That B, and Bp || cim are b-fibrations (defined in Section 5) follows from a more general
statement: if F': M — N is a b-fibration, and Z C dM is a p-submanifold, then Fo B : [M; Z] —
N is a b-fibration. In particular, the blow-down map is a composition of b-fibrations. O

Proof of Lemma 43. Because A is the flowout Lagrangian in the right factor, its intersection
with the fibers xs = xg, y + Xz = yo is the flowout of the light cone with cone point at (xg, yo).
In particular, this is an embedded submanifold of X, and so the intersection is transverse. O
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Proof of Lemma 44. This is really a consequence of Lemma 43. Indeed, we may choose a
local basis of vector fields given by d,, and V;, where 9, is tangent to the fibers of 8, and V;
are tangent to LC. Then (B8L)+d, = 0 because 9, is tangent to the fibers of 8, and so we may
choose a lift of the vector fields so that the 9, component vanishes at LC. O

Proof of Lemma 45. We choose K€ polyhomogeneous on M, supported away from H such
that K€ are uniformly bounded in / O(M ; H) and converge to K in [ 3 (M; H) for any 6 > 0. The
pushforward theorem of Melrose (Lemma 9 of this paper) tells us that F, K€ are polyhomoge-
neous with fixed index set.

We claim now that the F, K €’s are Cauchy and so converge to F, K. This guarantees that F, K
is polyhomogeneous. The key observation here is that if V is alift of V, then

V(F(K9 — K2)) = F(V(K — K9)).

The expression V(K€ — K,,) tends to 0 because K¢ — K as distributions conormal
toH. O

Proof of Theorem 2. A simple wavefront set argument gives us that the K> f piece is smooth.
Thinking functorially, we write

K(y) = BL)«(K - Br(vy)) =uy.

In particular, if we write K = K v, then

~ 2
wy? = uldx dy| = (B1)« (K (Bpo)ri> (riet, rier ) Preerv?).

We now use the decomposition K = K| + K, + K3, where K; are as in Theorem 40. The
lemma above shows that 8y is a b-fibration, and so we may use the pushforward theorem of
Melrose in Lemma 9 to treat the contribution from K3. In particular, we note that 1j v has in-
dex set E at Y and vanishes to all orders at Y_, then B3 v is polyhomogeneous on X 2 smooth
at Icf; and If, with index set E at ff;, and vanishing to all orders at ff_, lcf_, and scf be-
cause it is forward-directed. Index sets add when functions are multiplied, and so we know that

ri2 (et riee ) V2reet K3 - B f has index family G given by
G, =E, G =1,
Git, = {(s+ (V) +m,0): m € No}, Gir_ =9,
G =0, G, =0,
Giet, = {(.D: 1< j. j €No}, Gies. =9,
Get = 0.

Gif, must be modified when s (1) —s_ (1) is an integer. We may now use Lemma 9 to conclude
that K3 f is polyhomogeneous on X with index set

EU Git, U Gict, -
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To handle the contribution from K,, we use the lemmas above. Indeed, Lemmas 42, 44, and 45
show that K> f is polyhomogeneous with index set Gief, UE.

This leaves only the contribution from K. This is just a consequence of the local theory of
paired Lagrangian distributions. Indeed, the work of Joshi in [11] implies that the pushforward
of KB} f exists as a smooth function. The uniformity of Ky down to the front face ff then tells
us that K f is polyhomogeneous with index set E. O

18. An L? estimate

As another application of Theorem 38, we consider the behavior of the L? norms of a family
of smooth compactly supported functions with support tending towards Y .

Suppose first that R € lI/O_OO(X ) is a smoothing O-pseudodifferential operator in the small
calculus of [14] or [16], supported near ff_ . In other words, the Schwartz kernel of R is a smooth
function on X(z), supported away from If and rf and near ff;. Concretely, let ¢ is a smooth,
compactly supported function on R” , supported near (1, 0), and with fooo fR"*I ¢d§,‘,iz =1. Let
x be a smooth function on X that is identically zero near Y_. If R(s, z,X,y) = ¢ (s, 2)x (X, y),
then R € lIIO_OO(X ) is such an operator.

Define now a family of compactly supported functions f given by

X y-y oo
f(x,y)(x’y)=R<f7 - ,x,y>=Rv,
X X

where v = §(x" — X)8(y" — ¥). Each fz j) is a smooth function on X supported in a compact
neighborhood of (X, ¥) with unit L'(X; dg)-norm.

Because f(z ) is given by applying R to a § function, pointwise bounds for E f; ;) are
equivalent to pointwise bounds on the Schwartz kernel of £ R

The following lemma is useful for obtaining pointwise bounds.

Lemma 46. Suppose that K = Kv, where K is a polyhomogeneous function on fé with index
family F and supported near tf . Suppose that F satisfies
{ <Ppj },
{(s1er 4+ j, p): j €No, p<pj},
FlfJr {1t +j,p): j€No, p<pj},
= {Gser +J, p): j €No, p<pj},

Fee, = (e +j, p): je€No, p

F]cf+

and po = 0 for each index set (i.e., no log terms appear in the top order part of the expansion).
Suppose further that

1
ff = Slef 2 = sif = 0, sef = 0.

n
2 )

l\.)

Then K (considered as an operator) satisfies
[KullLoxy < Cllullprx;ag)-

If sg > —% instead, then K is bounded L' (X; dg) — L*®(X).
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Proof. The half-density |dg;dgg|'/? lifts to a nonvanishing smooth multiple of rllc/fi rfnfi %) near

ff1, so we may write

o o —1/2 —n/2 1/2
Kv=Krg' fff B*(1dgrdgr| /)
where B* is the pullback by the blow-down map ?3 — X x X. The assumptions above mean

that K r1 !/2 rff+/ is a bounded function on X % and so is the pullback of a bounded function on
X x X.
The second statement of the lemma follows from the observation that dg = x"dg. O

Let K1, K>, and K3 be the decomposition of E given in Theorem 38. The Schwartz kernel
of KR is given by

x y—0Q+x) . .~
/Kj =~ y (y~ ) 5% y+xz R(s’,z’,x,y)ds’dz/ (28)
s'x s'x
where s’ = and 7= } . This corresponds to writing the composition of operators A and B

on X x X as
KAB(x,y,i,ﬁ)=[KA(x,y,x/,y/)KB(x/,y/,iJ)dx/dy’,

where « 4 here denotes the Schwartz kernel of A. If k4 and «xp are instead functions of s, z, X, y,
where s = % and z = ===, this becomes

/ / /7 5
X y=y y =Y . .
/KA(;, = X, y’)me( S y) dx'dy'

x y—0Q+xd) . . . - -
=/KA(7, yo Tl (y/N ),S’x,y+xz’>KB(s/,z/,x,y)ds’dz’,
S X s X

s =

which yields Eq. (28).

Note that Ky, K2, and K3 all vanish identically near rf. Because the family f(z 5) is sup-
ported away from Y_, we may assume that K; are supported away from the “minus” faces
ff_,lcf_, rf_, and scf.

Consider first K, the piece corresponding to the paired Lagrangian singularity of E. By
Theorem 38, the Schwartz kernel of K is given by (x') ™"/ 2K, where K| isa paired Lagrangian
distribution on X 2 supported away from If and rf.

Because the ﬁbers of integration in Eq. (28) are transverse to the diagonal and to the light
cone, it follows that K| R = ¥~/ 2u1 , where u is a smooth function on X% supported away from
If and rf. In particular, u is bounded, and Lemma 46 implies that

1K1 fz5)llLe <C

Because R is defined only near ff. , we are free to use the improved parametrix of Theorem 38
rather than distribution of Theorem 40. In particular, the symbol of the conormal distribution K>



1718 D. Baskin / Journal of Functional Analysis 259 (2010) 1673-1719

1/2

is bounded by Tlct, and so K R satisfies the conditions of the second part of Lemma 46 and so

1 K2 fG 5 llLex) < C.

Consider finally the polyhomogeneous term K3. The Schwartz kernel of rﬁ‘m K3 R satisfies
the conditions of the lemma, and so

K3 f(5,5) llxs- 0 poox) < C-

Now let / = max(0, —9s_(1)). Putting the estimates for K1, K>, and K3 together yields

||E+f(2,y)||x*lLoo(X) <C.

An L? estimate for this family follows from Theorem 6 (from [24]). By reversing the roles
of Y_ and Y, in this theorem, we conclude that for any forward-directed f € x~"L?(X) and
r> max(%, [(X)), there is a unique u € )C"HO1 (X) such that P(M)u = f, and

”u”x—’Lz(X;dg) < ||u||x7rH0|(X) < C||f||x_’L2(X;dg)'

Here HO1 is the 0-Sobolev space of order one, i.e., it measures regularity with respect to the xd,
and xd, vector fields.

In order to apply this estimate to the family f(z 3, it is important to understand how the
L?-norms of the functions vary. Indeed, a simple calculation shows that

2 2dxdy 2 dsdz -~ 2
||f()z,y)||x_rLz(X)=f’f(x,y)(x,y)‘ e =/|¢>(S,z)| g = "Cr,
X

where C; depends on r, but not on X or y. In particular, || 1l ;- 72(x.4¢) = 72,
We may now prove Theorem 3.

Proof. Interpolating between the > and L? estimates provides an L” estimate for p € (2, 00).

Indeed, if
Lo /=D
> max| —, — 5
" 2 4

I 0.-"~1.g ("_1)2+,\
=max|( 0, — ) ,
2 4

and =9, 0 €[0, 1], then

IEx £,5) Il x—ro-101-0) 270 (x:9) < CE "8, (29)

which finishes the proof. O
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Remark 47. The proof of Theorem 3 uses the inclusion Hé C L. In particular, we ignore one
derivative of E f and so we could modify Eq. (29) to include a fractional derivative.
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