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1. Introduction

The Invariant Subspace Problem that the existence of a nontrivial closed subspace invariant under
an operator or a set of operators is one of the famous open questions in the operator theory. One of
the classical results on the subject was due to Lomonosov [3] in 1973. He proved that every irreducible
algebra of compact operators on a Banach space X is dense in the algebra B(X’) of all bounded operators
on X, with respect to the weak operator topology. Wojtynski [10] extends the results of Lomonosov to
Lie algebras of compact operators, who established the following result that a Lie algebra of compact
operators which is closed is either an Engel Lie algebra, or contains a nonzero finite rank operator. Some
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more general results, such as semigroups of compact operators and semigroups of Volterra operators,
were given in [4,9], respectively.

It could be said that one of the aims of Invariant Subspace Theory is to establish triangularizability
results. The classical examples are the famous Engel and Lie theorems which state that nilpotent and,
respectively, solvable Lie algebras of operators on finite-dimensional spaces are triangularizable. They
were extended to compact operators in [7] for Engle Lie algebra and in [6] for solvable Lie algebras.
Historically, the theoretical development of Jordan algebras has closely corresponded to the theoretical
development of Lie algebras, a fact which has been utilized to verify many results in both areas. Recently,
Kennedy et al. [2] showed an analog of Engel’s theorem for Jordan algebras of operators which says
that a Jordan algebra of Volterra operators is triangularizable.

It is natural and very interesting to ask whether Wojtyiski’s result extends to a Jordan algebra of
compact operators on a Banach space, and whether an analogous result of Lie’s theorem for Jordan
algebras of compact operators on a Banach space is valid. We will give affirmative answers to the above
two questions in this paper. The main results of this paper are the following: (1) a Jordan algebra of
compact operators which is closed is either an Engel Jordan algebra, or contains a nonzero finite rank
operator; (2) any solvable Jordan algebra of compact operators is triangularizable.

2. Preliminaries

We now introduce some definitions and notations. Let X be a complex Banach space, B(X), K(X)
and F(x) the sets of all bounded linear operators on X, all compact operators, all finite rank operators
correspondingly. For A € B(X), by o (A) we denote the spectrum of A. A is said to be quasinilpotent

if o (A) = {0} or equivalently if lim,_, oo (||A" ||)% = 0. Note that an operator is called Volterra if it is
compact and quasinilpotent; a set of operators is Volterra if its elements are Volterra.

A Lie algebra £ of operators is a subspace of B(x’) which is closed under the Lie product [A, B] =
AB — BA, for A,B € L. An element A € £ induces a linear transformation adA on B(X) defined by
adA(B) = AB — BA, for B € B(X).Note that £ is invariant under adA; by ad - A we denote the restriction
of adA to £. The operator ad - A is called the adjoint representation of A. Recall that if £ is a normed Lie
subalgebra, then £ is an Engel Lie algebra if all operators ad:A : B —— [A, B] on £ are quasinilpotent
forany A € L.

A Jordan algebra 7 of operators is a subspace of B(x) if it is closed under the Jordan product
AoB=AB+BA, for A B € J. An element A € 7 induces the multiplication operator 74 on B(X)
defined by 74(B) = A o B, for B € B(X). Note that 7 is invariant under 74; by 74| we denote the
restriction of 74 to J. Let 7 is a normed Lie subalgebra, then .7 is an Engel Jordan algebra if all operators
7al7 : B+—— Ao Bon J are quasinilpotent for any A € 7.

The Jordan triple product is defined by

{ABC} = ABC + CBA, (1)
for any A, B, C € B(X). It is easy to check that the formula

2{ABC} = (AoB)oC+ (BoC)oA—(AoC)oB (2)
holds. Especially, we have that

{ABA} = Ao (Ao B) — A> 0 B. 3)
Similarly, for any A4, . . ., Ay € B(X), we will write

{A1 - An) = A1 Ay + Ay Ay (4)

It is well known that, if n > 4, this cannot be expressed in terms of the Jordan product, even there exist
Jordan subalgebras of B(X) which are not closed under the above multilinear product (4). Further, it
is easy to see that

[A[B,C]] =(AoB)oC—(AoC)oB. (5)
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As we all know, for A, B, C, D € 7, one has the following identities:

Ao((BoC)oD)+Bo((CoA)oD)+ Co ((AoB)oD)

= (BoC)o(AoD)+ (CoA)o(BoD)+ (AoB)o (CoD), (6)
Do((BoC)oA)+Bo((CoD)oA)+Co ((DoB)oA)

= (BoC)o(AoD)+ (CoA)o(BoD)+ (AoB)o (CoD), (7)
TaTBoc + T87coA + TcTaoB = TAo(BoC) + T87a7c + TcTaTs, (8)

27pTg7c = TcoaTp + TaoBTc + TocTa — T(coAyoB + [ 78, Tc1Ta + T8[7a, Tc] + [7a, T51Tc. (9)

Letting 4 = [7a, 7g] for A, B € 7, itis well known that 8, 3 is a Jordan derivation of Jordan algebra
J,l.e.

048(CoD) = (64pC) oD+ C o (648D) (10)

for any C,D € 7. Recall that a Jordan algebra 7 is called solvable if there exists a natural number n
such that 7™ = {0}, where the chains 7™ is defined by the rules

7O — 5 ) 400 o £

fork = 0,1, - -. The smallest n such that 7 = {0} is called the solvability length of 7. Clearly, the
descending chains

79250 25P 205"

Note that for algebras in which its square is its an ideal, and for Lie algebras, each solvable power 7™
is again its an ideal. In the case of Jordan algebras, this is not necessarily so, i.e. it is not necessarily
true that 7™ o 7 € 7™ forany n € N.

For A € B(x) and A € C, where C denotes the complex field, let

en(A) = {x € X 1 limp_ 00|l (A — 2)"x|| = 0}.

The set € (A) is called an elementary spectral manifold. It is known [10] that &) (A) is closed and
nonzero if A is an isolated point in the spectrum of A, and that A is quasinilpotent if g(A) = x. It is
clear that ¢, (A) # {0} implies that A € o (A) (Note that A € o (A) does not imply that €, (A) # {0}.)

A closed subspace Y C X is invariant under a operator T € B(X) if TY C Y. A set M of bounded
linear operators on a complex Banach space X is said to be reducible if there is a non-trivial subspace
invariant under all the operators in the set. The set M is said to be triangularizable if there exists a
maximal subspace chain consisting of closed subspaces which are invariant under all the operators in
the set M.

For Lie algebras £ and M, the designation M < 7 means that M is an ideal of £, i.e. [£, M] C M.
Recall that if 7 is a Jordan algebra, then a Jordan ideal K is a subspace of 7 such that 7 o K C K. For
a Jordan algebra of operators 7, A denotes the unital enveloping associative algebra generated by 7,
and if a set M C 7, then A(M) denotes the ideal of A generated by M, 7 (M) the Jordan ideal of J
generated by M.

3. The main results

We are now ready for the main results of this section. Throughout, we use the notations introduced
above. To prove the main results of this section, we will need the following technical lemma.

Lemma 3.1. Forany n € N and A, B € B(X), we have that

(1) Ta(BA) = (T4B)A.
(2) Ao (A"B) = Y_o(—D* () (z)™ 1~ (B))Ax.
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Proof. (1) 74(BA) = A o (BA) = (A o B)A = (74B)A.
(2) We proceed by induction on n. Obviously,

Ao (AB) = A’B+ ABA=A(AoB) =Ao (Ao B) — (Ao B)A.
Ifn > 2, for k <n, by (1), applying the equations AB = 74B — BA and

n n n+1
() + (@) =%,
we have that

Ao @By = Ao rany = > (1) (1) (- amat
k=0

= S0 () (@5 — Byt
k=0

= (7a)""!(7aB — BA) + (=1)"((7a) (74B — BA))A"
n—1

£ X EDH () (@ e — Banat
k=1

= (7a)""1(7aB — BA) + (—1)"((7a) (74B — BA))A"

n—1 n—1
— Z(_l)k <Z) ((774)”+]_’<(7743))A’< + Z(_l)’<+l (Z) ((,m)n+1—k(3))Ak+l
k=1 k=1

= (@2 B) + (1" GEDA + Y (D (§) (@A
k=1

£ X0 ( 1) @At
k=1

n+1
= S (M) mnat
k=0

The conclusions follows. [

Lemma 3.2. Let 7 be a closed Jordan algebra of compact operator. For any A € 7, we have that
0(Taly) S o(A)+o(A).
Moreover, o (74| 7) is countable compact.

Proof. Forany A € 7, note that 73 : K(x) — K(X) defined by
74(B) = AB + BAfor any B € K(X).

By Rosenblum’s theorem, we have that o (74) € o (A) 4+ o (A). Hence, 0 (7) is countable. Recall that
7al| s is the restriction of 73 to its invariant subspace 7. So we have that o (74|7) C 0(7a). The
conclusion follows. [

Lemma 3.3. LetA € K(X) and B € B(X). If there exists 0 = A € o (7a) such that || (7a — )L)"B||% —0
forn — oo, then B € F(X).

Proof. Recall that 0 is the only accumulation point of o (A) and o (74) C o (A) + o (A). So we can
write A = A1 + Ay, where Aq, Ay € o (A). Let us set

or={€0(A):6+0andn € o (A) suchthat A =5+ 7}, and oy = o (A) \ o1.
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Here, we claim below that o is a finite subset of o (A). Suppose, to the contrary, o7 is not a finite
subset of o (A). So if {8,} € o1 and A = 8, + ny, then there is {6,,} < {85} and {nn,} < {ns} such
that §,, — 8o and 1, — ng for k — oo, which contradicts the hypothesis A # 0. Hence we get that
o1 and o, are both closed subsets of o (A). By the Riesz decomposition theorem, then there exists an
unique direct sum decomposition X = M7 @ M, such that, fori = 1, 2, M; is invariant under A, and
0 (A|pm,;) = o1and o (A| pr,) = 02.Let P;, i = 1, 2, be the projection onto M;. Obviously, we have that

B(x) = P1B(X)P; + P1B(X)P; + P2 B(X)P1 + P2B(X)P;.
Since M; are invariant under A for i = 1, 2, one easily see that
P1AP1 = Al pqy, P1AP; = P2AP1 = 0, P2AP) = Al m,,

and the spaces P;B(X)P; are invariant under 7, for i,j = 1, 2. In particular, 7 restricted to P, B(X)P; is
equal to TA| pay - Recall that U(TA|M2) C 0 (A|pm,) + 0 (Alpm,) = 02 + 02 and A € o1, which implies
that A ¢ o (7a|,,,)- Clearly, there is a constant M such that

1 1
1(Za.0, — 2)"P2BP2||m = [[P2((Ta — X)"B)Pa ||
1
< M|(Ta = 1)"B[[" — 0

forn — oc.Since A ¢ o (A|r,) = 0 (P2AP,), then we get that P,BP, = 0. So we have that
B = P{BP1 + P1BP, + P,BP;.

Note that since o7 is a finite subset of o (A) not containing 0 and A is compact, the space M is finite
dimensional and hence P; € F(X). Thus B is a finite rank operator. []

We now state some equalities concerning Jordan operator algebras. For any A, B, C € 7, from the
equation 2ABA = Ao (A o B) — A® o B, we get that ABA, ABCBA, (A o B)C(A o B) € 7. Further, from
[A B]?> = (ABA) o B — AB’A — BA?Band [A, B]C[A, B] = (A o B)C(A o B) — 2(ABCBA + BACAB), we see
that

[A B]% [A BIC[AB] € J. (11)

Letting Aq, Ay, A3, A4 € T, it is easy to check that Ay o {A2A3A4} = {A1A2A3A4) + {A2A3A4A1}. Then
obviously yields

{A1A2A3A4} = —{A2A3A4A1} + T 0 J. (12)
Note that
(A1 0 Ay) 0 (A3 0 Ag) = {A1A2A3A4} + {A2A1A3A4} + {A3A4ArA1) + {A3A4A1A).

By applying the cyclic permutation twice, we get that {A3A4A2A1} € {A2A1A3A4} + J 0o J and
{A3A4A1A7} € {A1A2A3A4} + T o J. Hence we have that

{A1A2A3A4} = —{AxA1A3A4} + T 0 J. (13)
From (12) and (13), it is easy to check that
{A1A2A3A4} € (=1)°{As(1)Ac 2)Ac 3)Ac @)} + T 0 T, (14)

where o is a permutation of {1, 2, 3,4} and (—1)? its sign. In what follows, we shall frequently use
these identities. Here, [[7, 7], 7™] denotes the set {[[A, B],C] : A B € 7,C € 7"}, and {77™ 7™M}
denotes the set {{ABC} : A€ 7,B,C € J"}.

Lemma 3.4. For any n € N, we have that

@@ (L7, gLa™cgm.
(b) gD ogcgm,
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() {gg®Wgm)c g™,
d) (TWog)og)og™ cg®.
(&) AWIT™)) C A(T™ o g™).

Proof. (a) We carry out the proof by induction on n. It is clear that 645C = [[A B],C] forA,B,C € J.
Suppose that § 7, 7 (7"~ ') € 7"~1. By (10), we have that
SJ,J(jn) — SJ,J(L,]TI*] Ojnfl) — 8J,J(«.7n71) Ojnf'l +Jl’!71 08\1\7(;7”71) g Jn.
The conclusion follows.
(b) Let us assume that 7 ® o 7 < 7%= for some natural number k. From (8) and the fact that
g0 c 7E=D e get that
Fk+D o 7 (J(k) OJ(k)) 0 = (J(k) o (‘7(k71) OJ(kq))) 07
c g®o ((J(k_l) o J(k_l)) oJ)+ g Vo ((J(k_l) o J(k)) oJ)
+7% Vo (g®o (g% Vo)
C j(k_]) o (j(k) o j) - J(k).

The conclusion follows.
(c) From (a), we have that

(J o J(ﬂ)) o j(n) g j(n_l) o j(n) g j(n)
From (2), we get that
{777y (@™o g™ o g +[7. 15", 7.
By (a) and (b), the conclusion follows.
(d) Now suppose that (7% o 7) 0 7) 0 7® < 7® for some natural number k. Then by (6), we
obtain that
(7% o) 07 0 74 = (7% 0 7W) 0 7) 0 7) 0 7*HV
S (TP o) 07) 0 7W) 0 g4
+ (7% 0 7®) o (7 0.7)) 0 7K
+ (W07 0 (7% 0 7)) 0 gV
from which and (a), we get that
((J(k+1) o ‘7) o J) o j(k+1) g j(k+1)«

The conclusion follows.
(e) Let us assume that A, B,C,D,E € J ™ From the equation

ABCD + BCDA = (A 0 B)CD + BC(A o D) — B(A o C)D,
we get that

ABCD + BCDA, EABC + ABCE, BCDE + CDEB, ACDE + CDEA € A(7™ o 7™).
It can be easily seen that

4ABCDE — {ABCD} o E = (ABCD + BCDA)E — {BCD}AE + ABC(D o E) — (EABC + ABCE)D
+ A(BCDE + CDEB) — (ACDE + CDEA)B + {CDE}AB — EDC(A o B),

which implies that ABCDE — }{ABCD} o E € A(7™ o 7™). Since 7™ = 7"~V o 701, for any
T € 7™, we can write that T = UV + VU, where U,V € 71 _ Note that
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UV + WU = (U+V)?-U*-Vvi

It suffices to prove that {P2Q?R?$%} € 7™ + A(7™ o 7™) with P, Q,R, S € 7M1, Here, we claim
that

{P*Q°R*$*} — {(TsTrToP*)QRS} € 7™
forany P,Q,R S € 71 . Indeed, since Q2P? = Q(Q o P?) — QP%Q, we have that
{Q°P’RS?) = {Q(7PHR’S?} — {(QP*Q)R?S?),
which implies that {Q2P?R2S?} € {Q(7oP?)R?S?} + J™ By (14), one easily checks that
(PPQ2R2S?) € —{Q2P2R2S?) 4 7™
€ {(@*QR*S*} + {(R(Q 0 PHRIQS*} + {(S(R o (Q o P*))S)QR}
+{(BTRIGP?)QRS) + 7.

This gives that {P>Q?R%S?} — {(TsTkToP?)QRS} € 7™, as claimed.
Further, it follows from (9) that

27—577?TQ - TQOSIEQ + %ORTQ + 7;20(27—5 - 7—(QOS)0R
+[7&, 70175 + TRl Ts, Tl + [ 75, TR1Tq .- (15)

Note that Toos7gP?> = (Q 0S) o (Ro P?) € (7™ o 7™M), which implies that {(Zg.s7zP?)QRS},
{(Ts0rTQP?)QRS}, {(TRoq TsP?)QRS}, {(TRO(Qog)PZ)QRS} e A(T™ o 7MY, From (15), we get that

{(TsTR'ToP*)QRS} € {([Tk, To17sP*)QRS} + {(Tr[ 75, T 1P?)QRS}
+ {75, TRIToPHQRS) + 7™ 4+ A(T™ 0 7™,

Since QR = (R0 Q) — 3[R Q] and [T}, Tq]7sP? = [[R Q], S o P], by (14), then we have that

—

1
{([7r, To17sP*)QRS} = —{([[R, Q]S o P*])(R 0 Q)S} — S{R Q] S0 P?DIR, QIS}

N =N =

1
{(I[R.Q1.S o PPI)(R 0 Q)S} — SR QIS PH)[R, Q])S}
1 2 2
+ {5 o PHIR QIS)
1 1
= (R QLS o P’])(Ro Q)S} — (R QIS o PY)[R,Q1)S}
- %{[R, QP (S 0 PA)S) + 7.

By (5) and (11), we get that {([7g, To]7sP?)QRS} € 7™ Similarly, we have that

{([7s, TR1ToP*)QRS}, {([Ts, TrIPP)QRS} € 7.
On the other hand, by (14), we get that

{(Tk[Zs, To]P*)QRS} = {(Ro [[S,Q], P*])QRS}

= {R(Ro[[S, Q] P*)QS} + 7™
Ro {R[[S. Q1. P*1QS} + {(RI[S, Q1. P!IR)QS} — {R{[[S. Q1. P*]QS}R} + 7™
Ro {R([Ts, To1P*)QS} + {(RI[S, Q1. P*IR)QS} — {R{[[S. Q1. P*1QS}R} + 7™
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from which and (14) we obtain that {(7g[7s, TQ]PZ)QRS }eJg (M Therefore, we have obviously that

{(TTRTQPPQRS} € AT™ 0 7™) + 7.
The conclusion follows. []

Lemma 3.5. For any n,m € N, we have that

(i) (F(FM))" S (AT ™))" < AT ™).
(i) (7T 0N S (AT 0N S a™).

Proof. (i) We proceed by induction on n. Suppose that (A(7™))2™ C A((7™)™) for some natural

number m. Recall that A(7™) = 7™ + 47™ 4 7MW A+ ATM Aand A= T+ TA =T + AJ.
Then we get that

(A(TM))2HD c A(TMYM (™ + AT™ + T® A+ 4™ 2)2.

Note that A((7 ™)™y = (7M)ym+1 4 A(gMym+1 L (gMym+1 4 4 A(7M)m+1 4 The statement
will be proved if we show that A7™ 7™, 47™ 47™ C 7™ 4 7(M 4 By Lemma 3.4 (c), we obtain
that JJ(H)J(H) g j(”) + J(H)A.

Forany A B € 7 and C € 7™, it is easy to check that

1 1 1
ABC = (A0 B)C + _[A B].Cl + _C[AB].
Hence we get that
777" < 77" + 117,751+ 7" 7.
By Lemma 3.4(a), we have that [[7, 7], 7™] € 7™. By induction, we have that
AT® cg7™ + 77WA+ 7" + 70 A
Then we get that
Ag®Wg™ o 77W 7™ 4 77WAT™ 4 7MW 7" 4 704
< g7Wg" + 77" + 770 A+T" + 7P H) + 74
c 777"+ 35" 75MA+ 7" + 7™ a.
Similarly, we have that
TJIPAgT™ 77Ma7® A 770 A5™, 75™ A7™
cgg®rg"+ 370770 A+ 5" + 70 A.
Further, it is easy to verify that
ATWag®c 770 75" + 75W 75 A+ 77W T + 75T A
+770 477" + 750 A770 A+ 77T AT + 75 A7 T
c 777" + 35" 75" A+ " + 7™ a.
On the other hand, note that 77™ € 7 0 7™ + 7 7. Then we have that
77" 77" {70 7MTTMy+ 7™ A,
By (2) and (5), it is easily seen that
{(T0TMag™ = (7" 7T 0™} S (T0T™)07) 0 g™ +[7™,[7,5™ 0 71I.
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By Lemma 3.4(d) and (a), the conclusion follows.
(ii) Let us suppose that (A(J o J))lok C A(7W). Using Lemma 3.4 (e) and (i), we have that

(AT 0 7N (AT € A((T®)%) € AW 0 7®) = 4(g*HD).
The conclusion follows. [

Proposition 3.1. IfA € K(X), then for nonzero A € C, the set &, (7) consists of finite rank operators.

Proof. This is a consequence of Lemma 3.3. [

Proposition 3.2. Let A,B € B(X) and A € C. If ||TA”_A(B)||% — 0 for n — oo, then €, (A) is invariant
under B.

Proof. Let y be in g, (A). By Lemma 3.1, we have that
n
n _
(A=10@-"B= Y (-0* (§) @ @)@ - w-
k=0
By induction on n, one easily checks that

A—-N"'B= i(—l)"((A — Mo (A—V"BYA -1+ (—1)"'BA - V)™
i=0
from which we get thalt
(A—n"™'B= ifo(—l)" :g;(—l)k (" r i) (@Y @A =W+ (DB - B
Let us write aj = 21| 7J_, (B)|, bj = 2/||(A — A)y||, cn = max; < na_j11b;. Recall that aﬁ — 0, bﬁ N
,

0 forn — oo. It is easy to prove that ¢ — 0(n — 00). Hence we have that

1A =™ By|lT < (Z > (" I ma - A)"“yn)

i=0 k=0

1
+IBIIA =)™yl

1
noq. n—i s 1 n—i—k 1 k\n
(i:ZO(Z) kg(:) k) Gnti—k=ibieti | 5 5

1
+ [IBIII (A — 1)y

1 1
<ai + BIIA =)™y
So we have that || (A — )»)”“By”% — 0forn — o0, which means that By € ¢, (A). O

Theorem 3.1. Let 7 be a closed Jordan subalgebra of compact operator. Then 7 is either an Engel Jordan
algebra, or contains a nonzero finite rank operator.

Proof. If 7 is not an Engel Jordan algebra, then there is an A € J such that o (74| 7) # {0}. Since
0 (74| 7) is countable compact by Lemma 3.2, it contains a nonzero isolated point A. Putting o1 =
{A} and 0y = 0 (7a]7) \ {1}, and repeating the proof of the above Lemma 3.3, we get that 7 =
J1 @ 7> as the decomposition of .7, where 7; is invariant under 74| 7 fori = 1,2, 0 (74| ;) = o1 and
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0(7al7,) = 07.Since o1 = {A} = 0 (74l 5 ), it is easy to check that .71 = ¢, (74| 5, ). Particularly, we

have that €, (7al ;) # {0}. So there exists a 0 # C € J such that ||(7a — )\)"C||% — 0 forn — oc.
By Lemma 3.3, we have that C is a finite rank operator, which completes the proof. []

Recall that a subspace N of B(X) is a Lie triple system if it is closed under the Lie triple product
[A [B, C]] forall A B, C € N.Given asubspace A of B(X), we denote by £() the Lie algebra generated
by N If N is a Lie triple system then it is clear that £L(N) = N + [N, N, where [V, N'] = span{[A, B] :
A, B € N'}. The equality [A, [B,C]] = (Ao B) o C — (Ao C) o Bshows that every Jordan algebra is also
a Lie triple system. For a Jordan algebra .7 of operators, the Lie algebra £(7) generated by 7 coincides
with 7 + [ 7, J1. Further, if Z is a Jordan ideal of 7, putting £(7, Z) = Z + [Z, J], applying the Jacobi
identity, it is easy to check that £(7, 7) is a Lie algebra, £(Z) is a Lie ideal of £(7,Z), and £(J,Z) is a
Lie ideal of £(7), where £(Z) and £(7) are Lie algebras generated by Z and 7, respectively. Regarding
the existence of invariant subspaces for Lie algebras of compact operators, a number of reducibility
criteria are given (see [2,6-8]). We require the following known results.

Lemma 3.6 (See [2, Theorem 2.5]). Let £ be a Lie algebra of compact operators. The following conditions
are equivalent.

(i) cis triangularizable.
(ii) [£, £]is an Engel Lie algebra.

Lemma 3.7 (See [2,Remark 9.6] and [2, Lemma 10.1]). Let M C B(X) be a Lie triple system and L(M) =
M + [M, M] a Lie algebra generated by M. If M is Volterra, then L is triangularizable.

Lemma 3.8 (See [8, Theorem 1.1]). Let £ be a Lie algebra of compact operators. If £ has a nonzero Engel
ideal, then L is reducible.

Let £ C B(X) be an operator Lie algebra. The normalizer Nor (L) of £ in B(X) is defined as Nor (L) :=
{SeB(Xx):I[S L] C L} if MisalLieideal of L, it is clear that £ C Nor(M). A Lie ideal M of L is inner-
characteristic if M is invariant for all adS with S € Nor (L), i.e. Nor(£) € Nor(M). The following lemma
is useful.

Lemma 3.9 (See [8, Theorem 5.20]). Let £ be a Lie algebra of compact operators. Then £ has the largest
Engel ideal £(L£) such that £(£) is closed in £ and is inner-characteristic.

Theorem 3.2. Any solvable Jordan algebra 7 of compact operators is triangularizable.

Proof. Let us assume that 7™ = {0} and 7™~ =£ {0} for some positive integer n. So it follows
immediately that A(7™) = {0}. By Lemma 3.5, then we have obviously that

(T(T 0N S (AT o) € A™),
which implies that 7 (7 o 7) is nilpotent. Now let us put that
LT, IT(T0T) =TT oT)+[T(ToT) Tl

Further, itis easy to checkthat £(7, 7(J o J))isaLiealgebra, £(7(J o J))isalieidealof (7, 7(J o
J)) and £(7, J(J o J)) is a Lie ideal of £(7), where £(7(J o 7)) and £(7) are Lie algebras gener-
atedby 7(J o J) and 7, respectively. Moreover, by Lemma 3.9, let us suppose that £(£(7, 7(J o J)))
is the largest Engel ideal in £(7, 7(J o J)).

Recall that 7 (7 o 7) is nilpotent and 7 (7 o J) generates £(7(J o 7)). By Lemmas 3.6 and 3.7,
we have that £(7(J o J)) is triangularizable and therefore [£L(7 (7 o 7)), £L(J(J o J))]is an Engel
Lie algebra.
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Note that £(7(J o 7)) is a Lie ideal of £(7, 7(J o J)). By the Jacobi identity, it is easy to see that
[£(T(T 0 7)), £(T(T o J))]is also a Lie ideal of £(7, 7 (T o J)).

(i) If[c(T(To0T)), L(T(T o T))] # {0}, then it is a nonzero Engel Lie ideal of £(7, 7(J o
).

(i) If [(T(ToT)), L(T(T o T))] ={0}, then £(J(J o 7)) is commutative, and hence
L£(J(J o 7)) is a nonzero Engel Lie ideal of £(7, 7(J o J)).

Therefore, £(7, 7(J o J)) has a nonzero Engel Lie ideal. Recall that £(£(J, 7(J o J))) is the
largest Engel Lie ideal of £(7, 7(J o J)). That means that £(£(7, 7(J o J))) is nonzero. Further,
since £(J, J(J o J)) is a Lie ideal of £(7), then we have that £(7) C Nor(£(J, J(J o J))). It
follows directly from Lemma 3.9 that

ad£(T)(E(L(T, T(T 0 7)) = [L(T), E(L(T, T(T 0 T))] € E(L(T, T(T 0 T)))-

So we obtain that £(.7) contains a nonzero Engel Lie ideal £(£(7, 7(J o J))). By Lemma 3.8, we have
that £(7) is reducible, which implies that 7 is reducible. In other words, any solvable Jordan algebra
has a nontrivial invariant subspace. Since the property of being a solvable Jordan algebra of compact
operators is inherited by quotients. That is, the Lie algebras induced on the gaps of a maximal subchain
of invariant subspaces of .7 are clearly solvable. By the Triangularization Lemma (see [5, Lemma 1] or
[1, Lemma 3.1]), Triangularizability is proved. [l
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