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nomials by the action of a group %(IK). We prove here that %,(K) is equal to the
multiplicative group 1+7%K[[%]]. So Quant([) is “as close as it can be” to m(kK).
We also prove that the only universal derivations of Lie bialgebras are multiples
of the composition of the bracket with the cobracket. Finally, we prove that the
stabilizer of any element of #(K) is reduced to the 1-parameter subgroup generated
by the corresponding ““square of the antipode.”  © 2001 Elsevier Science

1. MAIN RESULTS

1.1. Results on Quant(K). Let K be a field of characteristic zero. In [2],
we introduced a group %,(K); the elements of %,(IK) are the universal
automorphisms of the adjoint representations of IK[[/]]-Lie bialgebras.

Let us recall the definition of %,(IK) more explicitly. Let 7 be a formal
variable and let LBA, be the category of Lie bialgebras over K[[Z]],
which are topologically free K[[7%]]-modules. An element of %,(K) is a
functorial assignment (a, [,], d,) — p,, where for each object (a, [,], J,) of
LBA;, p, is an element of Endys;;(a), given by a composition of tensor
products of the bracket and cobracket of a, this composition being the
same for all Lie bialgebras (we express the latter condition by saying that
a > p, is universal), and such that the identities (p, mod %) =id,, p(,*y=r =
(p.)" and p([x, ¥]) = [p.(x), y] for x, y € a hold at the universal level.
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In [2], we also introduced the group Aut(LBA;) of transformations of
the category of Lie bialgebras over K[[%]]. Elements of Aut(LBA,) are
assignments o: (a, [,],, 9,) — (br%, co%), where br? and co’ are universal
elements of Hom(A? a, a) and Hom(a, A2 a), such that (a, br%, co%) is a
Lie bialgebra; br; and co? should be equal to [,], and é, modulo 7%, and
also satisfy compatibility conditions with the operations of taking duals
and doubles of Lie bialgebras. The composition law in Aut(LBA;) is
defined by br™* = br{, v, ooy and co™ = COL, br  co¥) -

There is a unique map from %,(K) to Aut(LBA;), sending the assignment
(a p,)totheassignmenta - (a, p;'% o [,1,  (p./> ® pi/), (pi> ® pi/?)
0, o p;'/*). This map is injective, and the composition law of %,(IK) is
uniquely defined by the condition that it is a group morphism.

View 1+74K[[%]] as a multiplicative subgroup of K[[%]]*. There is a
unique map f: 1+AK[[%#]] — % (K), such that for any Lie bialgebra a,
(B(A)), = A1id,. This map makes 1 +AK[[%]] a subgroup of % (K).

We will show

THEOREM 1.1. (1) Let (a+> p,) be a universal assignment, where a is
an object of LBA;, and p, is an element of Endyp;y;(a) such that for any x, y
in a, p,([x, y]) =[p.(x), y]. Then there is a scalar i such that for any a,
p. = Aid,. The same statement holds if we replace LBA, by LBA and the
base ring by K.

(2) %(K) is equal to its subgroup 1+ hK[[A]].

In [2], we defined Quant(I) as the set of all isomorphism classes of
universal quantization functors of Lie bialgebras, compatible with duals
and doubles. If we denote by LBA and QUE the categories of Lie bialgebras
and of quantized universal enveloping algebras over K, and by class:
QUE - LBA the semiclassical limit functor, then a universal quantization
functor of Lie bialgebras, compatible with duals and doubles, is a functor
Q: LBA — QUIE, such that

(1) class o Q is isomorphic to the identity;

(2) (universality) there exists an isomorphism of functors between
at> Q(a) and ar— U(a)[[%]] (these are viewed as functors from LBA to
the category of K[[#]]-modules) with the following properties: if we
compose this isomorphism with the symmetrisation map U(a)[[%]] —
S(a)[[%]], and if we transport the operations of Q(a) on S(a)[[%]], then
the expansion in 7 of these operations yields maps S'(a) ® S'(a) — S*(a)
and S‘(a) - S(a) ® S¥(a); we require that these maps be compositions of
tensor products of the bracket and cobracket of a, these compositions
being independent of a (see [1]);
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(3) if QY (resp., D(Q), O°P) denotes the QUE-dual (resp., Drinfeld
double, the QUE-algebra with opposite coproduct) of an object Q of QUE,
and D(a) denotes the double Lie bialgebra of an object a of LBA, then
there are canonical isomorphisms Q((a*)*® — Q(a)¥)*? and Q(D(a)) —

D(Q(a)) (see [2]).

In [2], we also introduced an explicit set () of equivalence classes
of families of Lie polynomials, satisfying associativity relations, and we
constructed a canonical injection of (k) in Quant(lK). Moreover, we
constructed an action of %,(IK) on Quant(K) and showed that the map

% (K) x m(K) - Quant(lK)

given by the composition %,(K) x () < % (K) x Quant(l) — Quant(K)
(in which the second map is the action map of %,(K) on Quant(K)) is a
bijection. Theorem 1.1 therefore implies

CoroLLARY 1.1. If a=(q,[,],0,) is an object of LBA and Aie
(1+AK[[%A]]), let a, be the object of LBA, isomorphic to (a,[,], 20). The
group 1 +RIK[[%]] acts freely on Quant(IK) by the rule (A, Q)+ Q,, where
Q, is the functor a > Q(a,) and Q is the natural extension of Q to a functor
from LBA; to QUE. Then the map

(1 +AK[[A]]) x 1(K) - Quant(I)

given by the composition (1 +AK[[A]]) x u(K) = (1 +AK[[%]]) X Quant(IK)
— Quant(K) is a bijection.

Therefore Quant(K) is “as close as it can be” to m(K).

1.2. Universal (Co)Derivations of Lie Bialgebras. Recall that a coderi-
vation of a Lie coalgebra (¢, d.) is an endomorphism d of End(¢), such that
(d®id.+id, ® d) o 6. =0, o d. By a derivation (resp., coderivation) of a
Lie bialgebra we mean a derivation (resp., coderivation) of the underlying
Lie algebra (resp., Lie coalgebra).

Let 2 (resp., ¥) be the space of all universal derivations (resp., coderiva-
tions) of Lie bialgebras. More explicitly, & (resp., €) is the linear space of
all functorial assignments ar> A,, where for each object a of LBA, 1,
belongs to End(a), is universal in the above sense, and is a derivation
(resp., coderivation) of the Lie bialgebra structure of a. It is well-known
that if [,], and J, are the bracket and cobracket maps of a, then [,], o J,
is a derivation of a; e.g., if a is finite-dimensional, if > ;.; a; ® b; is the
canonical element of a ® a* and if we set u=3,_;[a;, b;], then we have the
identity ([,], ¢ ,)(x) =[u, x] in the double Lie algebra of a; and since
[,].* © 0.+ is a derivation of a*, its transpose [, ], o J, is a coderivation of a. Then
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THEOREM 1.2. 2 and € both coincide with the one-dimensional vector
space spanned by the assignment a+ [,], © J,.

If V is a vector space, we denote by F (V) the free Lie algebra generated
by V. Then the assignment ¢ +— F(¢) is a functor from the category LCA of
Lie coalgebras to LBA. The proof of Theorem 1.2 implies the following
analogous statement for the subcategory of LBA of free Lie algebras of Lie
coalgebras.

ProrosiTiON 1.1.  Let (¢+— A.) be a functorial assignment, where for
each object ¢ of LCA, 1. is a both a derivation and a coderivation of the Lie
bialgebra F(c). Then there exists a scalar A, such that for any object ¢ of
LBA, A, = AL 1re © Or-

The analogues of Theorem 1.2 and Proposition 1.1 also hold if we
replace the categories LBA and LCA by the categories LBA; and LCA,,
where LCA,;, is the category of Lie coalgebras, which are topologically free
K[ [%]]-modules.

1.3. Isotropy of the Action of 9(K) on #(IK). If nis any integer >0, we
define &</, as the free algebra with generators x, ..., x,. If we assign
degree J; to each x;, then it is graded by @7_, NJ,. We define FA, as the
degree >/_, §; part of F.o/,. Let &%, be the Lie subalgebra of # .o/,
generated by xi,...,x,. So #%, is the free Lie algebra with generators
X15 ey X, F L, 1s also graded by @7_, NJ,. Define FL, as the part of #.Z,
of degree >.7_, d;. FL, may be viewed as the space of all functorial
assignments a +— A,, where a is a Lie algebra and A, e Hom(a®”, a); FA, is
the space of similar assignments for the category of associative algebras.

We record here the definition of m(lK). Let Z(IK) be the set of families
(B,;)p.450> such that for each p, g, B,, belongs to FL,, [[%#]], Bjy(x) =
By (x) =x, B,y=B,, if p# 1, B;;(x, y) =[x, y], and for any integers p, q, 7,
the identity

Bocr(Bplql(xl’ LERE) xpl |y1’ sees yql)

a>0 (pplp=1,.., €Parta(p), (4p)p=1,..., « € Parta(q)

’ “Bszqﬂ(xZ;_:l]Pﬁ+l7 s Xp | yz;_zll qp+1s =oo> yq)|Z1, L) Z,)

=Y Y B, (x,...,x, |

>0 (gp)p=1,...a €Parta(q), (rp)p=1,..., o € Party(r)

Bqlrl(y19 LR yq1 |219 LEET Zrl)”.Bqara(yZ;;llqﬁ+1’ R yq |ZZ;;llrﬁ+17 LRRT Zr))
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holds; here Part,(n) is the set of a-partitions of =, i.e., the set of families
(ny, ..., n,) of positive integers such that n, + --- +n, = n. Define 4(K) as
the subset of [ ], FL,[[#]] of families (P,), , such that P,(x) = x. Then
we are going to define a group structure on %4(IK), and an action of 4(K)
on 4(K); w(K) is the quotient set Z(IK)/%(K).

Recall first that if (¢, J,) is a Lie coalgebra and B € #(KK), then there is a
unique Hopf algebra structure on the completed tensor algebra T'(¢)[[%]]
with coproduct 45: T(¢)[[%]] = T(¢)®? [[#]] defined by

Ag¥)=x@1+1@x+ Y A+ le, (0% (x))

p.qlptg=1

for any x € ¢, where for any P in FL, [[/#]], 6" is the map from ¢ to ¢®"
dual to the map from (¢*)®" to ¢* defined by P (when c is finite-dimensional),
and a, is the map from c¢®’**[[A]] to T(c)®T(c)[[A]] sending
X ® - ®X,, 0@ - ®x,)®(x,,; ® - ®X,,,).

If P=(P,),>, belongs to 4(K), and (¢, d,) is a Lie coalgebra, define i}
as the unique automorphism of 7T'(¢)[[%]], such that for any x in ¢, we
have

i5(x) =x+ Y B0 (x).

n=2

Then the product *: %(IK) x 9(K) - 4(K) and the operation *: %(IK) x
B(K) > B(K) are uniquely determined by the conditions that for any Lie
coalgebra (¢, d,), and any P, Q in 4(K) and any B in Z(K), we have

fpg=ipoiy and A, =(i5®ip) o dyo(i5) .
Then one checks that for any B in #(IK), there exists a unique family

(S.)n52> where S, € FL,[[#]], such that for any Lie coalgebra (¢, d.), the
antipode S5 of the bialgebra (T'(¢c)[[%]], m,, 4%) is such that for any x € ¢,

S(x)=—x+ Z A1 (x)

nln=2

(m, is the multiplication map in T()[[%A]]). It follows that there is a
unique family (S, )ns 2, Where S, € FL,[[#]], such that

(S3)’* (x)=x+ Y, H"" 166)(x)

nln=2
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for any x ec. Let us set S;(x)=x and set $3 =(S,),>,. Then S% is an
element of 4(IK). Moreover, 4(K) is a pro unipotent group. It follows that
one can define the logarithm log(S%) of S2, and the corresponding
one-parameter subgroup exp(IK[[7%]] log(S%)) of 4(IK).
S1nce for any Lie coalgebra (c,J,), we have ((S5)*® (S5)?) 0 d45=
o (S%)% we also have S% % B= B. It follows that for any element g of
exp(K[[ﬁ]] log(S%)), we have g B= B, so exp(IK[[7%]] log(5%)) is con-
tained in the isotropy group of B.

ProrosiTION 1.2.  For any B in #(K), the isotropy group of B for the
action of 9(K) on B(K) is equal to exp(K[[%]] log(S3)).

2. PROOF OF THEOREM 1.1

Let us define & as the set of all universal K[[7]]-module endomor-
phisms of Lie bialgebras. More explicitly, an element & is a functorial
assignment (a, [,], J,) — €, € Endyg;1;(a), where a is an object of LBA,
and the universality requirement means that €, is given by a composition of
tensor products of the bracket and cobracket of a, this composition being
the same for all Lie bialgebras. Then & is a K[[%]]-module, and %,(K) is a
subset of &. We will first give a description of & is terms of multilinear
parts of free Lie algebras (Proposition 2.1). Then a computation in free
algebras will prove Theorem 1.1.

2.1. Description of &. Recall that FL, is the multilinear part in each
generator of the free Lie algebra over K with n generators. Let S, act
diagonally on FL, ® FL, by simultaneous permutation of the generators
X, ..., X, and y,, ..., y, of each factor.

We deﬁne ahnearmapp — (a+—i(p),) from (—Bnl,,>1 (FL, ® FL,)¢, [[%]1]
to & as follows.

If Q is an element of FL,, view Q as an element of the free algebra with
generators x,, ..., x, and write Q =3, .s. O ,X,q) " Xs(n- Lhen set

5§Q)(x) =l Z Q,,((id;@”_z ®Jd,)o0 - o 6u(x))(17(1)...a(n))

gES,

for any x € a. The definition of 62 is such that if a is a Lie coalgebra, b is
a Lie algebra and we have a pairing {, »: ax b — K, then we have

<5‘(1Q) (X), 1 ® - ®yn> = <X, Q(yls sy yr)>

forany xeaand y,, ..., y, €b.
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If p=>,P,®Q, is an element of FL, ® FL,, define i(p), as the
endomorphism of a such that

i(p)a (x) =} P.(6'% (x))

for any x e a. This maps factors through a linear map p+i(p), from
(FL ® FL,)s, to Endysy;(a), and induces a linear map p 7(p), from
(‘Bn|n>1(FL ® FL,)e, [[%4]] to Endypyy(a) (here @ is the fi-adically
completed direct sum).

Then if a is finite-dimensional over K[[%]], and if we express the
canonical element of a ® a* as Y, .; a; ® b;, then

i(p)a(x) = z z <X, ro(bila AR bi,,)> Pa(aila st ai,,)'

o iy, ipe€l

ProrosiTION 2.1.  The linear map 7 from @n|”>1(FL,, ®FL,)¢, [[%]] to
& defined by p+— (a+> 1(p),) is a linear isomorphism.

Proof. If nand m are > 1, define &, ,, as the vector space of all univer-
sal linear homomorphisms from a®” to a®” (“universal” again means that
these homomorphisms are compositions of tensor products of the bracket
and cobracket map, this composition being the same for each a). Then & is
just & ,. The direct sum @, ,nm>1 6,» may be defined formally as the
smallest 7i-adically complete vector subspace of the space of all functorial
assignments a > p, € @, (. m>1 Homygpsy;(a®”, a®™), containing the assign-
ments a+— id, € Homyp;;7(a, a), the bracket and the cobracket operations,
stable under the external tensor products operations Homy;;,(a®", a®”) ®
Homy7(a®”, a®”) - Homypy;(a®"*", a®"*™), under the natural actions
of the symmetric groups S, and S,, on HomK[[h]](a®", a®"), and under the
composition operation.

Let us define F™™ as

Fmm)

N C—B m} <,<>=§1 FLZ;"=1PU ® ]<>__§1 FLZ7_1Pij>

(Pt’j) eN {L=Tnyx {1, ..., H (i) e{l, onx {1, ... m} Spij ;

the generators of the ith factor of the first tensor product are x(?,

j=1,...,m,a=1,.., p;, and the generators of the jth factor of the second
tensor product are y”, i=1,..,n, a=1,..., p;; the group S, acts by
simultaneously permuting the generators x(’]) and yP, ae{l,..., p,]}.
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Then there is a unique linear map i, ,,: F*™ — §&,, ,, such that if

p= > Y X PIxPsj=1,...ma=1,..,p;)

(py) e N xlloam) 30 i1

O 0;(yPi=1,...,nma=1,..,p;),
j=1
and x,, ..., x,, belong to a Lie bialgebra a, then

(in,m(p))u (xl ® - ® xm)

= ) ) <®P‘> o oc()<é 6(9?)(x,~)>. @)

(e N {Lm) 2

Here o, , is the linear endomorphism of a®Zi-1Zj-17 given by the follow-
ing permutation of factors

w(2(2(8))-8(@(E))

If a is a finite-dimensional Lie bialgebra, and if we write the canonical
element of a® a* as Y, ; a(i) ® b(i), then the map (i, ,(p)), takes the
following form

(in,m(p))a (xl ® - ® xm)

=Z Z l_[ <xjs Q;(b(lgj));l=19~a n:a=ls"'spij)>
4 i(lll)el,,,.,i("m)sl j=1

Prm

o ® PHaP);j=1,..oma=1,..,p).
i=1

The map i, ,, induces linear maps 7, ,,: F mr[A]] > &, ,, and @n’mm,,,?l
fnom  Duminms1 FOLAT] = Pominms1 G m-
__Let us show that (—AB,,’mM,m?l i, n is surjective. For this, let us study
@, m>1 Im(7, ,,). This is a subspace of the space of all functorial assign-
ments

o ®n . ®
aHpue@n,mln,mZI HomK[[h]](a n,a m)
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Let us show that it shares all the properties of @, ,ujn. m>1 6, - The identity
is the image of the element x{!" ® y{!" of F D, the bracket is the image of
the element [x{'"”, x{"?]® y{'"” ® y{'® of F®?, and the cobracket is the
image of the element x{"" ® x{* ® [y{'", ] of F*V. The fact that
@, m>1 Im(3, ,,) is stable under the composition follows from the following
lemma.

Lemma 2.1. Let P and Q be Lie polynomials in FL, and FL,,, respec-

tively. Thef there exist an element p =73, . .nxii...m >R, Pig’l) ®
(®7, Q%) of F™™, such that if a is any Lie bialgebra over I, we have

(090 P), =i, n(D)a =< Y <® Pf,l> o, o <® 5(Q§’"))> 3)
peN (bl m - j=1 ¢

i=1
in End(a®", a®™).

Proof. Assume that a is finite-dimensional and ;.; a(i) ® b(i) is the
canonical element of a ® a*, then the statement is equivalent to the follow-
ing formula

T Q@) o alin))s PB)s oo D)) ((;9 “(i“)>®<,§ b(u))

i s jm €1 a=1

= X DINDY

pen{bemxitom 7 i er g™ er

” Pam

<® Plg’l(a(lg]))’]: 19 s MU= 1> seey pl])>
i=1

® <(>m§ QL (b(IP)i=1, .., ma=1, ...,p,.,.)>. %)

j=

To prove it, we may assume that P and Q have the form P(x,, ..., x,) =
[x1, [x2, -.-s X, ]1and Q(yy, ..., Y1) = [¥1> [ V25 ---» Vi 1]- Then the invariance
of the canonical bilinear form in D(a) and the fact that >, ; a(i) ® b(i)
satisfies the classical Yang-Baxter identity in D(a) imply the following
formula. If « is an integer and k = (k, ..., k,) is a sequence of integers such
that 1<k <...<k,<m, let K =(k}, ..., k,,) be the sequence such that
ki=k; fori=1,...,a, (k});., is decreasing and {ki, ..., k,,} ={1, ..., m}.
Then
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Y <LaGi)s [a(h), - a(jn)]1, [BG), [6(G), -... bEI1TD

iy jm €1

ca(iy) ® -+ ®a(i,) ®b(j)) ® - ®b(j,)

m—1 m—a

-y 5 S K(s)

a=1 ki, . ky|l<ki < <ky<m s=0

(e}

Y dal,), - [aG,,,.,)s 4G, )11 [6Go), [B(), .., b(i,) 11D

ienjmel
° [a(jk’l) [a(]km
®b(j1) ® -+ ® [b(ji

), a(i)]1®a(,) ® --- ®ali,)
+1), b1 ® - @ b(jin),

oats

where x(0) =—1 and x(s) =(—1)" if s# 0. Formula (4) then follows by
induction on n and m. One then checks that the element p obtained from
this computation also satisfies the identity (3) for any Lie bialgebra. |

__End of Proof of Proposition. Let is explain why Lemma 3 implies that
@y m>1 Im(3, ,,) is stable under composition. Tensoring r copies of identity
(3), we find that if we are given any homogeneous Lie polynomials
P, ..., P, Q... 0, (the sum of degree of P, is n, the sum of degrees of Q,
is m), then there exist families (P2"), ; and (Q%"), ;, such that the identity

(&20)-(@7)=(5(®r)-=-(g2%"))

holds for any a. Then composing this identity from the left by a composi-
tion ¢ o (®, P;) and from the right by a composition (&); §¢") o 7, where
P}, and Q; are homogeneous Lie polynomials and g, 7 are permutations,
we express the product of any pairs of elements of @ Im(i, ) as an
element of the same space.

n,mz=1

The other properties of @mm%m?l é, ., are obviously shared by
®,. ms1 Im(3, ). So D, > Im(3, ,,) is contained in @, . nm>1 6, and
shares all its properties; since @, |, m>1 6, » is the smallest vector subspace
of the space of functorial ass1gnments arp, € (—B,, minm>1 HOMyqpayy (a a®m)
with these propertles we obtain @,, minms1 IM(7, ) = @n’ min,m>1 Gnm- This

proves that G—),,’mmm?lzn,m is surjective. Since 7'=1, ;, this implies that 7 is
surjective.
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Let us now show that the map 7'is injective. Let (p,),-, be a family such
that p, e (FL, ® FL,)¢, [[%]] and 7(%,,>: p,) =0. Then if a is any Lie
bialgebra, then 3, |-, 7(p,), = 0.

If V' is any vector space, let us denote by F(V') the free Lie algebra gen-
erated by V. If (¢, §,) is a Lie coalgebra, then the map ¢ - A? F(c) defined
as the composition of ¢ = A% ¢ = A% F(c) of the cobracket map of ¢ with
the canonical inclusion extends to a unique cocycle map Jp: F(c) =
A? F(c). Then (F(c), [,], 0 is a Lie bialgebra. The assignment ¢ — F(c)
is a functor from the category LCA of Lie coalgebras to LBA. Then if
(¢, J,) is any Lie coalgebra, we have

Z f(pn)F(t) = 0' (5)

nln>=1

Recall that FA, is the multilinear part of the free algebra with generators
X, ..., X,. Then S, acts on FA, ® FL, by simultaneously permuting the
generators Xy, ..., x, of FA, and y,, ..., y, of FL,. The injection FL, = FA,
induces a linear map (FL, ® FL,)s, — (FA, ® FL,)¢ ; since &, is finite,
this linear map is an injection. Moreover, the map FL, - (FA, ® FL,)¢, ,
sending P to the class of x; ---x, ® P(yy, ..., ), is a linear isomorphism.

For each n, define p, as the element of FL, such that the equality

Dy =X X%, ®ﬁn(yla cee yn)

holds in (FA, ® FL,)¢, [[%#]].

The restriction of 7(p, )z to ¢ = F(c) is a linear map 7(p, )z . from c to
F(o)[[#]]- The image of this map is actually contained in the degree n part
F(¢), [[A]] of F(¢)[[%]]- The space F(c), is a vector subspace of ¢®”.
Moreover, formula (1) shows that the composition of 7(p,)r. . with the
canonical inclusion F(¢), [[%#]] < ¢®" [[/]] coincides with 6. So if (¢, J,)
is any Lie coalgebra, the map 3, ,50 67 ¢ > @, 50 ¢ [[#]] is zero.
Now the linear map FL, — {functorial assignments ¢ 7. € Hom(c, ¢®”),
where ¢ is an object of LCA} defined by P 6P, is injective. This implies
that each p, is zero. So 7'is injective.

This ends the proof of Proposition 2.1. ||

More generally, we have the following description of &, ,, (we will not
use it in the sequel). After it was written, I was informed by P. Etingof that
this result and its proof were obtained in an e-mail message of Positselski

[5].

PropoSITION 2.2.  The map i, ,,: F™™ — &, ,[[i]] defined by (2) is a
linear isomorphism.
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Proof. The surjectivity of 7, , has already been proved in Proposition
2.1, and we use the category of all Lie bialgebras of the form F(¢), where
(¢, 6.) is a Lie coalgebra, and the inclusion

n m
® FAZ;”:lPij ® ® FLZ?—lPij) .
i=1 j=1 [epett, mxqi,..m Sp,; 2

= @ @ ®1 FLZ?:I[’U
j=

1., 1., S
(Pij)EN{ s npx {1, p} 1€Cp by

Fom < <
(Pij) e N{l, —anpx{1,...,p}

to prove the injectivity (here &, , is the set of permutations of {1, ..., n,
+---+m.}, which are increasing on each subset {n,+---+n_,+1,...,
m+-+n). |

Remark 1. Tt would be interesting to understand (1) the algebra struc-
ture of F! provided by the isomorphism of Proposition 2.1 and (2) the
algebra structure of @, ,nms1 F m provided by Proposition 2.2. As we
noted before, the latter algebra is also equipped with natural operations of
the symmetric groups &, and S,, on each component F™™, and external
product maps F™™ @ F-m) — Ftr.mtm)

Remark 2. Universal Gerstenhaber—Schack—Shnider—Sternberg complex.
Let F"s™ be the subspace of F, ,, corresponding to totally antisymmetric
tensors with respect to the actions of the symmetric groups S, and S,,. So
Fareme is a universal version of the vector spaces Hom( A "a, A "a).

The bigraded vector space @, ,, F>*™ is then equipped with a double
complex structure, which is a universal version of the Shnider—Sternberg
variant of the Gerstenhaber—Schack complex for Lie bialgebra cohomology
(see [4, 6]). Theorem 1.2 says that the first cohomology group of this
complex is one-dimensional. On the other hand, universal deformations
and obstructions to deformations of enveloping algebras of Lie bialgebras
as QUE-algebras are parametrized by the second and third cohomologies
of the associated complex. For example, the facts that the dimensions of
these cohomology groups are respectively 1 and 0 would imply the unicity
of universal quantization functors of Lie bialgebras up to rescalings of the
deformation parameter, but we do not know any evidence for these facts.

Remark 3. Graph interpretation of the algebra @n,,,,,n,m; 160 m- In[3],
Etingof and Kazhdan defined a universal category % of Lie bialgebras as
an example of “linear algebraic structures.” & is a tensor category, whose
objects are labelled by nonnegative integer numbers; if [n] is the object
corresponding to the integer », then we have [r] = [1]®". Then Proposition
2.2 says that there are “enough” Lie bialgebras for the natural map
Homy([#], [m]) = &, ,, to be an isomorphism.
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Homy/([#], [m]) can be described in the following way. Let Graph, ,, be
the set of all graphs y, oriented, without cycles, and with the following
properties. Vertices of y are of two types, “algebras” and ‘“operations.”
“Algebra” vertices are of two subtypes, “input” and “output”; “opera-
tions™ vertices are of two types, “bracket” and ‘“cobracket.” Input (resp.,
output) vertices have exactly 1 outgoing (resp., 1 incoming) edge; bracket
(resp., cobracket) vertices have exactly 2 incoming and 1 outgoing (resp., 1
ingoing and 2 outcoming) edges. There are exactly n (resp., m) input (resp.,
output) vertices, numbered from 1 to n (resp., from 1 to m). Factor the
vector space @NGmphn,m K[[#%]]y by the relations arising from the Lie
bialgebra axioms.

Then the resulting vector space is isomorphic to Homy([7], [m]) =6, ,,
The algebra structure of & =@, .0 m>1 6, m corresponds to the composi-
tion of classes of graphs, the action of permutation groups to renumbering
of the algebra vertices, and the external product corresponds to juxtaposi-
tion of graphs with renumbering of algebra vertices.

2.2. Proof of Theorem 1.1. Let (at> p,) belong to %,(K). Recall that
this means that (a+> p,) belongs to &, in particular, p, belongs to
Endy(47;(a) for any object a of LBA,.

Let us prove 1). Let (ar> p,) be a universal assignment such that p,
satisfies the identity p,([x, y]) = [p.(x), y] for any x, y in a. Let p be the
preimage of p, by the map 7. Then there is a unique sequence (p,),s1,
where p, belongs to (FL, ® FL,)¢, [[%#]], such that p=3%_,,., p,. Then
if we set p, =Y, P™ ® O™, and if a is finite-dimensional, and ¥, _; a(i) ®
b(i) is the canonical element of a ® a*, then we have

pa(x) = lzl A Z Y <x, QP (b(iy), ..., b(i,))> PP (a(iy), ..., a(i,)).
Then

pu([xs y]) = z z z <[.X', y]’ Qgcn)(b(il)s AR b(ln))>

nln=1 iy, ...,ipel a

o PP (a(iy), ..., a(i,)).

LemMa 2.2. If & belongs to a*, [X;c; a(i) ® b(i), E ® 1+1 ® &] belongs
to a* ® a*, and we have

<[x,y],€>=<x®y,[z a(i)®b(i),f®1+l®rf]>.

iel
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Proof of Lemma. The first statement follows from the fact that
> a(i) ® b(i)+b(i) ® a(i) is D(a)-invariant.

Let us prove the second statement. The invariance of the bilinear form of
D(a) implies that {[x, y], &) is equal to <{x,[y,£])>. This is equal to

Cicr [a(i), £]1 ® b(i), x ® y). Since a is an isotropic subspace of D(a), this
is the same as

(3 1. 10 b +a) 0 16, L xe v ).
So we get

pulxyD= 3 X X <X®y,Z[a(i),Qi")(b(il),---,b(i,,))]

nln=1l o iy,..izel

® b(i)+a(i) ® [b(i), QL (b(iy), ..., b(in))]>
o PP (a(iy), ..., a(i,)). (6)
On the other hand, we have

[pu(x)7 y] = z Z <x7 Qgcn)(b(il)a st b(ln))>[P§cn)(a(ll)7 AR a(in))a )/]

n|ln=0 iy,..,i,el

SO

[p(031= $ T %% x0y, 00(a),  bi) ® b))

o [P (aiy), ..., a(iy)), a(i)]- ()

Comparing (6) and (7), and using the first part of Lemma 2.2, we get

Y X Y [PPa), ... a(i,)), a()] ® QP (b(), ..., b(i,)) ® b(i)

nlnzl a iy,..,ipiel
=Y X X PPa(),...ai,)) ®a@)
nlnzl a iy,..,igiel

® [b(1), 0L (b(0y), ..., b(i,))]
+ P (a(iy), ..., a(i,)) ® [a(i), QL (b(i)), ..., b(i,))] ® b(D). ®)
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In fact, it is easy to see that the identity

Z Z [Pc(xn)(xla sees xn)) x] ® Qin)(J’b see yn) ®y

n=z1l «
= Z ZPén)(xl,...,xn)®x®[y, Qgcn)(yl,---a yn)]
nlnzl a
+Pc(xn)(x17"'9 xn)®[x9 Qgcn)(ylﬂ"'a yn)]®y (9)

holds in
F@ = (FL, ® (F L) 50 5)e,

where S, acts by simultaneously permuting the generators of FL, and
(F £,)%2. Equation (8) is then a consequence of (9).
Applying the Lie bracket to the two last tensor factors of (8), we obtain

Y X X [PPa), ..., a(i,)), a)] @ [QL (b(i), ..., b(i,)), b(i)]

nln=1 o ip,..,ipi€l

=y ¥ Y PPaG),...a,))

nln=1 o ip,.., i i€l

® [[a(), b1, QL (b(iy), ..., b(in))]- (10)

Since Y. ; a(i) ® b(i) satisfies CYBE, we have

» a(j)@[z [ai), b(i)],b(j)]= S La(i), a(j)1® [bG), b()1.

jel iel i,jel

So identity (10) is rewritten as

Y XX PP, ... a(i,)), a@)] @ [QL (b(i), ..., b(i,)), b(i)]

nln=1 a iy,..,ipiel
n
=2 XX X PP, [a().a()], ... i)
nln=1l a k=1 iy,..i,iel

® 0 (b(iy), ... [b(D), b(i)1-.., b(7,)). (11
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On the other hand, one easily derives from (9) the identity

z Z [Pgn)(xl"”’ xn)a X]@[an)(yl,..., yn)a y]

nln=zl o

= Z Z Z szn)(xlﬁ-“: [xaxk]’-"sxn)®Q§cn)(y15-~-9 [ya yk]"" yn)
nln=z1 k=1 « (12)

valid in F®Y; this identity is the universal version of (11). Separating
homogeneous components, we get for each n > 1

z [chn)(xl’ s xn)a x] ® [Qin)(yl, s yn): y]
zz ki Pgnn)(xla LR [X, xk]a AR xn) ® Q(Ecn)(yla AR [ya yk]"': yn) (13)

For each n>1, let R, be the element of FL,[[%]] such that the identity

Rn(xla-"axn)®yl"'yn=2m szn)(xls'H:xn)@QzEcn)(yls'“)yn) holds in
(FL, ® FA,)¢, [[#]1]. Then (13) implies that R, satisfies identity

[Rn(xla ) xn)a xn+1]_ [Rn(xb see xn+1)5 xl]

=23 R,(x1,ees [Xts Xps1 1o ooos Xny1) (14)
k=1

in FL, ., [[#]].
Recall that R, belongs to FA,[[#]]. It follows that there are unique
elements R of FA, ,[[#]] (i =1, ..., n), such that

n
Ry(Xpy s X)) =Y X RO (X, ey Xi_1s Xip1s ees X)-

i=1

Let us view (14) as an identity in FA,[[#%]], and let us project it on

®a|aee,,,a(1)=1 KLL%A]] x,q) - - - X0y Parallel to @ﬂa‘e@n,a(l)#l KL[ATT Xoqy -
X,»- This means that we select in this identity the terms “starting with x,.”
This yields

ROy, ooy %) Xyt + R (X5, ooy Xy 1)

= 2X2R£,1)(X3, cees xn+1)+2 Z RSII)(XZ’ [XXT [X,-, xi+1]s cees xn+1)' (15)
i=2

1
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This is an equality in FA,[[7%]]. Let us denote by & ./, the free K[[#]]-
algebra with generators x,, ..., x,,;, and by &%, the free Lie algebra with
the same generators. Then FA,[[/i]] = Z <, and &</, is the universal
enveloping algebra U(F %) of #.%,. This structure of an enveloping
algebra defines a filtration on & .<Z,. An element of & </, has degree < pf
for this filtration iff it can be expressed as a polynomial of degree < f in
elements of #.%,.

Let a be the degree of R{" for the analogous filtration of #.oZ, ;. Let us
assume that « > 0. Then R{"(x,, ..., x,) x,,, and x,R"(x,, ..., x,,;) both
have degree a+1 in F.oZ,; R (x,, ..., [X:, X411, --.» X,p1) has degree « in
F d,; and R,(x,, ..., x,,) has degree 1 (its degree is < 1, but if this degree
is zero, then R, vanishes identically).

Let RV be the image of R{" in the associated graded of % .<Z,, which is
the symmetric algebra S(FL,)[[/]] of FL,. Then (15) implies the identity

Rﬁl)(xza ceey xn) xn+1 = ZxZRgl)(xb ERRt) xn+1) (16)

in S(Z %)[[#]]. Recall that in this identity, R\"(y,, ..., y,_,) is a poly-
nomial in variables P, ,(y;,, ..., y;,), where k runs over 1, ...,n—1, i, ..., i,
runs over all sequences of integers such that 1 <i; < --- <i, <n—1, and
P, , runs over a basis of FL,, so it is a polynomial in 3 ;Z} ("¢ )(k—1)!
variables. Moreover, if (J,, ..., d,_;) is the canonical basis of N”, and we
say that the variables P, ,(y,, ..., »;, ) have multidegree J, + --- +0,,, then
R is homogeneous of multidegree J, + --- +6,_;.
Equation (16) implies that x, divides R\"(x,, ..., x,); if we set

szl)(xh e Xy_1) = lele)’(xla ooy Xp_1)s

where R\ (x,, ..., x,_,) belongs to S(% %,)[[#]], then R (x,, ..., x,_,) is
homogeneous of multidegree J,+ -+ +3,_,. So R (x4, ..., x,_;) actually
belongs to S(F %, ,) and may be written SV (x,, ..., x,_,). We have then

1 1 .
SO (3, o0y %) Xyt =205 (X4 vey X1

this equation is the same as (16), where the number of variables is
decreased by 1. Repeating the reasoning above, we find R (x,, ..., x,_,) =
Axy---x,_;, where A is scalar. Then Eq. (16) implies that A =0. This is a
contradiction with o > 0.
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Therefore a = 0, which means that R{" is scalar. The only cases when a
scalar belongs to FA,_;[[%#]] is n=1, or this scalar is zero. We have
therefore shown that if n > 1, then R{" is zero. Equation (15) then implies
that R,(x,, ..., x,) also vanishes. On the other hand, when n =1, all the
solutions of (14) are R,(x) = Ax, where 4 € K[[%A]].

Therefore the only solutions to Eq. (12) are such that if n > 1,

Y PP, s X)) ® O (D1, s Vi)
is zero, and 3, P (x;) ® QP (y,) is of the form Ax, ® y,, with A e K[[%]].
This solution corresponds to the assignment

a—p,=41id,. an

So all assignments of (at> p,) such that p.([x, y]) = [p.(x), y] have
necessarily the form (17). This proves (1).

Let us now prove (2). It follows from (1) that any assignment of %,(K) is
necessarily of the form (17). The necessary and sufficient condition for an
assignment of the form (17) to actually belong to %,(IK) is that
A€ (14+naK[[#A]]). This ends the proof of Theorem 1.1. |

Remark 4. Tt is much simpler to prove Theorem 1.1 by noting that
each homogeneous component of the right hand side of Eq. (9) is anti-
symmetric in its two last tensor factors. However, the techniques of the
above proof will again be used in the next proofs.

3. PROOFS OF THEOREM 1.2 AND PROPOSITION 1.1

3.1. Proof of Theorem 1.2. Let (ar 4,) be an element of 2. According
to the “non-fi-adically completed” version of Proposition 2.1, (ar> 4,) is
the image by i of an element g of ®,,>,(FL, ® FL, )¢ . Let us write ¢ as

9= Z zP:l(a)(xl’""xn)®Q:1(a)(y1:"-9yn);

nln=z1l «

then in the same way as identity (9), one shows that

Z Z [P;(n)(xla-~-9xn)sx]®Qzlx(n)(y19~-'a yn)®y

nln=z1l o

_[P;(n)(xl’ sy xn)a X] ®y ® Q;(n)(yla EEE yn)

=Y Y PO, %) ®Xx® [y, QP (31, )]

nln=z1l o

+P;(n)(xl’--~, xn)®[x, Q;(n)(yla-”’ yn)]®y (18)
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holds in F“*®. Applying the Lie bracket to the two last tensor factors of
this identity, we get

2 Z Z [P;(n)(xls--': xn)a x]®[Q;(n)(yla'--a yn)a y]

nln=z1l «

= Z Z z P;(n)(xla---, [x:xk]a'--:xn)®Q;(n)(y19--'a [yayk]s---’ yn)
nlnzl k=1 « (19)

Let us separate the homogeneous components of this equation, and let us
denote by R, the element of FL, such that the identity R,(x, ..., Xx,) ®
Vi Ve = 2o Po(x1s o0, X,) ® Qo(¥1, ..., ¥,) holds in (FL, ® FA, )¢ . Then
R, satisfies the identity

['R;l(x15 (%) xn)’ Xn+1 ] - [R;x(xb (AR} xn+1)9 xl]

= Z R;(xls LEET [xk7 xk+1]9 LERE) xn+1) (20)
k=1

in FL, ;.

If n=1, then (20) implies that R, = 0. If » =2, then the solutions of (20)
are of the form R/ (x, y) = A[x, y], where A is any scalar.

Let us assume that n > 2. We will show that the only solution to (20) is
R, =0.

Let us proceed as above and introduce the elements R/ of FA,_,
(i=1,...,n), such that

R, (x1, ..., x,) = z xiR;(n)(xla coes X1 X5 ees Xp)-
i=1
Let us select in (20) the terms ““starting with x,”. We obtain

R;(l)(xb (Rad) xn) Xn+1 +R:z(x2’ (a4} xn+1)

= XZR;(I)(xb cees xn+1)+ Z R:t(l)(xb LERT) [xia xi+1]’ cees xn+1)' (21)
i=2

1

There exists unique scalars 4 and (4;;),<; <<, such that

’
R,(xy, ..., x,) = Axy--- X, + Z X X[, xj] Xig1 " Xj_1Xjp1 " Xy
2<i<j<n

+ terms of degree <n—2
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(the degree is with respect to the enveloping algebra filtration of # .o/, | =
U(F %,_,)). We therefore obtain the equality

) AigXy -+ Xy [ X, X1 Xy - X1 X400 X
iLjl2<i<j<n

= z Ay X [ X5 X1 ] Xiga XX 00+ X
ijl2<i<j<n

+A Z Xy X [ Xip1 ] X Xy (22)
=2

1

modulo terms of degree < max(1,n—2), which is <n—2 by assumption
on n.

Lemma 3.1. If R, #0, then A #0.

Proof. Let d be the degree of R!" for the enveloping algebra filtration
of Fob, | =UFZ,_,). If d=0, then RV is a scalar, so n =1, which we
ruled out. So d > 0. Let us denote by R\ the image of R|™ in the degree d
part of the associated graded of &#.,_,. Then since R,(x,, ..., x,,;) has
degree <1<d , and R (x,, ..., [x;, X;111, ..., X,,1) has degree d, the
image of (21) in the degree d+ 1 part of the associated graded of # .o/,
yields

Rll(n)(st R xn) Xnt1 = xZR,l(n)(x3: s xn+1)-

Therefore x, divides R\ (x,, ..., x,), and an induction as above shows that
there exists a scalar « such that

R™(x,, ..., x,) =ax class of x,---x,.

Since R{™ cannot be zero, « is not equal to zero. On the other hand, we
have necessarilya =A4,s0 A #0. ||

Let us assume that R/, # 0. We have seen that then A # 0. On the other

hand, the image of (22) in the associated graded of # ./, , implies the
equalities

Ay =4 Ay — Ay =4, ...y /ln—l,n_/ln—Z,n—l =1, _/,{'n—l,n = A
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Summing up these equalities, we get (n—1) A =0, so A =0, a contradiction.
Therefore R, =0. It follows that g is homogeneous of degree 2, and is
therefore proportional to [x;, x,] ® [y, ¥,]. This ends the proof of the
first part of Theorem 1.2 on universal derivations.

Let us prove the statement on universal coderivations. Assume that
at— A, is a universal coderivation. Then the assignment ar (4,*)" is a
universal derivation. We have shown that a universal derivation is neces-
sarily proportional to u,=[,], od,. Since (u*)'=u,, any universal
coderivation is also proportional to a > u,. This implies the second part of
Theorem 1.2.

3.2. Proof of Proposition 1.1. We have shown that any functorial
assignement (¢ +— 4.), where for each object ¢ of LCA, A, is a derivation of
F(c), is provided by an element ¢ = (g,),>, of ®,,,»:(FL, ® FL,)s . More
precisely, A, is uniquely determined by its restriction to ¢, which has the
form (if ¢ is finite-dimensional)

@)=Y Y Y <(x,890,,...b)> RV (ay,....a;),
nzl o i,..,ipel

where g, is the class of 3, R™ ® S and we write the canonical element of
c®c*asd, . ;a, ®b,.
Since A, is a coderivation, it satisfies the identity
5F(c) °oA(x)=(4 ® idF(c) +idF(c) ® Ac) © 0.(x) (23)

for any x € c.
Let us denote by ad* the coadjoint action of ¢* on ¢. For any x € ¢, we
have 6.(x) =Y, .; a; ® ad*(,)(x). Then

(4 ® idF(t)) 0 d.(x)

= Z z z ay, Sgcn)(bila s b)) Rin)(aila e @) ® ad*(b;)(x)

n=zl o ii,.,i,el
= z z 2 Rgc”)(ail LA ai,,) ® ad*(Sgc”)(bil LIRS ] bi,,))(ai’)<xa bi’>'
n=zl o i'i,..,i,el

On the other hand, if we again denote by ad* the action of ¢* on F(c)
induced by the coadjoint action of ¢* on ¢, we have

5F(c) o A(x) = Z Z z a; ® ad*(bi')(Rgcn)(aila oo ai,,))

n=zl o ii,..,i,el

X (X, SP(by ..., b, ).

i
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Identity (23) therefore implies

oy Y a, ®ad*(b,)(RP(ay, ..., a; ) @ SP(by,, ... b,)

n=zl o ii,..,i,el
= Z Z z Rzgcn)(aila (RS} ai,,) ® ad*(SzEcn)(bip L) bin))(ai’) ® bi'
nzl o ii,..,i,el

_ad*(SzELn)(bil PIRRRE) bi,,))(ai’) ® ‘Rgtn)(ail EIEER) ai,,) ® bi"

Let us assume that ¢ is a Lie bialgebra. Then there is a unique Lie algebra
morphism a, from F(c) to ¢, extending the identity on ¢. The image of this
identity by « ® a, ® id+ is the identity in D(¢) ® D(¢) ® ¢* (where both
sides belongs to ¢ ® ¢ ® ¢*)

Z Z z a, ® [by, R(Ecn)(aila s ai,,)] ® Sin)(bila ey bi,,)

n=l o« i, ..,iel

+[a,, R (a;, ... a;) ] ® b, @ SP(b; ..., b; )

= Z Z z _Rgcn)(aila cees ai,,) ®a, ® [Sgcn)(bila e bi,,): by ]

n=zl o« i, ..,iel

+a, ® R(Ecn)(ai ces ai,,) ® [Sgn)(bilr cees bi,,)a b 1;

12

this identity holds only due to the fact that >, ; a@; ® b; is a solution of
CYBE, so it holds at the universal level. It means that g©@" satisfies (18).
The proof of Theorem 1.2 then implies that ¢ is homogeneous of degree 2,
which is the conclusion of Proposition 1.1.

3.3. Proof of Proposition 1.2. Let P=(P,),>, be an element of %(K),
such that P %+ B= B. Multiplying P by the suitable power of S%, we may
assume that P, =0. The neutral element of ¥%(K) is the sequence e =
(e,)n>1, where e; = 0 for i > 2. Assume that P is not equal to e and let k be
the smallest index such that P, # 0. Then &k > 3.

Let us denote by 4, the usual (undeformed) coproduct of T'(¢)[[%]], and
by 4, the first jet of its deformation: so 4; is the unique map from
T(c)[[A]] to T(c)®* [[#]], such that 4,,, =J, and 4,(xy) = 4y(x) 4,(y)+
4,(x) 4,(y) for any pair x, y of elements of T(¢)[ [%]].

Then we have the identities

4y(0(x)) =0 (x) ® 1+1® 6% (x),
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and

Ay(08++V(x)) + 4,377 (x))
=0T (x) ® 141 ® %+ (x) + (3% ® idp(y +idpey ® 9 0 5, (x).

The first identity means that §¥(x) is actually contained in F(c). Let us
expand P, in the form P, =3, ., P ,X,q) "X, then this means that
P =3, e, Pio'X,q) " X, also belongs to FL,[[7%]]. Therefore the class
of 3ce, ProXory Xowy ® Y1+ ¥ in (FA, ® FA,)s, actually belongs to
(FL, ® FL,)¢, .

In the second identity, the first and last terms are antisymmetric, while
the others are symmetric. It follows that

A1(5£Pk)(x)) = (5£Pk) ® idF(:) +idF(c) ® 5£Pk)) o J.(x).

Let us denote by Jp, the extension of J, to a cocycle map from F(c) to
A? F(c). Then the restriction of 4, to F(c) coincides with ), s0

O © P (x) = (6" @ idp +idp ® 5%y 0 6,(x),

for any xec. So 0¥ satisfies identity (23). Since k>3, the proof of
Proposition 1.1 implies that 6% =0, so P, =0, a contradiction. This
proves Proposition 1.2.
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